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Abstract. Assume that x €[0, 1) admits its continued fraction expansion x =
[ai(x), az(x),...]. The Khintchine exponent y(x) of x is defined by y(x):=
limy,— oo (1/1) Z?:l log aj(x) when the limit exists. The Khintchine spectrum dim E¢
is studied in detail, where E¢:={x €[0,1):y(x) =&} (£ >0) and dim denotes the
Hausdorff dimension. In particular, we prove the remarkable fact that the Khintchine
spectrum dim Eg, as a function of & € [0, +00), is neither concave nor convex. This
is a new phenomenon from the usual point of view of multifractal analysis. Fast
Khintchine exponents defined by y?(x) :=lim,— ~(1/(¢(1))) Z’}Z] log aj(x) are also
studied, where ¢ (n) tends to infinity faster than n does. Under some regular conditions on
@, it is proved that the fast Khintchine spectrum dim({x € [0, 1] : y?(x) = &}) is a constant
function. Our method also works for other spectra such as the Lyapunov spectrum and the
fast Lyapunov spectrum.

1. Introduction and statements
The continued fraction of a real number can be generated by the Gauss transformation
T : [0, 1) — [0, 1) defined by

T0):=0, Tkx):= )lc (mod 1) forx e (0, 1) (1.1)

in the sense that every irrational number x in [0, 1) can be written uniquely as an infinite
expansion of the form

x= = (1.2)
ay(x) +

QO F T e

https://doi.org/10.1017/50143385708000138 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000138

74 A.-H. Fan et al

where a1 (x) = |1/x] and a, (x) = a; (T"L1(x)) for n > 2 are called partial quotients of x
(Lx] denoting the integral part of x). For simplicity, we will denote the second term in (1.2)
by [ai, aa, . . ., a, + T"(x)] and the third term by [a1, a2, a3, . . .].

It was known to Borel [4] (1909) that for Lebesgue almost all x € [0, 1), there exists
a subsequence {a,, (x)} of {a,(x)} such that a,, (x) — oo. A more explicit result due to
Borel and Bernstein (see [2, 4, 5]) is the 0-1 law which hints that for almost all x € [0, 1],
an(x) > ¢(n) holds for infinitely many »n’s or finitely many n’s depending on whether
> u>1(1/(p(n))) diverges or converges. This naturally led to the question of quantifying
the gxceptional sets in terms of Hausdorff dimension (denoted by dim). The first published
work on this was due to Jarnik [20] (1928) who was concerned with the set E of continued
fractions with bounded partial quotients and with the sets E», E3, ..., where E, is the
set of continued fractions whose partial quotients do not exceed «. He established that
the set E is of full Hausdorff dimension, but he did not find the exact dimensions of
E>, E3,.... Later, many authors worked on estimating dim E», including Good [15],
Bumby [8], Hensley [18, 19], Jenkinson and Pollicott [21], and Mauldin and Urbanski [28]
(see also references therein). Up to now, the optimal approximation of dim E» is the result
given by Jenkinson [22] (2004):

dim E; = 0.531280506277205141624468647368471785493059109018398779 . . .

which is claimed to be accurate to 54 decimal places.

In the present paper, we study the Khintchine exponents and Lyapunov exponents
of continued fractions. For any x € [0, 1) with continued fraction (1.2), we define its
Khintchine exponent y (x) and Lyapunov exponent A(x) respectively by

1 n ln—l )
e Tim . — lim — J
y(x) .—nlgrolon ‘Elloga,(x) nlggon _Eologal(T (x)),
J= J=

1 1=l :
A(x) = lim = log |[(T") (x)| = lim — Y log |T'(T/ (x))].
n—-oon n—oon =

if the limits exist. The Khintchine exponent of x stands for the average (geometric) growth
rate of the partial quotients a, (x), and the Lyapunov exponent, which has been extensively
studied from dynamical systems point of view, stands for the expansion rate of 7. Their
common feature is that both are Birkhoff averages.

Let ¢ : N — R,. Assume that lim,_, 5 ((¢(n))/n) = oco. The fast Khintchine exponent
and fast Lyapunov exponent of x € [0, 1], relative to ¢, are respectively defined by

y?(x) := lim —Zloga (x) = lim —Zlogal(Tf(x))

n— 00 (p( n—00 ¢

n—1

1 1 .
(] P s ny/ . : / J
M) = fim o Tog () ()] = Jim o ,-E:Olog'T (7 (0))1.

It is well known (see [3, 35]) that the transformation T is measure preserving and
ergodic with respect to the Gauss measure (g defined as

dx

dpg = —2
o= 05 0 log2
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An application of the Birkhoff ergodic theorem yields that for Lebesgue almost all

x €[0, 1),
1 o0
=&=/1 dug = —— 1 -1 I+ ———]=26854...,
y() =4 (/<gamm e mgzgg‘%” og( +nop+m>
2
A(x):kozflong’(x)ldugz =237314 .. ..
6log 2

Here &y is called the Khintchine constant and Ay the Lyapunov constant. Both constants
are relative to the Gauss measure.

For real numbers &, 8 > 0, we are interested in the level sets of Khintchine exponents
and Lyapunov exponents:

Ee:={xel0,1):y(x)=§),
Fp:=1{x€[0, 1):A(x) =B}

We are also interested in the level sets of fast Khintchine exponents and fast Lyapunov
exponents:

Ee(p) :={x €[0, 1): y¥(x) =&},
Fp(p) :={x €10, 1) : 1¥(x) = B}.
The Khintchine spectrum and the Lyapunov spectrum are the dimensional functions
1(§) :=dim E¢, 7(B) :=dim Fpg.
The functions

1%(§) :=dim E¢ (), 1%(B) := dim Fg(p)

are called the fast Khintchine spectrum and the fast Lyapunov spectrum relative to ¢.
Pollicott and Weiss [34] initially studied the level set of Fg and obtained some partial
results about the function 7(8). In the present work, we will present a complete study
on the Khintchine spectrum and the Lyapunov spectrum. The fast Khintchine spectrum
and fast Lyapunov spectrum are considered here for the first time. We shall see that both
functions ¥ (£) and 7% (B) are equal.
We start with the statement of our results on fast spectra.

THEOREM 1.1. Suppose that (p(n + 1) — ¢(n)) 1 0o and lim,— o ((p(n + 1))/(p(n)))
:=b > 1. Then E¢(¢) = F2: (¢) and dim Eg(¢) =1/(b + 1) for all £ > 0.

In order to state our results on the Khintchine spectrum, let us first introduce some
notation. Let

D::{(t,q)eR2:2t—q>l}, Do::{(t,q)eRz:Zt—q>1,0§t§1}.

For (¢, q) € D, define

P(t,q):= nli)ngo - log Z . Z exp(x:%pl] log l_ll a);{([wj, ce., Wy +x])2t>.
. j=

w1=1 wp=1
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FIGURE 1. Khintchine spectrum.

It will be proved that P (z, g) is an analytic function in D (Proposition 4.6). Moreover, for
any & > 0, there exists a unique solution (¢(£), ¢(£)) € Dy to the equation

P(t,q) =48,

apP

—(t, —

3q( q)=§
(Proposition 4.13).

THEOREM 1.2. Let & = f logaj(x) dug(x). For & >0, the set E¢ is of Hausdorff
dimension t (§). Furthermore, the dimension function t (§) has the following properties:
(1) 1(0) =1andt(+o0) =1/2;

(2) (&) <O0forallé > &y, t' (&) =0, and t'(§) > 0 forall § < &,

3) t'(0+) =400 and t'(+00) = 0;

@ ") <O, but 1" (&1) > 0 for some &1 > &y, so t(§) is neither convex nor concave.

See Figure 1 for the graph of 7(§).

It should be noticed that the above fourth (non-convexity) property of ¢ (£) shows a new
phenomenon for the multifractal analysis in our settings.

Let

D:={(F.q):i—q>1/2}, Dy:={{. q):f—qg>1/2,0<F<1}.
For (7, ¢) € D, define
Pi(f, g) ;= lim 1 log i i exp( sup log ﬁ([a)- ) —i—x])z([q))
L) = lim — s ey Wp .
o=l  w,=1 xel0,1] =g

In fact, P|(7, g) = P(f — ¢, 0), thus P| (7, ¢) is analytic in D.
Denote yp := 2 log((1 + ﬁ)/Z). For any B € (yp, 00), the system

Pi(t, q) = gp.

Py .

a_(t7 5]) ::B
q

admits a unique solution (7(8), g(B)) € 50 (Proposition 6.3).
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FIGURE 2. Lyapunov spectrum.

THEOREM 1.3. Let o= [log|T'(x)|dug and yy=2log((1 + V5)/2).  For any
B € [yo, 00), the set Fg is of Hausdorff dimension £(B). Furthermore, the dimension
function (&) has the following properties:

() f(ro)=1andi(+00)=1/2;

2) 7(B) <Oforall B> rg, I'(hg) =0, and ' (B) > 0 for all B < ro;

(3) '(yo+) =+oo and t' (+00) = 0;

@) " (ho) <0, but t""(By) > 0 for some By > Lo, so £(B) is neither convex nor concave.

See Figure 2 for the graph of 7(B).

