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Let ® be a random k-SAT formula in which every variable occurs precisely d times positively and
d times negatively. Assuming that & is sufficiently large and that d is slightly below the critical
degree where the formula becomes unsatisfiable with high probability, we determine the limiting
distribution of the number of satisfying assignments.
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1. Introduction

In order to study random instances of constraint satisfaction problems, it is key to get a handle
on the number of solutions. In fact, in many examples such as k-colourability in random graphs
the best current estimates of the threshold for the existence of solutions derive from calculating
the second moment of the number of solutions [3, 11]. Furthermore, if the number of solutions is
sufficiently concentrated, then typical properties of random solutions as well as the geometry of
the set of solutions can be studied by way of the ‘planted model’, an easily accessible distribution
[1]. However, prior to this work the limiting distribution of the number of solutions has not been
determined precisely in any of the standard examples of random constraint satisfaction problems.

In this paper we show how the limiting distribution of the number of solutions can be obtained
by combining the second moment method with a subtle application of the ‘small subgraph
conditioning’ technique. The concrete problem that we deal with is the random regular k-SAT
problem. In this model there are n Boolean variables xj,...,x, and m = 2dn/k Boolean clauses
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of length k. We always assume that k divides 2dn. The random formula ®, (d, k) is obtained by
choosing without replacement for each variable x; precisely d out of the km available literal slots
where x; appears positively and another d slots where x; appears negatively. Let Z be the number
of satisfying assignments of ® = @, (d, k).

For k exceeding a certain constant ky an explicit literal degree dj_sar is known such that [9]

liminfP[® is satisfiable] >0  if d < djsar,

n—oo

(1.1
lim P[® is satisfiable] =0  if d > dj.sar-
n—oo
While the precise formula is cumbersome, in the limit of large k we have
2dj.sar/k=2"In2 —kIn2/2 — (1+1n2)/2 + &, where I}im & =0. (1.2)
—yoo

Our main result determines the limiting distribution of Z for degrees d almost (but not quite)
matching dj_sar.
Theorem 1.1. There exists a constant ky such that for all k > ko and d > 0 such that
2d /k < 2"In2 — kIn2/2 — 4, (1.3)
the following is true. Let ¢ = q(k) € (0, 1) be the unique solution to the equation
2g=1-(1-¢9) (1.4)

Moreover, for 1 > 1 and 0 <t < let

a,,,:le(f)(w—l)z(d—l))’(ddl)’ 6= (~1)(2g— 1)’ (15)

and let (M), be a family of independent Poisson variables with E[A;,] = A;,. Then the random
variable

W =TT+ 8.)™ exp(—y,610) (1.6)

1>1 1<l

satisfies E[W?] < oo, and with Z the number of satisfying assignments of the random formula
D, (d, k) we have

. Ga(l—q)" /TTE—Tg K e

2"(2q)"

in distribution. (1.7)

It is not difficult to verify that
nin2+min(2q) — (dn)In(4g(1—q)) = Q(n) (1.8)
for d satisfying (1.3), and additionally that E | InW| < . Hence, (1.7) and (1.8) imply that InZ =
Q(n) w.h.p. for such d. The particular event Z > 1 is of particular interest.
Corollary 1.2. For k > ko and d satisfying (1.3) we have
lim P[® is satisfiable] = 1.

n—oo
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The constant 4 in (1.3) is not optimal. In fact, a truncated second moment argument as in
[12] in combination with an argument similar to [5] might extend the above results up to the
exact ‘condensation threshold’ of the regular k-SAT problem, although both steps would require
substantial technical work. For an in-depth explanation of the condensation phenomenon we refer
to [5].

Related work
Random regular k-SAT instances were first studied by Rathi, Aurell, Rasmussen and Skoglund
[22] via the second moment method. They proved that

liminfP[® is satisfiable] > 0

n—oo

for degrees d close to disar. The latter was determined by Coja-Oghlan and Panagiotou [9] by
a second moment argument that incorporates ‘Survey Propagation’, a technique from statistical
physics [19]. A closely related paper by Ding, Sly and Sun [14] studies the regular k--NAESAT
problem, which asks for a satisfying assignment whose inverse is satisfying as well. In fact, Ding,
Sly and Sun have an argument based on Fourier analysis that shows that the NAE-satisfiability
probability is not just bounded away from 0O but actually converges to 1 (in contrast to (1.1)).
Recently Sly, Sun and Zhang [24] extended this argument to calculate the expectation of the nth
root of the number of NAE-solutions. This is quite a difficult problem due to a phenomenon
known as ‘replica symmetry breaking’ in physics [19]. However, [24] does not determine the
limiting distribution.

Conceptually the regular k-SAT model is simpler than the better known uniform model where
a specific number of clauses are drawn uniformly and independently. This is because the local
structure of regular formulas fluctuates less as each variable has precisely d positive and d
negative occurrences and the total number of cycles of a fixed length is bounded w.h.p. In the
case of uniformly random k-SAT formulas Frieze and Wormald [16] used the second moment
method to determine the k-SAT threshold in the case that k = k(n) — oo as n — e. Moreover, for
clause lengths k that remain fixed as n — oo, Achlioptas and Moore [2] significantly improved
the previous lower bound on the satisfiability threshold by applying the second moment method
to the number of NAE-solutions. Working with ‘balanced’ assignments instead, Achlioptas and
Peres [4] improved the NAE-lower bound by a factor of two. This left an additive gap of ©(k)
between the lower bound and an upper bound of Kirousis, Kranakis, Krizanc and Stamatiou [18].
Coja-Oghlan and Panagiotou [9, 10] narrowed the gap to a function that tends to 0 in the limit
of large k by a second moment argument inspired by Survey Propagation. Finally, Ding, Sly
and Sun [15] determined the precise satisfiability threshold in uniformly random formulas for
sufficiently large k via a second moment argument that fully rigorizes the Survey Propagation
calculations.

We prove Theorem 1.1 by combining the second moment argument from [10] with small
subgraph conditioning. This method was originally developed to prove that random regular
graphs of degree at least three are Hamiltonian w.h.p. [23]. Using Skorokhod’s representation
theorem, Janson [17] showed that small subgraph conditioning can be used to obtain limiting
distributions. However, Janson’s result does not seem to apply directly in our context. Instead,
we perform a variance analysis along the lines of [23] for a family of random variables that count
satisfying assignments with certain peculiar properties.

https://doi.org/10.1017/50963548318000263 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000263

The Number of Satisfying Assignments of Random Regular k-SAT Formulas 499

Based on an early version of the present paper, the technique explained in Section 2 was used
by Rassmann [21] to analyse the number of 2-colourings of random k-uniform hypergraphs.

Notation and preliminaries

Throughout the paper we tacitly assume that n is sufficiently large, that k exceeds a sufficiently
large constant k( and that d satisfies (1.3). We encode the Boolean values ‘true’ and ‘false’ by 1
and —1, respectively. Moreover, we extend truth assignments ¢ : {xi,...,x,} — {£1} to the set
of literals by letting o(—x;) = —0(x;). We use O-notation with respect to both n and k, with the
convention that O(1), o(1) etc. always refer to the limit as n — eo. For a number / and an integer
h > 0 we write

=11 -9

0<i<h
for the falling factorial; in particular, /2 = 1. Further, with the convention In0 = —co, 0In0 =
01n% = 0, we recall that the Kullback-Leibler divergence of two probability distributions p =
(Px)xex»q = (gx)xex on a finite set X is

Dxi(gllp) = T gln ™ € [0,0]. (1.9)

xeX X

Further, viewing p = (py)cex,q = (qx)rcx as vectors in RY, we let

||I7_Q||2: 2(px_qx)2'
xXeX
Finally, we denote the scalar product of vectors &, 1 by (&,7) and we write 1 for the vector with
all entries equal to one (in any dimension).

2. Overview

The basic insight behind small subgraph conditioning is that the fluctuations of InZ can be
attributed to the number of certain small sub-structures of the random formula ®. To elaborate,
we rephrase the definition of ® by modifying what is essentially a bijection model due to
Békéssy, Békéssy and Komlds [7] in the context of matrices with given line sums. With the
incorporation of signs, it becomes the following: we view @ as a uniformly random bijection

[m] X [k] = {x1,...,x,} x [d] x {£1}, (i,)) — @i, /] 2.1

Thus, (2.1) maps each clause index i € [m] and each position j € [k] in that clause to a Boolean
variable x € {x|,...,x,}, an index & € [d] (denoting which of the d copies of the literal is used),
and a sign s € {£1} indicating whether the variable appears as a positive or as a negative literal.
In terms of propositional formulas, the triple ®[i, j] corresponds to the literal x if s = 1 and
—x if s = —1. Let us write d(i, j) = do(i, j) for the first and sign(i, j) = signg (i, j) for the last
component of ®[i, j]. Then an assignment o : {x;,...,x,} — {£1} satisfies ® if and only if
min;e |, Max ;e sign(i, j)o(d(i, j)) = 1. Thus, we can write

i L1 —sign(i, j)o(9(i, )))
S ([ =)
o {x1, Xy p— {1} i=1 J=1
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Figure 1. The indices along a cycle with / = 3 clauses in the factor graph. The squares represent clauses and the circles
variables.

Because (2.1) is a bijection each variable appears precisely 2d times in total in the corresponding
propositional formula, namely d times positively and d times negatively. Further, for a literal /
and an index 4 € [d] we let d(I,h) = do(I,h) denote the pair (i, j) € [m] x [k] such that D[i, j] =
(x,h,1)if I = x and @[i, j|] = (x,h,—1) if | = —x.

