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A tree T is said to be homogeneous if it is uniquely rooted and there exists an integer
b > 2, called the branching number of T, such that every t € T has exactly b immediate
successors. We study the behaviour of measurable events in probability spaces indexed by
homogeneous trees.

Precisely, we show that for every integer b > 2 and every integer n > 1 there exists an
integer q(b,n) with the following property. If T is a homogeneous tree with branching
number b and {4, : t € T} is a family of measurable events in a probability space (Q,Z, 1)
satisfying u(4;) > &> 0 for every t € T, then for every 0 < 0 < ¢ there exists a strong
subtree S of T of infinite height, such that for every finite subset F of S of cardinality

n > 1 we have
u(ﬂ A,> > g4,

teF
In fact, we can take q(b,n) = ((2* — 1)>"~1 —1) - (2> —2)~'. A finite version of this result
is also obtained.

AMS 2010 Mathematics subject classification: Primary 05D10; 05C05

1. Introduction

1.1. Overview
Let (Q,%, 1) be a probability space and let {4; : i € N} be a family of measurable events
in (Q,%, u) satisfying pu(A4;) > ¢ > 0 for every i € N. It is well known (and easy to see)
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that for every 0 < 0 < ¢ there exist i, j € N with i # j such that u(4; N 4;) > 6% Using the
classical Ramsey Theorem [11] and iterating this basic fact, we get the following.

If {A; :i €N} is a family of measurable events in a probability space (Q, %, ) satisfying
w(A;) = & >0 for every i € N, then for every 0 < 8 < ¢ there exists an infinite subset L of
N such that, for every integer n > 1 and every finite subset F of L of cardinality n, we have

% (ﬂ Ai) >0
icF

In other words, if we are given a sequence of measurable events in a probability space
and we are allowed to refine (i.e., to pass to a subsequence), then we may behave as if the
events are at least as correlated as if they were independent.

Now suppose that the events are not indexed by the integers but are indexed by another
‘structured’ set S. A natural problem is to decide whether the aforementioned result is
valid in the new setting. Namely, given a family {4, : s € S} of measurable events in a
probability space (Q,Z, i) satisfying u(A4s) > ¢ > 0 for every s € S, is it possible to find a
‘substructure’ S’ of S such that the events in the family {4, : s € S'} are highly correlated?
And if yes, then can we get explicit (and, hopefully, optimal) lower bounds for their joint
probability? Of course, what ‘substructure’ is will depend on the nature of the index set
S. From a combinatorial perspective, these questions are of particular importance when
the ‘structured’ set S is a Ramsey space, a notion introduced by T. J. Carlson in [3] and
further developed by S. Todorcevic in [15].

Various versions have been studied in the literature and several results have been
obtained so far. Undoubtedly, the most well-known and heavily investigated case is when
the events are indexed by the Ramsey space W (A) of all finite words over a non-empty
finite alphabet A. Specifically, it was shown by H. Furstenberg and Y. Katznelson in [4]
that for every 0 < ¢ < 1 and every integer b > 2 there exists a strictly positive constant
0(e, b) with the following property. If A is an alphabet with b letters and {4,, : w € W(A)}
is a family of measurable events in a probability space (Q, %, i) satisfying p(A,) > ¢ for
every w € W(A), then there exists a combinatorial line I (see [6]) such that

(ﬂ Aw> 0(s, b).

wel

In fact, this statement is equivalent to the density Hales—Jewett Theorem. Although
powerful, the arguments in [4] are not effective and give no estimate on the constant
0(e, b). Explicit lower bounds can be extracted from the recent ‘polymath’ proof of the
density Hales—Jewett Theorem [10].

Another version has been studied in [2]. The events in this case were assumed to be of
a rather ‘canonical’ form and the index set S was the level product of a finite sequence
of homogeneous trees; we recall that a tree T is said to be homogeneous if it is uniquely
rooted and there exists an integer b > 2, called the branching number of T, such that every
t € T has exactly b immediate successors. We will not state this result explicitly since this
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requires a fair amount of terminology. We point out, however, that it was needed as a
tool in the proof of the density version of the Halpern—L&uchli Theorem [7].

1.2. The main results

Our goal in this paper is to study the above problem when the index set S is a (finite
or infinite) homogeneous tree and to obtain explicit and fairly ‘civilized’ lower bounds.
Of course, such a problem can be also studied if the events are indexed by a boundedly
branching tree or, even more generally, by a finitely branching tree. However, as is shown
in Appendix A, the case of boundedly branching trees is essentially reduced to the case
of homogeneous trees, while for finitely branching but not boundedly branching trees one
can construct examples showing that our results do not hold in this wider category.

In the context of trees the most natural (and practically useful) notion of ‘substructure’
is that of a strong subtree. We recall that a (finite or infinite) subtree S of a uniquely rooted
tree T is said to be strong provided that: (a) S is uniquely rooted and balanced (that is,
all maximal chains of S have the same cardinality), (b) every level of S is a subset of some
level of T, and (c) for every non-leaf node s € S and every immediate successor ¢ of s in
T there exists a unique immediate successor s’ of s in S with ¢ < s". The last condition is
the most important one and expresses a basic combinatorial requirement, namely that a
strong subtree of T must respect the ‘tree structure’ of T (it implies, for instance, that a
strong subtree of infinite height of a homogeneous tree is also homogeneous and has the
same branching number). Although the notion of a strong subtree was isolated in the late
1960s, it was highlighted with the work of K. Milliken [8, 9], who showed that the family
of strong subtrees of a uniquely rooted and finitely branching tree is partition-regular.

1.2.1. The infinite case. We are ready to state the first main result of the paper.

Theorem 1.1. Let T be a homogeneous tree with branching number b. Also, let {A; :t € T}
be a family of measurable events in a probability space (Q, %, u) satisfying u(A;) = ¢ > 0 for
every t € T. Then, for every 0 < 0 < ¢ there exists a strong subtree S of T of infinite height
such that for every integer k > 1 and every strong subtree R of S of height k we have

u(ﬂ/h) > 0rh, (L1)

teR
where
(2 —1)F—1

p(b,k) = T (1.2)

Notice that a strong subtree R of height k of a homogeneous tree with branching
number b has cardinality (b* — 1)/(b — 1). Therefore, the exponent appearing in the right-
hand side of inequality (1.1) depends polynomially on the cardinality of R; specifically, if
R has cardinality n, then the corresponding exponent is O(n”/1°¢b).

It is shown in Appendix B that every non-empty finite subset F of a homogeneous tree
is contained in a strong subtree of height 2|F| — 1. This fact and Theorem 1.1 yield the
following.
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Corollary 1.2. Let T be a homogeneous tree with branching number b. Also, let {4, : t € T}
be a family of measurable events in a probability space (, X, ) satisfying u(4,) = ¢ > 0 for
every t € T. Then, for every 0 < 0 < ¢ there exists a strong subtree S of T of infinite height
such that, for every integer n > 1 and every subset F of S of cardinality n, we have

M(ﬂAz> > 010", (13)
teF

where
(2b _ 1)2;1—1 -1

) (1.4)

q(b,n) =

1.2.2. Free sets: improving the lower bound. Observe that the integer q(b,n) obtained by
Corollary 1.2 depends exponentially on n. We do not know whether it is possible to have
polynomial dependence. However, if we restrict our attention to a certain class of finite
subsets of homogeneous trees, then we get optimal lower bounds. This class of finite sets,
which we call free, is defined in Section 6 in the main text. It includes various well-known
classes of subsets of trees (such as all finite chains, all doubletons and many more) and is
sufficiently rich in the sense that every infinite subset A of a homogeneous tree contains
an infinite set B such that every non-empty finite subset of B is free. Related to this
concept, we show the following.

Theorem 1.3. Let T be a homogeneous tree. Also, let {A, : t € T} be a family of measurable
events in a probability space (Q,Z, 1) satisfying u(A;) > ¢ > 0 for every t € T. Then, for
every 0 < 0 < ¢ there exists a strong subtree S of T of infinite height such that for every
integer n > 1 and every free subset F of S of cardinality n we have

m <ﬂ A[) > 0" (1.5)

teF

1.2.3. The finite case. Theorem 1.1 has the following finite counterpart, which is the third
main result of the paper.

Theorem 1.4. For every integer b > 2, every integer k > 1 and every pair of reals 0 < 0 <
& < 1, there exists an integer N with the following property. If T is a finite homogeneous
tree with branching number b and of height at least N, and {A, :t € T} is a family of
measurable events in a probability space (, X, p) satisfying w(A;) > ¢ for every t € T, then
there exists a strong subtree S of T of height k such that

u(ﬂAr> > 0reY, (16)

teS

where p(b,k) is as in (1.2).

The least integer N with the property described in Theorem 1.4 is denoted by
Cor(b,k,0,¢). It is interesting to point out that Theorem 1.4 does not follow from
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Theorem 1.1 via compactness, and one has to appropriately convert the arguments to the
finite setting. An advantage of having an effective proof is that we can extract explicit and
reasonable upper bounds for the integers Cor(b,k, 0,¢); see, for instance, Proposition 1.5
below.

1.3. Outline of the proofs

As we have already mentioned, the proofs of Theorem 1.1 and Theorem 1.4 are
conceptually similar. The main goal is to construct a strong subtree W of T (which is
either infinite, or of sufficiently large height) for which we can control the joint probability
of the events over all initial subtrees of W. Once this is done, both Theorem 1.1 and
Theorem 1.4 follow by an application of Milliken’s Theorem. The desired strong subtree
W is constructed recursively using the following detailed version of the case ‘k =2’ of
Theorem 1.4, and which is the basic pigeon-hole principle in the ‘one-step extension’ of
the recursive selection.

Proposition 1.5. There exists a primitive recursive function ® : N> — N such that, for every
integer b > 2 and every pair of reals 0 < 0 < e < 1, the following holds. If T is a finite
homogeneous tree with branching number b such that

h(T) > d)(b, {zb_lD (1.7)

82’7 _ 92b

and {A, : t € T} is a family of measurable events in a probability space (Q, %, u) satisfying
w(A;) > ¢ for every t € T, then there exists a strong subtree S of T of height 2 such that

L (ﬂ A[> >0 (1.8)

teS

In particular,

21
COI‘(b,Z,O,S) < () b, m . (19)

Proposition 1.5 will be proved in Section 3. The basic ingredient of its proof is an
appropriate generalization of the notion of a ‘Shelah line’, a fundamental tool in Ramsey
Theory introduced by S. Shelah in his work [13] on the van der Waerden and the
Hales—Jewett numbers. We call these new combinatorial objects generalized Shelah lines.

