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Abstract

For spectrally negative Lévy processes, we prove several fluctuation results involving
a general draw-down time, which is a downward exit time from a dynamic level that
depends on the running maximum of the process. In particular, we find expressions of
the Laplace transforms for the two-sided exit problems involving the draw-down time.
We also find the Laplace transforms for the hitting time and creeping time over the
running-maximum related draw-down level, respectively, and obtain an expression for
a draw-down associated potential measure. The results are expressed in terms of scale
functions for the spectrally negative Lévy processes.
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1. Introduction

As part of fluctuation theory, exit problems for spectrally negative Lévy processes and the
associated reflected processes have been studied extensively over the past ten years. Such
problems often concern the joint distributions of the process when it first leaves either a finite
or a semi-finite interval, or when its draw-down (from the running maximum) or its draw-up
(from the running minimum) first exceeds a fixed level. These results are often expressed in
terms of the scale functions. We refer to [8] and references therein for a collection of such
results; see also [1], [10], [13], and [16] for research on the draw-down times and draw-up
times for spectrally negative Lévy processes reflected at the running maximum and running
minimum processes, respectively. We refer to [15] for recent work on draw-down(up) times of
regular diffusions.

Exit problems involving more general first passage times had been considered earlier for
time homogeneous diffusions. In [11] an exit problem with exit level depending on the running
maximum of the diffusion was studied and a joint Laplace transform was found for such a
general draw-down time. The general draw-down times find interesting applications in [3],
defining the Azéma–Yor martingales to solve the Skorokhod embedding problem. The draw-
down problem for renewal processes was studied in [9]. More recent work on applications of
draw-down times can be found in [5], [9], and references therein.
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Pistorius [14] studied the general draw-down times of spectrally negative Lévy processes
with an excursion theory approach, to obtain the Skorokhod embedding for the spectrally
negative Lévy process and for the associated reflected process from its maximum. Following
a similar approach, Mijatović and Pistorius [12] then considered a sextuple law related to the
draw-down time. In [2] we considered a perturbed spectrally negative Lévy risk process, the
so-called Lévy tax process, with a draw-down exit level that is a linear function of the running
maximum process, and found expressions on the expected present values of amount of tax for
this process. To this end, we applied both the excursion theory and an approximation approach
using solutions to the exit problems with fixed boundaries.

In this paper we continue to investigate the exit problems for a spectrally negative Lévy
process with a dynamic draw-down exit level that depends on the running maximum in a
general way. Applying the excursion theory, which comes in handy for analysing the draw-
down fluctuation behaviours for the spectrally negative Lévy processes, we first find the
expressions for a joint Laplace transform of the process at the draw-down time. We also find the
Laplace transforms for the hitting time and creeping time of the draw-down level, respectively.
In addition, we obtain an expression for a potential measure associated with the draw-down
time.

This paper is structured as follows. After the Introduction, in Section 2 we review basic
facts on spectrally negative Lévy processes to prepare for the main proofs. The main results
are presented in Section 3. Section 4 focuses on results with linear draw-down functions for
which the expressions can be simplified and some previous results can be easily recovered.
Proofs of the main results are deferred to Section 5.

2. Spectrally negative Lévy processes

Throughout this paper, let X = {Xt, t ≥ 0} be a spectrally negative Lévy process (SNLP for
short), i.e. a one-dimensional stochastic process with stationary independent increments and
with no positive jumps, defined on a filtered probability space (�,F , (Ft)t≥0, P). We also
assume that X is not the negative of a subordinator. Denote by Px the probability law of X
given X0 = x, and the corresponding expectation by Ex. Write P and E when x = 0. Its Laplace
transform always exists, with the Laplace exponent given by

ψ(λ) := 1

t
log E(eλXt ) for λ≥ 0

where

ψ(λ) =μλ+ 1

2
σ 2λ2 +

∫
(−∞,0)

(eλx − 1 − λx1{x>−1})�(dx)

for μ ∈R, σ ≥ 0 and the σ -finite Lévy measure � on (−∞, 0) satisfying∫
(−∞,0)

(1 ∧ x2)�(dx)<∞.

Further, there exists a function � : [0,∞) → [0,∞) defined by

�(q) := sup{λ≥ 0: ψ(λ) = q} for q ≥ 0.

