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We consider the following Gray—Scott model in Bz(0) = {x : |x| < R} = R¥,N =2,3:

v, = &2Av — v + Av’u in Bg(0),
T, =Au+1—u—0v’u in Bg(0),
wy >0, X==u2_9 on 0Bg(0)

ov ov

where ¢ > 0 is a small parameter. We assume that 4 = Az?. For each 4 < 400 and R < 0,
we construct ring-like solutions which concentrate on an (N — 1)-dimensional sphere for the
stationary system for all sufficiently small &. More precisely, it is proved the above problem
has a radially symmetric steady state solution (v, u,gr) With the property that v, z(r) — 0 in
RM\{r # ro} for some ry € (0,R). Then we show that for N = 2 such solutions are unstable
with respect to angular fluctuations of the type ®(r)eY=m0 for some m. A relation between
A and the minimal mode m is given. Similar results are also obtained when Q = RV or
Q = Bg,(0)\Bg,(0) or Q@ = RN\Bg(0).

1 Introduction and main results

The Gray—Scott model [16, 17] models an irreversible reaction involving two reactants in
a gel reactor, where the reactor is maintained in contact with a reservoir of one of the
two chemicals in the reaction. In dimensionless units it can be written as

V,=DyAV — (F+k)V +UV? in Q,

U =DyAU+F(1—-U)—UV? in @, (L.1)
%—‘(,] = %—I‘/ =0 on 042,

where the unknowns U = U(x,t) and V = V(x,t) represent the concentrations of the
two biochemicals at a point x € @ < RV, N < 3 and at a time ¢t > 0, respectively;
A= ZjV:I aa_;z is the Laplace operator in RY; Q is a bounded and smooth domain
in IRY; v(x) is the outer normal at x € 0Q; Dy, Dy are the diffusion coefficients of U and
V respectively. F denotes the rate at which U is fed from the reservoir into the reactor,

and k is a reaction-time constant.
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For various ranges of these parameters, (1.1) are known to admit a rich solution
structure involving pulses or spots, rings, stripes, traveling waves, self-replication spots,
and spatio-temporal chaos. See elsewhere [11, 25, 26, 34, 35, 36, 37, 38, 40, 41] for
numerical simulations and experimental observations.

In the one-dimesnional case, the first rigorous result in constructing single pulse solution
is given in Doelman et al. [11] for (1.1) in the case Dy = 1,Dy = 6> < 1. In Doelman
et al. [11], it is assumed that F ~ 6%, F + k ~ §**/3, where « € [0, 3). Later the stability
of single and multi-pulse solutions in 1-D are obtained in Doelman et al. [10]. Periodic
patterns are constructed in Doelman et al. [13]. In Reynolds et al. [40], a formal matched
asymptotic analysis is used to study the dynamics of self-replicating pulses. The case
Dy = Dy and the existence and stability of single and multiple pulse solutions are
established in Hale et al. [19, 20]. In Nishiura & Ueyama [34], a skeleton structure of
self-replicating dynamics is proposed, while in Nishiura & Ueyama [35] and Nishiura
et al. [36, 37], spatio-temporal chaos is observed and analyzed. In all of the above four
papers, it is assumed that the diffusivity ratio D,/D, = O(1). In such a case, the results
are largely numerical. A more detailed analysis is possible when D,/D, < O(1). In [24],
the equilibria, Hopf bifurcations, and pulse-splitting dynamics for (1.1) in a finite interval
are studied under the small diffusivity ratio assumption. Some related results on the
existence and stability of solutions to the Gray—Scott model in 1-D can also be found in
Ei et al. [14] and Muratov & Osipov [29, 31] and the references therein.

In higher-dimensional case, some formal asymptotic analysis on the construction and
stability of spotty solution in R?> and R*® is given in Muratov & Osipov [29, 31]. In
Wei [44], the second author studied (1.1) in a bounded domain for the shadow system
case which can be reduced to a single equation. For spotty solutions for single equations,
see elsewhere [5, 6, 18, 47, 48], and the references therein. A good review can be found in
Ni [32].

The first rigorous result on the existence and stability of spotty solutions in R> was
given in Wei [45]. To state the result, it is important to introduce a suitable scaling.

Let us first transform the system (1.1). We follow the notations in Muratov &
Osipov [29]. Set

2 DyF _ JF T:F+k
Dy(F +k)’ F+k F ~
X = DU)_C _ T
“VFT F4k’

Let us drop the bar from now on. It is easy to see that (1.1) is equivalent to the
following system

v, = &2Av — v + Auv?, in Q,

T = Au—uv® + (1 —u), in Q, (1.2)
% = % =0 on 0Q.

Note that there are three parameters (¢, A4,7) in equation (1.2). Throughout this paper,
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we always assume that
0<ex 1. (1.3)
To study (1.2), we first consider the stationary equation of (1.2):

EAv—v+Am? =0, xeQ,

Au—uw?>+(1—u)=0, x€Q, (1.4)
u>0,0>0 in Q, %z%zOOﬂ@Q.

In Wei [45], under the condition that

1 2
Q=IR? 1~0(), A~g(logg> (1.5)

it is proved that Problem (1.2) has two branches of single spotty steady-state solutions
in IR?, with one of them being stable and the other one being unstable. The existence
and stability of symmetric and asymmetric multiple spotty solutions in a bounded two-
dimensional domain are studied in Wei & Winter [49, 50].

As far as the authors know, there has been no rigorous result in RY, N > 3. Since the
physical space is R?, it is natural to study the Gray-Scott model in IR?.

In this paper, we take a different regime of A: we assume that

Az\/gffs

where A is independent of ¢. We are concerned with the existence of solutions which
concentrates on an (N — 1)-sphere. This kind of solution is called a ring-like solution. In
particular, we can prove the existence of a ring-like solution for all N > 2, which is of
independent interest.

Recent work by Morgan & Kaper [28] also examines such solutions (a preliminary
report of Morgan & Kaper [28] was announced in 2001 [21]; and was also reported in
Morgan’s PhD thesis [27]). The differences and similarities between Morgan & Kaper [28]
and this paper are discussed in §11.

By suitable scaling, we shall study the existence of ring-like solutions for the following
Gray—Scott model in a ball Bg(0):

1ol

(1.6)

AV — v + Aup? = 0, in Bg(0),

Au— (6e) 'uv> + (1 —u) =0, in Bg(0), (17)

u>0,0>0 in Bg(0), .
and the stability of the ring-like solutions for the corresponding Gray—Scott model

v = &2Av — v + Auv?, in Bg(0),

tu, = Au— (66)"'uv® + (1 —u), in Bg(0), (1.8)

u>0,0>0 in Br(0), ’

% = % =0 on 0Bg(0).

Extensions to RY or to an annulus or to the exterior of a ball will be discussed in §8.
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2 Main results: existence and stability of ring-like solutions

We now state our main results.
We first define two functions, to be used later: let Ji(r) be the radially symmetric
solution of the following problem

N_l ! ’
Jy—Jy =0, J;(0)=0, Jj(0)=1, J >0. (2.1)

7
+ p

The second radially symmetric function, called J;(r), satisfies

N_l/

Jy + Jy—Ja+380=0, J,>0, Jy(+o0)=0. (2.2)

Here 9§ is the Dirac measure at 0.

In the case of N = 2, Ji(r) = Iy(r) and Jy(r) = ﬁKo(r) are the modified Bessel’s
functions of order 0. (See Abramowitz & Stegun [4].) In the case of N = 3, J;,J; can be
computed explicitly:

sinhr e™"
Ji = , No(r) = —. (2.3)
r 4tr
Fix R > 0. We then define a new Jor
J5(R)
Jor(r) = Jo(r) — “=—=Ji(r) (2.4)
: Ji(R)
and a new Green’s function Gg(r;rg)
" N - 1 ! !
Gp + TGR —Gr+6, =0, Gg(R;r9)=0. (2.5)
It is easy to see that
1 Jor(ro)Ji(r), forr <y,
Gr(r;ro) = = 7 ’ 2.6
R(r3ro) memwwﬁmmbﬂm{hmumm,mw>m. (26)

Fix a A > 0. We suppose the following equation has a unique solution & = é(/f,r):

Ggr(r;r) 1
1— ==’ —. 2.
(1—=2¢)¢ e 0<é<2 (2.7)
Put
(N—1) 1—5(%@) %ﬂﬂ)
Mpg(r) = + - > 2.8
K= o) T ) 29
where ¢ solves (2.7).
Let w(y) be the unique solution for the following ODE:
w —w+w=0inR, w>0, w0)= max w(y), w(y) — 0 as |y| — . (2.9)
ye

In fact, it is easy to see that w(y) can be written explicitly

w(y) = %sech2 (%) .