The proof of Theorem 1.3 is somewhat different. In particular, in this case the desired
strong subtree S is constructed recursively and directly. The ‘one-step extension’ of the
recursive selection is achieved using the following result.

Proposition 1.6. Let T be a homogeneous tree. Also, let {A, :t € T} be a family of meas-
urable events in a probability space (Q, %, u) satisfying u(4,;) > ¢ > 0 for every t € T. Then,
for every 0 < 0 < ¢ there exists a strong subtree S of T of infinite height such that for every
s,t €S we have (A, N A;) > 0.
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The main difficulty in the proof of Proposition 1.6 lies in the fact that the class of
doubletons of homogeneous trees is not Ramsey; that is, one can find a 2-colouring of
the set of all doubletons of, say, the dyadic tree D such that every strong subtree of D
of height at least 2 contains doubletons of both colours. These pathologies in Ramsey
Theory for trees were observed in the late 1960s by F. Galvin and are reflected in his
conjecture about partitions of finite subsets of the reals [5], settled in the affirmative in
the early 1980s by A. Blass [1]. The key observation in Blass’s work is that, for a fixed
integer n > 1, the set of all n-element subsets of certain trees can be categorized in a finite
list of classes, each of which has the Ramsey property. A similar observation is also the
driving force behind the proof of Proposition 1.6.

1.4. Organization of the paper

The paper is organized as follows. In Section 2 we set up our notation and terminology
and we gather some background material needed in the rest of the paper. In the next
section we introduce the aforementioned notion of a generalized Shelah line and we give
the proof of Proposition 1.5. The proof of Theorem 1.4 is given in Section 4 while the
proofs of Theorem 1.1 and Corollary 1.2 are given in Section 5. Finally, in Section 6
we define the class of free subsets of homogencous trees and we give the proofs of
Theorem 1.3 and Proposition 1.6. To assist the interested reader we have also included
two appendices. In Appendix A we show that Theorem 1.1 still holds if the tree T is
merely assumed to be boundedly branching, and we provide counterexamples for the case
of finitely branching but not boundedly branching trees. In Appendix B we prove that
every finite subset F of a homogeneous tree T is contained in a strong subtree of T of
height 2|F| — 1, a result needed for the proof of Corollary 1.2.

2. Background material

We let N ={0,1,2,...} denote the natural numbers. The cardinality of a set X will be
denoted by |X]|.

2.1. Trees

By the term tree we mean a non-empty partially ordered set (T, <) such that the set
{s € T :s<t} is finite and linearly ordered under < for every t € T. The cardinality of
this set is defined to be the length of ¢t in T and will be denoted by /7(t). For every n € N
the n-level of T, denoted by T (n), is defined to be the set {t € T : /7(t) = n}. The height
of T, denoted by h(T), is defined as follows. If there exists k € N with T'(k) = @, then we
set W(T) = max{n € N : T(n) # @} + 1; otherwise, we set h(T) = o0.

For every node t of a tree T, the set of successors of t in T is defined by

Sucer(t)={s€ T :t<s}. (2.1)

The set of immediate successors of t in T is the subset of Succr(t) defined by ImmSuccr(t) =
{seT:t<sand /r(s)=7/7r(t)+ 1}.

https://doi.org/10.1017/50963548312000053 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548312000053

380 Pandelis Dodos, Vassilis Kanellopoulos and Konstantinos Tyros

A subtree of a tree T is a subset of T viewed as a tree equipped with the induced
partial ordering. For every k € N with k < h(T'), we set

T k=T@O)U---UTk). (2.2)

Notice that i(T [ k) =k + 1. An initial subtree of T is a subtree of T of the form T [k
for some k € N. A chain of T is a subset C of T such that for every s,t € C we have that
either s<tort<s.

A tree T is said to be prumed (respectively, finitely branching) if for every t € T the
set of immediate successors of ¢t in T is non-empty (respectively, finite). It is said to be
boundedly branching if there exists an integer m > 1 such that every t € T has at most m
immediate successors, and it is said to be balanced if all maximal chains of T have the
same cardinality. Finally, a tree T is said to be uniquely rooted if |T(0)| = 1; the root of
a uniquely rooted tree T is defined to be the node T(0).

Let T be a uniquely rooted tree. For every s,t € T, the infimum of s and ¢ in T, denoted
by s Ar t, is defined to be the <-maximal node w € T such that w < s and w < t (notice
that the infimum is well-defined since T'(0) < ¢t for every t € T'). More generally, for every
non-empty subset F of T the infimum of F in T, denoted by ArF, is defined to be the
<-maximal node w € T such that w < t for every t € F. Observe that s Az t = Ar{s,t}.

2.2. Vector trees

A vector tree T is a non-empty finite sequence of trees having common height; this
common height is defined to be the height of T and will be denoted by h(T). We notice
that, throughout the paper, we will start the enumeration of vector trees with 1 instead

of 0.
The level product of a vector tree T = (T1y,..., Ty), denoted by ®T, is defined to be the
set
U Tim) x - x Tu(n). (2.3)
n<h(T)

We say that a vector tree T = (Ty,..., Ty) is pruned (respectively, finitely branching,
boundedly branching, balanced, uniquely rooted) if for every i € {1,...,d} the tree T; is
pruned (respectively, finitely branching, boundedly branching, balanced, uniquely rooted).

2.3. Strong subtrees and vector strong subtrees

A subtree S of a uniquely rooted tree T is said to be strong provided that: (a) S is
uniquely rooted and balanced, (b) every level of S is a subset of some level of T, and (c)
for every non-maximal node s € S and every t € ImmSuccy(s) there exists a unique node
s" € ImmSuccg(s) such that t < s'. The level set of a strong subtree S of T is defined to
be the set

Lr(S)={m e N :exists n < h(S) with S(n) = T(m)}. (2.4)

A basic property of strong subtrees is that they preserve infima. That is, if S is a strong
subtree of T and F is a non-empty subset of S, then AgF = ArF.
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The concept of a strong subtree is naturally extended to vector trees. Specifically,

a vector strong subtree of a uniquely rooted vector tree T = (Ty,...,Ty) is a vector
tree S = (Sy,...,54) such that S; is a strong subtree of T; for every i € {1,...,d} and
L1,(S1) = -+ = L1,(84).

2.4. Homogeneous trees and vector homogeneous trees

Let b € N with b > 2. By <N we shall denote the set of all finite sequences having values
in {0,...,b — 1}. The empty sequence is denoted by @ and is included in b=<N. We view
b=N as a tree equipped with the (strict) partial order = of end-extension. Notice that h<N
is a homogeneous tree with branching number b. For every n € N we let b" denote the
n-level of b<N. If n > 1, then b=" stands for the initial subtree of b<N of height n. We let
<jex denote the usual lexicographical order on b". For every t,s € b<N, we shall let ", or
simply ts, denote the concatenation of t and s.

For technical reasons that will become transparent below, we will not work with abstract
homogeneous trees but with a concrete subclass. Observe that all homogeneous trees with
the same branching number are pairwise isomorphic, so this restriction will have no effect
in the generality of our results.

Convention. In the rest of the paper, we use the term ‘homogeneous tree’ (respectively, ‘finite
homogeneous tree’) to mean a strong subtree of b<N of infinite (respectively, finite) height
for some integer b > 2. For every, possibly finite, homogeneous tree T, we shall let by denote
the branching number of T. We follow the same convention for vector trees. In particular,
we use the term ‘vector homogeneous tree’ to mean a vector strong subtree of (b7, .. .,ij)
of infinite height for some integers by,..., by with b; > 2 for every i € {1,...,d}.

The above convention has two basic advantages. Firstly, it enables us to effectively enu-
merate the set of immediate successors of a given node of a, possibly finite, homogeneous
tree T. Specifically, for every t € T and every p € {0,...,br — 1}, let

t"Tp = ImmSuccr(t) N Succb;N(tmp), (2.5)
and notice that
ImmSuccr(t) = {t""p:pe{0,....by — 1}}. (2.6)

Also, observe that for every p,q € {0,...,br — 1} we have t"7p <jx t"7q if and only if
p<q.

Secondly, under the above convention, the infimum operation has a particularly
simple description. Namely, the infimum of a non-empty subset F of a, possibly finite,
homogeneous tree T is the maximal common initial subsequence of every finite sequence
in F. Having this representation in mind, we will drop the subscript in the infimum
operation and we will denote it simply by A.
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2.5. Canonical embeddings and canonical isomorphisms

Let T and S be two, possibly finite, homogeneous trees with the same branching number.
We say that a map f : T — S is a canonical embedding if for every t,t' € T the following
conditions are satisfied.

(a) We have /7(t) = /7(t') if and only if /5 (f(1)) = /s (f(7)).
(b) We have t C ¢’ if and only if f(¢t) T f(t).

() If £7(t) = £7(t), then t <jx t' if and only if f(t) <iex f(t).
(d) We have f(t At') = f() N f(T).

Observe that a canonical embedding f : T — S is an injection, and its image f(T) is a
strong subtree of S. Also, notice that if S and T have the same height, then there exists
a unique bijection between T and S satisfying the above conditions. This unique bijection
will be called the canonical isomorphism between T and S and will be denoted by I(T, S).

2.6. Milliken’s Theorem

Let T be a, possibly finite, homogeneous tree. For every integer k > 1, we let Stri(T)
denote the set of all strong subtrees of T of height k, and let Str,,(7T) denote the set of all
strong subtrees of T of infinite height. For every vector homogeneous tree T = (T1,..., Ty)
the sets Str(T) and Str,(T) are analogously defined. It is easy to see that Str,,(T) is a
Gs (hence Polish) subspace of 271 x - - x 27¢, We will need the following result due to K.
Milliken.

Theorem 2.1 ([9]). Let T be a vector homogeneous tree. Then, for every Borel subset C
of Stro,(T) there exists a vector strong subtree S of T of infinite height such that either
Stroo(S) = C or Str(S)NC = 2.

In particular, for every integer k > 1 and every subset F of Stry(T) there exists a vector
strong subtree R of T of infinite height such that either Stry(R) = F or Str(R)yNF = 2.

By Theorem 2.1 and a standard compactness argument, we get the following.