The last two theorems are concerned with special Birkhoff spectra. In general, let
(X, T) be a dynamical system (7 being a map from a metric space X into itself). The
Birkhoff average of a function ¢ : X — R, defined by

_ R Rl .
¢<x>.=ngn;o;;¢m<x)), xeX

(if the limit exists), has been widely studied. From the point of view of multifractal
analysis, one is often interested in determining the Hausdorff dimension of the set
{x € X : ¢(x) =} for a given « € R. The function

f(a):=dim({x € X : p(x) = })

is called the Birkhoff spectrum for the function ¢. When X is compact, T and ¢ are
continuous, the Birkhoff spectrum has been extensively studied (see [1, 13, 14, 33] and the
references therein).

The main tool of our study is the Ruelle-Perron—-Frobenius operator with potential
function

@y q(x) = —tlog |T'(x)| + g logai(x), W (x)=—tlog|T'(x)],

where (¢, g) are suitable parameters. The classical way to obtain the spectrum through
Ruelle theory usually fixes ¢ and finds 7T (g) as the solution of P(7T(q),q)=0.
(Here P(t, q) is the pressure corresponding to the potential function of two parameters.)
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By focusing on the curve T'(g), one can only get some partial results [34]. In the present
paper, we look for multifractal information from the whole two-dimensional surface
defined by the pressure P (¢, g) rather than the single curve T'(¢). This leads us to obtain
complete graphs of the Khintchine spectrum and Lyapunov spectrum.

For the Gauss dynamics, there exist several works on pressure functions associated
with different potentials. For a detailed study on pressure functions associated with
one potential function, we refer to work by Mayer [30-32], and for pressure functions
associated with two potential functions, we refer to work by Pollicott and Weiss [34],
Walters [36, 37] and Hanus et al [16]. We will use the theory developed in [16].

The paper is organized as follows. In §2, we collect and establish some basic results
that will be used later. Section 3 is devoted to proving the results about the fast Khintchine
spectrum and fast Lyapunov spectrum (Theorem 1.1). In §4, we present a general Ruelle
operator theory developed in [16] and then apply it to the Gauss transformation. Based
on §4, we establish Theorem 1.2 in §5. The last section is devoted to the study of the
Lyapunov spectrum (Theorem 1.3).

The present paper is a part of the second author’s Ph.D. thesis.

2. Preliminary

In this section, we collect some known facts and establish some elementary properties
of continued fractions that will be used later. For a wealth of classical results about
continued fractions, see the books by Cassels [9] and Hardy and Wright [17]. The books
by Billingsley [3] and Cornfeld et a/ [10] contain an excellent introduction to the dynamics
of the Gauss transformation and its connection with Diophantine approximation.

2.1. Elementary properties of continued fractions. Denote by p,/q, the usual nth
convergent of the continued fraction x = [a;(x), a2(x), ...] € [0, 1) \ Q, defined by

1

Pr a0, an(0)] =
n ay(x) +

a(x) +- -+ )

It is known (see [25, p. 9]) that p,,, g, can be obtained by the following recursive relation:

p-1=1, po=0, py=aypu_1+pa—2 (m=2),
q—1 =0, qo0 = 1, dn = anqn—1 + gn-2 (n >2).

Furthermore, the following lemma holds.

LEMMA 2.1. [26,p. 5] Let €1, . . ., &, € RT. Define inductively
0.1=0, Qp=1,
On(er, ..., ) =6,0n-1(61, ..., 1) + On-2(e1, ..., &4-2).

(Q, is commonly called a continuant.) Then:
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©  Onler, ..., e0) = Onlen, ..., e1);
(i) gn=Onlar, ..., an), pp=0Qn-1(a2, ..., an).

As consequences, we have the following results.

LEMMA 2.2. [25] Forany ay, az, ..., ay, by, ..., by €N, let g, =qu(ar, ..., a,) and
Pn=pn(ai, ..., ay). Then:
() Pn-1qn = Pngn-1=(=1";

()  gnim(ar, ..., an, b1, ..., bw) =qular, ..., an)qmby, ..., by) +aqn-1(a, ...,
an—l)pm—l(bls e bm—1);
(iii) gn =2V T a < g < [Ty (@ + 1),
LEMMA 2.3. [39] For any a1, a2, ..., ay, b €N,
b+1 ,...,ai,b,aii, ...,
1 _dnrila 4j. 2 dj+l W) i1 (foralll < j <n),
2 gn(ai, ...,aj, ajy1, ..., ap)
For any ay, as, ..., a, € N, let
Ii(ar, a2, ..., an) ={x €[0, 1) ra1(x) = a1, ar(x) =az, ..., an(x) = ay}, (2.1)

which is called an nth-order cylinder.

LEMMA 2.4. [26, p. 18] For any a1, az, ..., a, €N, the nth-order cylinder I,(ay, aa,

..., ay) is the interval with the endpoints p,/q, and (py + pn—1)/(Gn + qn—1). As a
consequence, the length of I, (a1, . . ., ap) is equal to
1

[L(a, ..., an)| = (2.2)

qn(Qn + Qn—l) ’
We will denote by I,(x) the nth-order cylinder that contains x, i.e. I,(x)

=I,(a1(x),...,a,(x)). Let B(x,r) denote the ball centered at x with radius
r. For any x € I,(ay, ..., a,), the following relationship holds between the ball
B(x, |Iy(a1, ..., ap)|) and I, (ay, . .., a,), which is called the regular property in [6].
LEMMA 2.5. [6] Let x = [ay, a2, . . .].

() Ifan #1, then B(x, L)) CU—_, In(ar. ... an + j).

(i) Ifay=1anda, 1 #1, then B(x, L)) C U\__) Li—1(ar. ... an_1 + j).

(i) Ifa, =1and a,—1 =1, then B(x, |I,(x)|) C I,—2(ay, ..., a,—2).

The Gauss transformation 7' admits the following Jacobian estimate.

LEMMA 2.6. There exists a positive number K > 1 such that for all irrational x in [0, 1),

1 Tn /
0< — <sup sup L/(x)fl(<oo.
n=0 yelyx) | (T ()

Proof. Assume that x =[ay, ..., a,,...]€[0, 1)\ Q. For any n >0 and y € [,,(x) =
I,(ai, ..., ay), by the fact that T’ (x) = —(l/xz) we get

n—1 ) ) n—1 ) )

> llog IT(T7 ()| = log |T'(T7 (y))| =2 ) [log T/ (x) — log T/ (y)|.

j=0 =0
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Applying the mean-value theorem, we obtain

. . Ti(x)—=TJ .
log 71 77y = |20 oo
T] (Z) Qn—j(aj+1» st al’l)

where the assertion follows from the fact that all three points T/ (x), T/ (y) and T/ (z)
belong to I,,—j(aj+1, ..., ay). By Lemma 2.2,

n—1 ) ) n—1 1 n—1 1 n—j—2

llog T/ (x) —log T/ (y)| < =< (—) <4.

j;) j;) Gn—j-1(@j12, ..., an) j;) 2

Thus the result is proved with K = e*. a

The above Jacobian estimate property of T' enables us to control the length of I, (x) by
|(T™) (x)| ™", through the fact that fln(x) [(T™) (y)| dy = 1.

LEMMA 2.7. There exists a positive constant K > O such that for all irrational numbers
x in [0, 1),
L L

K = (T (x|~ ~
We remark that from Lemmas 2.4 and 2.7,

qu(x) < (T") (x)] < Kg2(x)
2K " - - n ’

So the Lyapunov exponent A(x) is nothing but the growth rate of g,(x) up to a
multiplicative constant 2:

.2
1) = lim > log g (x).

For any irrational number x in [0, 1), let N, (x) :={j <n:a;(x) # 1}. Set

o 70
A= {x € [0, 1] :nlggo ;logqn(x)z ?},

l n
B = {x e [0, 1] nli)ngo p Zlogaj(x) :0},
j=1

1
C .= {x e[0,1]: lim —gN,(x) =0},
n—oo n
where f stands for the cardinality of a set. Then the following relationship holds.

LEMMA 2.8. In the notation given above,

A=BcCC.
Proof. Ttis clear that A C C and B C C. Let us prove that A = B. First observe that, by
Lemma 2.3,
1 1 aj(x)+1 1
—loggn(x) = = Y log ==———+ —log gy, (1. ..., 1)
n n . 2 n
JENL(x)
1 1
> — 1 i(x) — — - - .. D).
>~ > logaj(x) - > log2+ —log gnzn, (1, 1)
JEN(x) JEN(x)
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Assume x € A. Since A C C,

1
Z log 2+ ~ log gz, (1. ... 1) — —0+2 > 0.
n 2
JEN(x)
Now by the assumption x € A, it follows that
Jim — Zlogaj(x) p Z loga;(x)=0
JENu(x)

Therefore we have proved A C B. For the inverse inclusion, notice that

1 1 1
—loggn(x) <= Y log(a;(x) + 1) + = log gu—sn, (1. ..., 1).
n n . n
JEN(x)
Letx € B. Since B C C,
lim - logqn (.. =2
n—00 2
Therefore by the assumption x € B, we get
1
lim sup — log g, (x) < @.
n—oo N 2
Thus B C A. o

2.2.  Exponents y (x) and A(x). In this subsection, we make a quick examination of the
Khintchine exponent y (x) and compare it with the Lyapunov exponent A(x). Our main
concern is the possible values of both exponent functions.

A first observation is that for any xe€[0,1), y(x)>0 and A(x)>y=
Elog((\/g + 1)/2). By the Birkhoff ergodic theorem, we know that the Khintchine
exponent y (x) attains the value &y for almost all points x with respect to the Lebesgue
measure. We will show that every positive number is the Khintchine exponent y (x) of
some point x.