Then we have the following theorem.
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FIGURE 1. The graph of r versus A2. Here N = 2, R = 5. The singularity occurs at rg = 3.94.

Theorem 2.1 Suppose that 0 < R < oo. Then for any A < o0 and for ¢ sufficiently small,
problem (1.7) has a solution (v.r,u.r) with the following properties:

® U g, U g are radially symmetric,

o v.r(r)=(1+ 0(1))/115;"”(%),

o up(r)=1—(1+ 0(1))62(%5'_‘“), where Ggr(r;r.) satisfies:

" N - 1 ! !
Gp+——Gr—=Gr+0, =0, Gp(Rir;) =0, (2.10)
where &, is the root of
_ GRr(re;re) 1
l—ég—T@, 0<& <, (2.11)

and r, — ry € (0,rg) where Mg(rg) = 0 and rg is such that
(J128) (rr) = 0. (2.12)

From Theorem 2.1, for finite R, we see that for each A, there exists a ring-like solution
to (1.7). In fact, it is easy to show that Mg(ro) = 0 if and only if the following holds

A% = —Gg(r:r) (1 _ 7 (J1J2’R)/>2 N—1 JiJag

N—1 JiJar r (JiJar) (213)
A graph of r versus A*for N=2and R=5is given in Figure 1.
From the graph, we see that A2 blows up as r — rg where rg < R satisfies (2.12). In

fact, if rg is a zero root of (JlJz,R)/ (see Lemma 3.4 for the existence of rg), then from

(2.13) we see that A% & +o0 when r — rg. (The situation is very different for infinite R.

See §8.)

A similar existence result for the Gierer—Meinhardt system has also been obtained in

Ni & Wei [33]. Theorem 2.1 is alsorelated to papers by Ambrosetti et al. [2, 3] where
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solutions concentrating on a sphere are constructed for singularly perturbed nonlinear
elliptic equations.

Next we study the stability of (v.r, u.r) in N = 2 with respect to perturbations in the
following form:

=10, + 0¢:(r)cos(mB), u=u,r~+ ow.(r)cos(mb)

where 0 is small and ¢,(r) ~ ", p.(r) ~ ™ for r near 0. That is, we study the eigenvalue
problem of the following type

EAp, — 1, — ¢, + 2Av, jity vy + Av2 Ry = Lochs
Ay, — r,%zw:: — WP — (68)_1201:,Ru1:,R¢1: - (68)_1032,R1/—76 = TeWPes (2.14)
‘i),s = ¢s(r)7 e = (1), .

We introduce the following important function:

In(P)Kon(r) = G2 T (1)

PmR(r) = , (2.15)

Ky(R
Io(r)Ko(r) — S I3(0)

where I,,,K,, are the two modified Bessel’s function of order m. See Abramowitz &
Stegun [4] for the definitions.
Now we have the following theorem.

Theorem 2.2 Assume that N = 2. Let (v.r, u.r) be the solution constructed in Theorem 2.1
and suppose m < % If

pm,R(rO) < % (216)

where & is given by (2.7), then the problem (2.14) has an eigenvalue with positive real part.
If © is small and

pmr(ro) > (2.17)

¢

1-¢

then all the eigenvalues of the problem (2.14) have negative real parts.
The mode m = 0 is stable.

Our final theorem shows that when 4 = 0O(1), the ring solution is always unstable with
respect to some wide band of modes m, and that it is stable with respect to very large
modes m.

Theorem 2.3 Assume that N = 2. Let (v.r, U, r) be the solution constructed in Theorem 2.1.

If
1<m<%% (2.18)

for some &y < Azﬁ then theproblem (2.14) has a positive eigenvalue. On the other hand,
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FIGURE 2. The graph of r versus the first unstable mode m. Here N = 2,R = 5.

if
N
> B (2.19)
then the problem (2.14) has no large unstable eigenvalues.

Fix R = 5. The graph in Figure 2 shows the relation between r and the minimal mode
m.

We observe that m — 400 as r — rg. However, rr is precisely the value for which
A — +o0, and so our analysis breaks down in such a limit. A question arises naturally:
are there ring-like solutions which are stable for all m?

In §9 we use formal asymptotics and numerical computations to study the regime

Aez = O(1). We make the following conjecture.

Conjecture 2.1 Let rg be the root of
(J1J2r) (rr) = 0. (2.20)

Let
A. = 2.694 Gr(rg,rRr) (2.21)
where Gg is given by (2.10).
Suppose that A is just below A.. Then there exists a ring-like solution whose radius is
FrR.
Suppose that A is just above A.. Then a ring-like solution of radius ro < rg will expand

until its radius reaches rg. It will then split into two concentric rings which will move away
from each other.

Remark Using the far field expansions Io(r) ~ r—1/2e" Ko(r) ~ r~1/2e7", it is easy to

see that
1
rR~R— 3 In(2R) as R — oo, (2.22)
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1 1
GR(VR; FR) ~ E + E as R — oo. (223)

Thus for large R we have A, ~ 1.347, which is precisely the critical threshold for when
spike splitting in 1-D occurs (see §9 or also Muratov & Osipov [29] and Kolokolnikov
et al. [24]).

The fate of the two resulting rings is unclear. In Section 10 we perform some numerical
computations of the full two-dimensional system. They suggest that the inner ring even-
ually breaks up into spots, while the outer ring can remain stable for a long time. It is an
open problem to analyse the properties of multi-ring solutions.

3 Preliminaries: some properties of w and Mg(r)

In this section, we consider some properties of the functions w(y) and Mg(r). We first
state the following facts for w(y).

Lemma 3.1 (1) The following identities hold

/R(w/)2 = é/RW3’ (3.1)
Aw3(y)([; wz(z)dz>dy :/Rw3(y) /yw wz(z)dz)dyz %/Rw/sz. (3.2)

(2) The solution to the following problem
Lop :=¢"—¢p+2w'p =0, [¢p|<C (33)

for some C > 0 is given by ¢ = cw' for some constant c.
(3) The eigenvalues of Ly can be arranged as follows:

5 3
2 =0, Ji=—2
7 =0, i3

A= 1

Proof Statement (1) can be proved by direct computations. A more general proof can be
given as follows: since w satisfies (2.9), we have (w')* = w? — 3w3. Combining this with

the following identity
Jp = [
R R

we deduce (3.1). To prove (3.2), we observe that

/Rw3(y)(/_i wz(z)dz—/yw wz(z)dz>dy=0
/ w3(y)< [ W+ [ ) wzmdz)dy ~ [w [ w

Equation (3.2) then follows.
The statement (2) follows from standard ODE theory.
The statement (3) can be proved by using hypergeometric function. See [10]. O
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The following lemma characterizes the eigenvalues of Nonlocal Eigenvalue Problem
(NLEP):

L :=¢" —d+2we — u?} ve w? = 1¢,¢ € H(R). (3.4)

Lemma 3.2 (1) If u+ 1 and
L¢ =0,¢ € H(R)

then ¢ = cw' for some constant c.

(2) If u < 1, then there exists a positive eigenvalue o > 0 to (3.4).

(3) If u > 1, then there exists a constant C > 0 such that Re(l) < —C < 0, where 1 %+ 0 is
an eigenvalue of (3.4).