Scale functions play a central role in the fluctuation theory for SNLPs. For q ≥ 0, the q-scale
function W(q) for process X is defined as a continuous function on [0,∞) satisfying∫ ∞

0
e−λyW(q)(y) dy = 1

ψ(λ) − q
for λ>�(q).
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For convenience, we extend the domain of W(q) to the whole real line by setting W(q)(x) = 0
for all x< 0. Given W(q), the second scale function is defined by

Z(q)(x) := 1 + q
∫ x

0
W(q)(y) dy.

Write W = W(0) and Z = Z(0) whenever q = 0.
It is well known that W(q)(x) is strictly increasing on R

+. W(q)(0) = W(0)> 0 if and only if
the process X has paths of bounded variation, and if and only if σ = 0 and

∫
0
−1|x|�(dx)<∞.

The scale function W(q) is continuously differentiable on (0,∞) if the process X has paths of
unbounded variation (and, in particular, if it has a nontrivial Gaussian component) or if the
process X has paths of bounded variation and the Lévy measure has no atoms. Moreover, if
σ > 0, W(q) has a continuous derivative of order two on (0,∞) and W ′(0 + ) = 2/σ 2. We refer
the readers to [6] for more detailed discussions on the smoothness of scale functions.

For c ≥ 0, process {ecXt−ψ(c)t, t ≥ 0} is a martingale under P. Introduce a new probability
measure satisfying

dP(c)

dP

∣∣∣∣Ft

= ecXt−ψ(c)t for every t ≥ 0.

It is well known that X is still an SNLP under P(c). Denoting the associated Laplace exponent
and scale functions with a subscript c under P(c), a straightforward calculation shows that, for
c ≥ 0, q +ψ(c) ≥ 0,

ψc(s) =ψ(c + s) −ψ(c) and �c(s) =�(s +ψ(c)) − c for s ≥ 0;

in addition,

W(q)
c (x) = e−cxW(q+ψ(c))(x) and Z(q)

c (x) = 1 + q
∫ x

0
W(q)

c (y) dy.

Note that, for x ≥ 0, W(q)(x) and Z(q)(x) are analytically extendable to all q ∈C ([8, Lemma 8.3,
Corollary 8.5]), and identity (2.2) in Lemma 2.1 below holds for all u, v ≥ 0.

For any c, b ∈R, defining the first passage times

τ+
b := inf{t ≥ 0: Xt > b} and τ−

c := inf{t ≥ 0: Xt < c}
with the convention that inf ∅= ∞, we have the following result.

Lemma 2.1. For c ≤ x ≤ b, q, u, v ≥ 0 and for p := u −ψ(v), we have

Ex(e−qτ+
b : τ+

b < τ−
c ) = W(q)(x − c)

W(q)(b − c)
, (2.1)

Ex(e−uτ−
c +vX(τ−

c ) : τ−
c < τ+

b ) = evx
(

Z( p)
v (x − c) − W( p)

v (x − c)

W( p)
v (b − c)

Z( p)
v (b − c)

)
, (2.2)

and, for x ∈ (c, b),

Ex(e−qτ−
c : X(τ−

c ) = c, τ−
c < τ+

b ) = σ 2

2

(
W(q)′(x − c) − W(q)(x − c)

W(q)′(b − c)

W(q)(b − c)

)
. (2.3)
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In addition, the resolvent of process X killed at the first exit time of interval [c, b] is specified by

∫ ∞

0
e−qt

Ex( f (Xt), t< τ+
b ∧ τ−

c ) dt =
∫ b

c
f (y)

(
W(q)(x − c)

W(q)(b − c)
W(q)(b − y) − W(q)(x − y)

)
dy.

Identity (2.1) can be found in [8, Theorem 8.1]. To obtain the joint Laplace transform in
(2.2), we apply [8, Theorem 8.1] under the new measure P

(v)
x . Identity (2.3) can be found in

[12, equation (2.6)], and {X(τ−
c ) = c} is known as the creeping event, which happens for an

SNLP when the first downward passage over a level occurs by hitting the level with a positive
probability. The result shows that an SNLP creeps downwards if and only if it has a Gaussian
component.

Let τ {a} := inf{t> 0, Xt = a} be the first hitting time of level a. We could not find the
following result in the literature, and provide a proof for the readers’ convenience.