Corollary 2.2. For every integer b > 2, every pair of integers m >k > 1 and every integer
r = 2 there exists an integer M with the following property. For every finite homogeneous
tree T with branching number b and of height at least M, and every r-colouring of the
set Stri(T), there exists a strong subtree S of T of height m such that the set Stri(S) is
monochromatic. The least integer M with this property will be denoted by Mil(b, m,k,r).

Notice that the reduction of Corollary 2.2 to Theorem 2.1 via compactness is non-
effective and gives no estimate for the numbers Mil(b,m, k,r). An analysis of the finite
version of Milliken’s Theorem has been carried out by M. Soki¢, yielding explicit and
reasonable upper bounds. In particular, we have the following.

Theorem 2.3 ([14]). For every integer k > 1 there exists a primitive recursive function ¢y, :
N? — N belonging to the class % of Grzegorczyk’s hierarchy such that, for every integer
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b > 2, every integer m > k and every integer r > 2, we have

Mil(b, m, k,r) < ¢r(b,m,r). (2.7)

2.7. Probabilistic preliminaries
We recall the following well-known fact. The proof is sketched for completeness.

Lemma 24. Let 0<0 <e¢<1 and N €N with N > (2 —0%)71. Also, let (4:)X;! be a
family of measurable events in a probability space (Q,Z, u) satisfying u(A4;) > ¢ for every
i €{0,...,N —1}. Then there exist i, j € {0,...,N — 1} with i # j such that p(4; N A;) > 6°.

Proof. For every i € {0,..., N — 1}, let 14, be the indicator function of the event 4; and
set X = Efigl 14,. Then E[X] > eN so, by convexity,

> > wAinA) =E[X(X —1)] > &N(N —1).
i€{0,...N—1} je{0,..N—1}\{i}
Therefore, there exist i, j € {0,..., N — 1} with i # j such that u(4; N 4;) > 0. ]

Finally, for every probability space (,%,u), every Y € ¥ with u(Y) > 0 and every
A € X, we let u(A | Y) denote the conditional probability of A relative to Y ; that is,
MANY)
WAY)=——+. (2.8)
u(y)
The conditional probability measure of u relative to Y will be denoted by uy. Notice that
uy(A) =w(A 1] Y) for every 4 € X.

3. Proof of Proposition 1.5

This section is devoted to the proof of Proposition 1.5 stated in the Introduction. It is
organized as follows. In Section 3.1 we introduce the class of generalized Shelah lines and
we present some of their basic properties. In Section 3.2 we define the primitive recursive
function ®. The proof of Proposition 1.5 is given in Section 3.3. In Section 3.4 we prove
a ‘relativized’ version of Proposition 1.5; this ‘relativized’ version is needed for the proof
of Theorem 1.4. Finally, in Section 3.5 we make some comments concerning the upper
bounds for the numbers Cor(b, 2,0, ¢) obtained by Proposition 1.5.

3.1. Generalized Shelah lines
We start with the following definition.

Definition 3.1. Let T be a finite homogeneous tree of height at least 2. Also, let F €
Stry(T) and P be a (possibly empty) subset of {0,...,by — 1}. The P-restriction of F,
denoted by F|p, is defined to be the set

Flp = {F(0)} U{F(0)"p : p € P}. (3.1)
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O 0000006000600 GE®OOO0O0 O 0600 @0 C

Figure 1. A generalized Shelah line for b=3,i=2, P ={0,1} and N =4.

Notice that F|z = {F(0)} and Fl,..b;—1y = F. Moreover, it easy to see that F|pyg =
Flp UF|g for any pair P and Q of subsets of {0,...,by — 1}. We are ready to introduce
the main object of study in this subsection.

Definition 3.2 (Standard generalized Shelah lines and their components). Let b € N with
b =2 Also,letie{0,...,b—1}, P ={0,...,b—1} and N € N with N > 1. The standard
(b,i, P, N)-generalized Shelah line, denoted by L(b,i, P, N), is the subset of b=<N defined by

L(b,i,P,N) = U{l}U{lkle pe P} (3.2)

For every k € {0,..., N — 1}, the k-component of L(b,i, P, N) is defined by
Li(b,i,P,N) = {i*yu {#FpN1"k . p e P}. (3.3)

Next we extend Definition 3.2 to all finite homogeneous trees as follows.

Definition 3.3 (Generalized Shelah lines of finite homogeneous trees). Let T be a finite
homogeneous tree and denote its height by N. Also, let i € {0,...,br —1} and P <
{0,...,by — 1}. The (i, P)-generalized Shelah line of T is defined to be the image of
L(br,i,P,N) under the canonical isomorphism I(b5N,T) between b3V and T (see
Section 2.5). Respectively, for every k € {0,...,N — 1}, the k-component of the (i, P)-
generalized Shelah line of T is defined to be the image of the corresponding k-component
Li(br,i,P,N) of L(br,i, P, N) under the canonical isomorphism I(b?N, T).

Below, we isolate some basic properties of all generalized Shelah lines of a finite
homogeneous tree T.

(P1) Every generalized Shelah line of T is the union of its components.
(P2) The last component of every generalized Shelah line of T is a singleton.
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(P3)If T has height N > 2 and k € {0,...,N — 2}, then the k-component of the (i, P)-
generalized Shelah line of T is the P-restriction of a strong subtree of T of height
2.

Properties (P1) and (P2) are straightforward consequences of the relevant definitions. To
see property (P3), consider the k-component Ly (br,i, P, N) of the standard generalized
Shelah line £(b7,i, P, N) and set

Fo={yu N jefo,...,br — 1)} (3.4)

Notice that F, € Strz(biN) and that Fy|p = Li(br,i, P, N). Since strong subtrees of height
2 and their restrictions are preserved under canonical isomorphisms, we see that property
(P3) is also satisfied. The most important property, however, of generalized Shelah lines
is included in the following proposition.

Proposition 3.4. Let T be a finite homogeneous tree of height at least 2. Further, let i €
{0,....,by — 1} and P be a (possibly empty) subset of {0,...,br —1}. If i ¢ P, then the
union of any two distinct components of the (i, P)-generalized Shelah line of T contains the
(P U {i})-restriction of a strong subtree of T of height 2.

Proof. Clearly we may assume that T is the tree b5V, where N is the height of T. We
fix 0 < kg < k; < N—1 and we consider the following cases.
Case 1: P = @. Let F € Stra(b5") be defined by
F={yu{lf . jefo,.. . br—1}},
and observe that F|; = {i*} U {i*} = Ly (br,i, @, N) U Ly, (br,i, 2, N).
Case 2: P #+ @. We set p = min P. Let G € Stra(b5") be defined by
G={ryuoN1h jef0,....,by —1} and j#i}u{fp"ih

Notice that G|p = Ly, (br,i, P,N) and G|y = {i%} U {i*'p¥~17%1}. Thus,

Glpugiy = Glp UGl € Ly, (br,i, P,N)U Ly, (br,i, P, N).
The proof is complete. U]

3.2. The primitive recursive function ®
For every b,i,m € N with b > 2 and m > 2 we define recursively the integer M (b, m) by

the rule
MO (b, m)=m,
. A (3.5)
MY (b,m) = Mil (b, M7 (b, m),2,2).
Inductively, it is easy to show that
M(b,m) > m. (3.6)

Moreover, we have the following.
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Fact 3.5. There exists a primitive recursive function ® : N> — N belonging to the class £
of Grzegorczyk’s hierarchy such that, for every integer b > 2 and every integer m > 2, we
have

M=V (b, m) < O(b,m). (3.7)

Proof. The result follows easily by Theorem 2.3 and elementary properties of primitive
recursive functions (see, e.g., [12]). We will provide the details for the benefit of the reader.
To this end, we first need to recall some pieces of notation. For every j € {1,2}, we let
T N? — N denote the projection function to the j-coordinate; it belongs to the class £°.
Also, let ms : N> — N be the modified subtraction function defined by ms(n,k) = n — k if
n >k and ms(n, k) = 0 if n < k; it belongs to the class £°.

Now, let ¢, : N> - N be the primitive recursive function obtained by Theorem 2.3
for ‘*k = 2. Recall that ¢, belongs to the class £, and that for every integer b > 2,
every integer m > 2 and every integer r > 2 we have Mil(b,m,2,r) < ¢2(b,m,r). Define
p : N* = N by the rule

(0, x) = ma(x),
w(i+ 1,x) = ¢ (m1(x), (i, x), 2).

Since ¢, belongs to the class £’, we see that the function y belongs to the class £°3.
Finally, let ® : N> - N be defined by

D(x) = i (ms(m(x), 1), 71 (x), 72(x) ).

Clearly the function ® belongs to the class 3. It is easy to check that ® is as desired. []

3.3. Proof of Proposition 1.5
By Fact 3.5, it is enough to show the following.

Lemma 3.6. Let 0 <0 < ¢ < 1. Also, let T be a finite homogeneous tree such that

WT) > Mbr=1) (bT, "2”T—1w> (3.8)

b b
2T — 2T

and let {A, :t € T} be a family of measurable events in a probability space (Q,Z, 1) satis-
fving w(A;) > ¢ for every t € T. Then there exists F € Stry(T) such that

L (ﬂ Az> > 027, (3.9)

teF

Proof. In what follows, for notational simplicity, we let b denote the branching number

of the tree T. We set
2b 2I7
e —0
5 —_ ﬁ. (3.10)

Recursively, for every i € {0,...,b — 1} we will select
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(1) a positive real ¢,
(ii) a positive integer N;, and
(iii) a strong subtree R; of T,
such that the following conditions are satisfied.
C1) We have g = ¢ and &%, =& — 0 for every i € {0 b—2}.

( &
(C2) For every i € {0,...,b — 1} we have N; = M~1=) (b, [5 ).
(C3) Forevery i € {0,...,b — 2} the tree Ri1 is a strong subtree of R;.
(C4) For every i € {0,...,b — 1} the height of the tree R; is N;.

(

C5) For every i € {0,...,b — 1} and every F € Stry(R;) we have

u( N Az>>g§’. (3.11)

t€F o, i1

with the convention that {0,...,i—1} =@ ifi=0

We proceed to the recursive selection. For i =0 we set ‘gy =&, ‘No = M~V(b, [671])
and ‘Ry = T | (No — 1), and we observe that with these choices conditions (C1), (C2) and
(C4) are satisfied. Noticing that F|y = {F(0)} for every F € Stry(T), we see that condition
(C5) is also satisfied. Since condition (C3) is meaningless in this case, the first step of the
recursive selection is complete.