Proof (1) In fact, let L¢p = 0. Then we have

L0(¢—2jfiwz ):0

where

Lod = ¢ — b + 2w, (3.5)
Since ¢ € H*(R), by (2) of Lemma 2.1, we have

¢— 21}? =W (3.6)
R

for some ¢. Multiplying (3.6) by w™~! and integrating over R, we obtain that

/ w" g =0
R
which implies that ¢ = cw'.
(2) and (3) follows from Theorem 1.4 of Wei [46]. O

Our next lemma concern again a nonlocal eigenvalue problem in which the coefficient
u depends on t4. We consider the following nonlocal eigenvalue problem:

¢ — ¢+ 2wp — y(th) ?‘ wo w? = J¢. (3.7)
R

Lemma 3.3 Suppose y(z) is a continuous function of z. Then

(1) if x(0) < 1, there exists a positive eigenvalue A > 0 to (3.7).
(2) If x(0) > 1, and the following condition holds for t:

Re[iy(ti) — 2] + 6|y(t2) — 1> >0 (3.8)

then there exists a positive constant C >0 such that for all nonzero eigenvalue A of (3.7)
we have Re(A) < —C < 0.
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Proof (1) Suppose x(0) < 1. We can solve (3.7) explicitly. We may assume that ¢ is
even. We look for a positive eigenvalue Ay in (0,4;) where 4y is the first eigenvalue of
Lop = ¢" — ¢ + 2w (see Lemma 3.1). Then (3.7) is equivalent to the following algebraic

equation:
— 1,2 f W2 _ o 1 2 , ol
p(i)—/Rw(Lo A w XI(QM) = (1 X(T;‘))~/RW —i—A/Rw(LO A w. (3.9)
Then

p(0) <0,p(t) > 400 as t — Ay, t < 1.

Thus, p(t) has a zero Ay in (0, A;). This proves (1).
(2) is proved in (2.28) of Ward & Wei [42]. O

Finally, we state the following important properties of Mg, defined in (2.8), which will
be used in the proof of Theorem 2.1.

Lemma 3.4 (1) For each fixed R > 0, there exists a rg > 0 such that
(JiJor) >0, forre(0,rg), and (JiJor)'(rr) =0 (3.10)

and
MRg(rgr) > 0. (3.11)
(2) For each fixed A < +o0, it holds that

Mg(r) <0, forr small (3.12)
Proof (1) Observe that

(J1J2r)'(R) = Ji'(R)J2(R) — J2'(R)J1(R) <0,
(J1J2r) (r) = 400 as r — 0.
By continuity, (3.10) is thus proved. This then yields that Mg(rg) > 0, recalling

N—-1 1=¢Jar)
& Jidar

Mg(r) =

where & satisfies
JiJor

Y S S (3.13)
A2(Jy Ty — J1JY)

c1—=29) >

(2) For r small and N > 3

JiJor

1
’\—Nr’ 0<€<_’ é~r7
A2(Jy' T, — 1Y)

2

(J1J2R)
JiJar

= —(N— 2); +0(1)
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and hence

N-—1 1
M(r) ~ = —0<r—2) <0

For N = 2, we obtain similarly that for r small

MR(r)~N_1—O b Yo
r r*(log )’

This proves (2) of the lemma. O

4 A linear problem

I, = (—f,R_t) 4.1)
& &

Let #n(s) be a function such that n(s) = 1 for |s| < % and n(s) = 0 for |s| = g, where
0 > 0 is a fixed small constant. Set

Fixing a point t > 0, we set

24
wealy) = wion (1+2). (4.2)
Let &,(t) be such that
1 _ Gr(t; 0 ! 4.3
_58_142—58 Rr(t; 1), <fa<§~ (4.3)
We rescale
1
r=t+ey,0=——"0. (4.4)
A¢,
Dropping the hat, we see that (1.7) is equivalent to
&Av —v + £0° =0, in Bg(0),
Au — c;uv® + (1 —u) =0, in Bg(0), 4.5)
u>0,0>0 in Bg(0), '
F=&=0 on dBx(0),
where
c, = (68/1253)71. (4.6)
From now on, we shall work with (4.5) instead.
In the sequel, we denote by T[h] the unique solution of the equation
Au+1—u—ch>’u=0 in Bg(0),
(4.7)
u(x) =u(|x|), u'(R)=0,

for h € L*(Bg(0)).
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The equation (4.7) can be solved by using the Green’s function Gg(r,r) defined in
(2.10) of Theorem 2.1. In fact, the operator T can be written in the following way:

R , N—1
L= T{H](ro) = ¢, /0 Gr(rsro) (%> () T () dr- 48)

In this section, we study the operator T [h], where we choose h to be

2
h=(we (") 40 (1)) =06, “9)

for a fixed 0 <o < 1. Let

Th(r') = va(r').

By definition, we then have

R N—1
=TI = [ Garir) (5) Huar
0 r
and hence

1 —v,(t) = A%@GRU; 1us(t) + O(e7). (4.10)

/ w? =6. (4.11)
R
From (4.3) and (4.10), we arrive at the following:

Here we have used the fact that

v(t) = & 4+ O(%). (4.12)

Let ¥ =t + ¢y. Then we have

R N-1 _ — 2
V-t = e [ Gaerron o (v (F50) 40 (1)) v

R—t

: t+ez)N!
= ¢gc, / t Gr(t+ez;t+ sy)%(wg,z(z) + ¢(2)) vyt + ez) dz
=E+E
where
R—t
T t+ez)N!
E| =ec, /_1 Gr(t+ez;t+ 6y)Wwitvg(t +ey)dz,

R—t

E2=£cs/ ' Gr(t+ez;t+¢ey)

e

(t +ez)N—!

(T ey T [(Wer(2) + B(2))* — (Wee(2)) Tou(t + £2) dz.
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Observe that Gg(r;’) can be expanded as follows: for Z < j, we have

Gr(t+Z;t+7)=Gg(t:1) (1 + (JZ’R,(” N - 1) 54 Ji'(t)

Jor(1) T Ji(t)

For y < Z, there is another expansion

Galt+ 2504 7)= Gl 1) <1+ (Jlf(t)+N—1) Y

Ji(1) t Jor(2)

Then we have, using (4.12) and (4.13)—(4.14),

0 t N—1
E, =8cs/ GR(t+£z;t+sy)%w%ﬁ(t+sz)dz

B

N—-1)(z—y)

= ¢, / Gr(t+ez;t +¢ey) (1 + i . + 0(82)) w2o(t + ez) dz
R

= o, +ep(y) + Oyl

where

o = gchR(t;z)/ w2o,(t + ez) = Grt, Du(0) +0()=1—¢+0()

R /fzfg

and p(y) is defined by

Z+ 0y + |2|2)> :

Dz v o(P + |2|2>> .

213

(4.13)

(4.14)

(4.15)

(4.16)

= 2R 0) " W 30Z 2z Z) Jl/(t)< S yZ 2(z Z>}
p(y) fRW2|:J2,R(t) (y/—oow +/y W()d +J1(t) y/y " +/—:>o W()d '

For E,, we have

R—t

Rt ¢ N—1
E2=2SC£/ GR(t—i—b‘Z;l‘l'sJ’)( +éz)

W[W(b]ve(t +e2)dz + O(£%)

20,
= f—WSZ/IWs,t(ﬁ‘I‘O(SZG)o
1, Wer JI,

Summarizing all of these estimates, we have obtained the following lemma:

Lemma 4.1 For v’ =t + ¢y, we have

Tlw,, + PN+ o) = 1 — o, — ep(y) — o / Weid + Oy +62).

fzg w=Ji,
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5 A nonlinear problem: finite dimensional reduction

In this section, we perform a Liapunov—Schmidt reduction procedure. Such a reduction
method has been introduced and used in many previous studies of spike and layered
solutions (see [1, 5, 6, 7, 15, 18, 47, 48] and the references therein.

For u,v € H ‘(B§(O)), we equip it with the following scalar product:

(u,v); = /I(u’v’ + uv)(t + ey)Ndy (5.1)

(which is equivalent to the norm |jul| Hl(Bé(O))).