PROPOSITION 2.9. For any & > 0, there exists a point xy € [0, 1) such that y (xo) =&.

Proof. Assume that & > 0 (for & = 0, we take xo = (1 + «/5)/2 corresponding to a, = 1).
Take an increasing sequence of integers {rny}x>1 satisfying

no=1, ngy1 —ng—> 0o and —1 ask— 0.

Nk+1

Let xo € (0, 1) be a point whose partial quotients satisfy
e k—nk-1)8 < an, < M-8 4 1. g — 1 otherwise.

Since, for ny <n < ngy1,

Zlog e(i—ni-1)§ < - Zlog aj < — Z log(e(n’_n’ & 1),

nk+1 55
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then

RS
y(xo>=ngngo;;10ga,-<x>=s. D

In the following, we will show that the sets E¢ and Fg are never equal. So it is two
different problems to study y(x) and A(x). However, as we will see, E¢(¢) = Fos ()
when ¢ grows faster than .

PROPOSITION 2.10. Forany & >0and 8 > 2 log((\/g +1)/2), we have E¢ # Fg.

Proof. Given & >0, it suffices to construct two numbers with the same Khintchine
exponent & but different Lyapunov exponents.

For the first number, take just the number x( constructed in the proof of Proposition 2.9.
We claim that

A(xg) =2& 4+ 2log ﬁ2+ ! . (2.3)

In fact, by Lemma 2.3,

k anj +] k
]"[(—)an_ku, D Zgnan - aw) < [@n; + Damer( . ).

=in 2 /=1
2.4)
Then, by the assumption on ny,
.2 V541
Alxg) = lim — log g, (xp) = 2<$ + log )
n—oo n 2
Now construct the second number. Fix k > 1. Define x; = [¢1, ..., ¢, . . .], Where
k
—_— k+1E\n
_ ké k& €
e L N S T NP L( T ) J
kn
Notice that there are n small vectors (1, ..., 1, Leksj) in ¢, and that the length of ¢, is
equal to Ny := kn + 1. We can prove that
T e 2 ol kE
y(x1)=§ Alxp)=A(1,..., [e5]D) +28 — % logle™ |,

by the same arguments as in proving the similar result for x¢. It is clear that A (xp) # A(x1)
for large k > 1. O

It is evident that Proposition 2.9 and the formula (2.3) yield the following result due to
Pollicott and Weiss [34].

COROLLARY 2.11. [34] For any B > 21og((+/5 + 1)/2), there exists a point xo € [0, 1)
such that A(xo) = B.
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2.3. Pointwise dimension. We will compare the pointwise dimension and the Markov
pointwise dimension (corresponding to the continued fraction system) of a Borel
probability measure.

Let 1 be a Borel probability measure on [0, 1). Define the pointwise dimension and the
Markov pointwise dimension respectively by

0 i tim PEHEGT) g p( )
r—0 logr n—oo log |I,(x)|
if the limits exist, where B(x, r) is the ball centered at x with radius r.
For two series {u,},>0 and {v,},>0, we write u, < v, which means that there
exist absolute positive constants ¢y, ¢ such that cjv, <u, < cyv, for n large enough.

Sometimes, we need the condition
(B (x, [1n(x)]) < u(lp(x)) (2.5)
at a point x. The following relationship holds between §,, (x) and d,, (x).

LEMMA 2.12. Let 4 be a Borel measure.
(a)  Assume that condition (2.5) holds. If d, (x) exists, then §,,(x) exists and 8, (x) =

dy(x).
(b)  If8,.(x) and X(x) both exist, then d, (x) exists and §,(x) = d;, (x).
Proof. (a) If the limit defining d, (x) exists, then the limit
log n(B(x, |1,(x)))

nHoo log [ 1, (x)]
exists and is equal to d, (x). Thus, by (2.5), the limit defining §,, (x) also exists and is equal
to dy (x).
(b) Since A(x) exists,
log |1,(x)] o1 1
=~ lim - log |1 / log |1 =1 2.6
A fog Ty ()]~ e 108 Hn (Ol /o log [t (9] 2.6)

by Lemma 2.7. For any r > 0, there exists an n such that |I,41(x)| <r < |I,(x)|. Then,
by Lemma 2.5, I,4+1(x) C B(x, r) C I,—2(x). Thus
log 1(Iy—2(x)) _ log w(B(x, ) _ log p(ln+1(x)
log [In+1(x)] — log r — log |1y (x)]
Combining (2.6) and (2.7), we get the desired result. O

@.7)

Let us give some measures for which condition (2.5) is satisfied. These measures will
be used in §5.1. The existence of these measures u; , will be discussed in Proposition 4.6
and §5.1.

LEMMA 2.13. Suppose ;4 is a measure satisfying

g (In (X)) < exp(=nP(t, )L, (0)|" [ a?,
j=1

where P(t, q) is a constant. Then (2.5) is satisfied by i 4.

Proof. Notice that when a,(x) =1, u; 4 (x)) < pr,4q(I,—1(x)). Then in the light of
Lemma 2.5, we can show that (2.5) is satisfied by 1, 4. O

https://doi.org/10.1017/50143385708000138 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000138

84 A.-H. Fan et al

3. Fast growth rate: proof of Theorem 1.1

3.1. Lower bound. We start with the mass distribution principle (see
[11, Proposition 4.2]), which will be used to estimate the lower bound of the Hausdorff
dimension of a set.

LEMMA 3.1. [11] Let E C [0, 1) be a Borel set and u be a measure with (t(E) > 0.

Suppose that
. log u(B(x, 1))
lim inf ———

>s forallx € E,
r—0 log r

where B(x, r) denotes the open ball with center at x and radius r. Then dim E > s.

Next we give a formula for computing the Hausdorff dimension for a class of Cantor
sets related to continued fractions.

LEMMA 3.2. Let {s,},>1 be a sequence of positive integers tending to infinity with s, > 3

for all n > 1. Then for any positive number N > 2,

lo .
dim{x € [0, 1) : 5, < an(x) < Ns, Yn > 1} = lim inf gls152 - - Sn) .
n—oc 2log(s1sz ... 5,) +10g sp41

Proof. Let F be the set in question and sg be the lim inf in the statement. We call

J(ai, a, ...,a,) :=Cl U Lyvi1(ay, .., an, ans1)

Ap412Sp+1

a basic CF-interval of order n with respect to F' (or simply basic interval of order n), where
sk < ar < Nsy for all 1 <k < n. Here ClI stands for the closure. Then it follows that

F=( U Jai, ..., ap). (3.1)

n=1 sp<ap<Nsi,1<k<n

By Lemma 2.4,

] (3.2)

Pn Sn+1Pn + Dn—1 Sp+1Pn + Pn—1 Dn
J@aa,...,ap) =|—, ———8M8 ™| or |—m—, —

qn ' Sn+1qn + Gn—1 Sn+14n + Gn—1 ' qn
depending on whether n is even or odd. Then by Lemmas 2.4, 2.2 and the assumption on
ay that sy <ay < Nsi forall 1l <k <n,

1 1 1 1

<\|J(ai,...,an)l= < .
2N" Spy1(s1 ... sn)z " qn(Sn+19n + qn—1) Spy1(s1 ... sn)2(3 3

Since sy — 00 as k — o0, then

. logs;+---+logs,
lim =00

n—o00 n

This, together with the definition of s¢, implies that for any s > sp, there exists a sequence
{n¢ : € > 1} such that for all £ > 1,

g

(N = 1" < (Snpg1 (1 - 50)D O T sk < Gnpa (s -5y ) EH0/2)
k=1
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Then, by (3.1), together with (3.3),

H*(F) < lim inf Z |J(ay, ..., an)l"°

sk=ax<Nsi,1<k=<ng

ng 1 s
< liminf [ (N — 1) sk) (—) <L
00 ( 1_[ Snp+1(S1 -+ Sny)?

k=1

Since s > 59 is arbitrary, dim F' < sp.
For the lower bound, we define a measure p such that for any basic CF-interval
J(ai, ar, ..., ay) of order n,
L 1
J(ay,az,...,ay)) = _—
n(J (ar, a2 n) H(N_l)sj
j=1
By the Kolmogorov extension theorem, p can be extended to a probability measure
supported on F. In the following, we will check the mass distribution principle with this
measure.
Fix s < s59. By the definition of sy and the fact that sy — co (k — o0) and that N is a
constant, there exists an integer ng such that for all n > ny,

n n 2\ §
[V —Dsi> (an < I1 Nsk) ) . (3.4)
k=1 k=1

We take
ro=(1/QN") (1/(sng41(s1 - - - $29)>))-
For any x € F, there exists an infinite sequence {ai, as, ...} with sy < ay < Nsg, for
all k > 1 such that x € J(ay, ..., ay), forall n > 1. For any r < ro, there exists an integer

n > ng such that
|J(at, ..., an+1)| <r <|J(ay, ..., an)l|.

We claim that the ball B(x, r) can intersect only one nth basic interval, which is just
J(ai, ..., an). We establish this only for the case where n is even, since the argument is
similar for n odd.