Let i € {0,...,b — 2}, and assume that the recursive selection has been carried out up
to i so that conditions (C1)~(C5) are satisfied. We start the next step of the recursive

1 1+1 . . . o, .
selection setting ‘¢, = (62+l — 5)1/2 >, and we observe that with this choice condition
(C1) is satisfied. Next we set ‘N; .y = M®~1==1(h,[5717)’, and we notice that condition
(C2) is also satisfied. Now, let

F= {F e Str(R;) :u< ﬂ Ar> > 3‘;‘} (3.12)
te€F .1y

By our inductive assumptions, the height of the tree R; is N;. Moreover,

N, (€2 Mo—1-) (b, [5—1]) (33)

= Mll(b) NH—l’ 29 2)

Mil (b, M1 D(b, [5717),2,2)

Therefore, by Corollary 2.2, there exists a strong subtree R of R; of height N;.; such
that either Stry(R) € F or Stry(R)NF = &. We set ‘R;y; = R’ and we claim that with
this choice all the other conditions are satisfied. It is clear that (C3) and (C4) are
satisfied, so we only need to check condition (C5). Notice that it is enough to show that
Str2(R) N F #+ @. To this end we argue as follows. Let £ be the (i, {0,...,i — 1})-generalized
Shelah line of R (recall that, by convention, we set {0,...,i — 1} = & if i = 0). For every

k €{0,...,Niy1 — 1}, let £, be the k-component of £ and set
A=) A (3.13)
teLy
By property (P3) in Section 3.1, if k € {0,..., Nit1 — 2}, then the k-component Ly of £

is the {0,...,i — 1}-restriction of some strong subtree of R of height 2. This fact and
condition (C5) of our inductive assumptions yield that u(4x) > & if k € {0,..., Nipp — 2}.

i
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On the other hand, if k = Nj11 — 1, then by property (P2) in Section 3.1 the k-component
of L is a singleton. Noticing that ¢ > &, we conclude that

WA > & (3.14)
for every k € {0,..., Niy1 — 1}. Moreover, by the choice of N;4; and &1, we have

1 1

O ()= (e

A (3.6)
Nipi =M (0, [671) = [671 2 (3.15)
Hence, by Lemma 2.4 applied for ‘N = Nii’, ‘e = &2 and ‘0 = &7, ', there exist 0 < k <
k' < Niyq such that u(Ay N Ap) > slzj:f By Proposition 3.4, there exists G € Strp(R) such

,,,,,

(N a)zu( N a)=manan > i (3.16)

t€Gly....i) teLi ULy

Therefore, G € Str(R) N F. This shows that condition (C5) is also satisfied, and so the
recursive selection is complete.

We isolate, for future use, the following consequence of condition (C1). The proof is
left to the interested reader.

Fact 3.7. For every i € {0,...,b — 1} we have & > & — (2 — 1)0.

We are ready for the final step of the argument. Let R,_; be the strong subtree of T
obtained above. We will show that there exists F € Stry(Rp—;) satisfying the estimate in
(3.9). This will finish the proof. To this end we set

b—1

r=¢_, and n=("— 5)1/2. (3.17)

By condition (C5) and the choice of r, for every F € Stry(R,—1) we have

ﬂ( N At>>r. (3.18)

t€F .. b2

Moreover,

(C4) ()

35 1 317 1
h(Ry—1) = Np_1 @ G2

(0) —1 33) rs—1 S5 - GL
MO (b.[6717) E' 671 > it (3.19)
Let G be the (b —1,{0,...,b — 2})-generalized Shelah line of Ry_;. Also, for every k €
{0,...,h(Rp—1) — 1} let Gi be the k-component of G, and set

By = ﬂ A, (3.20)

teGy

Arguing precisely as in the ‘one-step extension’ of the recursive selection and using the
estimates in (3.18) and (3.19), it is possible to find 0 < k < k' < h(Ry_1) and F € Stry(Ry_1)

..........
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see that
u(ﬂ Ar) > u(Bx N By) > n*. (3.21)
teF
Moreover, by (3.17) and Fact 3.7, we have
(2 =2 =18 == — (22 —1)0 2 67 (3.22)
The proof of Lemma 3.6 is complete. U]

As we have already indicated in the beginning of the subsection, having completed the
proof of Lemma 3.6, the proof of Proposition 1.5 is also complete.

3.4. Consequences

We have already mentioned that in this subsection we will give a ‘relativized’ version of
Proposition 1.5. To this end we first need to introduce some quantitative invariants closely
related to the numbers Cor(b, 2,0, ¢).

Definition 3.8. For every integer b > 2 and every pair of reals 0 < 6 <e <1, we let
Rel(b, 0, ¢) denote the least integer N (if it exists) with the following property. For every
finite homogeneous tree T with branching number b and of height at least N, and
every family {4, : t € T} of measurable events in a probability space (Q, X, u) satisfying
u(A;) > ¢ for every t € T, there exists F € Stry(T) such that

,U( ﬂ A, | AF(O)) > 67 (3.23)

teF(1)

We will show that the numbers Rel(b, 0, ¢) exist. In fact, we shall obtain upper bounds
which are expressed in terms of the Milliken’s numbers. Specifically, for every integer
b>2andevery 0 <6 <e< 1, we set

pL|

Mb,0,8) = (¢-07") 7+, (3.24)
and we notice that A(b,0,¢) > 1. Also, let
—1
r(b,0,¢) = LHEZMJ (3.25)
Finally, for every i € {0,...,r(b,0,¢)}, let
g =c¢-Ab,0,e) ", (3.26)
and define
m(b,0,¢) = max{M“’—” (b, ij_&zﬂ) :1<i<r(bo, 8)}. (3.27)
i i1

We have the following.
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Corollary 3.9. For every integer b
Rel(b, 0, ¢)

2 and every 0 < 0 < ¢ < 1, we have

Mil(b,m(b, 0,¢),1,r(b,0,¢)). (3.28)

n Vv

Proof. The result follows easily by Lemma 3.6 and a stabilization argument. Let us give
the details. For notational simplicity we set 1 = A(b, 0,¢), r =r(b,0,¢) and m = m(b, 0, ¢).
Also, let ¢..; = ¢A" and notice that &1 > 1 by the choice of r in (3.25). Since 4 > 1, by
(3.26), we see that

=8 <& < <& <&yt

Let T be a finite homogeneous tree with branching number b and height at least
Mil(b,m, 1,r), and let {4, : t € T} be a family of measurable events in a probability space
(Q, %, p) satisfying p(A,) > ¢ for every t € T. There exist a strong subtree R of T of height
m and iy € {1,...,r} such that for every t € R we have

gip < 1(Ar) < &ig1. (3.29)
Therefore, u(A;) > &, > &,—1 and

3217 2b —1

iy — €ig—1

By Lemma 3.6 applied for ‘0 = ¢;,_1’, ‘e = ¢;,” and the family ‘{4, : t € R}’, there exists
F € Stry(R) such that

u((],g) >l ). (3.30)
teF

By (3.24), (3.26), (3.29) and (3.30), and taking into account that 4> 1 and iy > 1, we
conclude that

‘21)
“< ) 4l AF(O)) _ e A1) e e R
teF(1) W(AF)) Eig+1

201 g—2P—1 201
> ) =6-"".

This shows that Rel(b, 0,¢) < Mil(b,m, 1,r), as desired. |

3.5. Comments

By Fact 3.5 and Lemma 3.6, the numbers Cor(b,2,0,¢) are controlled by a primitive
recursive function belonging to the class £ of Grzegorczyk’s hierarchy. We point out
that this upper bound is not optimal and, in fact, we can have significantly better upper
bounds. Precisely, by appropriately modifying the arguments in the proof of Proposition 1.5
(avoiding, in particular, the use of Milliken’s Theorem), it is possible to show that the
estimate in (1.9) is satisfied for the function ¥ : N> — N defined by

¥(b,m) = m"t", (3.31)

Such a modification, however, is technically involved and conceptually less natural to
grasp, so we prefer to omit it.
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4. Proof of Theorem 1.4

We fix an integer b > 2 and a pair of reals 0 < 0 < ¢ < 1. We will define the numbers
Cor(b,k, 0,¢) by recursion on k. It is clear that Cor(b,1,0,¢) = 1. The definition of the
number Cor(b, 2,0, ¢) is the content of Proposition 1.5.

So let k € N with k > 2 and assume that the number Cor(b,k,6,¢) has been defined.

Let
e+ 0
and set
n(k) = max{Rel(b,,¢), Cor(b, k, 0%~ n? =)} + 1. (4.2)
Claim 4.1. We have
Cor(b,k + 1,0,¢) < Mil(b, n(k),2,2). (4.3)

It is, of course, clear that Theorem 1.4 follows by Claim 4.1. So, what remains is to
prove Claim 4.1. To this end let T be a finite homogeneous tree with branching number
b such that

WT) > Mil(b,n(k),2,2) (4.4)

and a family {4, :t € T} of measurable events in a probability measure space (Q, %, u)
satisfying u(A4;) > ¢ for every t € T. We need to find a strong subtree S of T of height
k + 1 such that

M (ﬂ At> > ribk+D), (4.5)

teS

We argue as follows. First we set

F = {F € Stry(T) :,u( m A AF(())) = ’12’”—1}' (4.6)
teF(1)
By Corollary 2.2 and the estimate in (4.4), there exists a strong subtree R of T of height
n(k) such that either Stry(R) = F or Stry(R) N F = @. By the choice of n(k) made in (4.2),
we have n(k) > Rel(b, 1, ¢). It follows that Stry(R) = F.

Let {ro <iex *** <lex '»—1} be the lexicographical increasing enumeration of the 1-level
R(1) of R. Since the height of R is n(k), for every i € {0,...,b — 1} we have that Succg(r;)
is a strong subtree of R of height n(k) — 1. In particular, Succg(r;) is a finite homogeneous
tree with branching number b and of height n(k) — 1. This observation permits us to
consider the canonical isomorphism I(b="®~!, Succg(r;)) between b="®~1 and Succg(r;).
For notational simplicity we shall denote it by I,.