Then orthogonality to the function wg,,‘/ in that space is equivalent to, setting

N-—1
Zs,t = Ws,zm + 8( )Ws,t// - Ws,t/ (52)
t+ey

to the orthogonality in L2(I,), equipped with the following scalar product
() = [ o)+ dy (53)
I,

(which is equivalent to the norm [lu ;2rr)).
To this end, we need to define a norm:

el = Nyl =1,)- (5.4)

The following Proposition will be proved in Appendix A.

Proposition 5.1 There exists an gy > 0 such that for any ¢ < &y, given any h € L*(I,), there
exists a unique pair (¢, c) such that the following hold:

" E(N_ 1) ’ fl:, WS,I¢ _
¢ + qu ¢ + 2W.e,t¢ 2(1 f) fl" Wét =h+ CZS,I, (5.5)
/ t / R—t
d) (_g) = O’ ¢ (T) =Y, <¢BZ€,T>E =0. (56)
Moreover, we have
o« < Cllhll (5.7)

In this section, we solve the following system of equations for (¢, ff):

e+ ) + D gy — e+ 6)
t+ey
3O PPT v + 91+ 00) = P, (5.8)
¢(—Q=Q m(51§=a /¢4m+ww4=o (59)
& & I,

The main result in this section is to show the following proposition.
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Proposition 5.2 For 0 < t < R and ¢ sufficiently small, there exists a unique pair
(e, Be(t))satisfying (5.8)—~(5.9). Furthermore, (., p(t)) is continuous in t and we have the
following estimate

I peells < €7, (5.10)

where ¢ € (%, 1) is a constant.

Proof We write (5.8) in the following form:
L, [d)] =E,+ M, [d)] + ﬁZz;,l (511)

and use contraction mapping theorem. Here

__N=D L o
b= ”Jrgsww(T[ ael) = Wi (5.12)

and M,[¢] is given by

1 1 et
M;[¢] = é—(ws,t+<l>)2(T[(we,z+¢)2])—é W (T w2 ])—2we p— 2(1—@)ff d) i (5.13)
& & Ir
By Lemma 4.1, it is easy to see that
[ Ell« < Ce°. (5.14)

For M,, we note that
M ] = &7 [(wer + )2 — wiy — 2we, @(T [(we + ¢)°1)
(W (TBR]) T 07D 2 L)
(Tt s 07

20, .
o fl,; Wg,r et
— 2w b (1 — Z
The first term in M,[¢] can be estimated as follows:

|(Wer + @) — wiy = 2weu (T [(wer + ¢)°1)| < ClopP.

By Lemma 4.1, it follows that second term and the last term in M;[¢] can be bounded

by O(el¢ll- + l1$]3)
Therefore, we have

[ M, [$]]]« (?Id)l + |¢s|2> (3.15)

Set # = {||¢|| < Ce”} where C is large. Fix ¢ € 4 and we consider the map .7, to be
the unique solution given by Proposition 4.2 with h = E, + M,[¢]. Then by Proposition
4.2, we have

|.7:[9] ]+ < ClE; + Mc[¢] ]+ < Ce” + % < Ce, (5.16)
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and hence .«7.[¢] € #. Moreover, we also have that

| s[p1] — A e[pa]ll+ < ClIMe[p1] — Me[a]lls < 1 — P2~ (5.17)

(5.16) and (5.17) show that the map ./, is a contraction map from % to %. By the
contraction mapping theorem, (5.11) has a unique solution ¢ € B, called ¢.;.
The continuity of (¢., f:(t)) follows from the uniqueness of (¢, f:(t)). O

6 The reduced problem: Proof of Theorem 2.1

In this section we solve the reduced problem and prove our main existence result given
by Theorem 2.1.
In particular, we prove the following.

Proposition 6.1 For ¢ sufficiently small, p.(t) is continuous in t and we have
Bu(t) = coe(Mr (1)) + O(&%°), (6.1)

for some generic constant co * 0.

From Proposition 6.1, we can finish the proof of Theorem 2.1.

Proof of Theorem 2.1 By Lemma 3.4, there exists two numbers 0 < r; < r, < rg such
that

MRg(r1)Mg(r2) <O.

Since £~ B,(t) = coMg(t)+0(2°~1), for ¢ sufficiently small, we also have f,(r;)B:(r2) < O.
By the continuity of f.(t) and the intermediate mean value theorem, a zero of f, is thus
guaranteed. O

We now prove Proposition 6.1. To this end, we let v, = T[(w.; + d)a,t)z]. Then ¢,

satisfies
" ‘O(N — 1) ’ 2 —1,.2
Goi” — s + 2wy = _st,t + W — ¢ Wi Vgt + Nel¢ei] + B:(0)Z., (6.2)
where
eN—1 _ _
NId = =0 4 & ot b = w2 = 20
Note that by Lemma 4.1
Wi s,
b +-29) = L — o, — sply) + O(&lyl?) — 20,50 gae) (6.3)

' f] Wi

Multiplying the equation for ¢,; by w,,” and integrating over I,, we obtain that

1 17 ’ &N —1 ’ ’
ﬁa(t)/ Ze,zwa,z = / [¢s,t "— ¢£,t + 2W£,z¢£,z]ws,t + / g(bs,t Wet
I, I, , t+ey
+ / (f;lwitve,z - Wez,t)wa,t/ +/ N[edws, . (6.4)
I, I;
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We first estimate:

/ [(ﬁz:,z,, - ¢1:,t + 2Wz;,t¢z:,t] Wz:,z, = O(SH_U)-
I

Then using (6.3) we obtain

e(N —1 -
/ We,t/Ns [bei] = _/ (g(be,z/We,t/) + / ¢ : [(Ws,t + ¢s,t)2 - Wg,z - 2Wa,t¢8,t} Us,th,t,
I, L\ t+ey I,

Vgt
/ W tqsét <é > W;:,t,
1, és

— 0(81+a + 820).

The main term is the following:

/ Wed Wo (0o — &) = (/ w'w?p(y) + 0(820)> : (6.5)
I, R

By using (3.2) of Lemma 3.1 we calculate
2 ’ 2 _ JZ,R/(I) r2 Y 2 Y 2
|w AWWp(y)_dstRt)/Ww o) v+ [ o
/ /2(y/ W+/ zw?(2))
_ OﬂstR() Yoo 1A 3 (70
B 3J2R(t)/W(y)/ooW 3J1(I)/RW /y "
__@Jz,R() Jl(l) 3
6 (Jz,R(t) / b )/ (66)
Combining all of these expressions, we obtain
Lr'(t) '@ 2%
Al ot = e [ (T + ) o)

=¢ /R (W) [MR(r) + 0(82“—1)}

using (3.1) of Lemma 3.1.

7 Proofs of Theorem 2.2 and Theorem 2.3

In this section, we use Lemmas 3.2 and 3.3, and apply a compactness argument of Dancer
[9] to prove Theorems 2.2 and 2.3.

We consider large eigenvalues of the following problem:

82A¢;; _ 32"7'2”2(138 — d)l; + ZAUI;,RME’Rd)(; + AZU?,RUJ” = /1;;(131;,
2

Ay, — ’rlZl:US Y — 23_1”3,R“s,R¢8 - {':_lvsz,Rl'U‘g = A, (7.1)

¢F = d) r) lpg ws(r)’

¢ (R) = v's(R) = 0.

Namely, we assume that 4, — 4y # 0 where 4, € @-the set of complex numbers.
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We first derive the limiting eigenvalue problem. We may assume that Re(4y) = 0 as
otherwise we have stability. To this end, let G, rg(r;ro) be the Green’s function satisfying

N-—-1 2
G”+TG’—(1—|—[§)G—m7G+5,.O=0, for 0<r<R, Gg'(Rirg)=0, (7.2)

which exists if Re(1 + ) > 0. Assume that

@e(r: +&y) = Po(y).