Lemma 2.2. For x, a ∈ (c, b), we have

Ex(e−qτ {a}
: τ {a} < τ+

b ∧ τ−
c ) = W(q)(x − c)

W(q)(a − c)
− W(q)(x − a)W(q)(b − c)

W(q)(b − a)W(q)(a − c)
. (2.4)

Proof of Lemma 2.2. As observed in [7, Lemma 11] that {τ+
b < τ {a}} = {τ+

b < τ−
a } for

a< b, applying the strong Markov property of X at τ {a}, we have

Ex(e−qτ+
b : τ+

b < τ−
c )

=Ex(e−qτ+
b : τ {a} < τ+

b < τ−
c ) +Ex(e−qτ+

b : τ+
b < τ−

c ∧ τ {a})

=Ex(e−qτ {a}
: τ {a} < τ+

b ∧ τ−
c )Ea(e−qτ+

b : τ+
b < τ−

c ) +Ex(e−qτ+
b : τ+

b < τ−
a ).

The Laplace transform (2.4) for the hitting time follows by applying (2.1). �

3. Main results

Write X̄t := sup0≤s≤t Xs for the running maximum process for X. The process X reflected
at its running maximum is defined by Yt := X̄t − Xt. Let ξ (·) be a measurable function on R.
Define the draw-down time for X with respect to the draw-down function ξ as

τξ := inf{t> 0, Xt < ξ (X̄t)} = inf{t> 0, Yt > ξ̄ (X̄t)},
where ξ̄ (z) := z − ξ (z) and {ξ (X̄t), t ≥ 0} is the associated draw-down level process. For the
case of constant function ξ̄ , a sextuple law was found in [12], where the concerned quantities
include the time of reaching the last maximum and minimum value of X before τξ together
with the undershoot at τξ . The process Y is referred to as the draw-down process in [12].
In this paper, we focus on an arbitrary measurable and strictly positive function ξ̄ on R and we
assume that W(q)′(x) exists on (0,∞) for simplicity.

In this section we first present expressions for the solutions to the two-sided exit problems
involving τξ .

Proposition 3.1. For any q> 0 and x< b, we have

Ex(e−qτ+
b : τ+

b < τξ ) = exp

(
−

∫ b

x

W(q)′(ξ̄ (y))

W(q)(ξ̄ (y))
dy

)
. (3.1)
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For any u, v> 0, k ∈R and x< b, with p := u −ψ(v), we have

Ex(e−uτξ+vX(τξ )+kX̄(τξ ) : τξ < τ
+
b )

= evx
∫ b

x
e

ky−∫ y
x

W
( p)′
v (ξ̄ (z))

W
( p)
v (ξ̄ (z))

dz
(

W( p)′
v (ξ̄ (y))

W( p)
v (ξ̄ (y))

Z( p)
v (ξ̄ (y)) − pW( p)

v (ξ̄ (y))

)
dy. (3.2)

Remark 3.1. The assumption ξ̄ > 0 on [x, b] is necessary. In fact, if ξ̄ (a) = 0 for some a ∈
(x, b), one can find that τξ ≤ τ+

a Px-a.s. by definition, and then (3.1) and (3.2) fail to hold. It is
often the case that the process X is bounded from above by a constant b for the event of interest.
When this happens, under Px the effective domain of ξ̄ is [x, b] instead of R, that is, only the
values of ξ̄ (y) for y ∈ [x, b] really matter, and the conditions on ξ̄ (y) only need to be imposed
for y ∈ [x, b].

For the potential measure up to time τ+
b ∧ τξ , we also have the next result.

Proposition 3.2. For any x< b, we have∫ ∞

0
e−qt

Px(Xt ∈ dy : t< τ+
b ∧ τξ ) dt

=
( ∫ b

x
e
− ∫ z

x
W(q)′(ξ̄ (s))
W(q)(ξ̄ (s))

ds
(

W(q)′(z − y) − W(q)′(ξ̄ (z))

W(q)(ξ̄ (z))
W(q)(z − y)

)
1{y∈(ξ (z),z)} dz

)
dy

+ W(0)

(
e
− ∫ y

x
W(q)′(ξ̄ (z))
W(q)(ξ̄ (z))

dz
1{y∈(x,b)}

)
dy. (3.3)

Remark 3.2. The resolvent density in (3.3) consists of two parts, where the second term
degenerates if process X has sample paths of unbounded variation. By further analysis, one
can find that it is contributed by the total amount of time in

L := {t> 0:Xt = X̄t}
until time τ+

b ∧ τξ , that is, ∫ ∞

0
e−qt1{t∈L}1{t<τ+

b ∧τξ }1{Xt∈ dy} dt;

and for the case of W(0) = 0, we see that L is a Lebesgue null set Px-a.s.