Case (1). s, <a, < Ns, — 1. The left and right adjacent nth-order basic intervals to

J(ai, ...,ap)are J(ay,...,ap, —1)and J(ay, ..., a, + 1), respectively. Then by (3.2)
and the condition that s,, > 3, the gap between J(ay, ..., ay) and J(ay, ..., a, — 1) is
&_Sn+l(pn_pn—1)+pn—l _ Sny1 — 1 > 1. . ... a)l.
qn Sn1(Gn — Gn—1) + gn—1 GnSnt1(qn — gn—1) + qn-1)
Hence B(x, r) cannot intersect J(ay, ..., a, — 1). On the other hand, the gap between
J@ai,...,ay)and J(ay,...,a, +1)is
_ _ -1
Pn+ Pn 1_5n+1pn+pn 1= Sn+1 Z|J(al,-~-7an)|-
gn tqn-1  Snt1gn +qn-1  (Gn + -1 (Sn+1qn + Gn-1)

Hence B(x, r) cannot intersect J(ay, . . ., a, + 1) neither.
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Case (2). a, =s,. The right adjacent nth-order basic interval to J(ay, ..., a,) is
J(ai, ..., a, + 1). The same argument as in case (1) shows that B(x, r) cannot intersect
J(ai, ..., a, + 1). On the other hand, the gap between the left endpoint of J (ay, . . ., a,)
and thatof I,,_i(ay, ..., a,—1)1s

Po _Puoi¥Pic2 WDy, e

qn qn—1+ qn—2 B (Gn-1+ qn-2)qn

It follows that B(x, r) cannot intersect any nth-order CF-basic intervals on the left of

J(ai, ..., ay). In general, B(x, r) can intersect no other nth-order CF-basic intervals
than J(ay, ..., an).
Case (3). a, = Ns,, — 1. From case (1), we know that B(x, r) cannot intersect any nth-
order CF-basic intervals on the left of J(ay, ..., a,). On the right, the gap between the
right endpoint of J(ay, ..., a,) and that of I,,_1(ay, ..., a,—1) is

Pn—1 _ Sp+1Pn + Pn—1 _ Sn41

= > |J(ay, ..., an)l.
qn—1 Sn+19n + qn—1 (5n+1Qn + Qn—l)CIn—l

It follows that B(x, r) cannot intersect any nth-order CF-basic intervals on the right of
J(ay, ..., ay). In general, B(x, r) can intersect no other nth-order CF-basic intervals
than J(ay, ..., ap).

Now we distinguish two cases to estimate the measure of B(x, r).

Case (1). |J(ai,...,any1)| <r <|Iy+1(ai, ..., apn+1)|. By Lemma 2.5 and the fact
that a,+1 # 1, B(x, r) can intersect at most five (n + 1)th-order basic intervals. As a
consequence, by (3.4),

n+1 1 1 K
(B, ) <5]] <5< ) 3.5)
n s = = . .
] (N — Dsg Spp2 (N sy oL ospp1)?
Since
1 1
r>|J(ai,...,au41)|=

> 9
An+1(Sn2qn1 +qn) — 25n+2(Nn+151 cee sn-‘rl)z
it follows that

w(B(x, r)) < 10r°.

Case (i). |Iy41(ay, - .., apy1)| <r <|J(ay, ..., ay)|. In this case,

n+1 2
Lo ) 1 - 1 - 1 <l—[ )
+1ay, ..., apy1) = > = Sk -
" " gn+1(Gn+1 + qn) 2q,%+1 2N20+D k=1

So B(x, r) can intersect at most a number 87 N2"+V (s ... 5,41)% of (n + 1)th-order
basic intervals. As a consequence,

n+1
W(B(x, 1)) smin{w(m,...,an)>,8rN2<"“>(s1 su1)? H (N_I)Sk}

1
min {1, 87 N2+ D (s s 1)2—}-
l_[(N_l)k { TN = Dsupn
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By (3.4) and the elementary inequality min{a, b} < a'~*b* which holds for any a, b > 0
andO0<s <1,

1 S 1 s
M(B(x,r»s( ) -(8rN2("+1)(s1...s 1)2—>
snt1(NTs1 .. 50)2 "N = Dspg

16N7r*.

IA

Combining these two cases, together with mass distribution principle, we have
dim F > sp. O

Let
E'={x €0, 1): M=) < g, (x) < 2e#MW=¢0=D "y > 1),

It is evident that E’ C E¢ (). Then, applying Lemma 3.2,

o) 1
g+ Dtem b1

Eg(p) > lim inf
n— o0

3.2. Upperbound. We first give alemma which is a little bit more than the upper bound
for the case b = 1. Its proof uses a family of Bernoulli measures with an infinite number
of states.

LEMMA 3.3. Iflim,_ o0 ((@(n))/n) = oo, then dim E¢(¢) < 1/2.
Proof. For any t > 1, we introduce a family of Bernoulli measures 1i;:
wiln(ay, .. . ay)) = e "€ Xzt lozaj( (3.6)

where C (1) =log > o2 (1/n").
Fix x € E¢(¢) and € > 0. If n is sufficiently large, then

n

(& — ) < Z logaj(x) < (§ +€)pn). (3.7)
j=1
So
Exp)c () | Ente),
N=1 n=N
where
Ey(e) = {x €0, D:(§ —e)on) < ZIOg aj(x) < (& +€)<p(n)}~
j=1
Now let Z(n, €) be the family of all nth-order cylinders I, (ay, . . ., a,) satisfying (3.7).

For each N > 1, we select all those cylinders in U;X):N Z(n, €) which are maximal
(I e Uy n Z(n, €) is maximal if there is no other I” in |J,2 y Z(n, €) such that I C I’
and I # I'). We denote by J (N, €) the set of all maximal cylinders in [ J72 v Z(n, €). It
is evident that 7 (N, €) is a cover of E¢(¢). Let I,(ay, ..., a,) € J(N, €). Then

wely(ay, . .., an)) = e CO—t Yoilogaj o e NCO—tE+e)p(n)
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On the other hand,

L (@r, ..., ap)| <e 28 <72 Y1 loga; < 26— (m)
Since lim,,_, 5 ((¢(n))/n) = oo, for each s > /2 and N large enough, then
n(ar, ..., ap)l" < ui(p(ar, . . ., an)).
This implies that dim E¢ () < 1/2. O
Now we return to the proof of the upper bound.

Case (1). b=1. Since (¢(n + 1) — ¢(n)) 1 oo, Lemma 3.3 immediately implies that
dim E¢(¢) < 1/2.

Case (ii). b > 1. By (3.7), for each x € E¢(¢) and n sufficiently large,
€ —epmn+1) —(E+e)pn) <logay+1(x) = (€ +e)pmn+1)— (¢ —e)p).

Take
Ly = e(é—e)tﬂ(n+1)—(§+€)fﬂ(n)’ My = &+ —(E—e)p(m)
Define
Fy={xe€l0,1]: L, <a,(x) <M,,Vn> N}.
Then

o0
E:(p) C U Fy.
N=1

We can only estimate the upper bound of dim F;. Since F can be written as a countable
union of sets with the same form as Fj, then dim Fy = dim F; by the o-stability of
Hausdorff dimension. We can further assume that M,, > L, + 2.

For any n > 1, define

D,={(o1,...,0,) eN": Ly <o <My, 1 <k <n}.

Flzﬂ U J(O1, ..., 00,

n>1 (op,..., on)eDy,

It follows that

where
Joi,....o0):=Cl | I(o1,....00 0)

0>Lptq

(called an admissible cylinder of order n). For any n > 1 and s > 0,

1 N M] e M
Z lJ (o1, ..., on)|* < Z 27 =L L 2Ln s
(1. oio)ED,, (01,....0n)€D, 95 Ln+1 ((Ly---Ly) n+1)
It follows that
log M + - - - + log M, _ E4+e+2e/(b—1)

dimFlflinIgioréf - — =— — —.
SijlogLi+Y it logLy  (E—€)(b+1)—2e—4e/(b—1)

Letting € — 0, we get

1
dim E¢ (¢) < ——.
mEeW) =
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4. Ruelle operator theory

There have been various works on the Ruelle transfer operator for the Gauss dynamics; see
Mayer [30-32], Jenkinson [22], Jenkinson and Pollicott [21], Pollicott and Weiss [34] and
Hanus et al [16]. In this section we present a general Ruelle operator theory for conformal
infinite iterated function systems which was developed in [16] and then apply it to the
Gauss dynamics. We also prove some properties of the pressure function in the case of
Gauss dynamics, which will be used later.

4.1. Conformal infinite iterated function systems. In this subsection, we present the
conformal infinite iterated function systems which were studied by Hanus et al [16]; see
also the book of Mauldin and Urbanski [29].

Let X be a non-empty compact connected subset of R? equipped with a metric p. Let
I be an index set with at least two elements and at most countably many elements. An
iterated function system S = {¢; : X — X :i € I} is a collection of injective contractions
for which there exists 0 < s < 1 such that foreachi € [ and all x, y € X,

p(Pi(x), $i(¥)) <sp(x, y). 4.1)
Before further discussion, we give a list of notation.
I" ={w:w=(w1,...,wp),wr €1,1 <k <n}.
"=, I".
=012, 1.

Dw =0p, 0Py 00y, foro=wiwr... .0, €I, n>1.

|w| denotes the length of w € I* U I,

ol =wwy . .. o, if |lw| > n.

[whl=[w...0]={x€l®: x1=w1, ..., X, =wy}.

o : I — [ is the shift transformation.

1911 := supycy I6,(x)] for w € I*.

C(X) is the space of continuous functions on X.

| - lloo denotes the supremum norm on the Banach space C (X).
For w € I°°, the set

(@) = (") P, (X)

n=1

is a singleton. We also denote its only element by 7 (w). This thus defines a coding map
7 : I°° — X. The limit set J of the iterated function system is defined by

J =a(I%).