It is natural to represent @ by a bipartite multigraph, the factor graph G(®). It has vertices
[m] corresponding to the clauses and vertices {xj,...,x,} representing the Boolean variables.
For each pair (i, j) € [m] x [k] we insert an edge between i and the variable x such that @[i, j] €
{x} x [d] x {£1}. Additionally, we annotate the edge by sign(i, j) € {£1}. Of course, G(P) may
well have multiple edges.

Because the factor graph is sparse and random, standard arguments show that it is unlikely to
contain many short cycles. Hence, if we explore the factor graph from a randomly chosen root
clause for some bounded number 2/ of steps, then we will typically see a ‘deterministic’ tree in
which each clause has degree k and every variable has d positive and d negative occurrences.
However, a bounded number of clauses will take part in any cycles of length at most 2/. As
it will be important to keep track of the literal signs traversed along the cycle, for a given s =
(52,...,5241) € {1} we let C; = C;(®) be the number of cycles of length 2/ in which the initial
literal has sign s,, the second one has sign s3, efc. (The starting index is chosen for convenient
index arithmetic.) We call s the sign pattern of the cycle. Moreover, to avoid overcounting we
always deem the clause with the smallest index the starting point of the cycle, and the cycle is
oriented towards the slot of that clause with the smaller index. Formally, given / > 1 and a sign
pattern s = (s,...,521) € {#1}%, let C; be the number of sequences (i2, j), ..., (i1, jor11) €
[m] x [k] such that
CY1 i, =iy = min{ia,. .., iy} and ip, ..., iy are pairwise distinct,

CY2i =i iftisodd,

CY3 9(ir, ji) = A(ir+1, jir1) if t is even but d(ia, j2), - - -, d (iz, jor) are pairwise distinct,
CY4 we have jr < jo11,

CYS5 sign(iy, j,) = s, for all 7.

See Figure 1 for an illustration. Moreover, for £ > 1 let Fy = F; ,(d, k) be the o-algebra generated
by the random variables C; with s € ;< {£1}%.
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By the standard decomposition of the variance, we can write for any £ > 1
E[Z%] - E[Z]* = E[E[Z|F]* — E[Z])]| + E[E[Z*|F/] - E[Z| F/]*. 2.2)

The term E[E[Z|F;)> — E[Z]?] accounts for the amount of variance induced by the fluctuations
of the number of cycles of length at most 2¢. Given the number of cycles of length at most 2/,
the conditional variance Var[Z| F;] = E[E[Z?| F,] — E[Z|F;)?] remains. Generally, small subgraph
conditioning is based on showing that

E[Z*| 7] - E[Zz]} _o. 2.3)

limlimsupE { E[Zf

l—oo 1 veo
In other words, in the limit of large ¢ and n, with n growing much faster than ¢, the second
summand in (2.2) is negligible. Thus, once we condition on the number of short cycles the
variance is tiny. If so, then the limiting distribution of InZ is just the limit of InE[Z|F;] as
n,{ — oo, which is determined by the joint distribution of the number of short cycles.

Due to the combinatorial nature of the regular k-SAT problem a direct attempt at proving (2.3)
leads to fairly unpleasant calculations. Indeed, the inherent asymmetry of the Boolean values
‘true’ and ‘false’ causes the formula for the second moment of Z to involve implicit parameters
that we find tedious to track directly (although it might be possible). Similar issues arise in other
random constraint satisfaction problems as well. Further, they also appear in the formula for the
k-SAT threshold in the regular k-SAT problem [9].

In this case, we are able to develop a version of the small subgraph conditioning argument
that does not require such extensive calculations. To this end, we decompose Z into a sum
of contributions that are tractable by fairly simple combinatorial considerations. Specifically,
let = {£1}*\ {(—1,...,—1)} be the set of all 2 — 1 truth value combinations that satisfy a
Boolean clause (i.e. everything but ‘all-false’). Also, let M(d,k,n) be the set of all probability
distributions 1 = (1 (0))gex on X such that mu (o) is an integer for all o € X and

> u(o)(o,1)=0. (2.4)
oEx
(The relevance of this constraint will be made clear.) In addition, define Z, = Z,(®) as the
number of truth assignments 7 : {xi,...,x,} — {£1} such that
1 k

=— Y [ {sign(i,j)t(d(i,j)) = 0;} forallc €X.

i=1j=1

S

In words, Z,, is the number of satisfying assignments of ® such that for each o € X precisely
m(o) clauses are satisfied according to the ‘truth value pattern’ o. Since the total number
of true literals and false literals are equal, all possible distributions on X satisfy (2.4) and are
included in M(d, k,n), and thus

Z= 3 Z. (2.5)

ueM(d k,n)

Crucially, (2.5) decomposes the random variable Z, whose value is typically exponential in n
for the regime of d,k that we deal with, into a polynomial number | M (d,k,n)| < O(n'*) of
summands.
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We are going to apply small subgraph conditioning to the individual random variables Z;
rather than Z. The key advantage is that we will be able to evaluate the second moment of Z,
almost mechanically by way of the central limit theorem for random permutations [8].

This approach is facilitated by the observation that only a fairly small subset of M(d,k,n)
contributes to (2.5) significantly. In fact, recalling g from (1.4), define a probability distribution
[t on X by letting

B 1 —ag))k/2 33510
fi(o) = (lq(_(lci);)k (1351) . (2.6)

Further, let M, = M(d, k,n) be the set of all u € M(d, k,n) such that ||y — fi||, < @om™'/2,
Then our strategy is to show that for any fixed number @ > O the double limit (2.3) with Z
replaced by Z,, vanishes uniformly for u € M,,. In Section 3 we calculate the first moments of
the random variables Z,,.

Proposition 2.1. The first moments satisfy

2'(29)"(4q(1 —q)) "

ElZ =exp(Q(n and 2.7
e = () @)
E[Z
lim liminf )’ 2] _ (2.8)
W—ro0 p—yoo wer, E[Z]
Furthermore, for any ® > 0 we have
limsup max |InE[Z,;]+In| M| —InE[Z]| < co. (2.9

n—oo HGMw

In addition, we need to work out the covariance of Z, and the cycle counts C;. As a first
step, we study the unconditional distribution of the random variables C;. For [ > 1 and s =
(52,.-,8211) € {£1}* define

15/
1 (k—1\ d—1) 2 Zi=1528i1
As = 21<2> (d(d—1))"? <d> . (2.10)

Proposition 2.2. Let S C ;s {1} be a fixed finite set of sign patterns. Moreover, let (cy),cs
be a fixed family of non-negative integers. Then
limP[Vs € S: C; = ¢,] = [[P[Po(A) = c,]. @.11)

N
e seS

Further, for / > 1 and s = (s2,...,8041) € {£1}* let

M N M7 - s = 71 t MS")'S i1 212
l <1—q q > : < q 1—q>’ 2 +rg $2182011 (2.12)

Since

()l () (). e
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we obtain

S5, = (_1)2?:1(1*521'52#1)/2(261_ 1)1. (2.14)

Proposition 2.3. Let S C U;o {1} be a finite set, let (c,)ses be a family of non-negative
integers and let @ > 0. Then
E|Z,1 Gy =cy
lim max [Zul{vs €S5:C =c
n—ree e My E[Z,]

} —TIPPo((1+8)As) = c]| = 0. (2.15)

seS

Moreover, & > —1 forall s, (2d —1)(k—1)(1 —4q(1 —q)) < 1 and

Yoy Aa8i= —%m(l —(2d—1)(k—1)(1—4g(1 —q))). (2.16)

I>1se{x1}

The proofs of Propositions 2.2 and 2.3 can be found in Section 4. Finally, in Section 5 we
establish the following bound on the second moments of the Z,.

Proposition 2.4. For any @ > 0 we have

limsup max E(Z}]/E[Zu)* < (1—(2d — 1) (k—1)(1—4q(1 —q))) /2.

n—eo HEMg

We now derive Theorem 1.1 from Propositions 2.1-2.4. Basically, we are going to argue
that the variance of the random variables Z, comes almost entirely from the variation in their
expected values conditional upon Cs, as described at (2.2). Although we do not use any technical
statements from those papers directly, the argument is an adaptation of conditioning from [17,
20, 23] to the present context, which has one critical twist: instead of working with a single
random variable Z, we need to control all the random variables Z, with u € M,, for a fixed
o > 0 simultaneously. In fact, ultimately we are going to have to take the limit @ — < as well.
Recalling that 77 is the o-algebra generated by the random variables C, with s € ;< {*£1 12,
we begin with the following bound.

Lemma 2.5. For any @ > 0 we have

=0.

- E[Z;| 7] - E[Z,| F]?
lim limsup max E
(=0 e UEMg ]E[Z”]2

Proof. Spelled out in detail, we aim to prove that
Ve > 030 = fo(e) > 0OVl > lydng = I”l()(S,f) > 0Vn > no, l € Mg :
E[E[Z|Fi] - EZy|Fi]’] < e E[Z,)*.

