Bull. Aust. Math. Soc. 102 (2020), 490-497
doi:10.1017/S0004972720000234

SOLUTION BRANCHES OF NONLINEAR EIGENVALUE
PROBLEMS ON RESTRICTED DOMAINS

SHANE ARORA
(Received 8 December 2019; accepted 5 February 2020; first published online 13 March 2020)

Abstract

We extend bifurcation results of nonlinear eigenvalue problems from real Banach spaces to any
neighbourhood of a given point. For points of odd multiplicity on these restricted domains, we establish
that the component of solutions through the bifurcation point either is unbounded, admits an accumulation
point on the boundary, or contains an even number of odd-multiplicity points. In the simple-multiplicity
case, we show that branches of solutions in the directions of corresponding eigenvectors satisfy similar
conditions on such restricted domains.

2010 Mathematics subject classification: primary 47J10; secondary 47J15.

Keywords and phrases: nonlinear eigenvalue problem, bifurcation theory, compact operators.

1. Introduction

For Banach spaces X and Y, any subset B of X and any function G : B — Y, we say
that G is compact (or completely continuous) if it is continuous and maps bounded
closed subsets of X contained in B to relatively compact sets. Let X be an arbitrary
Banach space, X = X X R, 4p € R and Q C X a neighbourhood of (0, 1p). We consider
the nonlinear eigenvalue problem on Q of the form

0=x—-AKx—H(x, 1) =: F(x, 1), (1.1)

where K : X — X is a compact linear operator and H : 2 — X is compact. We suppose
that H is such that the function & : Q — X given by

Il Hx, ), x#0,

h(x, ) = 20

is continuous. Note that, when Q = X, this condition on H is equivalent to the
conditions on H given in [4, page 487] and [1, page 1069].

We say that (0, Ay) € Q is a bifurcation point of F(x, 1) =0 (with respect to the
‘curve’ of trivial solutions x = 0) if every neighbourhood of (0, Ay) contains a nontrivial
solution of F(x, ) =0. It is well known that if (0, Ay) is a bifurcation point, then
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A 'is an eigenvalue of K [2, Proposition 28.1]. This motivates the definition of a
characteristic value of K: any A € R such that 17! is an eigenvalue of K. We denote
the set of characteristic values of K by char(K).

We take the multiplicity of a characteristic value Ay to be the algebraic multiplicity
of 4, ! as an eigenvalue of K. It was proved in the pioneering paper by Rabinowitz
[4, Theorem 1.3] that if Ay is of odd multiplicity, then (0, Ay) is a bifurcation point.
Moreover, assuming that Q = X, he showed that, for such A, the connected component
C,, containing (0, 49) of the closure of nontrivial solutions to F(x, 1) = 0 either is
unbounded or contains some (0, i) # (0, y), where u € char(K) is of odd multiplicity.
A strengthened version of this result by Dancer [1, Corollary 1] states that if C,, is
bounded, then it contains an even number of (0, i) with u € char(K) of odd multiplicity.

Of particular importance is the special case where Ay is of multiplicity 1 (that is, it
is simple) with corresponding eigenvector v. Then we can express C,, as the union of
CI” and C: closures of the unions of all branches of solutions going from (0, Ap) in
the directions of v and —v, respectively. Dancer [1, Theorem 2] proved that either Cjo
and C) are both unbounded or they intersect away from (0, Ao).

The aim of our paper is to generalise the above results by Rabinowitz and
Dancer from Q = X to any neighbourhood of (0, 4p). There have already been
some considerations of different domains for odd multiplicity. In his original
paper, Rabinowitz mentioned closures of bounded open sets as a ‘weaker’ result
[4, Corollary 1.12]. Turner further investigated these domains, proving that if
0Q is sufficiently nice and Ay is the only characteristic value u with (0, )
in Q, then dQ admits either two solutions or one solution of multiplicity 2
[5, Theorem 2.4]. However, his result assumes that F is globally defined. A
generalisation of Rabinowitz’s result to any Q = int Q has also been found (presented
in [2, Theorem 29.1], for example), but this is insufficient, say, when Q is open.
Consequently, it fails to handle the cases where H has singularities or is unbounded
on a bounded domain. The author is not aware of an existing analogue of the simple-
multiplicity result for arbitrary neighbourhoods.

2. Characteristic values of odd multiplicity

We start with the generalisation of the odd-multiplicity result. Denote the closure
in Q of nontrivial solutions of F(x,1) =0 by &(F) and, for any Ay € char(K) of
odd multiplicity, the connected component of (0, Ag) in & by C,,(F). We omit F
when it is clear from the context. Our aim is to prove the following theorem for any
neighbourhood Q of (0, Ap).