Denote by d X the boundary of X and by Int(X) the interior of X.

We say that the iterated function system S = {¢;};c; satisfies the open set condition
if there exists a non-empty open set U C X such that ¢;(U) C U for each i € I and
$i(U)N¢;j(U) =0 foreachpairi, jel,i#j.

An iterated function system S = {¢; : X — X :i € I} is said to be conformal if the
following conditions are met:
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(1) The open set condition is satisfied for U = Int(X).

(2) There exists an open connected set V with X C V C R? such that all maps ¢;, i €1,
extend to C! conformal diffeomorphisms of V into V.

(3) There exist i, £ > 0 such that for each x € 9X C RY, there exists an open cone
Con(x, h, £) C Int(X) with vertex x, central angle of Lebesgue measure /4 and
altitude ¢.

(4) There exists K > 1 such that |¢,, (y)| < K|¢,,(x)| for every w € I* and every pair of
points x, y € V (Bounded distortion property).

The topological pressure function for a conformal iterated function systems S = {¢; :

X — X :i €I} is defined as

P 3 1 / 1
P(@) = lim —log |a;n o lI".

The system S is said to be regular if there exists ¢ > 0 such that P(¢) = 0.
Let 8 > 0. A Holder family of functions of order § is a family of continuous functions
F={f%:X - C:iel}suchthat

Vg (F) =sup V,(F) < o0,

n>1

where

Va(F) = sup sup {| £V (o) (x)) — F (¢ (@) 0))}P "D,

wel™ x,yeX

A family of functions F = {f@ : X — R, i € I} is said to be strong if
@
D e oo < 00
iel
Define the Ruelle operator on C(X) associated with F as
@
Lr@(x) =) e/ "Wg(gi(x)).
iel
Denote by L7, the dual operator of L.
The topological pressure of F is defined by

" SN
P(F):= nlggo ;log I;ﬂ exp (jlelg ' 1f J 0¢a./w(x))~
=] ]:

A measure v is called F-conformal if the following conditions are satisfied:
(1) v issupported on J.
(2) Forany Borel set A C X and any w € I'*,

V($(A)) = fA exp <Z FOD 0 gy - P<F>|w|) dv.

j=1

B3) V((X)NP: (X)) =0, w, el w#T,n>1.
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Two functions ¢, ¢ € C(X) are said to be cohomologous with respect to the
transformation 7', if there exists u € C(X) such that

p(x) =¢(x) + ulx) — u(T (x)).
The following two theorems are due to Hanus et al [16].

THEOREM 4.1. [16] For a conformal iterated function system S ={¢; : X — X :i € I}
and a strong Holder family of functions F = {f9 : X — C:i € I}, there exists a unique
F-conformal probability measure vp on X such that L}vp = ePEvp. There exists
a unique shift invariant probability measure fir on 1% such that pp = fip ow ™" is
equivalent to vp with bounded Radon—Nikodym derivative. Furthermore, the Gibbs

property is satisfied:
1 wr ([@ln])

==
C e ( Yo [P m(oiw) - nP(F))

<C.

LetW={y®: X >R:iel}and F={f% : X — R:i e I} be two families of real-
valued Holder functions. We define the amalgamated functions on I*° associated with W
and F as follows:

V() =y (r(ow), f):=f(0cw) forallwe .

THEOREM 4.2. ([16], see also [29, pp. 43-48]) Let V¥ and F be two families of real-
valued Holder functions.  Suppose the sets {i €1 : supx(t/f(i)(x)) >0} and {iel:
supx(f(i)(x)) > 0} are finite. Then the function (t, q) — P(t,q) = PtV +gqF), is real
analytic with respect to (t, q) € Int(D), where

D= {@, 9 Y exp (supy V@) + V) < oo}.

iel

Furthermore, if t\V + q F is a strong Holder family for (¢, q) € D and

/<|f|+|1/?|)dﬁ,,q < o0,

where iy 4 := [L1w14F is obtained by Theorem 4.1, then

oP ~ . oP ~ .
v Ydi, and g fdpg.

If 19 + q f is not cohomologous to a constant function, then P(t, q) is strictly convex and

2P 3*P
9tz 9tdq
H(t, q):=
o P 9*P
dtdg  9g>

is positive definite.
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4.2. Continued fraction dynamical system. We apply the theory in the previous
subsection to the continued fraction dynamical system. Let X =[O0, 1] and / = N. The
continued fraction dynamical system can be viewed as an iterated function system:

:{wi(x)z ! :ieN}.
x

Recall that the projection mapping 7 : /> — X is defined by
o
(@) =[] Vo, (X) forallwe 1.

n=1

Notice that W{ (0) = —1, thus (4.1) is not satisfied. However, this is not a real problem,
since we can consider the system of second-level maps and replace S by S := {v/; o ¥, :
i, j € N}. In fact, for any x € [0, 1),

) 1 ' 1 2
wono=(Fm) = (Gror) =5

In the following, we will collect or prove some facts on the continued fraction dynamical
system, which will be useful for applying Theorems 4.1 and 4.2.

LEMMA 4.3. [27] The continued fraction dynamical system S is regular and conformal.

For the investigation in the present paper, our problems are tightly connected to the
following two families of Holder functions:

W ={log|y/|:ieN} and F ={—logi:ieN}.
Remark 4.4. We mention that the method used here is also applicable to other potentials
than the two special families introduced here.
The families ¥ and F are Holder families and their amalgamated functions are equal to
V() = —2log(w) + m(ow)), f(w)=—logw, forallwe N>,
For our convenience, we will consider the function tW — g F instead of 1V + g F.
LEMMA 4.5. Let D :={(t, q) : 2t — q > 1}. Forany (¢, q) € D:

(i)  the family t¥ — qF := {t log || + q logi : i € N} is Holder and strong;
(i1) the topological pressure P associated with the potential tV — q F can be written as

1
P(t,q) = l1m —log Z exp(suplogl_[a)q(wj,...,wn—i—x])z’).

W1,...,Wp j=1

Proof. The assertion on the domain D follows from

e8]

1 i 0
4—[C(2l—61)=£zxy—qF1 Z (z~|—x)2’ Z 972 = £ (2t — q).

where ¢ is the Riemann zeta function, defined by

e8]

1
c(s) = Z — foralls > 1.

n=1
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(i) For (¢, ) € D, write (tV — gF)? :=1tlog |y/| 4+ g logi. Then

o0

D llexpl¥ —gF) Yoo =)

iel i=1

&)
l Lg—
Tor| =i = — ) <o,
oo i=1

Thus tW — g F is strong.
(i1) It suffices to notice that

n n
sup (ZMW +qlogw)) o z//g,-wm) =suplog [ [ 0?(lwj. ..., 0. +xD*. O
N =1 * =1

Denote by L7, _ o the conjugate operator of L;y_,r. Applying Theorem 4.1 with the
help of Lemmas 4.3 and 4.5, we get the following results.

PROPOSITION 4.6. For each (t,q) € D, there exist a unique (t\V — qF)-conformal
probability measure v; 4 on [0, 1] such that E;"w_qut,q =eP("‘1)v,,q, and a unique

shift invariant probability measure [i; 4 on N such that p; g := fiz g © 7 Von [0, 1] is
equivalent to v, 4 and

1 Pt g ([@]n])

- =
“ e (Z’}_mw —gF)“)((0iw)) —nP(, q))

<C forallwe N>,

LEMMA 4.7. For the amalgamated functions &(w) = —2log(w) + m(ocw)) and f(a)) =
—log w1,

- [1og 1T Wlnig =[G diing and [ rogarediey =~ [ fdiug. 42
and tyr — q f is not cohomologous to a constant.
Proof. (i) Assertion (4.2) is just a consequence of

—log |T'(r(0))| = ¥(w), logai(r(w))=—f(w) forallwe I®.

Suppose that ty — ¢ f was not cohomologous to a constant. Then there would be a
bounded function g such thattyy — g f =g — g o T + C, which implies that

n—1

) _ n
lim = Y (7 —qf) (0lw) = lim $=8°% 4 c=c
n—-oo n = n—o00 n

for all w € I®°. On the other hand, if we take w! = [1,1,...,1], w? = [2,2,...] and

® =13, 3,...], then

n—1
lim ~ 3"~ ¢/) 0a) = C.
j=0

n—oo pn 4
where
5—-1
C1 =2t log (\/_2 ), Cy=2t log(«/i— 1) + g log 2,
V13 -3
C3 =2t log (T) + g log 3.
Thus we get a contradiction. O
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By Theorem 4.2 and the proof of Lemma 4.5, we know that D = {(¢, q) : 2t — q > 1}
is the analytic area of the pressure P (t, ¢). Applying Lemma 4.7 and Theorem 4.2, we get
more from the following proposition.

PROPOSITION 4.8. The following statements hold on D = {(t, q) : 2t — q > 1}.

(1)  P(t, q) is analytic and strictly convex.

(2)  P(t, q) is strictly decreasing and strictly convex with respect to t. In other words,
(@P/d1) (t, q) <0and (32P/3t%) (t, ¢) > 0. Furthermore,

JP
Cl=- / log |7"(0)| djte.q. 43)

(3) P(t, q) is strictly increasing and strictly convex with respect to q. In other words,
@P/dq) (t,q) > 0and (3°P/3q>) (t, q¢) > 0. Furthermore,

P
E(L q):/logal(x) dus,g. (4.4)
4)

2P  3*P
9tz Jtdq

H(t, =

o ’P %P

dtdg  0g2

is positive definite.