Remark 3.3. If ξ ≡ c for some c< x, then Proposition 3.2 implies that the support of the
resolvent is [c, b]. For any y ∈ (c, b), since y> ξ (z) = c in the following integral, we have

∫ b

x
e
− ∫ z

x
W(q)′(ξ̄ (u))
W(q)(ξ̄ (u))

du
(

W(q)′(z − y) − W(q)′(ξ̄ (z))

W(q)(ξ̄ (z))
W(q)(z − y)

)
1{y∈(ξ (z),z)} dz

=
∫ b

x∨y
e
− ∫ z

x
W(q)′(u−c)
W(q)(u−c)

du
(

W(q)′(z − y) − W(q)′(z − c)

W(q)(z − c)
W(q)(z − y)

)
dz

=
(

e
− ∫ z

x
W(q)′(u−c)
W(q)(u−c)

du
W(q)(z − y)

)∣∣∣b

x∨y
= W(q)(x − c)

(
W(q)(z − y)

W(q)(z − c)

)∣∣∣b

x∨y

= W(q)(x − c)

W(q)(b − c)
W(q)(b − y) − W(q)(x − y)1{x≥y} − W(0)

W(q)(x − c)

W(q)(y − c)
1{y>x}

https://doi.org/10.1017/jpr.2019.31 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2019.31


446 B. LI ET AL.

and

W(0) e
− ∫ y

x
W(q)′(ξ̄ (z))
W(q)(ξ̄ (z))

dz
1{y>x} = W(0) e

− ∫ y
x

W(q)′(z−c)
W(q)(z−c)

dz
1{y>x} = W(0)

W(q)(x − c)

W(q)(y − c)
1{y>x}.

Making use of the fact that W(q)(z) = 0 for z< 0 again, we recover the expression of the
classical potential density.

Notice that τξ ∧ τ−
c = τξ∨c for any c< x and initial value x. Applying Proposition 3.2, in

the next result we can also obtain a joint distribution involving the running minimum and
maximum before τξ together with Xτξ− and Xτξ when there is an overshoot at the draw-down
time τξ .

Let Xt := infs∈[0,t] Xs be the running minimum process of X.

Corollary 3.1. For any nonnegative measurable function f on R
2 satisfying f (z, z) = 0 for all

z ∈R and for any c< x< b, we have

Ex(e−qτξ f (Xτξ−, Xτξ ) : Xτξ− > c, X̄τξ ≤ b)

= W(0)
∫ b

c

(
e
− ∫ z

x
W(q)′(ξ∨c(s))
W(q)(ξ∨c(s))

ds)
dz

∫ −ξ̄ (z)

−∞
f (z, z + u)�(du)

+
∫ b

c
dz

∫ z

ξ (z)∨c
dy

∫ ξ (z)−y

−∞
f (y, y + u)�(du)

×
(

e
− ∫ z

x
W(q)′(ξ∨c(s))
W(q)(ξ∨c(s))

ds
W(q)′(z − y) − W(q)′(ξ ∨ c(z))

W(q)(ξ ∨ c(z))
W(q)(z − y)

)
.

We now consider the hitting problem of a draw-down level. Let

τ {ξ} := inf{t> 0, Xt = ξ (X̄t)} = inf{t> 0, Yt = ξ̄ (X̄t)}
denote the first time for X to hit the draw-down level ξ (X̄). A particularly interesting case
of hitting is the event of creeping, {τ {ξ} = τξ }, which happens for an SNLP when the first
downward passage over a level occurs by hitting the level with a positive probability. It is well
known that the classical creeping of a fixed level happens only if σ > 0, i.e. only if process X
has a nontrivial Brownian motion component. If the downward passage time is replaced with a
draw-down time, observe that within the duration of each downward sample path of excursion
away from the running maximum, the draw-down level ξ (X̄) remains constant. Therefore, one
would expect that the draw-down creeping occurs if and only if process X has a nontrivial
Brownian motion component.