TueEOREM 2.1. Let Ay, Q, K and F be as given in the introduction and S be as given
above. If Ay € char(K) has odd multiplicity, then the connected component C,, of (0, Ag)
in S either is unbounded, admits a limit point on 0Q or contains an even number of
trivial solutions (0, i) of F(x, ) = 0 with u € char(K) of odd multiplicity.

We remark that all three alternatives for C,, are possible. A simple example of the
firstis H(x, 2) = 0. The second case is guaranteed when Q is a bounded neighbourhood
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of (0, Ap) such that u = Ay is the only element of char(K) with (0, uz) € Q. An instance
of the final case can be found in [4, pages 492-493].

In the special case where Q = X, the above theorem is simply [, Corollary 1]. Our
approach is to reduce the theorem from general Q to 2 = X. The main step is the
following lemma, which will also be useful when we consider bifurcations at (0, 4)
for simple A.

Lemma 2.2. Let Q) € Qy be neighbourhoods of (0, Ay) contained in the domain of F
and let F; = Flq, fori = 1,2. For any closed V C X containing (0, o), let Cy(F};) denote
the connected component of V N S(F;) containing (0, Ay). Then

Cy(Fy) € Cy(Fo),
with equality if Q, is closed in X and Cy(F;) N 0 = 0.

For this proof and for later results, we need to invoke a special case of a result by
Whyburn [6, (9.3)].

Lemma 2.3. Let M be a compact metric space. Let Ay and A, be disjoint closed subsets
of M, with A; a connected component of M. Then there exist disjoint compact subsets
M, and My of M such that Ay C My, Ay C My and M = My U M,.

Proor or LEmma 2.2. For every r > 0, we define
X0, () ={(, ) € X[ ||x]| + Ao — pl < 1}

and denote the closure of X, (r) in X by Eo(r).

We see that V N S(F) € V N &(F,) and so, by considering connected components
containing (0, 1), we get Cy(F) C Cy(F>). To prove the equality case, suppose Q; is
closed in X and Cy(F1) N 0Q; = 0. Let N > 0 be such that Cy(F;) C X,,(N). We note
that bounded closed subsets of X contained in F~!(0) are compact since AKx + H(x, 1)
is a compact map, and so S(F) N EO(N) NV is compact. By Lemma 2.3, S(F;) N
i/lo (N) NV can be expressed as the union of disjoint compact sets M| and M, such that
Cy(F1) € M; and S(F1) N EO(N) NV N[0X,,(N)UIQ ] € M,. Since M; and M, are
compact, we can find an open neighbourhood U of M; with UucQ n X,,(N) such
that QU and S(F;) N EO(N) NV are disjoint. We observe that U and S(F,) NV are
disjoint.

We see that Cy(F5) is contained in U, since if Cy(F,) intersected X \ U non-
trivially, then connectedness would imply that Cy(F3) and QU are not disjoint. Thus
Cy(F,) must coincide with the connected component of S(F,) NV N U. Since

SEH)NVNU=CF)NVNUNQ =SF)NVNUCSF)NY,

by looking at the respective connected components containing (0, 4y) we conclude that
Cy(F>) € Cy(Fy) and so Cy(F1) = Cy(F»). o
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Now we are ready to reduce Theorem 2.1 to the case Q = X. We recall that
(0, 2p) € int Q and so the set

Qs :={(x, 1) € Q| dist((x, 1), Q) > 5}

is open and nonempty for all 6 > O sufficiently small. Let Fs = F |55 for all 6 > 0 and
define hs : Qs U ({0} X R) — X by

-1
B ) = {IIxII H(x, D), x#0,
0, x=0.
By our assumption on H, it follows that 4 is continuous. Let hs be an extension of
hs to X as given by Dugundji’s extension theorem [3, Ch. IX, Theorem 6.1]. For all
(x, 1) € X, let Hs(x, 1) = ||xllhs(x, 2) and Fs(x, ) = x — AKx — Hy(x, A).

Assume that the proposition holds when Q = X and suppose that C, (F) is bounded
with no accumulation points on Q. Then, since C,,(F) is compact and disjoint from
0Q, for some 6 > 0 sufficiently small, we have C,,(F) € Qs. Applying Lemma 2.2 with
Q= ﬁ(;, Q, =Qand V = X gives C,(F5) € Cy,(F) € Qs and so C,,(Fs5) N Qs = 0.
Now, by applying Lemma 2.2 twice, both times with ; and V as before, once with F
and ), = Q, and once with F, s and Q, = X, we obtain

C1,(F) = Coy(Fs) = Cy(Fs).