We conclude this subsection with the following result due to Mayer [32] (see also
Pollicott and Weiss [34]).

PROPOSITION 4.9. [32] Let P(t) :== P(¢t,0) and (s := s 0. Then P(t) is defined on
(1/2, 0o0) and we have P(1) =0 and 1 = ug. Furthermore,

P =~ [ togIT Wl du,(w). 45)
In particular,
P'(0)=— f log |T'(x)| dpug (x) = —o. (4.6)
Remark 4.10. Since 1,0 = 1 = G, by (4.4), we obtain
opP
5(1, 0)= | logai(x)duc = &o. 4.7)

4.3. Further study on P(t,q). We will use the following simple known fact about
convex functions.

Fact4.11. Suppose f is a convex continuously differentiable function on an interval /.

Then f'(x) is increasing and

fO) = f@)
y—x

flx) < <f ., x,yel,x<y.
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First we give an estimate for the pressure P(z, ¢) and show some behaviors of P(¢, q)
when ¢ tends to —oo and 27 — 1 (¢ being fixed).

PROPOSITION 4.12. For (t, q) € D,
—tlog4+1logl(2t —q) < P(t, q) <log {2t — q). (4.8)

Consequently:
(1) P(0, g) =log ¢(—q), and for any point (ty, qo) on the line 2t — g =1,
lim P(t, q) = o0;
(t,9)—(t0,90) t.q
(2) forfixedt € R,

im 22 ¢) = 400 49)
g—2t—1 9q
(3) forfixedt € R,
im 2CD o hm 2P =0 (4.10)
4>-% ¢ 4——% dq
Proof. Notice that 1/(w; +1) <|wj, ..., 0y +x]<1/w; forx €[0,1) and 1 < j <n.

Thus

n

1 & o0
an Z(wq_zt)n =< Z 1—[ a)?[a)j, o+ x]P < Z(wq—h)n.
o=l w=1

W],y wp j=1

Hence by Lemma 4.5(ii), we get (4.8).
We get (1) immediately from (4.8).
Look at (2). For all g > gg, by the convexity of P (¢, gq) and Fact4.11,
P P(t,q) — P(1, q0)

dq q—q0

Thus

9P P(t, qo) — P(1,
im Lo > im LLWZPEO
g—2t—1 dq q—>2t—1 q0 — 4

Here we use the fact that lim, ., P(¢, g¢) = +00. Hence we get (4.9).
In order to show (3), we consider P(¢, g)/q as function of ¢ on (—o0, 2t — 1) \ {0}.
Noticed that for fixed r € R, limy, _ (2t — g) = 1. Thus
i log £(2t — q)
im ———— =
g—>—00 q
Then the first formula in (4.10) follows from (4.8).
Fix go < 2t — 1. Then for all ¢ < go, by the convexity of P(¢, q) and Fact 4.11,

0.

P P(t, q0) — P(t, q)

g < 1 &

dgq 90 — ¢
Thus

8P P ts - P ta
lim 2L q) < lim (t, q0) tq _ 0.
9—>—00 dq 4> =00 q0 — ¢

Hence by Proposition 4.8(3), we get the second formula in (4.10). O
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P(t,q)
t=t(€)

FIGURE 3. Solution of (4.11).

4.4.  Properties of (t(§), q(§)). Recall that & :flog aj(x)ug and Do :={(t,q):
2t —g>1,0<r<1}

PROPOSITION 4.13. For any & € (0, 00), the system
P(t,q) =4§,
opP
— g =5
dq

admits a unique solution (t(§), q(§)) € Dy. For & = &, the solution is (t(§o), q(§0)) =
(1, 0). The functions t(§) and q(§) are analytic.

@.11)

Proof. Existence and uniqueness of solution (t(£), q(§)). Recall that P(1,0) =0 and
P(0, g) =log ¢(—q) (Proposition 4.12).

We start with a geometric argument which will be followed by a rigorous proof.
Consider P(¢, g) as a family of functions of g with parameter . It can be seen from
Figure 3 that for any £ > 0, there exists a unique ¢ € (0, 1], such that the line £¢ is tangent
to P(t, -). This t = ¢(£) can be described as the unique point such that

nt (P, )~ 48) =0. (4.12)
We denote by ¢g(£) the point where the infimum in (4.12) is attained. Then the tangent
point is (g (&), P(¢(§), g(£))) and the derivative of P(t(£), g) — g& (with respect to g) at
q (&) equals 0, i.e.

(P(t(&), @) —q8) g =0.

Thus (0P/dq) (1(§),q(§)) =§. By (4.12), P(1(§), q(§)) —q(6)§ =0. Therefore
(t(£), q(&)) is a solution of (4.11). The uniqueness of g(&) follows by the fact that
(0 P/9dq) is monotonic with respect to g (Proposition 4.8).

Let us give a rigorous proof. By (4.9), (4.10) and the mean-value theorem, for fixed
t € R and any & > 0, there exists a g (¢, &) € (—o0, 2t — 1) such that

oP
5 a4 8)=§. (4.13)
q
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The monotonicity of 9P/dg with respect to g implies the uniqueness of g(t, &)
(Proposition 4.8).

Since P(t, g) is analytic, the implicit g (¢, &) is analytic with respect to ¢ and &. Fix &
and set

W(t):= P, q(t, §) —&q(. §).

Since

, P P aq aq
W) = —- @t q@t, ) + @U’ q(t, )71, &) —§-(1, §)

P
=5, (g 8) (by (4.13)
< 0 (by Proposition 4.8(2)),

W (¢) is strictly decreasing.
Since P(0, g) =log ¢(—¢q) >0(g < —1),for & > 0,

W(0) =P (0, 4¢(0,§)) —£4q(0,§) >0.

Since P (1, g) is convex and P (1, 0) = 0, the following inequalities are a consequence of

Fact 4.11:
P(l.q(1.€)—=0 _dP o
g(1,6)—0 5%(1%(1,@)—5 ifg(1,€) >0,
and
0—P(l.g(1,§) _oP -
0 _a e  Zag bad.en=§ ife(.£<0.
If ¢(1, &) = 0, we obtain in fact £ = & and P(1, ¢(1, &)) = 0. Hence, in any case,
P(,q(1,8)) —§q(1,8) <0. (4.14)

Therefore, W(1) = P(1, ¢(1, §)) — &q(1, &) <O.
Thus by the mean-value theorem and the monotonicity of W (¢), there exists a unique
t =1(&) € (0, 1] such that W(z(¢)) =0, i.e.

P(1(8), q((5).8)) =5q(1(8), §). (4.15)

If we write g (z(£), &) as g(§), both (4.13) and (4.15) show that (z(£), g(&)) is the unique

solution of (4.11). For & = &g, the assertion in Proposition 4.9 that P(0, 1) =0=0-&

and the assertion of Remark 4.10 that (3 P/dq) (1, 0) = &y imply that (0, 1) is a solution

of (4.11). Then the uniqueness of the solution to (4.11) implies that (¢ (§y), g (§0)) = (O, 1).
Analyticity of (t(§), q(£)). Consider the map

P(t,q) —
Fi (. q) —qé
2 — (9§
dg
Then the Jacobian of F is equal to
9 9FN (0P 0P
% b o g
S ERRTN T R
ot dq dtdq 9g2
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Consequently,
det(J(F))| op P #0
e = ()= — * —> .
Thus by the implicit function theorem, ¢ (&) and g (&) are analytic. O

Now let us present some properties on #(§). Recall that §y = (0 P /dq) (1, 0).
PROPOSITION 4.14. g(§) <0 for & < &), q(&) =0, q(&) > 0 for & > &.

Proof. Since P(1, q) is convex and P (1, 0) =0, then

P(,q)—0 odP 0—P(,q) 0P
—>—1,0=% @>0; —=<—(1,0=% (¢<0).
qg-0 dq 0-g¢g dq
by Fact 4.11. Hence forall g < 1,
P(1, q) > &q. (4.16)

We recall that (¢ (&), g(§0)) = (1, 0) is the unique solution of the system (4.11) for
& = &j. By the above discussion of the existence of #(£), 1(§) = 1 if and only if £ = &.
Now we suppose that 7 € (0, 1). For & > &, using (4.16),

P(t,q) > P(1,q) = q60 = q§ (forallg <0).
Thus g (&) > 0. For £ < &, again using (4.16),
P(t,q) > P(1,q) = q60 = q§ (forallg >0).

Thus g(§) < 0. O

PROPOSITION 4.15. For & € (0, +00),

’ q()
= ) 4.17
YO = @ran 1@, 4@ &1
Proof. Recall that
P(t(§), q(6)) =q(§)8,
P (4.18)
3—(t(§), q() =§.
q
By differentiating the first equation in (4.18) with respect to &, we get
, 0P , . 0P ,
t (E)E(I(E), q)) +q (é)z(t(é), q8)) =q (§)§ +q(&).
Taking into account the second equation in (4.18), we get
, . 0P
t(E)E(t(E),q(S))=q(§)- (4.19)
O
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PROPOSITION 4.16. /(§) >0 for & <&, t'(§)=0, and t'(¢)<0 for &> &,.