We set

Y = Ag). (4.7)
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Also, for every u € hb<"%~1 Jet

F,={R(0)} U {Ij(u) :i € {0,....b—1}} (4.8)
and define
B,= ()4 €x (4.9)
teF,

Observe that F, € Strp(R) with F,(1) = {Io(u),...,I,—1(u)} and F,(0) = R(0). Since
Stry(R) < F, we get that

B mA b_
fy (By) = KBy N ARo) _ P‘( [ 4l AF"(O)) T o
U(AR(©)) teF,(1)

Moreover, by (4.2), we have n(k) — 1 > Cor(b,k,0*'~!,»*~1). Therefore, applying our
inductive assumptions to the probability space (€0, X, uy ) and the family of measurable
events ‘{B, : u € b<"®~1" we may find a strong subtree U of b="®=1 of height k such
that

Lty (ﬂ Bu> > (0¥, (4.11)
uelU

We are now in a position to define the desired tree S. In particular, let
S ={R(0)} U{L;(u) :u€ U andi€{0,...,b—1}}. (4.12)

It is easy to see that S is a strong subtree of T of height k + 1 and with the same root as
R. Moreover,

b—1
w(N4) (v 0 O Nt ) 2 (N N 4) (@.13)

teS ueU i=0 ueU teF,

(49) H(ﬂ Bu) - H(AR(O) N Bu>

uelU uelU

= u(Arq) - 1y (ﬂ Bu>

uelU

(4.11) AP —1)p(bk) 1+ —1)p(b,k)
> ¢ 0 >0 ’

Finally, notice that p(b,k) = S (2" — 1)\ Therefore,

k k

L+ @ = Dpb.k) =14+ (2 —1) =) (2" — 1)) = p(b.k + 1). (4.14)
i=1 i=0

Combining (4.13) and (4.14), we conclude that the estimate in (4.5) is satisfied for the tree
S. This completes the proof of Claim 4.1, and as we have already indicated, the proof of
Theorem 1.4 is also complete. ]
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5. Proof of Theorem 1.1 and its consequences

This section is devoted to the proofs of Theorem 1.1 and Corollary 1.2 stated in the
Introduction. We start with the following lemma, which is essentially a multi-dimensional
version of Corollary 3.9.

Lemma 5.1. Let b€ Nwithb > 2 and T = (Ty,..., T;) be a vector homogeneous tree such
that br, = b for every i € {1,...,d}. Also, let {4, :t € T; and i € {1,...,d}} be a family of
measurable events in a probability space (L, Z,u) and Y € T with (Y ) > 0 such that, for
every (ty,...,tq) in the level product of T, we have

d
u(ﬂAt,. | Y) >e> 0. (5.1)
i=1

Then, for every 0 < 0 < ¢ there exists a vector strong subtree S of T of infinite height such
that, for every (Fy,...,Fy) € Stry(S), we have

d d
#<ﬂ N 4lY mﬂAF,.(O)) > 07, (5.2)

i=1 teFi(1) i=1

Proof. We fix 0 < 0 < ¢ Let F be the set of all vector strong subtrees of T of height
2 for which the estimate in (5.2) is satisfied for the fixed constant 6. By Theorem 2.1,
there exists vector strong subtree S = (Sy,...,S4) of T of infinite height such that either
Stry(S) = F or Strp(S) N F = @. The proof will, of course, be complete once we show that
Str(S) N F # 2.

To this end we argue as follows. For every u € b= we set

d
B, =()AwNY €X, (5.3)
i=1

where I; stands for the canonical isomorphism I(b<N,S;) between b<N and S; for every
i€ {l,...,d}. By (5.1), we have uy(B,) > ¢ for every u € b=N. Therefore, by Corollary 3.9,
there exist an integer N < Rel(b,0,¢) and F € Stro(b<N) such that

/ly< ﬂ B, | BF(O)) >0 (5.4)

ueF(1)

For every i € {1,...,d} we set F; = I;(F). Notice that (Fy,..., F;) € Stra(S). Moreover,

d P .
H(ﬂ ﬂ A, YN ﬂAF,-(O)> _ #(Ni=i Nier, A N Y) _ 1(Nuer Bu)
i=1

d
2505 u(Y NN Ar0) W(BF())
B
ZHY(ﬂ,eFu)z’uy< m Bu |BF(0)>'
Uy (BF(O)) ueF(1)

By (5.4) and the above equations, we conclude that (Fy,...,Fy) € Stry(S)NF and the
proof is complete. |
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The following lemma is the final step of the proof of Theorem 1.1. It shows that, under
the assumptions of Theorem 1.1, we can control the joint probability of the events over
all initially subtrees of an appropriately chosen strong subtree of T.

Lemma 5.2. Let T be a homogeneous tree. Also, let {A, : t € T} be a family of measurable
events in a probability space (Q,Z, 1) satisfying u(A;) > ¢ >0 for every t € T. Then, for
every 0 < 0 < ¢ there exists a strong subtree W of T of infinite height such that, for every
k € N, we have

M( N A,) > gpbrk+D) (5.5)
Tk

teW

Proof. We fix 0 < 6 < &. Let us denote by b the branching number of T. We set

a=2"—1. (5.6)
We select a sequence (Jx) of reals in the interval (0, 1) satisfying
T -o0> 2 (57)
keN &

Also, let (&) be the sequence of positive reals defined by the rule
&) =2¢,
ekt = (en(1 — )"

We isolate, for future use, the following elementary fact. The proof is left to the interested
reader.

(5.8)

Fact 5.3. For every integer k > 1 we have
k k—1

I1e=( (eZ007) - ) TT( (1= 8)=01), (5.9)

i=0 i=0

Recursively we will select a sequence (Ry) of strong subtrees of T of infinite height such
that, for every k € N, the following conditions are satisfied.

(C1) The tree Ri4; is a strong subtree of Ry.
(C2) We have Riy1 [ k =Ry [ k.

(C3) We have p(M,ep, ik Ae) = [Ti &
(C4) If {r’l‘ <lex " <lex r’;kﬂ} is the lexicographical increasing enumeration of the (k + 1)-
level Ri(k + 1) of Ry, then for every (ty,..., 1) in the level product of

(Succg, (r}), ..., Succr, (rfis1))

we have

bk+1

ﬂ(ﬂ Ay | ﬂ z) Z &kt (5.10)
Tk

tERy
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The recursive selection is somewhat lengthy, and so we will briefly comment on it for
the benefit of the reader. Conditions (C1) and (C2) are natural and quite common in
constructions of this sort. We are mainly interested in condition (C3). It will be used, later
on, to complete the proof of the lemma. Condition (C4) is a technical one. It will be used
to show that the recursive selection can be carried out.

We proceed to the details. For k =0 we apply Lemma 5.1 for ‘T = (T), ‘Y = Q" and
‘0 = ¢(1 —dp) and we find a strong subtree S of T of infinite height such that, for every
F € Stry(S), we have

/l< ﬂ A | AF(O)) > (e(1—89))". (5.11)

teF(1)

We set ‘Rp =S’ and we observe that with this choice condition (C3) is satisfied.
To see that condition (C4) is satisfied, let {r) <px --- <iex 1y} be the lexicographical
increasing enumeration of Ry(1), and fix an element (tq,...,7,) in the level product
of (Succg,(r)), ..., Succg,(r))). We set F {Ro(0)} U {t1,...,1} and we notice that F €
Stra(Ro) = Stra(S), F(0) = Ry(0) and F(1) = {ty,...,tp}. By (5.11) and taking into account
the previous observations and the ch01ce of ¢ made in (5.8), we conclude that condition
(C4) is also satisfied. Since conditions (C1) and (C2) are meaningless in this case, the first
step of the recursive selection is complete.

Let k € N and assume that the recursive selection has been carried out up to k so
that conditions (C1)—~(C4) are satisfied. Let {r’l‘ <lex " <lex r’;kﬂ} be the lexicographical
increasing enumeration of Ry (k + 1). Notice that conditions (C3) and (C4) allow us to
apply Lemma 5.1 for {(Tt,..., Ty) = (Succg, (rf), ..., Succg, (1)), Y = Nier, ik A 6 =
g1 and ‘0 = g1(1 — dk4+1)- Hence, there exists a vector strong subtree S = (Sy,..., Sp+1)
of (Succg, (rf),...,Succg, (rjx.1)) of infinite height such that for every (Fi,...,Fyu) €
Str,(S) we have

h/<+l bk+1
(ﬂ N 4l () A,mﬂAF, >/ (ek1(1 = 1)) ™ (5.12)
i=1 teF;(1) teRy Tk
We set
pk+1
R = (Re 1)U | s (5.13)

and we claim that with this choice conditions (C1)—(C4) are satisfied. Indeed, it is clear
that Ry is a strong subtree of R, and Ry | k = Ry | k. Thus, conditions (C1) and (C2)
are satisfied. To see that condition (C3) is satisfied, notice first that

Riy1(k + 1) = {51(0) <pex "+ <tex Spe1(0)}- (5.14)

Since (Si,...,Sp+1) is a vector strong subtree of (Succh(r'l‘), ..., Succg, (rﬁk+1 )), we see that
(5'1 (0),..., Spnt (O)) is an element of the level product of the vector tree

(Succg, (1), ..., Succg, (rfi1)).
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Therefore, by condition (C4) of our inductive assumptions and (5.14), we get
N oarn A) - (5.15)
tERy 41 (k+1) teRy Tk
Since Ryy1 [ k = Ry | k, we also have that
ﬂ< N >—u<ﬂA> u( N Al ﬂA) (5.16)
tERy 11 [k+1 teRy Tk tERy 41 (k+1) teRy Tk

Therefore, by (5.16), (5.15) and condition (C3) of our inductive assumptions,

k k+1
W N a) = () =T (5.17)
k+1 i=0 i=0

tER+1 |
Thus, condition (C3) is satisfied for the tree Ry;1. So, what remains is to check that condi-
tion (C4) is also satisfied. To this end let {r’™! <p; -+ <o réﬁﬂz} be the lexicographical in-
creasing enumeration of the (k + 2)-level Ry, ((k + 2) of the tree Ryy. Also, let (ty,..., ty2)
be an arbitrary element of the level product of (Succg,.,(r{™),...,Succg,, (r}; +2)) For
every i € {1,...,b""1} we define

Fi = {Si(0)} U {ti—ip+j 1 j € {1,...,b}}. (5.18)
Notice that (Fy,..., Fyi1) € Strp(S). Moreover, for every i € {1,...,b"+1},
Fi(0) = Si(0) and Fi(1) = {ti—1p+; : j € {1,...,b}}. (5.19)
By (5.19), we see that
bk+1 bk+2
N 4=()4 (5.20)
i=1 teF;(1) i=1
while by (5.19) and (5.14) and the fact that R, | k = Rx4+1 [ k, we have
bk+1
N 4n ﬂAF(O N 4. (521)
teRy Tk tERy 41 [(k+1)