Consequently, since C,,(F) is bounded and F, s is defined on all of X, we may
apply Theorem 2.1 to show that Cy,(F) = C AO(F s) contains an even number of trivial
solutions (0, u) of Fg(x, A) =0 with g of odd multiplicity. Since C,,(F) € Qs and
F =F, s on ﬁ(g, we conclude that C,,(F) contains an even number of trivial solutions
(0, u) of F(x, A) = 0 with u of odd multiplicity. Thus we have reduced Theorem 2.1 to
the known case Q0 = X.

3. Simple characteristic values

Now we consider the special case where Ay is a simple characteristic value. We start
by giving the definition of a branch of solutions in the direction of v or —v, where v is
a unit-length /lal—eigenvector of K. Let X’ be the dual space of X and let / € X’ be the
A I_eigenvector of the dual of K such that {(/,v) = 1. For 0 <y < 1, define

Gy ={(x, ) € X | KL, x)| > yllx]l}.

Let @;T and Qﬁ; be the subsets of &, consisting of the elements with (/, x) > y||x|| and
(I, x) < —y||x||, respectively. We say that F(x, 1) = 0 admits a branch of solutions at
(0, Ap) in the direction of v if there exists a connected set Q* C C,, containing (0, Ap)
such that for every y € (0, 1), there exists ey* > 0 for which

0# Q" Naxy(e) CCF
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for all € with 0 < € < €,. We then call Q" a branch of solutions in the direction of v.
We replace v with —v and swap + with — to get the definition of a branch of solutions
in the direction of —v.

Denote by C; and C; the closures in  of the unions of all branches of solutions
in the directions of v and —v, respectively. Our desired result is the following theorem.

TueoreM 3.1. Let Ao, Q, K and F be as given in the introduction. Suppose that Ay is a
simple characteristic value, v is a unit-length A Leigenvector of K, and C:{O and C;O
are the closures in Q of the unions of all branches of solutions of (1.1) in the directions
of v and —v, respectively. Then at least one of the following alternatives holds:

(1) each oij{O and Gy, is unbounded or admits a limit point on 0€);
(2) C),NC, #1{0, 0}

Similarly to Theorem 2.1, both alternatives of Theorem 3.1 can occur. Moreover,
the first alternative cannot be strengthened to say that C; and C), are both unbounded
or both admit an accumulation point on dQ. A counterexample is H(x, 1) = 0 on the
domain Q = (S_g U ((S_a N X,,(N)), for any N > 0. In this case, x = F(x, 1) is a linear
map for every fixed A, with kernel the 17! -eigenspace of K for A # 0. It follows that C,
is bounded, C;O does not have an accumulation point on 9Q and C;O N C;O ={(0, p)}.

To avoid duplication, we will use « to denote one of + and — and will interpret —«
in the obvious way. Fix 0 <y < 1. By [4, Lemma 1.2], there exists S > 0 such that
X,,(S)cintQand

X3, ($) NS\ {(0,20)} € G,. (3.1

Forevery ewith0 < e < §, let CK . be the connected component of Cy, \ (X,,(€) N (Ey‘ “
containing (0, 4p). We notice that CK 20 o whenever 0 < e < ¢ < S, and so

L) ese= 1 a.

0<e<S O<e<e’

for 0 < € < §. Also, we deduce from (3.1) that, regardless of y, every branch of
solutions is contained in some CK . Thus C" is the closure of |Jocecs C" . We
note that < is connected as the closure of a union of connected sets sharmg a p01nt
[3,Ch.V, Theorems 1.5 and 1.6].

Rather than proving directly that C; and C; satisfy at least one of the alternatives
in Theorem 3.1, we will establish the following stronger result.

Proposition 3.2. IfC % 1S bounded and disjoint from 0Q for k € {£}, then the connected

component T of C;O N iﬁo (e n @ containing (0, o) intersects 0X,,(€) nontrivially
for all € > 0 sufficiently small.

We verify that this proposition does in fact imply Theorem 3. 1. If the first alternative
of the theorem does not hold, then C;O, and so T for all e with 0 < € < S, is bounded
and disjoint from 0Q for some « € {+}. Since T is connected and (0, 4p) € T%, by

definition of Chre We have TY C Ce €€, From the proposition, T intersects
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0%,,(€) nontrivially for all € > 0 sufficiently small, and so we conclude that the second
alternative of the theorem holds.