For £ > 1 and B > 0 let T'(¢, B) be the set of all families ¢ = ()¢ ,_,+1y2 of integers 0 < ¢; < B.
By Propositions 2.2 and 2.3 for any € > 0 we can choose B = B(g) > 0, {y(g) > 0 sufficiently
large that, for any ¢ > ¢y (¢€) for sufficiently large n > no(g, ¢, B), all 4 € M, satisfy the following
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(the first is by definition):

A
E[E[Zu|Fi)?] > IT II
14 =c 2
—82)JE[ZH]2 H H P[PO((I"'&MJ)— S]

E[Z,1{VI < l,s € {£1}* : Cy = ¢, }]?
PVI< s e {£1}2:C :cs]

cel(¢,B) I=1se{+1}2 P[PO()LY) = cs]
: ((1+8)2,)*

= exp( ) A,

ceT (L, B)llgllqe{il}zl cs!As exp(2(14 &) A — Ay)

: E(1+8)%
=exp(— ZMH H exp(— 1+5)A+A)z%

I=1se{£1}% = J!
EEFep| 24, 3 &A 2.17)

>15e{£1}2

The last step here uses the fact that the number of possible A, as defined in (2.10), is bounded
for fixed k, d and [. Since

E(z;] = E[E[Z;|F(]] = E[E[Z; | 7] - E[Zy | 7] + E[E[Zy | 7)),
Proposition 2.4 and (2.17) imply that for sufficiently large ¢,n and all u € M, we have
E[E[Z; | Fea] — E[Zu| Feal’] < €EZ,),
as desired. Ll

Corollary 2.6. For any o > 0 we have
hm 11msup]P’[|Z E[Z|F]| > oE[Z]] = 0.

n—oo

Proof. Proposition 2.1 shows that for any o > O there is @ > 0 such that

E[Z
liminf Y’ Z,]

>1—a’. (2.18)
noe E[Z]

Pick a small € = €(o, ). By Lemma 2.5 we can choose ¢ = {(ct, €, ®) sufficiently large that for
large n all u € M, satisfy

E[E[Z}|Fi] — E[Zy|Fi)*] < €E[Z,]*. (2.19)
Now define

Xu = |Zy — E[Zy| F)[1{|Zy — E[Zy|Fi]| > aE[Z,]}, X = % Xy
HEM,

Then

X<a Y EZJ)=| Y Z.—-E[Z,F]| <20 Y, E[Z.]. (2.20)
neMg neMg neMg
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Furthermore, using Chebyshev’s inequality at the step introducing the variance,
EXu|Fi] < Y 2 aE[Z,]PX, > 2/ aE[Z,]]
j=0
< Y 2 0E[Z] P12y~ E[Zy| )| > Yo E[Z,]
>0
> Var[Z, | F/] . 4Var(Z,|F/]
S &2i-laEZ,) T aE[Z,]

j=0
Hence,
4 Var[Z,|F] 4 Var([Z, | F/]) E[Z,]
EX|F| < — —— = —E|Z _— . 2.21
XFI<e, 2 “Bml oA % TEzp sm Y

Further, by Proposition 2.1 there is a number ¥ = y(®) such that E[Z, |/ E[Z] < y/| M| for all
u € M. Therefore, (2.21) yields

4yE[Z] 3 Var(Z, | F/]

a|M“’| HEM, E[Zu]z

E[X|F] <

Choosing ¢ sufficiently small, we obtain from (2.19) and the tower rule that
4vE[Z] E[Var[Z, | F/]] - 4eyE[Z] -

B =EEXIFI< G B g <o S

a’E[Z)]. (2.22)

Combining with (2.18) and (2.20), for n sufficiently large we obtain

d

S z,-BlzlR]| <20 3 Bl >Fx<o 3 )

neM,g HEM ueMy
> PX < a(l —20*)E[Z]
>1-2a
for o sufficiently small (using Markov’s inequality and noting that X is non-negative), as desired.
U]
Lemma 2.7. Let
¢
I=1se{£1}%
Then
limsuplimsupP[|InE[Z|F/| —InE[Z] - U;| > €] =0 forany e > 0. (2.24)

l—o0 n—oo

Proof. Let B > 0, let Cp be the event that C; < B for all [ < / and s € {il}y and define
Urp = U 1{® € Cp}. Proposition 2.2 ensures that for any £,€ > 0 there is B > 0 such that

P[Cs] > 1 —e. (2.25)

Additionally, choose @ > 0 sufficiently large that for a sufficiently small oc = o(g,¢,B) we have
for n sufficiently large, using (2.18), that 3., c o, E[Z,] > (1 — o) E[Z]. Then, noting A, > 0 and
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using (2.5), Propositions 2.2 and 2.3 imply that for any assignment of values to ¢, s € {1}%,
with ¢; < B for all s we have for large n

EZVI< bse{+1}:Co=c]> Y E[Z,VI<{lse{£1}":C =]
ueMoy
o((1468)As) = ¢
> exp(—
ESGE}H TP’[ 0(4s) = ¢
=exp(—¢€)E[Z,] [ (1+8,) exp(—8,As). (2.26)
I<ls

Similarly, assuming that ¢ is chosen sufficiently small, for sufficiently large n we have (bounding
E[Z|W] by E[Z]/P[W] in the first step)

20E[Z]
ngl,sP[Po(AS) = ¢

+ Y E[Zu Vi<t se{£1}:C =
UEM,
<exp(e)E[Zy] [T (14 8,)% exp(—8is). (2.27)

I<l,s

Combining (2.25), (2.26) and (2.27) and taking logarithms completes the proof of (2.24). ]

E[ZVI< s € {£1}2:Cy=¢,] <

Proof of Theorem 1.1.  Let (A,); ; be a family of independent Poisson variables with EA; = A,.
For ¢ > 1 we define

‘
H IT (148)" exp(—A8,).
1=1 se{+1}2

Then Proposition 2.2 shows that for each ¢ the random variables Uy from Lemma 2.7 converge
in distribution to InW; as n — eo. Moreover, comparing (2.10) and (2.14) with (1.5), we see that
the distribution of W, coincides with the distribution of

H H (1+6S)A“ exp(_ll,t(sl.t»

1<00<e<]

Furthermore, following [17, Section 5] we note that the sequence (W;), is a martingale because
E[(1+ &)™ exp(—A:68;)] = 1 for all sign patterns s and is in fact L>-bounded as

E[((1+8,)" exp(—2:8,))°] = exp(87 As)

and ¥, 82, < . Hence, the L?* version of the martingale convergence theorem implies that W
is well-defined and that the W, converge to W almost surely and in L? as £ — oo, Therefore, the
assertion follows from Proposition 2.1, Corollary 2.6 and Lemma 2.7. L]

3. The first moment

We continue to assume that k > ko and that d satisfies (1.3).
In this section we prove Proposition 2.1. We begin by calculating E[Z]. By linearity of expecta-
tion this comes down to calculating the probability that a fixed truth assignment 7 : {x1,...,x,} —
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{1} is satisfying. With the notation introduced in Section 2, we thus aim to calculate the
probability that

minmaxsign(i, j)t(d(i, j)) = 1.
i€[m] jelk]

Hence, we need to get a handle on the random =+1-sequence

(Sign(i7 ])T(a(lv j)))ie[m].,je[k]-

Clearly, because every literal has an equal number of positive and negative occurrences, for every
assignment T we have

Y, sign(i, j)T(d(i, j)) =0. 3.1
i€[m],j€k]

To compute E[Z] we merely specialize the first moment computation that was done in [10]
in greater generality to the regular k-SAT model.! Thus, following [10] we study the sequence
(sign(i, j)T(d(i, )))i,; by means of another random =+1-vector ¥ = (Xij)icim], jcii- With g from
(1.4) the entries j;; are mutually independent such that P[y;; = 1] =g and P[y;; = —1] =1—q.
Consider the event B = {Zie[m]d-e[k] Xij = 0}. Then the following is immediate from (3.1) and the
definition of the random formula ®.

Fact 3.1. Ler t:{xy,...,x,} — {£1} be a truth assignment. Then the conditional distribution
of x given B coincides with the distribution of (sign(i, j)t(d(i, j)))i,-

Hence, to calculate E[Z] we need to figure out the probability of

S = {minie[m] max ek Xij = 1}

given .

Lemma 3.2. We have

(1=(1=¢)")"(49(1 —¢))~"
2+2(k—1)g—k

P[S|B] ~

We prove Lemma 3.2 by calculating P[S],P[B] and P[5|S] and applying Bayes’ rule.
Claim 3.3. We have P[S] = (1 — (1 —g)*)™.

Proof. The probability that for some i € [m] we have max ;e xi; = —1 equals (1 —g)*. Hence,
the claim is immediate from the independence of the entries of . L]

! Although it is not included in [10] explicitly, Konstantinos Panagiotou and the first author actually had the proof of
Lemma 3.2 on the blackboard. The formula given for the first moment in [22] is equivalent but of a slightly different
form.
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Claim 3.4. We have

vls] = (7)o a)".

Proof. As 2dn = km the assertion follows from the independence of the entries of . L]
Claim 3.5. We have P[B|S] ~ (mkm(1 —k/2+ (k—1)q))~ /2.

Proof. LetX =3X7", 2’;:1 1{y;; = 1}. Then B = {X = dn}. Moreover, the choice (1.4) of ¢
ensures that

kmg
1—(1-¢)
Further, given S, X is merely the sum of the independent random variables X; = 2’;:1 =1}
and

E[X|S] = =dn. (3.2)

Var[Xi|S] = Var(Bin (k,q)) = kQ(llf (q1)+ q()?) B (1 - (ﬁqf q)k)

k
=5 (1 =g=k/2+kq).