In the following proposition, another draw-down level with draw-down function θ (z) is
introduced with θ̄ (z) = z − θ (z)> 0 for all z ∈R.

Proposition 3.3. For any x< b and I := {z ∈R : θ (z)< ξ (z)}, we have

Ex(e−qτξ : τ {ξ} = τξ < τ
+
b ∧ τθ )

= σ 2

2

∫
[x,b]∩I

e
− ∫ y

x
W(q)′(ξ∨θ(z))
W(q)(ξ∨θ (z))

dz
(

(W(q)′(ξ̄ (y)))2

W(q)(ξ̄ (y))
− W(q)′′(ξ̄ (y))

)
dy. (3.4)
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Moreover, for any x< b we have

Ex(e−qτ {ξ}
: τ {ξ} < τ+

b ∧ τθ )

=
∫

[x,b]∩I
e
− ∫ y

x
W(q)′(ξ∨θ (z))
W(q)(ξ∨θ (z))

dz W(q)(θ̄(y))

W(q)(θ̄(y) − ξ̄ (y))

(
W(q)′(ξ̄ (y))

W(q)(ξ̄ (y))
− W(q)′(θ̄(y))

W(q)(θ̄(y))

)
dy. (3.5)

Remark 3.4. If θ < ξ = c for some c< x< b, Proposition 3.3 reduces to the classical result
(2.3). In this case, I =R and ξ ∨ θ (y) = y − c = ξ̄ (y). As in Remark 3.3, we have

∫ y

x

W(q)′(ξ ∨ θ (z))

W(q)(ξ ∨ θ (z))
dz =

∫ y

x

W(q)′(z − c)

W(q)(z − c)
dz = log

(
W(q)(y − c)

W(q)(x − c)

)
for y ∈ (x, b).

Then the right-hand side of (3.4) is equal to

σ 2

2

∫ b

x

W(q)(x − c)

W(q)(y − c)

(
(W(q)′(y − c))2

W(q)(y − c)
− W(q)′′(y − c)

)
dy

= σ 2

2
W(q)(x − c) ·

(
−W(q)′(y − c)

W(q)(y − c)

)∣∣∣∣
b

x

= σ 2

2

(
W(q)′(x − c) − W(q)(x − c)

W(q)′(b − c)

W(q)(b − c)

)
,

which recovers (2.3).
Similarly, one can recover Lemma 2.2 from (3.5) by taking ξ = a, θ = c with c< a< b and

x ∈ (c, b).

It is also interesting to study similar problems associated with the draw-up times (from the
running minimum) with a general draw-up function for a spectrally negative Lévy process.
However, it seems challenging to express the desired results in terms of the scale functions.

4. Applications

In this section we present two applications of the results from Section 3.

4.1. Selling a stock at a draw-down time

Example 4.1. The decision to sell a stock is a combination of art and science. In general, it is
ideal to sell a stock at a price as high as possible or just before it starts to decline. However,
very few investors can buy at the absolute bottom and sell at the absolute high. If one does not
sell at the right time, the profit disappears. There are a number of considerations to determine
the best time. In this example, we assume that the price process of an underlying security is
given by S = {St = eXt , t ≥ 0}. The investor sells a stock either when it hits a price target in
order to lock in gains or before the ratio S/S leaves too far below 1 to stop the loss, where S is
the historical high process for S. Using the Cobb–Douglas function, the investor sells out of a
stock when the utility process

{(St/S0)γ (St/St)
1−γ , t ≥ 0}

leaves a predetermined interval [a, b] for some γ, a ∈ (0, 1) and b> 1. It can be checked
directly that Ta,b = T+

a,b ∧ T−
a,b, where

T+
a,b := inf{t> 0: St > b1/γ S0} and T−

a,b := inf{t> 0: St/S0 < a · (St/S0)1−γ }.

https://doi.org/10.1017/jpr.2019.31 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2019.31


448 B. LI ET AL.

Without loss of generality, we take S0 = 1 and then X0 = 0. Formulated in terms of the first
passage time for X under P, we have T+

a,b = τ+
(log b)/γ and T−

a,b = τξ for ξ (z) = (1 − γ )z + log a.
Let q> 0 be the risk-free interest rate and p = q −ψ(1). Then we have

E1(e−qTa,bSTa,b : Ta,b = T+
a,b) = b1/γ

(
W(q)(log 1/a)

W(q)(log b/a)

)1/γ

(4.1)

and

E1(e−qTa,bSTa,b : Ta,b = T−
a,b) = Z( p)

1 (log 1/a) − Z( p)
1 (log b/a)

(
W( p)

1 (log 1/a)

W( p)
1 (log b/a)

)1/γ

− p
1 − γ

γ

∫ log b/a

log 1/a
(W( p)

1 (log 1/a))1/γ (W( p)
1 (y))(γ−1)/γ dy.