Then we have

N—1

R
r
Pe(r:) = / Gm,R,ria(r;ra)(_zvs,Rus,R - ng)Rlpa)(r )N—l dr
0 &

= Gm,R,r)vg(ra;rs)( - 214\71 / W¢0 - /172572 / WZWE(VS) + 0(1)>-
R R
Hence we obtain
) = Gm,R,ﬂ.g(rﬂ;m(— 2471 [+ o<1>> (1 + G d 267 [ wz). (73)
R R

Substituting (7.3) into the equation for ¢., we have that ¢g satisfies

0” - (bo + 2W¢0 - /l(‘l,'/l()) fR W¢0 = /104)(), (7.4)

Jew? a

where p(tlg) satisfies

_ (1 = &)Gprio(r0570)
H(Eh0) = Z G o0 4 (L = &)Cmrenoi70) (7-3)

Recalling Lemma 3.3, we see that if u(0) < 1, then there exists a positive eigenvalue
Ao > 0 to (7.4) for all © > 0. Note that u(0) < 1 is equivalent to

Gur(ro; 7o) - 1-¢
Go.r(Ro; 7o) ¢

(7.6)

Observe that

L(ro)Km(ro) — 52012 (o)

Im,(r())Km(VO) - Km,(rO)Im(rO) ’

Gm,R(VO;VO) =
By the Wronskian property of Bessel functions (see Abramowitz & Stegun [4]) we have
! i 1
I Ky — K Iy = ;

Using this relation we derive,

(7.7)

Gur(ro;ro) = ro (Im("O)Km(ro) Ky (R)Iz )) ,

Il‘i'l/(R) " r()
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Gor(ro: 7o) = 1o (IO(VO)KO(VO) - Ifg((lg)lé(ro)) . (7.8)

Substituting (7.7) and (7.8) into (7.6), we see that (7.6) is equivalent to

¢
Pmr(ro) < q, (7.9)
where p,, r is defined at (2.15).

To make the above arguments rigorous, we apply arguments of Dancer [9]. We write

(7.1) as follows:
(:be =AR. (Z/IUS,Rus,R¢£ + /IvéR T, [¢8])7 (710)

where T,[¢;] = vy, and #, = (—’A + (1 + A;) — 62%2)*1. We look for solutions of (7.10)
with A, = Ap+o(1). Since 1y > 0, we may assume that 4, > 0. The operator %, is certainly
compact in the class of radially symmetric functions. By using Dancer’s argument, for &
sufficiently small, (7.10) admits a solution (¢, 2;) where A, = A9 4+ o(1) > 0.

If pmr(ro) < ﬁ, then p(0) > 1. By taking t small and applying Lemma 3.3, we have
proved Theorem 2.2.

Next we prove Theorem 2.3. Note that p,r = 0(%) form>1.Soif l K m<K %, then
the instability criteria

) <

is satisfied. The previous arguments in Theorem 2.2 can be applied here.

In the case of m = % > @ for some fixed ¢y > 0, the equation for 1y, becomes

)
m
B A, — iy — &, = 200 Rl R, — LOLRY: = T Lutpee
0
By the scaling r = r, + ¢y, we see that y,(r, + &y) — wo(y) which satisfies

A2
i
Ayo — —po =0,
o
and hence o = 0.
On the other hand, the equation for ¢.(r, + ey) = ¢.(y) becomes

~2
" PN ) A A N A N oA
o + rot ey b — (s + 6y)? ¢e — b + Ave ru:rP: + Avgz,RlPe = Ae®Pe,

and thus as ¢ — 0, qAS,; — ¢ which satisfies
" m2
0o — ¢0 + 2W(]50 = (/1() + }"2) ¢0. (711)
0

Since the operator Lo¢p = ¢” — ¢ +2w¢ has only one positive eigenvalue %, we then have

(7.12)

AD 5
;L CE < VE
ot ré 4
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which proves Theorem 2.3 if m > 325;'0. If in < Azﬁro, then (7.11) has a positive eigenvalue
Ao = % — % > 0 and hence (7.1) is unstable in this case.
This finishes the proof of Theorem 2.3.

8 Generalization to other radially symmetric domains

Theorems 2.1 and 2.2 can also be generalized to RY, to the case of an annulus or to the
exterior of a ball. Namely, we consider the following problem:

SAv—v+A*u=0 inQ,

Au+1—u—v’u=0 inQ, (8.1)
o ou
a:azo on aQ,

where @ = RN, or Q = Bg,(0)\Bg,(0) or Q = RN\ Bg(0).

We consider the general annulus case first. The RY case can be considered as a special
case of annulus with R; = 0, R, = +o0 and the exterior of a ball can be considered as
annulus with R; = R and R, = +o0. Let J; and J, be as defined in (2.1) and (2.2). We
then define two new functions Jy g, and Jag,

SRy
JY'(Ry)

J2'(Ry)
JI'(Ry)

Jir (r) = Ji(r) D), Jor,(r) = Ja(r) — Ji(r) (8.2)

and a new Green’s function Gg, g,(r;r0)

N—-1

Gr,p" + Ggr.r, — Gr.g, +9r, =0;  Gr.r,/(Ri;10) =0, Gg, g, '(Ra;r9) =0. (8.3)

Similar to (2.6), we have

L [Jyr,(ro)JiR,(r), for Ry <r <ry,
G 1) = — 2 - 8.4
R],RZ(V,VO) W {JI,RI(VO)JZ,RZ(V)a for ro<r< Rz, ( )
where
W = JiRr, (ro)Jo,r,(r0) — J1.r, (F0) 2R, (F0)-
Define
(N=1D(p—1)  1—=¢ (JirJ2r,) (1)
M r) .= - - H 8.5
R|,Rz( ) r é J1,R1(V)J2,R2(F) ( )
where & satisfies
_ Grr,(r;r)
c1—=¢)= — 5 (8.6)
Note that
Jio=J1, Jryw =J2, Gor(r;ro) = Gr(r;ro), Mor(r) = Mg(r). (8.7)
Theorem 8.1 Assume that there exists two points Ry <r; <r; < Ry such that
MRl,Rz(Vl)MR1,Rz(V2) < 0. (88)
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10 |

O] 32 34 36 38 4 42,44 2648 5
FIGURE 3. A graph of r versus A% for (R;, Ry) = (3,5).

25 -

2o—f

15

10 |

03 32 34 38 38 4 42 44 46 48 5

FIGURE 4. A graph r versus minimal m for (Ry, Ry) = (3,5).

Then for ¢ sufficiently small, problem (8.1) has a radially symmetric solution (v.r, r,>U:R,.R,)
with the following properties:
(1) veRr,.Ry»Uer, R, are radially symmetric,
(2) U;:,R1,Rz(r) = (1 + 0(1))51"‘)(%):
(3) verir(r) = 1 — (1 + o(1)E(1 + 0o(1))(GRry R, (re5 7)) Gro &y (13 7:), where G g, (r;7)
satisfies (8.3) and &, is defined by the following relation:
1— 58 _ GRl,RAz(rs;rs)
A%,

and r, — 1o = 0 where Mg, r,(ro) = 0.

, 0<§8<% (8.9)

In general, it is difficult to study the function Mg, g,(r). A graph of A% and r for
(Ri,R2) = (3,5) is given in Figure 3. The stability of (vr, r,> U:r,.r,) can also be studied.
Figure 4 shows the relation between r and the minimal m for Ry = 3, R, = 5 by similar

methods as before.
In the case of RN, we have a more precise result due to the following lemma.
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Lemma 8.1 There exists A, > \/5 such that the function Mo_4.(r)=0 has a solution if and
only if 0 < A< A,.

Remark We conjecture that /f(. = 1460 if N =2 and /f(. = \/E if N> 3.

Proof Observe that My ;. (r) = 0 if and only if the following holds:
u (1—7y)° 1 1
A% = -Gy , = —2+4) 8.10
ey g2-¢ gy ’ (8.10)
where Go+o = Go+o0(r;7) is defined in (2.5) and
L r(Ji(r)Ja(r))
N —1 Ji(r)Ja(r)

y(r) = (8.11)

First, we show that ffz, as given by (8.10), is positive for all r, i.e. y < O for all » > 0. This
is equivalent to showing that u = r(J1J>)' is always negative. After some algebra, we obtain:

N—-1

u'(r) + u'(r) —4u=2NJJ,. (8.12)

Note that JiJ> > 0, u(r) ~ —(N — 1)C— as r — oo, and

u —C N=2 as r—0
—(N=2)Cr* N, N>2 '

In the expression above, C is some positive constant that may change from line to line.
Thus u is negative on the boundary of an annulus {x : ¢ < |x| < R}, for any R large
enough and for any ¢ small enough. It then follows from the positivity of J;J, and the
comparison principle that u is negative everywhere on that annulus. Since ¢ and R are
arbitrary, u(r) < 0 for all r > 0.