Consequently, Var(X|S) = km(1 —g—k/2+kq)/2. Thus, the assertion follows from (3.2) and
the local limit theorem for sums of independent random variables [13]. ]

Proof of Lemma 3.2. By Bayes’ rule, Claims 3.3-3.5 and Stirling’s formula,

_PIBISIPIS] _ (1= (1—q})"
P[8|B] ]P’[B] - \/n:km(l —q—k/2+kq) . (kfnl”r/lz) (q(l _q))km/2
=1 —-g))"(4q(1 —q)) "
242(k—1)g—k
as claimed. ]

Proceeding to the expectation of Z,,, we let M (o) be the number of indices i € [m] such that the
random vector x satisfies y;; = o; for all j € [k] for 0 € £ = {£1}*\ {(—1,...,—1)}. Further,
for p € M let

Sy ={M(o) =mu(o) forall c € Z}. (3.3)

Claim 3.6. Forany u € M we have

Pls,I5nS]= (1 ) a1 - @) PIBNS)

Proof. The definition of the set M ensures that S;, C SN 3. Therefore, the lemma follows from
the independence of the entries ;. U
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Proof of Proposition 2.1. Combining Fact 3.1, Lemma 3.2 and multiplying by the total
number of truth assignments, we obtain

Bz . (1= (1=0))" g1 )"

34
242(k—1)g—k
Further, expanding (1.4), we see that the unique solution ¢ € (0, 1) satisfies
1
g==—-2""F 1 0(k/4"). (3.5)

2
Hence, recalling (1.3), we obtain
InE[Z] = n[ln2+ 2k 'dIn(1 — (1 —¢)*) —dIn(4q(1 —q))] +0(1)
=4n(27" 4+ 0(k*47)) = Q(n). (3.6)
Finally, (2.7) follows from (3.4) and (3.6).

To complete the proof of Proposition 2.1, fix a number @ > 0. The definition vectors i € M,
must satisfy the two conditions Y5 (1(0) =1 and Y g5 (0){1,0) = 0. Therefore,

|Me| =0 (mHE72), (3.7)

with the number hidden in the ©(-) dependent on ®, of course. Further, Claims 3.3, 3.5 and
Claim 3.6 and Stirling’s formula imply that uniformly for all u € M,,,

pls, 0] = oty () {40

m ) (1—(1—g)*)m
_ dn
:@(ml‘)"/z)(l(q’(l(1 q?)k)m | Izu(o)‘"’“(")-

Rewriting the last expression in terms of the distribution fi from (2.6), we obtain
P[S,|BNS] = O(m' 72y exp(—mDgy (u||f)) uniformly for u € M. (3.3)

Since the Kullback—Leibler divergence, whose definition we recall from (1.9), attains its global
minimum at the point 4 = {1 and because its second and third derivative are bounded at this
point, (2.9) follows from (3.7), (3.8) and Fact 3.1. Finally, (2.8) follows from (3.8) because the
Kullback-Leibler divergence is strictly convex. L]

4. Counting cycles

4.1. Proof of Proposition 2.2

Similar results were proved for bipartite graphs in the second author’s PhD thesis [25]. (See
Proposition 3.5 for example, and Theorem 3.12 more explicitly for biregular bipartite graphs of
large girth.) The (minor) difference here is that the sign patterns of the cycles are specified. The
key step of the proof is to establish the following lemma.

Lemma 4.1. Let S C ;o {1} be a finite set and let (c,),cs be a non-negative integer vector.
Then

imEJ]C =]A¢

N
e es ses
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Proposition 2.2 is immediate from Lemma 4.1 and standard results on convergence to the
Poisson distribution (e.g. [6, Theorem 1.23]). To prove Lemma 4.1 we recall that the random
factor graph G(®) is obtained by linking clones of clauses and literals according to the random
bijection (2.1).

Claim 4.2. Fix an integer b > 1. The expected number of sets of at most b vertices that span
more than b edges in G(®) is O(1/n).

Proof. Suppose that by, b, > 0 are integers such that by +b, = b and let b3 > b. Let Y (b1, by, b3)
be the number of pairs (A, B) such that A C {xy,...,x,}, |A| = b1, B C [m] such that AU B spans
at least b3 edges in G(®). Then

2dby\ (kb
Y (b1 babs) < (Z) (Z) ( b3‘) (b32>b3!(2dn—b3)!/(2dn)!; 4.1

indeed, the binomial coefficients count the number of ways of choosing b; variables, b, clauses
and b3 ‘clones’ of the chosen variables and clauses. Then there are b! ways of matching these
chosen clones up and (2dn — b3)! ways of joining the remaining clones. By comparison, the total
number of bijections (2.1) equals (2dn)!. The right-hand side of (4.1) is O(1/n) because b3 > b.
Finally, the assertion follows by summing over all b;,b, such that by + b, = b and all b3 such
that b < b3 < min{2db kb, }. L]

Let/ > 1 and let s € {£1}*. As a warm-up we calculate E[C;]; in the process we introduce a
bit of notation that will prove useful in Section 4.2 as well. Each cycle with sign pattern s arises
as follows. We start from some clause vertex i of G(®). Then we alternate between variable
nodes and clause nodes such that the signs decorating the edges that we walk through are as
prescribed by s. Finally, the /th variable loops back to the original clause that we started from.
Of course, given the starting clause 7, each such walk can be encoded by specifying the clones
of the clause/literal clones that we follow at each step. Thus, we let I(s) be the set of all families
(jhagh)h:Z,m,21+l with j, € [k], gn € [d] such that

o Jjo# juyi and jopgy # jonso forall h <1,
o g, 7 gony for all ki € [I] such that so;50,+1 = 1.

See Figure 2 for an illustration. Then
!
[1(s)| = (k(k—1))*d’ H(d _ 1)(1+52h52h+1)/zd(1732}152}1+1)/2' 4.2)

Further, for i € [m] let Co (s, 1, j, g) be the event that the cycle prescribed by (j,g) € I(s) material-
izes from the starting clause i. That is, if we define i =i and i5;— = i5; = d(9 (i2—2, jor—2),82-1)
fort > 2, then (i, j) satisfies the conditions CY1-CY5 and

iy, ji] € {x1,... . xa} x {g} x {£1} forallr=2,... 21+1.

We claim that

i Z PlCo(s,i,/,8)] ~ @(2/“1)” = A 4.3)
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j77g77s7 j27g27S2

J6>86556 J3,83,53

Figure 2. The indices jj, g along a cycle with [ = 3 clauses, with squares representing clauses and circles variables.

Indeed, because @ comes from the random bijection (2.1), the probability that for & € [2]] the
Joanth clone of clause iy, is connected to the g,;th clone with sign sy, of some variable is (2d )’1 +
o(1). Further, the probability that the g,;th clone with sign s;,.; of this variable is connected to
the joy41th clone of some clause is S o(1). Ultimately, the probability that the gy th clone
of sign sy, of the last variable visited is connected to the j th clone of the starting clause is
(1+o0(1))(km)~!. Finally, the factor 1/2/ in (4.3) comes from CY4 and the convention that we
consider the clauses with the least index the starting point of the cycle.

Proof of Lemma 4.1. It is straightforward to extend the argument from the previous paragraph
to the joint factorial moments of the random variables C;. Hence, let S C |J,{==1}? be finite and
let ¢ = (cy)ses be an integer vector with ¢ > 0 for all 5. Then [T, C5* is the number of families
that contain precisely c; distinct cycles of type s for each s € S. By Fact 4.2 we just need to count
families of vertex-disjoint cycles. To this end, we choose distinct starting clauses (i(s, g) )ses,gele,]-
Because Y. c; remains fixed as n — oo, the number of choices is (1+ O(1/m))m>ss¢ . Further,
for each s € S and g € [¢,] we pick (jn(s,8),8x(s,8))n € I(s). By the same reasoning as in the
calculation of E[Cy], for each s € S, g € [c;] the probability that the desired cycle materializes
is (1+0(1))(2kd)'m~"'. In fact, these events are asymptotically independent because we only
consider vertex-disjoint cycles and Y cgc; = O(1) as n — . Hence Lemma 4.1 follows. L]

4.2. Proof of Proposition 2.3

With respect to Proposition 2.3, we use the random vector } and the other notation from Sec-
tion 3. Consider the following experiment for constructing a formula @ together with an assign-
ment &, which we call the planted distribution; similar constructions have been used previously
[5, 9, 10].

PL1 Choose a truth assignment & : {xy,...,x,} — {£1} uniformly at random.

PL2 Choose x independently of & given that y € SN B.

PL3 Choose bijection @ : [m] x [k] — {x1,...,x,} x [d] x {1} uniformly subject to the condition

signg (i, )6 (g (i, j)) = 2i;  forall (i, j) € [m] x [K].

In words, we first choose a truth assignment & uniformly at random. Then, we prescribe a
random sequence y of km truth values subject to the condition that for each clause index i € [m]
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there exists j € [k] such that y;; = 1 and such that ¥, ; x;; = 0. Finally, we randomly match those
literal occurrences that the assignment & renders true to the precisely dn clause slots (i, j) such
that x;; = 1 and the ones that & sets to false to the dn remaining positions. As an immediate
consequence of Fact 3.1 we obtain the following.

Fact 4.3. Ler A be a set of pairs (®,0) of formulas and assignments. Moreover, let Z 4(®) be
the number of satisfying assignments & of ® such that (®,0) € A. Then

E[Za(®)] = E[Z(®)] - B[($,6) € A.

We are going to use Lemma 4.6 to prove the following statement. Let /(s) be as in the previous
section. As before we are going to be interested in the event Cg (i, j, g, s) that, for a clause index i
and (j,g) € I(s), a cycle as described by i, j, g, s occurs in the formula ®. Further, for i € [m] let
Cg (i,s) be the event that there exists (j,g) € I(s) such that Cg (i, j, g,s) occurs.