Furthermore,

1) >0 (6—0), (4.20)

t&)—1/2 (§ - +00). 4.21)

Proof. By Propositions 4.14 and 4.15 and the fact that 9 P /9t > 0, 7(§) is increasing on
(0, &) and decreasing on (&p, 0o). Then by the analyticity of 7(£), we can obtain two
analytic inverse functions on the two intervals respectively. For the first inverse function,
write £1 = &1 (7). Then &{(¢) > 0 and
P(t,q() 0P
§1() = ————=—(1,q9@1))
q(t) dq

(equations (4.11) are considered as equations on ¢). By Proposition 4.14, g (£1(¢)) < 0; then
P(t, q(&1(1))) < 0. By Proposition 4.12(1), limy 2,1 P(t, g) = 00. Thus there exists
qo(t) such that go(t) > ¢g(¢) and P(t, go(¢)) = 0. Therefore

oP oP
§1(1) = —(, q(1) < — (1, go(1)).
aq aq
Since P (0, g) =log {(—q), then lim,_, ¢ go(#) = co. Thus
. oP i oP
lim — (¢, go(#)) = lim —(0, g) =0.
t—0 dq g——00 dq

Hence by &1 (¢) > 0, we obtain lim;_, ¢ & (t) = 0 which implies (4.20).
Write & = &, (¢) for the second inverse function. Then Sﬁ (t) <0and
_ P(t,q(t)) _dP
q(1) dq
This implies (4.21). O

oP
& (1) (t,q(@)) > a(t, 0) > 00 (t—1/2).

Let us summarize. We have proved that 7 (£) is analytic on (0, 00), limg_,¢ (§) =0 and
limg _, o (§) = 1/2. We have also proved that 7 (§) is increasing on (0, &) and decreasing
on (&, 00), and that 7 (&y) = 1.

5. Khintchine spectrum
We are now ready to study the Hausdorff dimensions of the level set

1 n
E = {x €[0, D lim ~ ;logaj(x) :g}.
Since Q is countable, we need only consider
1 n
{x e[0, 1) \Q:nlgl;Q - J-leogaj(X) =§}

which admits the same Hausdorff dimension with E¢ and is still denoted by E.
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5.1. Proof of Theorem 1.2(1) and (2). Let (¢t,q) € D and 4, fi; 4 be the measures
in Proposition 4.6. For x € [0, 1)\ Q, let x =[ay, ..., ay, ...] and o = n_l(x). Then
w:al...an...eNNand

/’Lt,q(ln(x)) = Mt,q(ln(al» cees Gy)) = ,at,q([w|n])~
By the Gibbs property of fi; 4,
n .
firq (@) < exp(=nP(t, @) | | @l(@; + (07 w) ™.
j=1
In other words,
n
i g (In () < exp(—nP(t. q)) [ | allaj, ..., an, .. J.
j=1
By Lemma 2.7, |I,(x)| < [(T") (x)|~! = ]‘[;?;(1) |T7(x)|?. Thus we have the following
Gibbs property of uy4:
n
piq (I () < exp(=nP(t, @)L [ af. (5.1)
j=1

It follows that

! U’ (/) Y logaj — P(1, q)
(Sﬂt((x): lim M: + lim 4q / Z] 1 loga; q
q n—oo log |In(X)| n—o0 (l/n) lOg IIn(x)|

The Gibbs property of fi; , implies that ji; 4 is ergodic. Therefore,

g [logai(x)durg — P(t, q)

O, ,(x) =1+ Ht.g-a.€.
e — [log IT"(0)| dpas g e
Using the formula (4.3) and (4.4) in Proposition 4.8, we have
(0P/3g)(t, q) — P(t, q)
Spry () =1+ 2 /99)t. 4 Dy gae. (5.2)

(0P/01)(t, q)

Moreover, the ergodicity of i, 4 also implies that the Lyapunov exponents A(x) exist for
it ,q-almost every x in [0, 1). Thus by (5.1), Lemmas 2.12 and 2.13, we obtain

q@P/dq) (t,q) — P(t, q)
(dP/at) (t, q)

For & € (0, 00), choose (t, g) = (t(£), q(&§)) € Dy to be the unique solution of (4.11).
Then (5.3) gives

dy,,(x) =38y, ,(x)=t+ [t g-a.e. (5.3)

Aity),960) ) =1(8)  prg-ae.

By the ergodicity of fis(g),q(¢) and (4.4), we have for ;) 4(¢)-almost every x,

o1 P
Jim 3" lozay () = [ logar(o) diriaie = 50, 9(6) =
=1
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S0 11(g),4(¢) 1s supported on E¢. Hence

dim(Eg) > dim py(g),q(6) =t (§). 5.4)

In the following we will show that

dim(Eg) <t (forall t >1(%)). (5.5)
This will imply that dim(E¢) = #(¢) for any & > 0. For any ¢ > #(£), take an €y > 0 such
that
0« PO©a@) —PCa@) o o
q()
and p P
0<eo< (t,q()) — P((§), q(§)) if g(£) < 0.

q)

(For the special case g(§) =0, i.e., § = &, the result dim E¢ =1 is well known.) Such an
€o exists, for P(t, q) is strictly decreasing with respect to ¢. For all n > 1, set

1 n
E (o) := {xe [0, D\ Q:& — ey < ;Z;loga,-(x) <$+60}.
=

Then
o o0
E:c | () Et(eo).
N=1n=N
Let Z(n, &, €p) be the collection of all nth-order cylinders I,,(aq, . . ., a,) such that
1 n
— - loga; .
E§—¢ < " ; gaj(x) <&+e€
Then

Efe)= |J 7

JeZ(n,k,€p)
Hence {J : J € I(n, &, €0), n > 1} is a cover of E¢. When g(§) > 0, then

PEAE) Ty . . ay)1®

o0 [o/0]
> 2 =y X @ ani®  nPag®)

n=1 JeZ(n,&,€y) n=1 (q;..a,)>e"¢ <0
00
<€) PEa@ e ® S ()) <o
n=1 JeZ(n,,€p)

by (5.1), where C is a constant. When ¢ (&) < 0,
P (t.q(8) [T (a; .. _an)q(é)

o0 o0
> W=y X @ ani®  nPGa®)

n=1 JeZ(n,&, €y) n=1(q,..a,)<e"¢+<0)
00
<C. Z en(P(t,q(E))—(E+eo)q(S)) . Z e Q(S)(J) < 00.
n=1 JeZ(n,§,€p)

Hence we get (5.5).
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For the special case & = 0, we need only show that dim(Ey) = 0. This can be induced
by the same process. For any ¢ > 0, since limg_, #(§) = 0, there exists & > 0 such that
0 < 1(&) < t. We can also choose €y > 0 such that

Pt q(€) = PUE).q(€) _
q(&) 0

Forn > 1, set

l n
Ej (o) = {xe[O, l)\@:; E log a;(x) <§+eo}.
j=1

Then
o0 o0
Eoc | ) Ejteo.
N=1 n=N
By the same calculation, we get dim(E(p) <t. Since ¢ can be arbitrary small, we obtain
dim(Ey) =0.

By the discussion in the preceding subsection, we have proved Theorem 1.2(1) and (2).

5.2.  Proof of Theorem 1.2(3) and (4). We investigate more properties of the functions
q(§) and 1(§).

PROPOSITION 5.1. As & goes to zero and infinity respectively,
lim g(§) = —oco, lim ¢g(§)=0.
£—0 E—o00

Proof. We prove the first limit by contradiction. Suppose that there exists a subsequence
& — O such that g(¢5) — M > —oo. Then by (4.20) and Proposition 4.8(3),

tim 2 (1(5). g (&) = 220, M) > 0
im — , =—/0, > 0.
&—0 dq 80, 418 aq

This is in contradiction to

oP
8_(t(§8), q(&s)) =& — 0.
q

On the other hand, we know that g(§) > 0 when & > &p, and 0 < g(§) <2¢(§) — 1. Then
by (4.21), limg_ o0 q¢(§) = 0. 0

Applying this proposition and (4.17), combining (4.9) and (4.10),
lim ¢/ (&) = ,  lim #(&)=0.
gl_rfb (§) =400 ; lim. é)

This is assertion (3) of Theorem 1.2.
We now prove the last assertion of Theorem 1.2, that t” (&) < 0 and that there exists
& > &o such that t”(&1) > 0, based on the following proposition.

PROPOSITION 5.2. For & € (0, +00),

o5 = L) @P/31dg) (6). 4(&))
(32P/3g?) ((£), q(£))

t'(&)%(2P/3t?) (t(§), q(€)) — q'(€)*(3*P/3q?) (t(£), q(£))
—@P/31) (1), q(&)) '

: (5.6)

(&) = (5.7
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Proof. Taking the derivative of (4.19) with respect to &, we get

t (S)2 o2 (t(E) q(&) +4q' &1 (E)—(t(é?) q(8)) +t”($) (t(E) q() =4q'().

(5.8)
Taking the derivative of the second equation of (4.18) with respect to &, we get
t(é)—(t(%‘) 61(%’))+q($) (t(é) q(8) =1, (5.9)
which immediately gives (5.6).
Subtracting (5.9) multiplied by ¢'(§) from (5.8) gives (5.7). O

We divide the proof of the assertion (4) of Theorem 1.2 into two parts.