It remains to show that

0<¢é<1/2 forall r. (8.13)

But this is immediate from (8.10) since y < 0 implies that % — 2+ 7y < —4 which is

equivalent to (8.13)
Finally, note that 4> — 2 as r — o0, A> — 0 as r — oo, which proves the existence of

A= 2. O

Remark It is easy to see that ¢ = % at a point r. such that y(r.) = —1. The
latter implies that Gg . (rc;,r.) =0. It then follows from (8.10) that %/IZ\,.:,L =0. In two
dimensions, numerical simulation show that r. = 1.075 is indeed a global maximum /L.
of A with /ff = 4G0+(1.075;1.075) = 2.133. However in three or higher dimensions,
numerics indicate that no such r. exists, and the maximum /fc = ﬁ is achieved only
at infinity. See Figure 5. That the point r. exists in two dimensions, can be seen as
follows: Simple properties of J;, J, (see for instance [4]) yield: y(0) = —1 + ﬁ and
y(r) = =1+ 853 4 0(%). for r large. Hence 7 > —1 for r near 0 and, when N =2,y < —1
for large r. This proves the existence of y(r.) = —1 in two dimensions. For N > 3, we
have y > —1 near r = oo and so this argument no longer applies.

Combining Lemma (8.1) with Theorem (3), we obtain the following existence of ground-
state solution.
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o 1 2 3 4 5 6 7
42
(a) r versus A-.

0.5

0.4

0.3 (/2

0.2

017 1 2 3 4 5 6 7
(b) r versus £.

FIGURE 5. (a) The graph of r versus A% with R = o0 and for N = 2,3,4,5, as indicated. Note that

N

for N = 2, A attains a maximum at r = 1.07. For N > 2, the maximum is attained at infinity.
(b) The graph of r versus ¢ with R = o0 and N as indicated.

Theorem 8.2 There exists A. > \/5 such that for ¢ sufficiently small and for 0 < A< A,
the problem (8.1) with Q = RN has a radially symmetric solution (vs0 to,Us01+00) With the
following properties:

(1) 02040 Ue04+00 are radially symmetric,
(2) Ve040(r) = (1 + o(1))Ew(=7),

(3) U£,0,+oc(r) =1—(1+o0(1)&(1+ 0(1))(G0,+oo(rs;rs))_lGO,-&-w(r;rs)r where GO,+oo(r;re) sat-
isfies (8.3) and &, is defined by

_ G0,+oc(ra;ra)

A C0<é <t (8.14)
A%¢,

2

- Ge

In addition v, — ro £ 0 as ¢ — 0 where My_1(r0) = 0. Such a solution dissapears if
A> A,

In Figure 5a we plot the graph of r versus A? for dimension N = 2,3,4,5. It is clear
from the graph that A is bounded. Note also that in the case of two dimensions only, A
has a maximum at r = 1.07 with ¢ = % at that point.

The stability properties for ring solutions in RY is dramatically different from the
ball case. Our numerical computation shows that (v, 4, 4e0+0) 1S always unstable with

respect to large eigenvalues for all 1 < m < %
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9 Self-replicating rings region: A = O(1).

In this section, we use matched asymptotic analysis to study the case when 4 = O(1).
Consider again the stability criteria given by (2.17):

pm,R(r) > %
Note that p, g = O(1/m) for large values of m, for a fixed radius r. (See [4].) But for
the ring to be stable, this stability criteria must hold for all m in the range 0 < m < %
It follows that a stable ring can only occur if ¢ < O(¢). However, from (2.11) and (1.6),
this corresponds to the regime A= 0(8_%),14 = 0(1), where our analysis breaks down. It
follows that a ring is always unstable for the regime A = O(S%). A natural question then,
is whether it is possible for a ring to become stable when A = O(1).

When 4 = O(1), the corresponding one-dimensional problem for the radial profile of
the ring becomes coupled as we show below. Moreover, it was shown [24, 29] that this
one-dimensional problem exhibits spike splitting, where a spike may split into two spikes,
if its distance from the boundary and/or adjacent spikes exceeds a certain threshold. In
two dimensions, this corresponds to a ring splitting into two rings. This phenomenon
is illustrated below in Figure 11. The mechanism here is essentially the same as the
one-dimensional spike-splitting, which we describe here briefly using matched asymptotics
(see also Muratov & Osipov [29] and Kolokolnikov et al. [24]).

We assume that the ring profile has the shape

1 —
o= W), un =00y 20

where both W, U are of order 1. We then obtain:

!

W" +¢ — W+ WU =0,

ro+ ey
1 1 U A w?2Uu
Ut —u+2- —0.
&2 ero+ey + e g2

Discarding lower-order terms, the problem for the profile of the ring becomes:

W' —W + WU =0, 9.1)
U’ —w?U =0. 9.2)

Outside the core region of the ring, we have:
u(ro) = 1— / L Gr(r, ro)o(r)u(r)dr
o To
1 [*r )
=1—— [ —Grlr+ey.rn)W(»Uy)dy, 93)
2 7o

U(0) Gr(ro,1o) /T )
e 1 1 1 ﬂOW U,

where G is the radial Green’s function on the disk of radius R, given by (2.10). Since
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U(0) is of order 1, we obtain:

o0
A
wWU=— .
/_w Gr(ro,10)

4
Gr(ro,r0)

From (9.2), this yields:
U'(c0) = U'(—0) =

Normally, U will not be symmetric. However on a disk of radius R, it is symmetric for
the special case when ry = rg, i.e. when following condition holds:

(J1(ro)J2,r(r0)) =0, (9.4)

as we now show.
From (9.3) we obtain:

ro [7 W(y)U(y)dy.

r=ro

u'(ry) ~ —%d% ( Gr(r,ry ))
But the matching condition of the outer solution u and the inner solution U is:
U'(0) = Au/(rf).

Thus we obtain:

1 o0
U'(c0) = ETATS _Jl(FO)JZ,(VO)V0J1,(V0)J2,R(V0) B W(y)U(y) dy
1 , A
= T o) — T ro)a (rg) O oM 2R (0 G s
_AJ1/(V0)J2R(F0)

J1(ro)Jo.r(ro)’
J1(ro)J2.r'(ro)

U ) = A o aro)”

For U to be symmetric, we must have U’(c0) 4+ U’(—o0) = 0, which is exactly the condition
(9.4).

Note that ry given by (9.4) corresponds to the limiting case A—w (see (2.13) and the
remark following it), which agrees with the regime 4 = O(1). Thus we conjecture that rg
in the case 4 = O(1) will satisfy (9.4).

Assuming U to be symmetric, we thus obtain the following boundary value problem
for U, W:

A
2GRr(rr,1R)’

In Kolokolnikov et al. [24] and Muratov & Osipov [29] it was shown that the solution to
the core problem exists only if U’(c0) is small enough. To show this, we plot the graph of
U’(o0) versus y = U(0)W(0) in Figure 6.

U'0)=0, U'(o)=
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14
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0 02 04 06 08 1 12 14
FIGURE 6. The graph of y = W(0)U(0) versus U’(o0). The fold point occurs at y = 1.02, U'(c0) =

1.347. The dashed curves represent an asymptotic approximations, derived in Kolokolnikov et al. [24].

Numerically, it has a fold point at U’(cc) = 1.347, y = 1.02. Thus if we choose U’(c0)
just above 1.347, the ring ceases to exist. Numerically, this corresponds the ring splitting
into two rings. The mechanism responsible for this is similar to the mechanism proposed
by Nishiura & Ueyama [34] for the case of g—: = 0(1) diffusivity ratio, and is described
below. We let

1 .
v = Z(W +en119el).¢(y)),

u= %(U 4 eim()etiay(y))’

to obtain the following leading-order eigenvalue problem:
D — P+ 2WVP+ WY =D

P _OWV D — WP =) (9.5)
Y/ (+o0) =0 = &(+o0).