To prove Proposition 3.2, we first reduce it to the case () = X. Assume that the
proposition holds when € = X. Recall the definitions of Qs, Fs and Fs from earlier.
Suppose that C) (F) is bounded without any accumulation points on J€2. By adapting
the reduction argument of Theorem 2.1 to use Ch,(F) instead of C,,(F), we find

Cjo(f(;) = (), (F) for all 6 > 0 sufficiently small. We apply Proposition 3.2 to Fs to
see that the connected component of

C* (F5) N X,3,(€) N &% = CX (F) N Xy,(€) N &F

containing (0, Ap) intersects 0X,,(¢) for all € sufficiently small. Thus we have reduced
the proposition to the case Q = X.

Finally, we adapt the proof of [1, Theorem 2] to show that Proposition 3.2 holds
when Q = X. We will invoke the following result due to Dancer [1, Lemma 3].

Prorosition 3.3. Let Q = X and take S as in (3.1). Then for 0 < € < S, the set Cflo’s
either is unbounded or intersects 0%,,(€) N (Ey‘ “ nontrivially.

We also need the following lemma.

Lemma 3.4. Letk € {x}. ForO0< ¢ < S, ifCﬁo’El NoxX,(e)N @ # () then the set

(€%, N Xa,(61) N E) U (9%, (61) N &)
is connected.

Proor. Fix 0 < g < § and let ¥ = (C%, N X,(e1) N €;¥) U (0%,,(e1) N €5%). To prove
that Y is connected, we only need to show that

Ye := (C%, . N Xy(e1) N €)% U (3%, (e1) N €%

ﬂo,E

is connected for 0 < € < €. Then Jy.c<s Ye is connected as the union of connected
sets sharing a point [3, Ch. V, Theorem 1.5]. Since AN B € A N B for all sets A and B
with A open, by taking A = X,,(e1) N € and B = Jp<e<e, €Y, > We see that

Ap,€’

U YEQYQ(( 9 c;o,e)maeﬁo(q)m@;K)u(axﬁo(el)m@)z U

O<e<e O<e<e O<e<e

and so Y is connected as a set contained between a connected set and its closure
[3, Ch. V, Theorem 1.6].
Now we show that Y is connected. Let V be a closed and open subset of Y, for some
e with 0 < € < ¢ fixed. Since 0%,,(€;) N @ is connected, V is either disjoint from it or
contains it. Swapping V with its complement in Y if needed, we may assume that the
former case is true. Thus V is a subset of CSM. We see from G \ {(0, 4g)} N X,,(e) C €,
and the definition of Cjo,e that
CK

/10,6

N X, (e) NEHF =Ck

/10,6

NX,(e) N EF\ Xy (e)
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and so V is a closed subset of a closed set in X. Also, V is open in C'/‘loe since V

is open in Chye N Xy (1) N AT, an open subset of (', From the connectedness of
Cjo’e, either V=0 or V = CSO,E' Since V is disjoint from 0X,,(e) N F, it follows
from C% N 0X,,(e1) N @ # () that V = 0 and so Y, is connected. O

/l(),f

Now we can prove Proposition 3.2 and so conclude that Theorem 3.1 holds.

Proor or Proposition 3.2. As shown earlier, the proposition reduces to the case Q = X,
and so we assume Q = X. Suppose that Cgo is bounded. Suppose for a contradiction
that 7% is disjoint from 0X,,(¢e) for some € € (0,S). By Lemma 2.3 we can express
Cjo N gﬂo(e) N € as the disjoint union of compact sets My and M, with T¢ € M; and
Cﬁo N oX,(e) N @ C M,. We see that M; C X,,(¢e) and so, by compactness of M,
there exists an open neighbourhood of M; contained in X, (¢’) for some € € (0, €),

with boundary disjoint from CSO N X,,(e) N €5%. To obtain a contradiction, we show
that whenever O < ¢ < €] < S, the boundary of every open neighbourhood of (0, 4j)
contained in X,,(¢) intersects Cﬁo N X, (e1) N E5X nontrivially.

Fix 0 < g < € < § and let U C X,,(&) be an open neighbourhood of (0, Ap). Since
Ch.e €€, for 0 < e < S, Proposition 3.3 yields

0% C5 . NAX,(€) N EKCChNax,(e) N E .

Using this and Cﬁo NoX,y,(e) € X\ U, we see that
Y = (C5 N X () N € U (0%, (e) N EF)

intersects X \ U nontrivially and (0, Ay) € Y N U. From Lemma 3.4, Y and so also Y are
connected. Thus U N'Y # 0 and so, since U C X,,(&), we conclude that dU intersects

C ﬁo N Xy, (€) N @ nontrivially, as required. O
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