Proof of t"(§) <0. By Proposition 4.8, (3P/dr) (1,0) <0. Since g(&) =0, then
t'(&0) = 0 by (4.17). Also by Proposition 4.8, we get

82P 82P
0< W(Z(‘Eo), q(0)) = W(l’ 0) < 400

and

9*P 9P
0= ﬁ(t(éo) q(60)) = -~ (1,0) < +o0.
9q
By (5.6) and (5.7),

(&)
t(é) 2(32P/3t%) (1 (), q(§)) (32P/3g?) (t(€), q(§)) — (1 — 1'(§) (32 P /dtdq) (1 (&), q(«;*)))2
—(dP/31) (1(§), q(§)) (32P/0q>) (1(§), q(£))

(5.10)
Thus, by ¢/ (&) =0, (&) < 0. O

Proof of t"(§1) > 0. Proposition 5.1 shows that limg_, o, ¢(§) =0 and we know that
q (&) = 0. However, ¢(&) is not always equal to 0, so there exists a & € [&, +00), such
that ¢’(&1) < 0. Writing

3?P  3*P
9tz dtdg
HED=102p g2p
dtdg  9q>

and adding (5.9) multiplied by ¢’(£) to (5.8), we get

apP
(1'(§), ¢’ ENH, ('), ¢'ENT + 57 1) g@ENt"(¢)=24'®).  (5.1D)

Since H (¢, q) is positive definite, (3 P/dt) (f, g) < 0and ¢’ (&) <0, thent”(£) > 0. This
completes the proof. O
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6. Lyapunov spectrum
In this last section, we follow the same procedure as in §§4-5 to deduce the Lyapunov
spectrum of the Gauss map.
Kessebohmer recently pointed out to us that the Lyapunov spectrum was also studied
by Kessebohmer and Stratmann [24].
Take
F =W ={log|y/|:i e N}

instead of F = {—logi :i € N} and ¥ = {log /]| : i € N}. Then the strong Holder family
becomes (f — ¢)V¥, and D should be changed to
D:={{ q):T—q>1/2}.

Here and in the rest of this section we will use 7 instead of ¢ to distinguish the present
situation from that of Khintchine exponents. What we have done in §4 is still useful.
Denote by Pj (7, q) the pressure P((f — g)¥). Then

Pi(f,q) =P —q) with P(-)=P(.,0),

where P (-, -) is the pressure function studied in §4. Hence Pj(, ¢) is analytic and similar
equations (4.3) and (4.4) are obtained just with log |T’(x)| instead of log a; (x).

To determine the Lyapunov spectrum, we begin with the following proposition which
takes the place of Proposition 4.12.

PROPOSITION 6.1. For (7, q) € D, we have
—(f —q) log4 +log £ (21 — 2q) < Py(1, q) <log £ (21 — 2q). (6.1)
Consequently:
(1) for any point (ty, qo) on the linef —q =1/2,
_ lim P(7, q)=o0c;
(7,9)— (10,90)
(2) forfixedf € R,

. 0P .
lim —(t, q) = +o0;
q—i—1/2 9q

(3)  recalling that yo = 2 log((1 + /5)/2), for fixed i € R,
P (1, aP .
im 209 vo.  lim — (7 q)=n.
q—>—00 q q—>—00 8q

Proof. Pi(f, q) is defined as

[ee) o0 n
Pi(f, q) = nli)ngo % log Z e Z exp ( sup log l_[([a)j, ce, Wp +x])2(t—q)>.
w1=1 wy=1 x€[0,1] j=I
The proofs of (1) and (2) are the same as in the proof of Proposition 4.12.
To get (3), we follow another method. Since P;(f, g) = P(f — g), we need only show
that
lim P'(1)=—y, P@{@) +iyp=o0() (f— 00).

—0o0
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By Proposition 4.9, P(f) is analytic on (1/2, 0c0). Let E :={P'(f):f > 1/2}, and
denote by Int(E) and CI(E) the interior and closure of E. By a result in [23],

Int(E) C { - / log |T'(x)| dp: € M} c CI(E),

where M is the set of the invariant measures on [0, 1]. By Birkhoff’s theorem, for any

weM,
/ Ax)du = / log |T’(x)| d .
However, we know that A(x) > yp =2 log((1 + \/5)/2). Thus
— / log |T'(x)|dpu < —yy forall u e M. 6.2)
Let 6y = (\/5 — 1)/2. Then T (6y) = ) and the Dirac measure 11 = Jg, is invariant, and

- / log |T'(x)| dég, = —log |T'(60)| = —y0.

However, by the continuity of P’, we know that E is an interval. Therefore —yy is the right
endpoint of E. Since P’(7) is increasing, we get

lim P'(7) = —yp.

—>0o0

Let {8,},>1 be such that 8, < —yp and lim,,—, o B, = —)0. There exist ¢, € R such that

t, — oo and P’(1,) = B,. By the variational principle ([38]; see also [32]), there exists an
ergodic measure (i;, such that

Pltn) = hy, — 1 / log |T"1(x) s,

where h,,, stands for the metric entropy of iy, . By the compactness of M there exists an
invariant measure (Lo, Which is the weak limit of i, (more precisely some subsequence of
Wz, , but, without loss of generality, we write it as u,, ). By the semi-continuity of metric
entropy, iy, < hy,, + € for any € > 0 when 7, is large enough. Thus by (6.2),

P(,) < hll«oo + € — L)
We will show that i, ., = 0 (see the next lemma), which will imply that
P(t,) <€ —tyyo.
However, by the definition of P; (7, q), P(f) can be written as

B 1 o o n "
P(t)= lim —log Z - Z exp ( sup log l_[([a)j, e, Wy +x])2’>,
n—oon )CE[O,]] j:1

w;=1 wp=1
Thus if we just take one term in the summation, then
~ 1 L ; -
P(f) > lim — logexp ( sup log 1_[([1, AU —i—x])z’) = —1yp.
n—oo n xel0,1] =1 \H/—/
n—j
Hence we get
P()+tyg=o0() (f— 00). O

We now need to prove the following lemma.
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LEMMA 6.2. h,  =0.

Proof. Let h;, (x) be the local entropy of 1o at x which is defined by

Io I
huoo(x): lim 2 ool n(x)),
n—oo n
if the limit exists. Let D loo (x) be the lower local dimension of (t~ at x which is defined
by

1 B(x,
D, (x):=liminf 1og ptoo (B(x, 1))
Hoo r—0 log r

By the Shannon-McMillan—-Breiman theorem, £, (x) exists poo-almost everywhere. It
is also known that A(x) exists almost everywhere (by Birkhoff’s theorem). So, by the
definitions,
Ry (X) = QMOO (DA (x)  peo-ace.
By Birkhoff’s theorem and (4.5),

/ AG0) djtoo(x) = f log |7"|(x) d o (x)

= lim / log |T'|(x) dpu,
n—oo
= — lim P'(t,) =y < oo.
n—oQ
Hence A(x) is almost everywhere finite. Recall that [7]

huwthuoo(x) ditoo(x).

Thus it suffices to prove
D, x)=0 poo-ae.

This means [12] that the upper dimension of (i iS Zero, i.e., (L i supported by a zero-
dimensional set.

Since f Ax) dpoo(x) =yp and A(x) >1yp for any x, we have for o almost
everywhere A(x) = yy. Thus by Birkhoff’s theorem, (1o is supported by the set

1 n—1 )
{x €[0.1]: lim — > “log |T'(TVx)| = yo}. (6.3)
n—o0o n =
Thus we need only show that the Hausdorff dimension of this set is zero.
Recall that

1= ‘ 1

lim — Zlog IT'(T/x)| =2 lim — log g, (x).

n—-oo n e n—-oon

By Lemma 2.8, (6.3) is in fact the set
1 n
{xe[O, 1]: lim — E logaj(x)=0}. (6.4)
n—oo n =

However, the Hausdorff dimension of (6.4) is nothing but #(0), the special case § =0
discussed in §5.1, which was proved to be zero. This concludes the proof. O
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FIGURE 4. Solution of (6.5).

Recall that 1o = [ log |T’(x)| djug. Let Do:={({,q):T—q>1/2,0<7<1}. The
following proposition, similar to Proposition 4.13, holds. (See Figure 4, similar to Figure 3,
for searching for the solutions.)

PROPOSITION 6.3. For any B € (yy, 00), the system

Pi(7, q) = qpB,
AP . (6.5)
a—l(t, q9) = B.

q

admits a unique solution (t(B), g(B)) € Dy. For B = Ao, the solution is (f(Lo), q(Lo)) =
(1, 0). The functions t(B) and q(B) are analytic.

With the same argument, we can prove that 7(8) is the Lyapunov exponent spectrum.
It is analytic, increasing on (yp, Ag] and decreasing on (Ag, 00). It is also neither concave
nor convex. In other words, Theorem 1.3 can be similarly proved.

We conclude the paper with the observation that the Lyapunov spectrum can be stated
as follows, which is similar to the classic formula, but with the difference that we have to
divide the Legendre transform by .

PROPOSITION 6.4.

P(—q(B)) 1

1(B) = 5 q(B) = igf{P(—q) —qpB}. (6.6)

=

Proof. In fact, the family of functions Pj(f, g) with parameter 7 are just right translation
of the function P(—q) with the length 7. Write the system (6.5) as

P(t —q) =qp.

dpP . (6.7)
i D=p
q
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FIGURE 5. The other way to search for 7(8).

If we denote by u, the Gibbs measure with respect to potential ¢\, then by a left
translation the system (6.7) can be written as

P(—q) = ([ +q)B,

i—;(—q) =p.
Thus
=LCD
dP P
E(_q )=5.
By using the second equation, we can write ¢ as a function of 8, hence we get (6.6).
(See Figure 5 for the other way to search for 7(8).) O
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