Note that the leading order problem is independent of the mode m. It follows that all
modes m with m < % are stable, provided that the zero mode is stable.

At the fold point, we have % = 0 and therefore we see that
o g U AW
dy dy

satisfies (9.5). Solving this system numerically, we obtain a solution for @ that has a dent,
as shown in Figure 7. This is the eigenfunction that is responsible for ring splitting.

So as A4 is increased above the threshold where the steady-state solution dissapears,
the shape of the corresponding eigenfunction will deform the spike into two spikes. The
resulting two spikes will then move away from each-other. If the distance between them
becomes too big, their interaction becomes small enough and the whole process may
repeat again.
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0.4 |
0.2

FIGURE 7. Graph of the eigenfunction ¢ = ‘L—W corresponding to /4 = 0 at the fold point

U)W (0) = 1.02, U'(o0) = 1.347.

10 Numerical computations

We have performed numerical simulations of Gray—Scott model on a disk. We used
a second order discretization in space, combined with the forward Euler method in
time. Matlab was used for visualization. For all the simulations here, we chose R = 3,
e =0.05, t = 1, and discretized the radial and anglular direction into 60 and 30 intervals,
respectively. The time step was taken to be 0.00005. For initial conditions, we chose a ring
of radius rp = 1.5 of width ¢, and with very small, random perturbations in the angular
direction.

Note that throughout this paper we have assumed that \/@ < 1, s0 that 4 < A. (see
(1.6)). Even assuming \/@ = 0.1, we would need to take much more than 600R mesh
modes in the radial direction in order to resovle the ring whose core has width O(e). At
this time, we do not have the code to accurately simulate this regime. Thus we cannot
expect our simulation to have a good quantitative agreement with the theory.

Experiment 1 Here we qualitatively verify that the first unstable mode increases rapidly
as A is increased (see Figure 2). Starting from the same initial condition of a ring
of radius 1.5, Figure 8 shows the solution at time t=30 for 4 = 0.8,0.85,0.87 and 1.0. For
these values of 4, we observe that the ring breaks into m spots, where m = §,11,12,13,
respectively. This agrees with our theoretical prediction that the first unstable mode is
increased as A is increased.

Experiment 2 Next, we increase 4, approaching the ring-splitting regime. Figure 9 shows
a simulation for 4 = 2.0. The initial ring at ry = 1.5 starts to expand until its radius
reaches about 2.25. It then breaks into many spots. This implies that all lower-modes are
stable, but an instability at a very high mode is triggered. Moreover, the spots form both
at the outside and at the inside of the ring.

Theoretically, A = 2.0 corresponds to the regime A — c0. Note that for R = 3, we find
from theory that rg and A4, defined in Conjecture 2.1, are rg = 2.238 and A, = 1.837,
respectively. We cannot expect a good quantitative agreement since the value of ¢ in
our simulations is not small enough; nevertheless, we do find that the ring breakup in
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A=0.8 A=0.85

A=0.87 A=1.0

FIGURE 8. Solution at time t = 30 with A4 as indicated.

our simulations occurs at about » = 2.25 which agrees well with the predicted value of
rr = 2.238.

Experiment 3 (see Figure 10) For A = 2.2, the ring again expands until its radius reaches
about 2.25. This time however, the the instability is such that the inside of the ring splits
into many spots, whereas the outside of the ring moves towards to the boundary, and
remains stable for a much longer time. Eventually however, the outside of the ring also
breaks apart.

Experiment 4 (sece Figure 11) For A4 = 2.5, the ring splits into two. The two resulting
rings then start travelling apart. Some time later, the inner ring breaks up. Then much
later the outer ring also breaks.

Experiment 5 (Figure 12) Our last simulation is with 4 = 4. As a result, a single ring
eventually splits into four. The resulting rings then lose their stability, one-by-one, starting
from the innermost ring, and progressing towards the outermost ring. Note however that
the outer ring can remain stable for a very long time, and becomes unstable only after
the adjacent ring has been broken up.
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=20, A=2.0 t=60, A=2.0

=80, A=2.0 =290, A=2.0 t=1000, A=2.0

FIGURE 9. Contour plot of v for 4 = 2.0.

11 Conclusion and discussion

We have performed an extensive study of the ring-like solutions for the Gray-Scott model
in the regime where the ratio of the diffusivity coefficients g—f is small, using both rigorous
PDE theory (§3-8) and matched asymptotics approach (§9).

In Theorems 2.1, 8.1 and 8.3, we rigorously construct ring-like solutions in a ball, R
an annulus, or the exterior of a ball. Our approach is a Liapunov—Schmidt reduction
method, combined with asymptotic analysis. In the sub-regime where A= iﬁ is of
0O(1), we found that the ring-like solution on entire RN exists only if A is below some
threshold A.. This behaviour is very different from that of a bounded disk. For a disk of
radius R < oo, a ring-like solution always exists, and its radius is less than rg < R, where
rr is a zero of (J1Jor) (r).

In Theorems 2.2 and 2.3, we study the stability of the ring-like solutions in N = 2. We
have rigorously proved that the ring-like solutions are unstable for large modes 1 < m < é
Our approach is based on the study of a nonlocal eigenvalue problem, using functional
analysis developed in Wei [46] and Ward & Wei [42]. We found that the ring-like solution
on the entire space is always unstable with respect to the first mode of the angular
perturbation cos(0). By contrast, on a bounded domain, any given number of low modes
can be made stable by choosing A big enough. However an open question remains: can
a ring be stable with respect to all angular modes?
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=10, A=2.2 t=40, A=2.2 t=50, A=2.2

=130, A=2.2 t=170, A=2.2 t=1000, A=2.2

FiGure 10. Contour plot of v for 4 = 2.2.

When A = O(1), the equations for u and v cannot be decoupled at the core of the ring.
In such a regime, questions about existence and stability of the ring are reduced to a one-
dimensional core problem (9.1), which we can only solve numerically. Previous numerical
studies of the core problem (see Kolokolnikov et al. [24] and Muratov & Osipov [29])
show that in one dimension, spike splitting will occur if A is increased beyond a certain
threshold. In §9 we have found a similar threshold in two dimensions: if 4 > A, given
by (2.21) then the ring will split into two rings. Numerical simulations confirm this result.
For A just below 4., we conjecture that there exists a ring solution whose radius is
precisely rg. The angular stability of such ring remains an open problem.

In this work we have addressed the breakup instability of a ring due to O(1) perturb-
ations in the profile. Such instabilities correspond to O(1) unstable eigenvalues, and are
referred to as the large eigenvalues. We have not addressed the small eigenvalues that arise
due to translation invariance of the problem. An instablility of such an eigenvalue can
induce a dynamic change of the ring radius; higher mode small eigenvlaue can also lead to
a zigzag-type instability. See Kolokolnikov et al. [23] for the study on such an instability.

An interesting open problem is to examine a connection between a ring solution and a
spot solution. From (8.10), by using the near-zero expansions of the Bessel functions, for
a single ring on the entire domain with r small, we obtain:

A~ grln(r_l), r< 1
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=10, A=2.5 t=20, A=2.5 t=80, A=2.5

=340, A=2.5 =480, A=2.5

FiGure 11. Contour plot of v for 4 = 2.5.

However our analysis is only valid for r > O(¢) and breaks down when r = O(¢). On the
other hand, it is easy to show that spot solutions exist in the regime A2 = O(eln(e™")).
This suggests that a spot can bifurcate into a ring as A% is slowly increased beyond
O(¢In(e7")). Indeed numerical simulations suggest that this is indeed the case. When A
is large enough, an initial solution consisting of a spot tends to expand into a ring.
The ring then continues to expand until it breaks up into spots. On the other hand,
for smaller values of A, a single spot may be stable, or may undergo a self-replication,
resulting in two or more spots.