(4.2)

Proof of (4.1) and (4.2). In this case, for z ∈ [0, (log b)/γ ], ξ̄ (z) = γ z − log a> 0 by defi-
nition. Then ξ̄ ′(z) = γ and, for x ∈ [0, (log b)/γ ], we have

∫ x

0

W(q)′(ξ̄ (y))

W(q)(ξ̄ (y))
dy = 1

γ
(log (W(q)(ξ̄ (y))))

∣∣x
0 = 1

γ
log

(
W(q)(ξ̄ (x))

W(q)(ξ̄ (0))

)
.

Applying the formula (3.1) and the fact that ST+
a,b

= b1/γ on the event {T+
a,b <∞} gives (4.1).

Similarly, we have

∫ (log b)/γ

0
exp

(
−

∫ y

0

W( p)′
1 (ξ̄ (z))

W( p)
1 (ξ̄ (z))

dz

)(
W( p)′

1 (ξ̄ (y))

W( p)
1 (ξ̄ (y))

Z( p)
1 (ξ̄ (y)) − pγW( p)

1 (ξ̄ (y))

)
dy

=
(

−Z( p)
1 (ξ̄ (y)) e

− ∫ y
0

W
( p)′
1 (ξ̄ (z))

W
( p)
1 (ξ̄ (z))

dz)∣∣∣∣
(log b)/γ

0

= Z( p)
1

(
log

1

a

)
− Z( p)

1

(
log

b

a

)(
W( p)

1 (log 1/a)

W( p)
1 (log b/a)

)1/γ

.

The identity (4.2) can be proved by applying (3.2) and a change of variable argument. �

4.2. First passage times of the reflected SNLP

Example 4.2. For function ξ (z) = z − d for some d> 0, the draw-down time τξ reduces to the
first passage time of SNLP reflected at its running maximum, which was investigated in [1]
and [13], that is, τξ = κ+

d for

κ+
d := inf{t> 0, Yt > d}.
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For b, q, u, v> 0 and k ∈R, we have

E(e−qτ+
b : τ+

b < κ+
d ) = exp

(
−W(q)′(d)

W(q)(d)
b

)
, (4.3)

E(e−uκ+
d +vX(κ+

d )+kX̄(κ+
d ) : κ+

d < τ
+
b ) =

(
W( p)′

v (d)

W( p)
v (d)

Z( p)
v (d) − pW( p)

v (d)

)

×
(

1 − e

(
k− W

( p)′
v (d)

W
( p)
v (d)

)
b)/(

W( p)′
v (d)

W( p)
v (d)

− k

)
, (4.4)

and

E(e−qκ+
d : Y(κ+

d ) = d, κ+
d < τ

+
b ) = σ 2

2

(
W(q)′(d) − W(q)(d)W(q)′′(d)

W(q)′(d)

)(
1 − e

− W(q)′(d)
W(q)(d)

b
)
,

(4.5)

where p = u −ψ(v). In addition, for y ∈ (−d, b) we have

∫ ∞

0
e−qt

P(Xt ∈ dy, t< κ+
d ∧ τ+

b ) dt =
(

W(q)(d ∧ (b − y)) e
− W(q)′(d)

W(q)(d)
( y+d)∧b − W(q)(−y)

)
dy.

(4.6)

Note that ξ̄ (t) ≡ d in this case, so the above results follow directly from Propositions 3.1,
3.3, and 3.2, respectively, where an argument similar to Remark 3.3 is applied in obtaining
(4.6).