Lemma 4.4. Let S C U {1} be finite and let ¢ = (c;)ses be a non-negative integer vector.
Let i = (i(s,a))ses.aclc,) be a random vector whose entries i(s,a) € [m] are independent and
uniformly distributed. Then

Pl N Cé,(i(s,a),s)] ~ ]‘[((”‘SM>

ses,acles] ses m

The proof of Lemma 4.4 is based on the following elementary observation.

Claim 4.5. Let T C [m] be a set of size |Z| < n'/ and let T = (7,)icz € X*. Further, let £(T,7)
be the event that for each i € T we have (&(®[i, j])) je) = . Then
((1-9))**TTj=1 (¢/ (1 —q))""

PE, )] ~]1 % . (4.4)
i€

Proof. Since 1 — (1 —g)f = 2¢ by the definition of g, the right-hand side of (4.4) is just the
probability that y;; = 7;; for all i € Z, j € [k] given the event S. Moreover, because |Z| < n'3,a
similar application of the local limit theorem as in the proof of Claim 3.5 shows that P[B|S] ~
P[B|S,E(Z,1)]. Therefore, the assertion follows from Bayes’ rule. O

Proof of Lemma 4.4. A similar calculation as in the proof of Claim 4.2 shows that we
only need to consider families of vertex-disjoint cycles. Further, because the total number of
vertices involved in the cycles remains bounded as n — oo, the events C(i(s,a)) are asymptotically
independent. Therefore, we are just going to calculate the probability of a single event C(i,s) for
arandom i € [m].

We can write C(i,s) as a disjoint union of sub-events in which we specify the truth values
that & assigns to the literals in the order in which they appear along the cycle. Thus, let & =
(&, &) € {£1}? be a sequence such that &,y 1 = sapsans 1 for all h. Further, set & =
&ty j1 = Jjous1. Moreover, let i = (iy,...,i;) € [m]' be a sequence of pairwise distinct clause
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Figure 3. The transition from &y, to &y, along clause ij,.

indices and let (j,g) € I(s). Thus, (jn,&n)n=2,..2+1 are families of indices jj, € [k], gx € [d] such
that j, # jo 1 and jopi1 # Jongo forall h < [, and go;, # gope 1 for all h € [I] such that sp;,50,41 = 1.
Let Dy(i, j,g,&,s) be (just) the event that Xijns = Enyr and i = Ernin and let

l

D(ivjvg’éas) = ﬂ Dh(i,j,g7§75)~

h=1
Then the probability

Mb/‘2h52h+| (52}1; éZ(thl)) = P[Dh(l7 jvga é ) S)]
depends on sy,524+1 and &y, Ey(s41) only. In fact, using Claim 4.5 with Z = {iy,...,i;} we can
work out the probabilities of the eight possible cases easily. See Figure 3 for an illustration.

Case 1. 55,527,111 = 1. There are four sub-cases depending on the truth values &y, 52<h+1>.
Case 1a. &, = &,(4.1) = 1. Clause i, is satisfied because &y, = 1. Therefore, the probability that
&hi1) = Eons1 = 1 comes to

Mi(1,1) ~q°/(29) = q/2.

Case 1b. &y, = —&y(,11) = 1. Clause i, is satisfied due to &, = 1. Hence,
Mi(1,-1) ~ (1-q)/2.
Case 1c. &, = —&(41) = — 1. Clause iy, is satisfied as &, = 1. Hence,
Mi(=1,1) ~ (1-gq)/2.
Case 1d. &, = éz(hﬂ) = —1. One of the k — 2 remaining literals of clause ij, has to take the value
1 to satisfy the clause. Since (1 —¢)* = 1 —2g and thus (1 —¢)* 2 = (1—-2¢)/(1 —q)?, we
get

Mi(—1,-1) ~ (1-¢q*(1 - (1-¢)*)/(29) = ¢/2.

Case 2. 55;,52,.1 = —1. Once more there are four sub-cases.
Case 2a. &y, = &y(41) = 1]. Clause i, is satisfied because &1, = 1. Therefore,

M- (1,1) ~q(1—q)/(29) = (1—-q)/2.

Case 2b. &, = —&,1.1) = 1. For clause iy, to be satisfied one of the k — 2 literals in the clause
that do not belong to the cycle has to be true. Thus,

0= -(1-9%%) q((1-9°-(1-9" ¢

2q B 24(1—q) 2

Case 2¢. &, = —&(441) = — 1. Clause i, is satisfied due to &y, = 1. Hence,

M (—1,1)

M (1,-1) ~q/2.
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Case 2d. &, = &(11) = — 1. Clause iy, is satisfied as &y, = 1. Therefore,
Li(=1L,=1)~q(1-9)/(29) = (1-q)/2.

Taking the union over all possible truth values &, we obtain (following similar arguments in [17,
Section 4])

i
[UD i ] g’ »§ :| NZHMS2115211+1 52’7’52 h+1 tI‘H 82i82i+1 " (4‘5)
¢

g h=1
Additionally, we claim that
P[Ce(s,i,/,8) | D(iy ), & &,5)] = 2' P[Cals,i, j,8)]. (4.6)

Indeed, in the probability term on the right-hand side the literals that are matched to the clauses
i,...,1; are chosen uniformly at random from the set of all 2n literals. By contrast, in the
experiment on the left-hand side we condition on the truth values of the literals on the cycle,
which are prescribed by the vector &, and thus they are chosen from the n literals with the correct
truth value under 6.

Finally, with My, the matrices from (2.12), we see that M’ ~ %Mil. Hence, (4.5) and (4.6)
yield

!
P[C4(i,s)] ~ 2' P[Co (i, s trl_[szl+I =P[Co(i,s) tr [ [ Myyss.. -

i=1 i=1

Thus, the assertion follows from Lemma 4.1. ]

While Lemma 4.4 puts us in a position to calculate the covariance of Z and the cycle counts Ci,
Proposition 2.3 deals with the covariance of Z, and the C. Hence, we need to consider a variant
of the planted distribution that fixes the clause marginal u. We recall the event S, from (3.3).

Lemma 4.6. For any ® > 0 the following is true. Let S C ;s {1} be finite and let ¢ =
(¢s)ses be anon-negative integer vector. Let i = (i(s,a) )ses ac|e,) be a random vector whose entries
i(s,a) € [m] are independent and uniformly distributed. Further, let

C= ﬂ C(i(s,a),s
s€S,ac(cy)

Then

P[Su|SNC] ~P[S,|S]  uniformly for all u € M.

Proof. Suppose that the event SNC occurs. Let J C [m] be the set of all indices of clauses that
participate in the cycles corresponding to C. Then m’ = |J| = m — O(1). Further, for each 6 € £
let m” (o) be the number of clauses i € [m] \ J that are satisfied according to o € X. Additionally,
let mu' (o) be such that m(u'(0) +u"(0)) = u(o). Finally, let S;, be the event that the empirical
distribution of patterns on the clauses J = [m] \ J works out to be precisely . Then given C the
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event S, occurs if and only if § L occurs. Hence, in analogy to Claim 3.6 we have

m' — dn
P[S,|SNC] = (mu) (Q(IIP[SQ}))

- 71/2
~ (2m)'2 [Hu’(c)] expl—|/\Dr (1'[[2)]

oeX
_ mm)
HO‘EZ V [:L(G)

Further, since /| = O(1) we have || — u'||2 = O(1/m), whence

Dyr(u'l| ) = Do (ul|f) = o(m™).

expl—(m —O(1))Dxr. (/[ @)]  uniformly for pt € M.

515

%))

Moreover, as ||u — ji||, = O(m~'/?), we have Dy (u||ii) = O(1/m). Therefore, (4.7) implies

that uniformly for u € My,

2mm) -2

P[S,|SNC] ~ (

s V(o) exp[—mDxr(u||i1)] ~ P[S,S],

as claimed.
Combining Lemmas 4.4 and 4.6 gives the following.

Corollary 4.7. Let o > 0. With the notation from Lemma 4.4 we have

SM} NH<(1+M) S uniformly for all 1t € M.

seS m

P ﬂ Cg(i(s,a),s)

s€S,a€(c)

Now, (2.15) follows from Fact 4.3, Corollary 4.7 and the standard result on convergence to
the Poisson distribution (e.g. [6, Theorem 1.23]). Hence, the following completes the proof of

Proposition 2.3.

Lemma 4.8. The series ¥, 62 As converges and satisfies (2.16).

Proof. Being the solution to (1.4), ¢ satisfies ¢ = 1/2 4 O(27%). Hence, our assumption that

d < k2* ensures that
|(2d = 1)(k—=1)(1 =4q(1—q))| < 1.

Therefore, merely substituting in the expressions from (2.10) and (2.14), we obtain

Y Y =Y (0d- )k 1)1 -dg(1-g)]
I21se{+1}% I>1

_ —%ln(l — (2d—1)(k—1)(1—4q(1—q))) < e,

as claimed.
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5. The second moment

5.1. Outline

In this section we prove Proposition 2.4. Let Z; , be the number of pairs (11,72) of satisfying
assignments such that 4 = u(®, 1) = u(Pd, 12) and such that Y7, 1{7, (x;) = T2(x;)} = . Then
by the linearity of expectation

EZ)] = Z (5.1)

We will evaluate the sum on the right-hand side of (5.1) in two steps. The main step is to calculate
the contribution of o close to n/2.