We now compare the our results with those obtained by Morgan & Kaper [28]. They
used the following scaling of the Gray—Scott model:

VO3 _pay By + Uy,
ds
AU
g’s) — AU 4+ App(1 — U) — UV2.

By scaling the variables as follows:

1
V=+Auv, U=u, SZEI, y =
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t=0, A=4.0 t=20, A=4.0 t=60, A=4.0

=130, A=4.0 t=180, A=4.0 t=1000, A=4.0

FIGURE 12. Contour plot of v for 4 = 4.0.

we re-obtain our system (1.2) with

T=£, 6= DAmk’ A= \/Amk
mk B B
or
1 1
Ak = D =¢1

= — B=—
2427 A%’

The paper by Morgan & Kaper [28] obtains results for the ring location and its stability.
In addition it contains a linear Turing analysis for the radially-symmetric solutions
together with full numerical simulations.

For the location of the ring, in Morgan & Kaper [28] the same formula (equation (2.35)
of [28]) is obtained as in Theorem 2.1. They use a Melnikov-type calculation to obtain
their results whereas we have used Lyapunov—Schmidt reduction. However, they do not
have any analytical results on the existence of solution to equation (2.35) of Morgan &
Kaper [28]. Indeed, they consider only a bounded domain — in which case a ring solution
exists for any choice of A. Our result on existence of the bound A, on A in case of the
unbounded domain is new. In the case of the bounded domain, we rigorously show the
existence of rg < R, which has the property that the radius of the ring ry — rg as A— .
This is also a new result. Another new result that we have obtained using the comparison
principle, is the existence of A for any given ring radius ro in the case of the unbounded
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domain. We also consider the general N-dimensional case and examine the qualitative
differences between two and higher dimensions (see the remark after proof of Lemma 8.1).
The analysis of Morgan & Kaper [28] on the other hand, is restricted to two dimensions.

For the stability analysis with respect to angular perturbations, we obtain a simple
sufficient condition (see Theorem 2.2) for when the ring is unstable with respect to
mode m. This condition is also necessary when t=0. Our condition involves only Bessel
functions of order m and the ring radius ryg. Our proof is rigorous and involves no
numerical computations. By contrast, the stability criteria for the mth mode in Morgan &
Kaper [28] is implicitly contained in integrals of hypergeometric functions which is then
solved by Mathematica. In both cases, the stability analysis is reduced to a non-local
eigenvalue problem. We also find that all modes 1<<m<<0( ) are unstable for any
7 < O(1), and all modes m > 35 " are stable (Theorem 2.3). These results are new.

For the ring-splitting regime A O(1), we use formal asymptotics and one-dimensional
numerics to derive an explicit bound A, in terms of R (see (2.21)) such that the ring-
splitting occurs when A > A.. This is a new result. We also show that the radius of the
ring for A just below A, is precisely rg. We then use full numerical simulation to confirm
existence of the ring-splitting regime. In Morgan & Kaper [28], ring splitting is observed
numerically but no analysis of this regime is performed there.

Finally, we mention related works by Muratov et al. [22, 29, 30, 31]. In Muratov &
Osipov [29] the authors use formal asymptotics to derive an expression for the radius
of the ring in three dimensions. Their result (see (5.12) of Muratov & Osipov [29])
does not depend on Bessel functions, unlike the result obtained here. In [30] they also
numerically observe ring breakup into spots, but no rigorous analysis is provided. In
Muratov & Osipov [22], a general, qualitative mechanism of ring breakup into spots for
general reaction diffusion systems is also discussed (see pp. 430-433), and a scaling law
is derived, predicting the instability of some high modes m, but without giving bounds
on the instability band. Theorems 2.2, 2.3 provide these bounds in the specific case of the
Gray—Scott model.

Appendix A: Proof of Proposition 5.1
We first prove that if (¢, c) satisfy (5.5) and (5.6), then for ¢ sufficiently small, we have

¢l < Clih]. (A1)

We prove it by contradiction. Suppose not. Then there exists a sequence ¢ — 0 and a
sequence of functions ¢, satisfying (5.5)—(5.6) such that the following holds:

el = 1, [l = 0(1),/ Po Zoa(t + 6y)¥ ' =0
Iy,

For simplicity of notations, we drop the dependence on k. Let

eN-—-1) , f, Wer
(+ey (p ¢+2Wst¢ 2(1_65 f[ Wgt Wg[

L[¢] = ¢" + (A-2)
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Then ¢, satisfies

L[] = h+cZy, ¢ (—E) = ¢, (?) =0. (A.3)

Multiplying (A.3) by w,, and integrating over I,, we obtain that

C/ Zs,th,t/ = - hws,z/ +/(Ls[¢s])we,t/« (A4)
I, I, I

e

The left-hand side of (A.4) is simply c( [, pwP~'(W')* + o(1)) since Z,; = 2w, w; + O(e).
The first term on the right hand side of (A.4) can be estimated as

[ s = oan
I,
The last term equals

!l /" & r_ ,_ f Sld)s 2 ,
/L (Ll = /1 | [«m + o ¢8+zwg,t¢s} ol =201 = )R / 2 s

I

= o([|p]l+).
Hence we obtain that
lc[ = O([[hll+) + o(l]+),

Next we claim that |¢.(y)] — 0 in any compact interval of R. In fact, we consider
$:(y) = ¢.x(ey). Then it is easy to see that ||¢,]|z2 < C and hence ¢, — ¢y weakly in
H?(R) and ¢, satisfies

|h+cZy |« = o(1). (A.5)

Lo =0, |po| < Ce ™.

By Lemma 3.1, we must have ¢y = cw’. On the other hand, f] ¢ Z.(t+ey)N"'dy = 0 and
hence f R powP~'w’ = 0, which implies that ¢ = 0. Hence, ¢ — 0 in any compact interval
of R. This shows that

[Weipsll« = sup [we (y)e(y)l = o(1). (A.6)

yel,
On the other hand, by Lebesgue’s Dominated Convergence Theorem, we have that

/ wao,(t +ey)N 1 -0,
f](ﬂ We Qe 5
—_— W

I,
‘ f] Wi

Thus we have arrived at the following situation: ¢, satisfies

(N — 1 _
0+ D0 go=o 0/ (<1) =0/ (B2 ) =00 =0t (s

which implies that

=o(1). (A7)

*

https://doi.org/10.1017/50956792505005930 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505005930

Ring-like solutions 235

We claim first that ¢.(0) = o(1). In fact, suppose not. There exists a sequence of ¢ — 0
such that ¢.(0) = Jo for some constant do > 0. By taking a subsequence, ¢, (y) — do(y)
in C? (R) and ¢, satisfies

" — o =0, $o(0) =39 >0, Po=0(")

which is clearly impossible.

So ¢.(0) = o(1). Similarly we have ¢.(0) = o(1). Then by the comparison principle,
¢. = o(1) for y € I,. This proves (5.7).

Finally, the existence follows from the Fredholm alternative. To this end, let us set

A = {uec H'R)|(u,w,') = 0}.

Observe that ¢ solves (5.5) and (5.6) if and only if ¢ € H!(RY) satisfies

B f Wzlfl
/}R (VoVy + ¢p) — p(wly ' b)), — qm’*'f—fmwzt, W), = (hy), VyeH'(RY)
N I

L Wet
This equation can be rewritten in the following form:
¢+ (¢)=h, (A9)

where . is a linear compact operator form # to # , h € # and ¢ € H.

Using the Fredholm alternative, in order to show that equation (A.9) has a uniquely
solvable solution for each &, it is enough to show that the equation has a unique solution
for h = 0. To this end, we assume the contrary. That is, there exists (¢, c) such that

Ll: [¢] = CZI:J: (AIO)

¥ (=) =000 =0 a5y = 420,820 =0 (A1)

From (A.10), it is easy to see that |¢|. < +o0. So without loss of generality, we may
assume that ||¢|. = 1. But then this contradicts to (A.1).
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