Remark 4.1. Denote by eq an exponential random variable with parameter q and independent
of X. Since

E(e−qτ+
b : τ+

b < κ+
d ) = P(τ+

b < eq ∧ κ+
d ) = P(X̄eq∧κ+

d
> b),

it follows from (4.3) that X̄eq∧κ+
d

is exponentially distributed with parameter W(q)′(d)/W(q)(d).
Taking k = −v< 0 in (4.4) and letting b → ∞, we have

E(e−uκ+
d −vY(κ+

d ) : κ+
d <∞) = Z( p)

v (d) − W( p)
v (d)

pW( p)
v (d) + vZ( p)

v (d)

W( p)′
v (d) + vW( p)

v (d)
,

which coincides with [1, Theorem 1].

Remark 4.2. For 0< b − y< d and b> 0, identity (4.6) can be rewritten as

P(Xeq ∈ dy, eq < κ
+
d , X̄eq < b) = q(W(q)(b − y) e

− W(q)′(d)
W(q)(d)

b − W(q)(−y)) dy.

Then

P(Xeq ∈ dy, eq < κ
+
d , X̄eq ∈ db) = q

(
W(q)′(b − y) − W(q)′(d)

W(q)(d)
W(q)(b − y)

)
e
− W(q)′(d)

W(q)(d)
b

dy db.
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Therefore, for z ∈ (0, d) we have

P(Yeq ∈ dz, eq < κ
+
d ) = q

(
W(q)′(z) − W(q)′(d)

W(q)(d)
W(q)(z)

) ∫ ∞

0
e
− W(q)′(d)

W(q)(d)
b

db

= q

(
W(q)(d)

W(q)′(z)

W(q)′(d)
− W(q)(z)

)
dz,

which coincides with the resolvent given in [13, Theorem 1(ii)].
By Remark 3.2, for the case W(0)> 0, we have for y ∈ (0, b)

P(eq < κ
+
d ∧ τ+

b , X̄(eq) ∈ dy, Y(eq) = 0) = qW(0) e
− W(q)′(d)

W(q)(d)
y

dy.

Therefore,

P(eq < κ
+
d ∧ τ+

b , Y(eq) = 0) = q
W(0)W(q)(d)

W(q)′(d)

(
1 − e

− W(q)′(d)
W(q)(d)

b
)

.

It follows that

P(Y(eq) = 0, eq < κ
+
d ) = qW(0)

W(q)(d)

W(q)′(d)
,

which gives the time Y spent at 0 before κ+
d and coincides with [13, Theorem 1(ii)].

5. Proofs of the main results

This section is dedicated to the proofs for our main results, where we make use of the
excursion theory for Markov processes, and appeal to the compensation formula and the
exponential formula for Poisson point processes; see for example [4, O.5]. To this end, we
first restate the formula concerned in terms of excursions, and then apply the compensation
formula. For this we use the following notations from [1], [4, IV], and [14], and refer the
readers to the book for a detailed discussion of the related excursion theory. Moreover, by the
spatial homogeneity of X, we mainly focus on the cases under P. More general results for Px

can be derived by a shifting argument, as shown in the proof of Proposition 3.1.
Recall that X̄ is the running maximum process of X and let Y := X̄ − X be the reflected

process. It is known that Y is a ‘nice’ Markov process with 0 being instantaneous whenever
W(0) = 0. Let L := {t> 0, Yt = 0} be the zero set of Y and let L be its closure. A local time
process L of Y at 0 is a continuous process that increases only on L and is unique up to a
multiplicative factor. Thus, there exists ν ≥ 0 such that

∫ t

0
1{s∈L} ds = νL(t) for all t ≥ 0 (5.1)

(see [4, Corollary IV.6]). The right inverse of L is defined by

L−1
t := inf{s> 0: L(s)> t}, t ≥ 0.

Under the new time scale, the excursion process of Y away from zero, associated with L and
denoted by ε ≡ {εr, r ≥ 0}, takes values in the so-called excursion space of paths away from 0
with an additional isolated point γ , E ∪ {γ }, and is defined by

εr := {Yt, L−1
r− ≤ t< L−1

r } if L−1
r− < L−1

r ,
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and εr := γ otherwise. The excursion process ε is a Poisson point process, possibly stopped at
time L(∞) with an excursion of infinite lifetime, characterized by a σ -finite measure n(·) on E .
Set (L)c consists of countable excursion intervals, and L differs from L by at most countable
points. In particular, ∫ L−1

r

0
1{s∈L} ds = νr

on {L−1
r <∞} under P (see [4, Lemma VI.8]). For a Borel function f ≥ 0 on E ∪ {γ } with

f (γ ) = 0, we write

n( f ) :=
∫
E

f (ε)n(dε).