Since (Fy,..., Fyr1) € Stry(S), by (5.12) and the identities isolated in (5.20) and (5.21), we
conclude that

bk+2

(58)
u(ﬂ 4,1 N Af) > (exs1(1 = Okg1))” = g2 (5.22)
i=1 teR41 [(k+1)
As (ty,...,t+2) was arbitrary, we see that condition (C4) is satisfied. Hence, the recursive

selection is complete.
We are now in a position to complete the proof of the lemma. We define

W = Re(k). (5.23)
keN

By conditions (C1) and (C2), we see that W is a strong subtree of T of infinite height.
It suffices to show that the estimate in (5.5) holds for every k € N. If k = 0, then this is
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straightforward. So, let k € N with k > 1 and observe that W | k = Ry [ k. Therefore,

(0,907t

k—1
= () T =092
0

i=

Z’,;o“j
(Eho <H<1 —5) )
ijo"‘j
> (e JIa- 5»)

ieN

Sk ol
€

The proof of Lemma 5.2 is thus complete. UJ
We are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We fix 0 < 0 < ¢. Let
C = {W € Stro(T) : ( m A ) > PPk for every k € N}.
tew Tk

It is easy to see that C is a closed subset of Stro(T). Therefore, by Theorem 2.1 and
Lemma 5.2, there exists a strong subtree S of T of infinite height such that Str,(S) = C.
The strong subtree S is the desired one. Indeed, let k € N with k > 1 and R be an arbitrary
strong subtree of S of height k. There exists a strong subtree W of S of infinite height
such that R =W | (k —1). Since W € Str,(S) = C we see that

u(ﬂ Al> =u< N )Ar) > 0ro),

terR teW (k—1
as desired. ]

We proceed to the proof of Corollary 1.2.

Proof of Corollary 1.2.  Follows by Theorem 1.1 and Corollary B.2 in Appendix B. []

6. Free sets

This section is organized as follows. In Section 6.1 we introduce the class of free subsets
of homogeneous trees and we present some of their properties. In Section 6.2 we give the
proof of Proposition 1.6. Finally, in Section 6.3 we give the proof of Theorem 1.3.
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6.1. Definition and basic properties
We start with the following.

Definition 6.1. Let T be a homogeneous tree. Recursively, for every integer k > 1 we
define a family Frx(T) of finite subsets of T as follows. First, let Fr;(T) and Fry(T)
consist of all singletons and all doubletons of T respectively. Let k € N with k > 2 and
assume that the family Fry(7T) has been defined. Then Fry1(T) consists of all subsets of
T which can be written in the form {t} UG, where t € T and G € Fri(T) are such that
(r(t) < {7(AG). We set

Fr(T) = | Fr(T). (6.1)

k>1

An element of Fr(T) will be called a free subset of T.
We have the following characterization of free sets. The proof is straightforward.

Fact 6.2. Let T be a homogeneous tree and k € N with k > 3. Also, let F be a subset of
T of cardinality k. Then F is free if and only if there exists an enumeration {ti,...,t;} of
F such that

(@) r(ty) <+ <lr(te—1) < 1(tk), and
() 17(tm) < L7 (A{tmst,..., t}) for every m € {1,....k —2}.

Using Fact 6.2 it is easily seen that the class of free sets includes various well-known
classes of finite subsets of homogeneous trees; for instance, all finite chains are free, as
well as the class of ‘combs’ studied in [15, §6.4]. Moreover, we have the following.

Lemma 6.3. Every infinite subset A of a homogeneous tree T contains an infinite subset B
such that every non-empty finite subset of B is free.

Proof. Recursively, it is possible to select a sequence (¢,) in A such that, for every m € N
and every non-empty finite subset F of N with m < min F, we have that /7(t,) < /r (/\{tn :
ne F}). We set B={t, :n € N}. By Fact 6.2, we sce that every non-empty finite subset
of B is free, as desired. ]

Finally, we isolate below some elementary properties of all free subsets of a homogen-
eous tree T.

(P1)If F € Fri(T), then F has cardinality k.
(P2)If F € Fr(T) and G is a non-empty subset of F, then G € Fr(T).
(P3)If S € Stro(T) and F < S, then F € Fr(T) if and only if F € Fr(S).

Properties (P1) and (P2) are immediate consequences of Definition 6.1. Property (P3)
follows from the fact that strong subtrees preserve infima.
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6.2. Proof of Proposition 1.6

For the proof of Proposition 1.6 we need to do some preparatory work, which is of
independent interest. To motivate the reader let us point out that, by Corollary B.2 in
Appendix B, every doubleton of a homogeneous tree is contained in a strong subtree of
height 3. The first step in the proof of Proposition 1.6 is to analyse how this embedding
is achieved. As a consequence of this analysis and Theorem 2.1, the set of all doubletons
of a homogeneous tree will be categorized in a finite list of classes, each of which
is partition-regular. This information will be used, later on, to complete the proof of
Proposition 1.6.

We proceed to the details. In what follows, T will be a homogeneous tree.

Doubletons of type I
Let p € {0,...,by — 1}, and for every F € Str3(T) we set

Flp] = {F(0), F(0)""p}. (6.2)

We say that a doubleton of T is of type I with parameter (p) if it is of the form F[p] for
some F € Str3(T). We set

Dp)(T) = {F[p] : F € Str3(T)}. (6.3)

Doubletons of type 11
Let p,q € {0,...,br — 1} with p # g, and for every F € Str3(T) we set

Flp.q] = {F(0)""p, F(0)""qj}. (6.4)

We say that a doubleton of T is of type II with parameters (p, q) if it is of the form F|[p, q]
for some F € Str3(T). As above, we set

Dpg)(T) = {Flp.q] : F € Str3(T);}. (6.5)

Doubletons of type III
Let p,q,r € {0,...,by — 1} with p # q. For every F € Str3(T) we set

Flp.q,r] = {F(0)™"p,(F(0)™"q)~"r}. (6.6)

We say that a doubleton of T is of type III with parameters (p,q,r) if it is of the form
F[p,q,r] for some F € Str3(T), and we set

Dpgr(T) = {F[p,q,r] : F € Str3(T)}. (6.7)

Observe that for every p € {0,...,by — 1} the class D, (T) is hereditary when passing
to strong subtrees; that is, if § € Str(T), then D,)(S) = D) (T). Also, notice that, by
Theorem 2.1, for every finite colouring of the set D,)(T) there exists S € Str(T) such
that the set D, (S) is monochromatic. Of course, these properties are also shared by the
classes D, 4)(T) and D, 4,(T). Moreover, we have the following.
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Figure 2. Doubletons in 3<N with parameters (0), (0,2) and (0,2, 1).

Fact 6.4. Every doubleton of a homogeneous tree T is either of type 1, or of type 11, or of
type 111

Proof. Let s,t € T with st be arbitrary. We may assume that /7(s) < /r(t). We set
w = s At and we consider the following cases.

Case 1: /r(w) =/r(s). In this case we see that s =sAt. Since s # t, there exists p €

.,by — 1} such that t € Succy(s™Tp). Therefore, it is possible to select F € Strs(T)
such that F(O) = s and F(0)~fp =t. So in this case the doubleton {s,t} is of type I with
parameter (p).

Case 2: /1(w) < /1(s) and /1(s) = {1(t). There exist p,q € {0,...,by — 1} such that s €
Succr(w™7Tp) and t € Succr(w™Tq). Observe that p # ¢q. It is then possible to select F €
Str3(T) such that F(0) =w, F(0)~fp =s and F(0)"fq =t. Therefore, in this case the
doubleton {s,t} is of type II with parameters (p, q).

Case 3: /7(w) </r(s) </r(t). Notice first that there exist p,q € {0,...,br — 1} with
p # q such that s € Succr(w™7p) and t € Succr(w™Tq). Since /7(s) < /r(t), there exist
t' € Succr(w™7q) and r € {0,...,by — 1} such that /7(¢') = /7(s) and ¢t € Succr(t"r).
Hence, we may select F € Str3(T) such that F(0) =w, F(0)~fp =5, F(0)~fq =t and
(F(0)~Fq)~fr = t. It follows that the doubleton {s, ¢} is of type III with parameters (p, g, r).
The proof is complete. L]

We are now ready to proceed to the proof of Proposition 1.6.

Proof of Proposition 1.6. We fix 0 <0 <¢. Let p,q,r € {0,...,by — 1} with p+# g be
arbitrary. We set

Fi= {F € Str3(T) :u( N A[> > 02}, (6.8)

teF[p]

Fu = {F € Stry(T) ( N A) } (6.9)

teF[p.q]

and

Fip = {F e Str3(T) :u< N Az> > 92}. (6.10)

teF[p,q.r]
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By Theorem 2.1, there exists S € Stro,(T) such that, for every i € {I,IL III}, we have
that either Str3(S) = F; or Str3(S)NJF; = @. Therefore, by Fact 6.4, the proof will be
complete once we show that Str3(S)NJF; # @ for every i € {I,ILIII}. The argument
below is not uniform and depends on the type of doubletons we are dealing with. We set
N = [(¢> — 6*)7!]. Notice that we may (and we will) assume that S is the tree b5

Case 1: type 1 doubletons. We set t, = p* € b3 for every k € {0,...,N —1}. By our
assumptions, Lemma 2.4 can be applied to the family (4, ),](\’:_01 and the fixed constant 6.
Hence, there exist 0 < ko < ki < N such that u(d4, N Ay, ) > 0%. We select F € Str3(b7Y)
such that
Fll={phru{phj.jefo,... by —1}}.

Since F[p] = {p*, p"1} = {ty,, tk, }» we conclude that F € Str3(b5") N F.
Case 2: type 11 doubletons. In this case we set sy = ¢*pN~1=* € b3 forevery k € {0,...,N —
1}. By Lemma 2.4, there exist 0 < ko < k; < N such that ,u(Asko ﬂAsk]) > 02. We select
G € Str3(b7Y) such that

Gl 1={g"}u{ge/op" e {0, br — 1}}.
Observe that G[p,q] = {gropN—1ko ghipN=1=k} = [ sy, }. Tt follows that

G € Str3(b7V) N Fur.
Case 3: type II1 doubletons. We set wy, = (qr)*p € b3N for every k € {0,...,N — 1}, where
(qr)* stands for the k-times concatenation of (¢qr) if k > 1 and (¢qr)° = @. Arguing as
above, we find 0 < ko < ki < N such that u(4,, N A, )> 0%. Let
H={(gryou{(gnj:je{0,....byr —1}}U
{(gry©jo(gr)t™ " p s j,v € {0,...,br — 1}}

Notice that H € Str3(b5) and H[p,q,r] = {(qr)p,(qr)*'p} = {wi,, wk,}. Hence,
H € Str3(b5Y) N Fir. The proof is complete. U]

We close this subsection with the following consequence of Proposition 1.6. It is the
analogue of Corollary 3.9 and it will be used in the proof of Theorem 1.3.