Lemma 5.1. Uniformly for u € M we have

limlim )
aA—>00 N—yo0

o:loe—n/2|<a\/n

5= (1= (2d = 1)(k—1)(1—4q(1—q))) "%

The proof of Lemma 5.1 is based on the following lemma, which we derive from the central
limit theorem for random permutations [8] in Section 5.2. The motivation for the definition of y*
in this lemma will become clear very soon, in the proof of Lemma 5.1.

Lemma 5.2. The following holds uniformly for all | € My,. Let

) 1 2
y= (yfj),y§j>)<i,j>e[m1x[k]

be chosen uniformly at random from the set of all m x k {£1}*-arrays. Let Sf? be the event that

k m k
Hl V=0 =Y[110\ =0} =mu(c) foralicex. (5.2)

1j=1 i=1j=1

M§

Further, let

m

A= 3 00 o = 1) v = Ktk D1 - )

i=1j=

Then uniformly for all reals a < b we have

Plm~2(A—dn/2) € (a,b)|S]] = / bexp(—zz/(2v2)>dz+0(1)~

\ﬁv

Proof of Lemma 5.1.  Fix ® > 0 and let 4 € M,,. There are 2" (") pairs (7, 7;) of truth
assignments with overlap Y | 1{7;(x;) = 2(x;)} = «; to see this, start by choosing a truth
assignment T; out of the set of all 2" possible assignments, then obtain 7, by selecting « variables
on which both assignments agree. Suppose we fix one such pair (7;,7;). What is the probability
that u(®, 1) = u(P, ) = u? To determine this we need information on the distribution of the
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string

- (1) (2 m

¥ = 53 I e € {(=1,-1), (= 1,1),(1,=1), (1, D} where

51y =sign(i, )t (0(i.j)) (i€ m],j € K, € {1,2)).
Recalling that d(i, j) is the variable that occurs in the jth position of the ith clause, and that
sign(i, j) is the sign with which the variable occurs, we see that 3 comprises the truth value

combinations that emerge if we assign the variables of the random formula @ according to
7M. 1) Thus, with S, the event from Lemma 5.2 we obtain

n

Bzl =2,

n ~® ‘
We study the distribution of 3 by way of the uniformly random string

y® € {(_15 _1)7 (_1’ 1)’ (1’ _1)7 (17 1)}km
from Lemma 5.2. To this end, with the notation of Lemma 5.2 define the two events

m k m k

: 1 2
Ao ={A=da}, B = {Z D IDWIHE 0}~
i=1j=1 i=1j=1
Then the distribution of ¥ coincides with the distribution of y* given A, N B®. Indeed, we have
7© € A, because 71, T, have overlap o, and ¥° € B® because there are precise dn true and dn
false literals occurrences. In particular,

P” € S/ =Ppy” €S, | AaNB7]. (5.4)
As a next step we will prove that, uniformly for all & such that | —n/2| < n%% and all
IJ' 6 M(lh
‘ . VmdnE[Z,)? a 1)\° :
Py® €S, | AaNB¥] ~ Tl”exp (4dn<n - 2) ) Ply® € Aq|Sy]. (3.5)

Indeed, since Sf C B¥, Bayes’ rule gives

PIy° € S;|5°)

[y I | o } ]P)[y® c Aa|B®} [y (xl u ] ( )
Hence, we need to calculate P[y* € S;/|B“] and P[y* € A,|B“]. With respect to the latter, there
are (%) strings in {=1}*" with as many +1s as —Is. Therefore,
2dn\?
B = . 5.7
5= (%) )

Furthermore, we have

2dn

O‘d7(”_a)d7(n—a)d,ad>; (5.8)

|Aame®|:(

for any string in A, N B% contains exactly oo many (1,1) entries and (n — &)d many entries
(—1,1) and (1,—1) entries. Hence, combining (5.7) and (5.8) and applying Stirling’s formula,
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we obtain, uniformly for all & such that |ot —n/2| < n%% and all u € M,

Ph® € Aq|B%) = <ad’ (n— aff?n —a)d, ad) <2j:> - (52) 2/ (denn)

2 a 1\°
N\/MGXP<4dn(n2> ) 5.9)

Additionally, we claim that

Ph® € 8 |B*] =4"E[Z,]*. (5.10)

Indeed, if we fix a truth assignment 7, then the random matching ® of literals to clause slots
induces a uniformly random string of length km comprising dn many +1 entries and dn many
—1 entries. The probability that the resulting empirical distribution of truth value patterns on the

m clauses matches u is precisely equal to 27" [E[Z,] (because we fixed the truth assignment 7

upfront). Furthermore, given B% the two components (yl( j) )ijs (yf j)),, ; are independent, whence
we obtain (5.10). Finally, combining (5.6), (5.9) and (5.10), we obtain (5.5).

Combining (5.3), (5.4) and (5.5), we get

B[Z3,] _,(n\ vadn e 0NN
E[Z,]? ~ 2" (a) Szt OXP (4dn( — 2) ) Ply” € AqlS,/], (5.11)
uniformly for all & such that |t —n/2| < n%% and all u € M. Moreover, uniformly for all o

such that |ac —n/2| < n%®,

n 2 a 1\°
27" ~— —2n{ ——= . 5.12
(Om) nneXp[ n(n 2) } ( )
Hence, combining (5.11) and (5.12) with Lemma 5.2, we find
E[Z;

EZ, 2 > exp((4d 2) ( — ) )P[y® € AalS;]

o:loe—n/2|<av/n

dk
\/47“/2 /exp{<4d 24>z}d2.
Taking a — oo, we thus obtain
o E(Z7 o] ko[ dk \
limlim 2 FzE =\ g /we"pK“d_z_zwz)Z}dZ

o:la—n/2|<a

o:lo—n/2|<a

k
- \/de— 16(2d — 1)V2

Substituting in the expression for v and simplifying completes the proof. L]

Building upon ideas from [10], in Section 5.3 we prove the following bound on the contribution
of o far from n/2.
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Lemma 5.3. Uniformly for i € M, we have

lim lim Y
aA—>o° N—ro0

o:lo—(n)2)|>ayn

Finally, Proposition 2.4 is immediate from Lemmas 5.3 and 5.1.

5.2. Proof of Lemma 5.2

We begin by calculating the expectation and the variance of A given S © as defined in (5.2). This
is the number of 1s in common between the arrays y'!) and y®) condltlonal on both arrays having
row frequencies specified by u. To simplify the notation we let

A A(1) A2
5= 04907

denote the random vector y* given that S E‘ occurs.

Lemma 5.4. We have E[A(3)] = dn/2+ O(1) and Var(A(3)) ~ v*m, where

V= (k-4 1)g(1 ).

The proof will show that v? is Var(A($)) in the case that yu = fi.

Proof. LetA;; = 1{)75;) = )755) =1} sothat A =3, ;A;;. To calculate the expectation, set

Zl{l,—i-— 2

i€[m)

1 1 Ly p—ny= 152 =1
2 {O-J_ }/.L E z {z] } — Z {ylj -
D)) i€[m] ie[m]

Thus, a; is the fraction of clauses whose jth literal is ‘true’ in a truth assignment that contributes

to Zy. Then it is clear that E[A] = 21]‘ 1 E[A;] and E[A;] = ma;. Furthermore, because i € M,
we have
1
aj— — Y {o;=1}fa(c) (by (1.4)and (2.6))
cex
=Y Ho;=1}u(0)~ (o)) < 2|lu — fll> < 2om™'/2.
oex

Finally, since ¥ ;a; = 1/2 by (2.4), for any fixed @ > 0 we have
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Moving on to the variance, we expand E[A?] to obtain

m k
Z Z Az]Avt

= [AH Y, EAjAd+ Y EAAL+ Y EAAL]

i,j,s,i=st#] i,],s s, j=t i,],s, s, j#t
=EA]+ Y EA;Ai+ Y, E[AjAq)EXiXy).
ijit#j i,],8,t:0#s

Further, for 0,7 € £ and j € [k] let

Cilo,1)=1{o;=1,=1} and {(0,7)= ZCJ 0,7) = (k+(0,1))/2.

Then
z IEAI]AH m712H T)ZC]‘(G,T)CI(G,T)
L rtE] j#t
=m 12# u(r)(¢(0,1)* = §(0,1))
=—E[A]+m ' Y u(o)u(r)¢(o, 7).
Additionally,

2 AUAg Z 2 "L (‘u(Gl)i1{6:6,})(“'(1/)71{‘[:T/})C(G,T)g(G/,T/)

i,],8, s o,70',7 m(m_l)
_ Boru(o)u(m)é(o, 1)l _y2ozo HO)(D)u(0")¢(0,7){(0,0")
m(m—1) m(m—1)
L ZockO)p(1)E(0,7)?
m(m—1)
_mE[AP 2

Y, u(o)u(r)u(o)¢(o,1)¢(0,0")

m—1 m(m—1)

T SO (0.2

Combining the above, we see that uniformly for u € M,,

Var(A) ~ - 3 A(0)R(1)¢(0, )~ 2 A(o)R(DA(0)S (0. 1) (0.0)

S RICHOHCIR

0,7
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Substituting in the definition of ji and using (1.4), we obtain
m Y 1(0)a(1)¢(0,7) = (1- (1 - 9)") *E[Bin(k,¢*)] = k/4,
o,T

m 3 A(O)A(D¢(0.7) = (1-(1-9)") *E[Bin(k.¢*)"
o,7T B qu((k—l)qz—i—l) B k ,
T (1= (1—g)k)? =4 ((k=1)¢"+1),

m= Y, ulo)u(r)u()i(o,1)f(o,7) = (1-(1-¢))

o,1,7 k k PN j o 2
(o (Fear)

_k@((k—lg+1) &k
ST -(=g g(k=T)g+1)

Hence,

- Var(A) ~ %[k—4((k—1)61+1)+4((k—1)q2+1)]
= £ (k- 4Gk~ 1)g(1 - q)),
as claimed. 0

Finally, Lemma 5.2 follows from Lemma 5.4 and Bolthausen’s central limit theorem for
random permutations from [8]; this result can be viewed as an extension of the Berry—Esseen
inequality to certain dependent random variables, and as such provides a uniform estimate for

our purposes. To be precise, due to our conditioning on the event Sff the distribution of the

(1) 52

random vector § = (;;",5;7 )i.; can be described as follows. Fix any vector & = (#&;);; € {£1}"

such that
N H{(uir,...,ux) =0} =mp(c) forevery o € X.