Corollary 6.5. Let T be a homogeneous tree. Also, let {A, :t € T} be a family of measur-
able events in a probability space (Q, 2, 1) and Y € X with u(Y') > 0 such that (A, | Y) >
&> 0 for every t € T. Then, for every 0 < 0 < ¢ there exists S € Str,,(T) such that for every
s,t €S we have u(A, | Y NA4y) > 0.

Proof. We fix 0 < 0 < ¢ and we set

J= (e 07", 6.11)
Notice that 4 > 1. Also, let
Ing!
r= { 7 -‘ (6.12)
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By Theorem 2.1 and the choice of r, there exist R € Str.,(T) and iy € {1,...,r} such that
for every t € R we have

eAo™l <y (A4y) < edl. (6.13)

By Proposition 1.6 applied for ‘0 = £20=2, ‘¢ = ¢A0=" the family ‘{4, : t € R}’ and the
probability space ‘(Q, X, py ), there exists S € Str,(R) such that

uy (A, N Ag) > e22%0—4, (6.14)

for every s,t € S. By (6.13) and (6.14) and taking into account that 4 > 1 and iy > 1, we
conclude that

WA NY NA)  py (AN A) N 2 2i0—4

A | Y NA) = > .
ALY =y ma) ) e
= g2t > 3 2
for every s,t € S. The proof is complete. L]

6.3. Proof of Theorem 1.3

Throughout the proof we will use the following notation. For every tree U and every
finite subset F of U, we set

min{n € N: F = U [ n} if F is non-empty,

depthy(F) = {

—1 otherwise.

The quantity depth(F) is called the depth of F in U (see, e.g., [15]).

Now, fix 0 < 0 < & < 1. We select a sequence (d,) in (0, 1) such that
0
[Ta—6n=-. (6.15)
neN é
Let (e,) be the sequence of positive reals defined recursively by the rule
&) =&,
(6.16)

T Sn(l - 5;1)~

Notice that the sequence (g,) is strictly decreasing. Moreover, it is easy to see that for
every integer n > 1 we have

n n—1
[[e=e"" (H(l — 51-)"—">. (6.17)

i=0 i=0

Recursively, we will select a sequence (R,) of strong subtrees of T of infinite height
such that for every n € N the following conditions are satisfied.

(C1) The tree R,y is a strong subtree of R,.
(C2) We have R, [n=R, | n.
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(C3) For every finite subset F of R, with depthg (F) <n—1 and every t € R, with
n < /g, (t), if FU{t} € Fr(R,) then

[F|

u( N A) > ]e (6.18)
weFU{t} i=0
(C4) For every finite subset F of R, with depthg (F) < n— 1 and every s,t € R, with s # ¢
and n < min{/g (s),/r,(t)}, if FU {s,t} € Fr(R,) then

/"(Ar ‘ ﬂ Aw) P EIF|+1- (619)

weFU{s}

As the reader might have already guessed, the above recursive selection is the main step
of the proof of Theorem 1.3. We are mainly interested in conditions (C3) and (C4). The
analytical information guaranteed by estimates (6.18) and (6.19) will be used later on to
complete the proof of Theorem 1.3.

We proceed to the details. For n =0 we apply Corollary 6.5 for ‘Y =Q’ and ‘0 = ¢’
and we get a strong subtree S of T of infinite height such that for every s,t € S we have
(A, | As) = e1. We set ‘Ryp = S’ and we observe that with this choice conditions (C3) and
(C4) are satisfied. Since (C1) and (C2) are meaningless for n =0, the first step of the
recursive selection is complete.

Let n € N and assume that we have selected the trees Ry,...,R, so that conditions
(C1)—(C4) are satisfied. We need to find the tree R,;. We start with the following fact.

Fact 6.6. Let F be a non-empty finite subset of R, with depthy (F) <n and t € R, with
n+1< /g, (1) If FU{t} € Fr(R,), then the following hold.
(i) There exist k € {0,...,n}, a (possibly empty) subset G of Ry satisfying depthg (G) <
k —1 and a node s € Ry with k = /g (s) < /g(t) such that FU {t} = GU {s,t}.
(i1) We have

w4 Na) = an (620)

weF

Proof. Part (i) follows by the definition of free sets and conditions (C1) and (C2) of
the recursive selection. To see that part (ii) is also satisfied let k, G and s be as in
part (i). By property (P3) in Section 6.1 and our inductive assumptions, we have that
G U {s,t} € Fr(Ry). Therefore, by condition (C4) for the tree Ry applied for the set G and
the doubleton {s,t}, we see that

/‘<Ar e Aw) =M<Az N Aw> Z 8Gl+1 = &F|

weF weGU{s}

and the proof is complete. U]

The following consequence of Fact 6.6 shows that for the selection of the tree R, we
only have to worry about conditions (C1), (C2) and (C4).
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Corollary 6.7. Let W € Stro(R,) be such that W | n= R, | n. Then condition (C3) is
satisfied if we set R,.1 = W.

Proof. Let F be a finite subset of W satisfying depthy,(F) <nand t € W withn+ 1 <
/w(t), and assume that F U {t} € Fr(W). If F is the empty set, then the estimate in (6.18)
is straightforward. So we may assume that F is non-empty. Since W € Str,(R,) and
W | n= R, | n, we see that

(a) F is a non-empty finite subset of R, with depthg (F) < n,

(b)yn+1 < /g, (t), and

(c) FU {t} € Fr(Ry).

By (a), (b) and (c) above and part (ii) of Fact 6.6, we have the estimate

H(At | ﬂ Aw) Z R

weF
Also, let k,G and s be as in part (i) of Fact 6.6. Since R, € Str,(R), by properties (P2)
and (P3) in Section 6.1, we have G U {s} € Fr(Ry). Hence, by condition (C3) for the tree
Ry applied for the set G and the node s, we see that

u(ﬂAw) =/‘( N AW> >ﬁ8f=§15i'

weF weGU{s} i=0

Noticing that

ﬂ( ﬂ Aw> :.U<At | mAw> 'ﬂ(mAw)’
weFU{t} weF weF

and combining the previous estimates we conclude that condition (C3) is satisfied if we
set R,+1 = W. The proof of Corollary 6.7 is complete. L]

We need one more preparatory step for the selection of the tree R, .

Claim 6.8. Let F be a finite subset of R, such that depthy (F) < n. Also, let U € Stry(R;)

with U [ n = R, | n. Then there exists W &€ Stro,(U) with the following properties.

(P1) We have W [n=1U | n.

(P2) For every s,t € W with s # t and such that n+ 1 < min{/w (s),/w(t)}, if FU {s,t} €
Fr(W) then

u(m N

weFU{s}

AW) > E|F|+1- (621)

Proof. Notice that we may assume that F is non-empty; indeed, for the empty set
the result follows by condition (C3) for the tree Ro. Let {u; <jex = <iex g} be the
lexicographical increasing enumeration of the (n+ 1)-level U(n + 1) of U (notice that
d = b3, Recursively, we will select a family {Z; : j € {1,...,d}} of strong subtrees of T
such that the following are satisfied.
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(A1) For every j € {1,...,d} we have Z; € Str.. (Succy(u;)).

(A2) For every j € {1,...,d — 1} we have L1(Z;1) < L7(Z;).

(A3)If j e {1,...,d} is such that F U {u;} € Fr(U), then for every s, € Z; with s # t we
have

M(Arl N

weFU{s}

Aw) 2 EF|41-

As the first step is identical to the general one, let us assume that the selection has been
carried out up to some j € {1,...,d — 1} so that properties (A1)—(A3) are satisfied. Let Z
be a strong subtree of Succy(uj41) such that L1(Z) = Ly(Z;); for the first step we simply
set Z = Succy(uq). We consider the following cases.

Case 1: the set F U {uj;1} is not a free subset of U. We set ‘Z;;1 = Z’ and we observe
that with this choice properties (A1)—(A3) are satisfied.

Case 2: the set F U {uj;i} is a free subset of U. In this case we see that for every
t € Succy(ujt1) the set F U {t} is also a free subset of U. Since U € Str,(R,), by part (ii)
of Fact 6.6, for every t € Succy(ujy1) we have

N(Az | m Aw) 2 &)

weF
We apply Corollary 6.5 for ‘T = Z°, Y =(,cp Aw> ‘e = ¢ and ‘0 = g 41, and we get
S € Stry(Z) such that, for every s,t € S, we have

u<At N Aw> = uA, | Y 0A) > e (622)
weFU{s}
We set ‘Z;1 = §’, and we notice that with this choice properties (A1)—(A3) are satisfied.
The recursive selection is thus complete.
Now, for every j e {1,...,d — 1} we select a strong subtree W; of Z; with L(W;) =
Lp(Z;). We set W; = Z; and we define

d
w=UIlmulJw,.
j=1
It is clear that W € Str,(U) and W | n = U | n. What remains is to show that property
(P2) is satisfied for the tree W. To this end, let s,t € W with s#t and n+1 <
min{/w(s),/w(t)}, and assume that F U {s,t} € Fr(W). Since W is a strong subtree of U,
we see that

min{/y(s),Zy(t)} = min{/w(s),/w(t)} = n+ 1.

Therefore, by Fact 6.2, there exists jy € {1,...,d} such that F U {u;,} € Fr(U) and s,t €
Succy(uj,) N W = W;, = Z;,. Hence, by (A3) above, we conclude that property (P2) is

0

satisfied. The proof of Claim 6.8 is complete. U]

After this preliminary discussion we are ready to start the process for selecting the
tree R,41. Let {Fy,...,F,} be an enumeration of the set of all subsets F of R, with
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depthg (F) < n. By repeated applications of Claim 6.8, it is possible to construct a family
{W; :je{l,....,m}} of strong subtrees of R, with the following properties.

(a) For every j € {1,...,m} we have W; [n=R, | n.

(b) For every j € {1,...,m — 1} the tree W;,, is a strong subtree of W;.