Moreover, let 7)), () : [m] — [m] be two independent uniformly random permutations and let
i) = (Ur(3),;)ij Tor t = 1,2. In words, #") is obtained from @ by permuting the m blocks of
length k that represent the individual clauses randomly. Then ¥ has the same distribution as
(Uz)(3), 7+ Un (3),;)i,j- Hence, A is distributed as

ﬁz {uz0) =1 = ZZI{M,,—M ) tor(i), = 1}

i=1j=

which is precisely the type of random sum for which [8] establishes convergence to the normal
distribution.

5.3. Proof of Lemma 5.3

We build upon the following result on the total number of satisfying assignments, which is
implicit in prior work [10]; for the sake of completeness we give a self-contained proof in
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Appendix 5.3. Let Z5 be the number of pairs (0, 7) of satisfying assignments of @ such that
Y Hul) =)} =

Lemma 5.5. There exists a number ty = ty(k) such that for every t >ty we have

limsup Y E[Z]]/E[Z]* <exp(—1*/17).

e gla—n/2|>m!/2

Moreover,

Y EZ) <O ") ElZP

p:le—n/2|>n'/21Inn

In the following it will be convenient to replace the parameter ¢ by another overlap parameter
to represent the four possible truth value combinations. Define p = (py,)s,—+1 such that

1
Pii+tpPi—1=pPii+tp-i1= 5 Pu +pio1+poiatpo =1 (5.13)

In particular, p is a probability distribution on {£1}? such that p; ; = p_; _j and py 1 = p_1 1.
Hence, (5.13) demonstrates that we can view p; _1,p_1,1,p—1,—1 as affine functions of p; ;. The
relationship between p and o is going to be 2do = km(py 1 + p—1,—1) = 2kmp; ;. Indeed, let us
introduce the symbols

Z®

® _ 7® —7%
Z, =12 #-P_Zu.,kmpn/d'

P kmp1y/d’ (5.14)

We need to obtain a result similar to Lemma 5.5 for Z;, rather than Z;. Slightly extending
the argument from [10], we tackle the second moment computation by way of an auxiliary
probability space as in Section 3. To unclutter the notation we write f(k) = O(g(k)) if there
exists ¢ > 0 such that | f(k)| < k°g(k) for all k > c.

Lemma 5.6. For any p there exists a unique probability distribution (q., -,), s,e{+1} On {£1}?

such that
q11 g1 (1= (g-1-1+qi-1)" Y
: =P, ’ ’ ’ =pi,-1, (5.15)
1=2(q-11+q1)f 4+ P 1=2(q11+q11)5+q" PL
q-11=41,—1-
The derivatives satisfy
0 ~ g1 — ~
qi1 _ 1+0(27k) qi1,-1 :71+0(2,k),
api. api
PP i 52 i (5.16)
Tr=0@h,  Sht-oeh
aPl,] aplﬁl
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Proof. Let Q be the set of all probability distributions (¢++;) such that g; _; = g_1 ;. Further,
set

k k q1,1
s=1-2(q1-1+q11)"+q- 1, Q= 0

g1 (1= (g-1 -1+ q1-1)F )
O1-1= P .

Then we aim to study the function g — (Q;,1,Q1—1) on the two-dimensional compact convex set
Q. Since g1,—1 = q_1,; we have ¢; _; < 1/2 on Q. Similarly, ¢, ; <1/2and g1 1 +¢1,-1 < 1/2.
Consequently, s = 1 — 0(2"‘) and Q11,0 - are well-defined. The derivatives of s work out

to be
ds ds
Fro =2k(q-1,-1+q1-1)"" —kg' 7, Fr =2k(q-1-1+q1-1)"" —2kg"7",.
Further,
BQIJ :l_@ aS 8Q1,1 _ @ 8s
8q1,1 s 52 aql,l7 &Q1,—1 52 341,—1’
9011 _ (k=1)g1-1(g-1-1+q1-1)"? Qi1 9s
aqu N S2 8q|71’
9011 _1—(g1a+q ) "+ (*k—Dgi1(g11+q-0)> Q11 s
8511,,1 s 52 991,71'

Since q1 -1 < 1/2,q11 < 1/2,q11+¢1-1 < 1/2 0n Q, we see that

011 —k d01 —k
Lo 1+o@(™), L — ok ™),
91,1 ( ) a41,—1 ( )
001 1 —k 01,1 —k
ZZL-L _ or2h, =14+ 0(k275).
90 (k27%) 901 (k27%)

Consequently, the Jacobi matrix is invertible on Q. Further, for any value g; | € [0,1/2] we have
limqmﬁo Ql,l =0 and limqmﬁl/z 011> 1/2 Similarly, for qi,1 € [0, 1/2], limql‘ilﬁo Q17,1 =0
and limy,  _,;»Q1 1 > 1/2. Therefore, the assertion follows from the inverse function
theorem. U]

Define a random vector

2= 2@ = 0 D )iew e

such that
Py 42y = — +1
[(ij 7%1] ) <Z17Z2>] 9z, (ZlaZZ S { })

independently for all i € [m], j € [k]. Let

1
=Y =a.x) =)} forallzi,z € {£1}.
ij

b
km

71,2 T

Further, let B9(p) be the event that b = p. The following is analogous to Fact 3.1.
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Fact 5.7. Let 11,7 : {x1,...,x,} — {£1} be truth assignments with overlap p. Then the con-
ditional distribution of x© given B®(p) coincides with the distribution of the vector

(sign(i, /)11 (9 (i, j)), sign(i, j) %29 (i, ) iepm.jelu -

Fact 5.7 as well as the following three claims already appear in [10]; we include the short
proofs for the sake of completeness.

Claim 5.8. Uniformly for all p,q such that ps,,q,, € [1/8,3/8] for all s,t € {1} we have

3
InP[B° (p)] = —3 Inn—kmDi (pllg) +O(1).
Furthermore, uniformly for all p we have

InP[B%(p)] < —kmDxx(p|lq) + O(1).

Proof. We have

Pl = () T e

Z],Zze{il}

The claim follows by applying Stirling’s formula. L]

Further, consider the event
S*={viem3jjek:x =x) =1}

If we think of the k-tuples (xfjl)) el ()(i(jz)) jeliy as the truth value combinations induced on a
clause by a pair (71, 7) of Boolean assignments, then S® corresponds to the event that both
T1, Tp are satisfying.

Claim 5.9. We have P[S®] = (1 — 2(q_]ﬁ_1 +q_]71)k +qk_l,_])m.
Proof. By inclusion—exclusion, for any i € [m] we have
P[Ehe{1,2}:Vj €[k :Xi(jh) = 1= (g-1-1+q-1) +(g-1,-1+a1-1) ="

=2(q-1-1 — q71,1)k + 61111.71~

The assertion follows from the independence of the entries of x®. L]

Claim 5.10. Uniformly for all p,q such that py;,qs, € [1/8,3/8] for all s,t € {1} we have

InP[B%(p)|S?] = %mmou).

Proof. This follows from the local limit theorem for sums of independent bounded random
variables (e.g. [13]). ]
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Departing from the argument in [10], we are now going to accommodate the additional con-
straint that the clause marginals follow some specific distribution ¢ on X. Hence, let M,,(p) be
the set of all probability distributions v = (v(0,7))q rex such that mv(o,7) is an integer for all
0,7 € Xand

k

Y. > vio,o)i{ci=s,1=t}=p,, forallse{+1}.

i=l0,7eX
Additionally, for a given probability distribution y = (1(0))sex let M,,(p, 1) be the set of all
v € M,,(p) such that

Y v(o,7)= Y v(r,0)=pu(c) forallc cX.

TEX TEX

Clearly, the vector x® induces a distribution v, by

w3

k
=1j=

1 2
1{Xi(j) = Giv%i(j) =T}
1

VXO(O',T) =

—_

Letting p(v) =P[v,e = v|B?(p) NS¥] for v € M,,(p), recalling (5.14) and using Fact 5.7, we

find
E(z,,| =E[z] 3 p(v)
VEMu(p.u)
Let V(p) = (Vo.r(P))s.rex With
_ R
Vor(p) = 5 H%r(i),r(i)- (5.17)

Then Fact 5.7 shows that V(p) describes the expected statistics of the ‘clause overlaps’ given
overlap p. More precisely, if we fix two truth assignments with overlap p and then generate a
random formula subject to the condition that both assignments are satisfying, then we expect
to see Vi :(p)m clauses that are satisfied according to the truth value pattern ¢ under the first
assignment and according to the truth value pattern T under the second one. By Stirling’s formula,

_; m kmpy ¢ :$ <p(—m _
p(v)_P[B®(p)|S®]( ) I1 4z P[B(p)[S7] © p(=mDxL(V[[V(p))), (5.18)

Mmv/ iz

r(v) ~ (2ﬂm)<1—|2\2>/2 H ‘—/cﬂr(p)fl/z (5.19)

0,TEL

uniformly for v such that |Vs ; — Vg ;| < m/Inm for all 6,7 and r(v) = O(1) for all v.

Claim 5.11. If|p;; — 1/4| <Inn/\/n, then |V (p) — Voo (p)| <In’*n/\/n.

Proof. This follows from (5.17) and the fact that the derivatives of the implicit parameter ¢ are
bounded. U]
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Claim 5.12. Uniformly for p such that |p,; — 1/4| < Inn/+/n we have

E[Zfﬁp] NE[ZE?.p] Z p(v).
vEM(p)i[[V=9(p)[|l<m=1/3

Proof. This follows from (5.18) and the fact that the Kullback—Leibler divergence is strictly
convex. Ul

Proof of Lemma 5.3. Leta > 0. By (3.8) we have
E(Z,]/E[Z] = ©(m'~*/2) (5.20)
uniformly for all u € Mg,. Therefore, letting

S = Y E(Z7 ),

p:a<|pii—1/4|<n=12Inn
we obtain from Lemma 5.5 and Claim 5.12 that

S~ = D E(Z) Y p(v).
pa<|pii—1/4/<n~12Inn vEMu(p ) V=7 (p)|l<m=1/3
Hence, (5.18) and (5.19) yield
S~ S = (2nm)(1—\z|-)/2 2 E[Z/?] )
Mo.res Voc(p)'2 p:a<|pi—1/4|<n='/2Inn PB#|S7]

> exp[—mDxL(V[[V(p))].
VEM (P, 11):[v=(p) [ <m™1/3

Estimating the last sum via the Laplace method and using Claim 5.11 once more, we see that
uniformly for all p, it (again using convexity of the Kullback—Leibler divergence)

2 exp[—mDy1 (v]|[¥(p))] < O(mI=P=2)/2),
VEMu(pp):[V=(p) [l ™13

Consequently, Claim 5.10 yields
§" < O(m* *YE[Z]*exp(—a®/16),

provided that a is sufficiently large. Therefore, the assertion follows from (5.20). L]

Appendix: Proof of Lemma 5.5

We continue to use the notation from Section 5.3.

Claim A.1. There exists a number ty = ty(k) such that for every t >ty we have

E[Z; (®)] < exp(—1* /4)E[Z]*.
piton~=1/2<|pyy—1/4|<2—04%
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Proof. The proof is based on the Laplace method. Specifically, let ¢ = g(p) be the vector from
Lemma 5.6. Then at the point p = p = il we can express the vector (g4141) in terms of the
solution ¢ to (1.4). Indeed, letting g; = g, g_1 = 1 — g, we verify that the probability distribution
(9541 )s1=+1 satisfies (5.15). Hence, Lemma 5.6 implies that g, = ¢,q, for s,t = £1 at the point
p = p. Substituting this distribution in and using Fact 5.7, Claim 5.9, Claim 5.10, Stirling’s
formula and Bayes’ rule, we find

Bzg@) _
S <0 ) expint(p) ~202) £ m(F(p) ~ f(P)), where (A
fp)=In(1-2(q_1 1 +q-11)"+ 61111.,71) +kDx1(p|lq)-

We are going to prove that
Df(p) =0, (A2)
D*f(p) < klid for all p such that |py; — 1 /4 <2704, (A3)

m

Since the entropy satisfies DH(p) = 0 and D*H(p) < —id if |p; — 1/4] < 27%4%, the assertion

follows from (A.1)—(A.3) and a Gaussian summation.
To prove (A.2)* we set

filp) =In(1=2(q_1—1+q-11)" +4" 1), flp)=kDkL(p|lq)-
Further, let s =1 —2(q_1,—; +q,171)k+q’il‘_1. Then

ofi  2k(q-1-1+q-11)"" — kg5, ofi  2k(g-1-1+q-1)"! —q5" (Ad)
3%,1 B s ’ a611,71 B N ' '

Moreover, the partial derivatives of the generic term zIn(z/y) of the Kullback—Leibler divergence
work out to be

9 omiem? Zgnio fo Y (A.5)
dz y dy y oy y
Hence,
d pi1 . P11 2p1 -1 2p—1—1
D =Ty —, —D =) — (A.6)
‘9611,1 KL(pH(I) qi1 4-1-1 9%,4 KL(qu) qi,—1 qd—-1,-1

Using the relations ¢,, = g,q; and (1 —g)* = 1 — 2g, at the point p = p we obtain s = 4¢> and
2U(g-11+q10) " —kg' S k(1-2¢g)

= A7
s 442 (1 —q)*’ (A7
2k(q-1.-1+q-1.1) " =g, _ k(1-2q)
s - 29(1—¢)*
_&_’_p*l**l — ! _ L
g1 g1 Al—q)? 4g¥
201 — 20_1 _ 1 1
R G R - (A8)

q1,-1 q-1,-1 2(1—¢)? 2‘](1*4).

2 The following fairly simple way of calculating Df(p) was pointed out to the first author by Victor Bapst.
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Substituting (A.7)—(A.8) into (A.4) and (A.6) and simplifying, we obtain
d d

—— = =0. A9
aql‘lf(p) gqh_lf(p) (A.9)
Further, combining (A.5) and (A.9) and using the chain rule, we get
_ 1 1 1
J 2 (p) = 91(p) 9411, 9(p) 94. L +In— —2In +In S =0.
ap11 dqi1 dpiy dqi—1 dpiy 4q 4q(1—q) 4(1-¢q)
(A.10)
Thus, (A.2) follows from (A.9), (A.10) and the chain rule.
With respect to the second derivative, letting
_ 2k(k—1)(g-1—1+q-1.1) s =4k (g1 1+g-1.1)
U= 2 ,
we find
afl afl A(H—k azfl ~k
; =02, s=——=—=u+04"). (A.11)
a6]171 8q1,,1 ( ) 941,i1341¢1 ( )
Combining (A.11) with (5.16) and using the chain rule, we obtain
azfl = k
= = Or(47%). (A.12)
ap7

Proceeding to f, we recall that the second differentials of the generic term zln(z/y) of the
Kullback-Leibler divergence read

2 7z 1 9* 7z z 92 z 1
2l T omi-Z, ni=_2. A13
227y z7 dyrT Ty 2 dydz y y ( )
We verify that in the case |p; — 1/4] < 2794 the implicit parameters satisfy g1 41 — ps1 41 =
Or(27%). Moreover, g1 1 =¢qi1and g1 1 =1 —q_11—q1-1 —q1.1- Therefore, (A.5) yields
dfr dfs
9!]1,1 ’ 96]17—1
Hence, by (5.16) and the chain rule,
fr *qu. ofr *qi-1
dq11 aP121 9q1,-1 9P121
Further, using (A.13) and (5.16) and recalling that g4y +1 = 1/4 4+ O0(27%%%) if |py; — 1/4] <
2-049% e obtain

9’f (941,1)2+ 9%f> <341.—1>2+2 f,  dqiy dqi

= Ok(Z*k).

= Or(475). (A.14)

=0:(47%. (A15)

326]1,1 P11 %q1-1 \ 9dpi 9q1,19q1,-1 9p11 Ipii
Combining (A.14) and (A.15), we get
Ih  ~
= 0(475). (A.16)
3P12,1 @)
Finally, since m/n = Oy (27%), (A.3) follows from (A.12) and (A.16). ]
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Claim A.2. We have

E[Z; (®)] < exp(—Q(n)) E[Z].
p:lp11—1/4|>2-04%

Proof. We observe that Fact 5.7 holds for any choice of the auxiliary variables (qil‘il) that
define the random vector ¥®. Hence, choosing ¢ = p and applying Bayes’ rule, we find

2d
E[ZE’] <exp [n (H(p) + ?ln(l — 21k+pf1)> +0(n)} .
We claim that
2d -k |,k
g(p11) =H(p) +?1n(1 =277 4piy)

attains its maximum at the boundary point p;; = 1/4+27%4% Indeed, we read off that g(p; ;) >
g(1/2—p1 1) if p11 > 1/4. Hence, the maximum occurs in the interval p; ; € [1/4+2704% 1/2).
Further, since g(p) is a sum of the concave p;; — H(p) and a multiple of the convex p;; —
In(1 —2'% 4 pk,), it suffices to prove this claim for the maximum value of 2d/k that (1.3)
allows. Hence, for this d we need to study the zeros of

1-2 2dpk!
P11 I P11

d
-— =2In .
9P11g(p) 2 1-2"F4pj

Setting
1-2
x=-——Pco,1)
2p11
and taking exponentials, we transform this problem into finding the solutions to

B B 2d(1+x)
xexP( 2 —2)(1+x)f+ 1>

for x € (0,1/2 —2704%)_ A bit of elementary calculus shows that there are just two solutions,
namely

x=(1+0(k"))27* and x, =0O(Ink/k).

The first solution x; is indeed a local maximum, but a direct calculation yields g((1+x1)/2) <
g(1/4+2794%) Moreover, x, is a local minimum. Finally, the assertion follows from the obser-
vation that g(1/4+2704%) < £(p). U]
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