(c) For every je{l,....m} and every s,t € W; with s#¢ and such that n+1 <
min{/yw,(s),/w,(t)}, if F; U {s,t} € Fr(W;) then

#(Az | m Aw) Z E|F;|+1-
}

weF;U{s

The construction is fairly standard and the details are left to the reader. We set ‘R,11 =
W,’. By (a), (b) and (c) above, it is clear that with this choice conditions (C1), (C2) and
(C4) are satisfied. On the other hand, by Corollary 6.7, condition (C3) is also satisfied.
Therefore, the recursive selection is complete.

We are finally in a position to complete the proof of Theorem 1.3. We set

S = U R,(n) (6.23)

neN

and we observe that S € Str,(T). We will show that S is the desired strong subtree. So
let G € Fr(S) be arbitrary. We need to prove that

(Na) 50

teG
To this end, clearly we may assume that |G| > 2. We will show, first, that

1G|—1

u(ﬂ Az> > ] & (6.24)
i=0

teG

Indeed, by conditions (C1) and (C2) of the recursive selection and the choice of the tree S
in (6.23), there exist n € N, a (possibly empty) subset F of R, satisfying depthg (F) <n—1
and s,t € R, with s % rand n = /g (s) < /g, (t) such that G = F U {s,t}. Since S € Str(R,),
by property (P3) in Section 6.1, we see that F U {s,t} € Fr(R,). Therefore, by condition
(C4) for the tree R, applied for the set F and the doubleton {s,t}, we have

M(Al | ﬂ Aw> = EIF|+1- (625)

weFU{s}

By property (P2) in Section 6.1, we have F U {s} € Fr(R,). Thus, by condition (C3),

u( N Aw> > ] (6.26)

weFU{s}
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Combining (6.25) and (6.26), we conclude that the estimate in (6.24) is satisfied. Therefore,

|G|—1 IG|-2

(6.24) _
'u(ﬂ At) > H & (6;7) Gl <H (1 - 5i)G—1—1>
teG i=0 i—0
|G|—2 |Gl—1
> - ( (1— 50)
i=0
1G]—1
> 9. (H(l —5,))
ieN
1G|—1
(6;5) 6l (0> > - 010-1 > gl6l,
£
The proof of Theorem 1.3 is thus complete. H
Appendix A

We start by introducing some pieces of notation and terminology. For every finitely
branching tree T and every t € T, the branching number of t in T, denoted by br(t),
is defined to be cardinality of the set of all immediate successors of ¢t in T. Next we
introduce the following class of trees.

Definition A.1. Let (b,) be a strictly increasing sequence of positive integers. A tree T
will be called (b,)-large if it is uniquely rooted, finitely branching and br(t) > b, for every
n € N and every t € T(n).

A tree T will be called large if it is (b,)-large for some strictly increasing sequence (b,)
of positive integers.

Below we gather some elementary properties of large trees.

Fact A.2. Let (b,) be a strictly increasing sequence of positive integers and let T be a
(bp)-large tree. Then the following hold.

(1) If S € Stroo(T), then S is (b,)-large.
(i) For every strictly increasing sequence (c,) of positive integers there exists S € Stro,(T)
such that S is (c,)-large.

We have the following trichotomy.

Proposition A.3. For every uniquely rooted, pruned and finitely branching tree T there exists
a strong subtree S of T of infinite height such that either
(i) S is a chain, or
(i1) S is homogeneous, or
(iii) S is large.

https://doi.org/10.1017/50963548312000053 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548312000053

408 Pandelis Dodos, Vassilis Kanellopoulos and Konstantinos Tyros

Proof. Assume that neither (i) nor (ii) are satisfied. Recursively, and using the Halpern—
Lauchli Theorem [7], we may select a sequence (R,) of strong subtrees of T of infinite
height such that, for every n € N, the following hold.

(C1) The tree R,y is a strong subtree of R,.
(C2) We have R, [n=R [ n.
(C3) For every ¢ € |J,"_, R,(m) we have br(t) > n+ 1.

m=n

The recursive selection is fairly standard and the details are left to the reader. Let

S = U Ru(n). (A.1)

neN
By conditions (C1) and (C2), we have that S € Str,,(T). On the other hand, by condition
(C3), we see that S is a (b,)-large tree where b, =n+ 1 for every n € N. The proof is
complete. ]

We remark that, by Proposition A.3, Theorem 1.1 still holds if the events are indexed
by a uniquely rooted, pruned and boundedly branching tree.

On the other hand, if T is a uniquely rooted, pruned and finitely branching tree not
containing a strong subtree of infinite height which is either a chain or homogeneous then,
by Proposition A.3 and Fact A.2, for every strictly increasing sequence (b,) of positive
integers there exists a strong subtree of T which is (b,)-large. Concerning this class of
trees we have the following.

Proposition A4. Let 0 < 6 < 1. Also, let (b,) be a strictly increasing sequence of positive
integers such that
1
d <o (A2)

neN "
Then, for every (by)-large tree T there exists a family {A, :t € T} of Borel subsets of the
interval [0,1] satisfying 2(A;) > 1 — 0 for every t € T, and such that

A =2 (A.3)

teF

for every F € Stry(T).

Proof. We fix a (b,)-large tree T. The family {4, : t € T} will be defined by recursion
on the length of nodes in T. For n =0 we set A7) = [0, 1]. Let n € N and assume that
we have defined the family {4, : t € T(n)}. Let t € T(n) be arbitrary. We partition the
set A, into a family {A; : s € ImmSuccr(z)} of Borel sets of equal measure, and for every
s € ImmSuccr(t) we set

As = A\ As. (A4)

We notice two properties guaranteed by the above construction.

(P1) For every t € T and every w € Succr(t) we have 4,, < A,.

https://doi.org/10.1017/50963548312000053 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548312000053

Measurable Events Indexed by Trees 409

(P2) For every n € N, every t € T'(n) and every s € ImmSuccr(t), we have A(A;) = A(A,) -
(1 - bT(t)il) P /I(Al) - 1/bn-
Therefore, for every t € T we have

1 A2
HA) > NAro) =D 5= > 1-6.

¥
neN "

Finally if F € Stry(T), then

ﬂAI_ﬂAI_ N A= 0.

teF teF(1 seIlmmSuccr (F(0))

The proof is complete. U]

Appendix B

Our goal is this appendix is to give the proof of the following result.

Proposition B.1. Let k € N with k > 1. Then, for every uniquely rooted and balanced tree
T of height k and every non-empty finite subset F of T there exists a strong subtree S of
T with h(S) < min{k,2|F| — 1} such that F < S. U]

Since every homogeneous tree is uniquely rooted and balanced, by Proposition B.1 we
get the following.

Corollary B.2. Let T be a homogeneous tree and n € N with n > 1. Then every subset F
of T of cardinality n is contained in a strong subtree of T of height 2n — 1.

Before we give the proof of Proposition B.1 let us remark that the estimate on the
height of the strong subtree obtained by Corollary B.2 is sharp.

Example 1. For every integer i > 1 let t; = 0%1 € 2<N. Observe that for every pair of
integers 1 <i<j we have t; \t; = 0%. Now, fix an integer n>2 and set A, = {t; :i €
{1,...,n}}. Let S be an arbitrary strong subtree of 2<N with A, < S. Notice, first, that the
level set of S must contain the set {2i+ 1 :i€ {1,...,n}}. Since strong subtrees preserve
infima, we see that {t; Ntiy1 i€ {l,...,n—1}} =8, and so, the level set of S must also
contain the set {2i :i € {1,...,n— 1}}. Therefore, the height of S is at least 2n — 1.

We proceed to the proof of Proposition B.1.

Proof of Proposition B.1. The result will be proved by induction on k. The case k = 1
is straightforward. Let k € N with k > 1 and assume that the result has been proved for
every uniquely rooted and balanced tree of height at most k. Let T be a uniquely rooted
and balanced tree of height k + 1 and let F be a non-empty finite subset of T. We need
to find a strong subtree S of T with h(S) < min{k + 1,2|F| — 1} such that F = S. Clearly
we may assume that |F| >
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Let wy = A7 F be the infimum of F in T, and set
I(F) = {t € ImmSuccr(wo) : F N Succr(t) # 2}.

Notice that

U (F N Sucer(t)) < F < {wo} U U (F N Sucer(t)), (B.1)
tel(F) tel (F)
and so
> IF 0 Sucer ()] < [F| < 1+ ) |FnSucer(1)). (B.2)
tel (F) tel(F)

Observe that I(F) is non-empty (for if not, by (B.1), we would have that F = {w}).

Let t € I(F) be arbitrary. Since T is a balanced tree of height k + 1, we see that Succr(t)
is a uniquely rooted and balanced tree of height at most k. By our inductive assumptions,
there exists a strong subtree W; of Succr(t) such that

F N Sucer(t) = W, (B.3)
and
h(W,) < 2|F N Sucer (1) — 1. (B4)

Observe that |F N Succr(t)] < |F| (for if not, we would have that F < Succy(t), which
yields that wy € Succr(t), a contradiction). Therefore,

hW,) < 2|F|—2. (B.5)
We set
L=J Lrw) (B.6)
tel(F)

and we select a family {S; : t € ImmSuccr(wp)} of strong subtrees of T such that

(P1) S; = Succr(t) and L7(S;) = L for every t € ImmSuccr(wy), and
(P2) W, = S, for every t € I(F).

Such a selection is possible since the tree T is balanced. Finally, let
S = {wo} U {S; : t € ImmSuccy(wy)}. (B.7)

By (B.1) and properties (P1) and (P2), we see that S is a strong subtree of T and that
F < S. The proof will be complete once we show that h(S) < 2|F| — 1. Indeed notice that,
by (B.7) and property (P1), we have

h(S)=|L| + 1. (B.8)

We consider the following cases.

Case 1: |[(F)| = 1. Let tp € ImmSuccr(wy) be the unique element of I(F). By (B.6), we
have L = Lt(W,,). Hence,

(B.8) (B.5)
h(S) =" |L| +1 = [Lr(Wy)| +1=h(W,) +1 < 2|F| -1
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Case 2: |[(F)| > 2. Notice that

(B.6) (B4)
LI < > Lr(W)l < 2 |FnSucer(t) — [I(F)]
tel(F) tel(F)

(B.2)
< 2P| = [I(F)] < 2|F| = 2.

Combining (B.8) and the above estimate we conclude that h(S) < 2|F| — 1. The above
case are exhaustive, so the proof is complete. |
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