For any c ≥ 0, n(c) denotes the associated excursion measure for X under P(c).
For an SNLP X under P, its running maximum process X̄ fulfils the condition of a local time

and is chosen to be the local time of Y at 0 (see [4, VII]). For this choice of local time L,

L(t) = sup
s∈[0,t]

Xs,

and L−1
s = τ+

s is a subordinator with Laplace exponent�. Since ν is the drift parameter of L−1

(see [4, Theorem IV.8]), we have

ν = lim
s→∞

�(s)

s
= lim

s→∞
s

ψ(s)
= W(0).

For an excursion ε ∈ E , its lifetime is denoted by ζ and its excursion height is denoted by ε.
The first passage and the first hitting time of ε are defined by

ρ+
c := inf{s ∈ (0, ζ ) : ε(s)> c} and ρ{c} := inf{s ∈ (0, ζ ) : ε(s) = c}

respectively, with the convention that inf ∅= ∞. We write ρ+
c (r), ρ{c}(r) and ζ (r) for the first

passage time, the first hitting time and the lifetime, respectively, of the excursion at local time
r, that is, εr = ε ∈ E . As before, we let eq denote an exponential variable with parameter q> 0
and independent of X.

Proof of Proposition 3.1. Observe from their definitions that under P,

• on the event {τ+
b <∞},

τ+
b = L−1

b =
∫ L−1

b

0
1{t∈L} dt +

∫ L−1
b

0
1{t/∈L} dt = νb +

∑
r∈[0,b]

ζ (r);

• on the event {τξ <∞}, τξ = L−1
r− + ρ+

ξ̄ (r)
(r) and X̄(τξ ) = r for r = L(τξ );

• on the event {τ {ξ} <∞}, τ {ξ} = L−1
r− + ρ{ξ̄ (r)}(r) and X̄(τξ ) = r for r = L(τ {ξ}).

From the idea in the proof of [4, Theorem VII.8], it holds that

{τ+
b < τξ } = {ε̄r ≤ ξ̄ (r) for all r ∈ [0, b]}.
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Therefore, using the exponential compensation formula (see [4, O.5]), we obtain

E(e−qτ+
b : τ+

b < τξ ) = e−qνb ×E

(
e−q

∑
r∈[0,b] ζ (r)

∏
r∈[0,b]

1{ε̄r≤ξ̄ (r)}
)

= e−qνb ×E

(
exp

(
−

∑
r∈[0,b]

(qζ (r) + ∞ · 1{ε̄r>ξ̄ (r)})
))

= exp

(
−

∫ b

0

(
qν +

∫
E

(1 − e−qζ1{ε≤ξ̄ (r)})n(dε)

)
dr

)
, (5.2)

with the understanding that e−∞ = 0 and ∞ × 0 = 0. To solve the problem, we recall the
classical case of constant ξ ≡ c< 0 in Lemma 2.1:

W(q)(−c)

W(q)(b − c)
=E(e−qτ+

b : τ+
b < τ−

c )

= exp

(
−

∫ b

0

(
qν +

∫
E

(1 − e−qζ1{ε≤(r−c)})n(dε)

)
dr

)
.

Differentiating in b on both sides of the equation above gives

qν +
∫
E

(1 − e−qζ1{ε≤z})n(dε) = W(q)′(z)

W(q)(z)
for z> 0. (5.3)

Applying the formula (5.3) to the previous equation (5.2) gives identity (3.1) under P.
For the event {τξ < τ+

b } and for p = u −ψ(v)> 0, taking a change of measure we have

E(e−uτξ+vX(τξ )+kX̄(τξ ) : τξ < τ
+
b )

=E
(v)(e−pτξ+kX̄(τξ ) : τξ < τ

+
b )

=E
(v)

( ∑
r∈[0,b]

(
ekr−pL−1

r−
∏
s<r

1{εs≤ξ̄ (s)}
)

× e
−pρ+

ξ̄ (r)
(r)

1{ε̄r>ξ̄ (r)}
)

=
∫ b

0
ekr

E
(v)

(
e−pL−1

r−
∏
s<r

1{εs≤ξ̄ (s)}
)

× n(v)(e
−pρ+

ξ̄ (r) : ε > ξ̄ (r)) dr

=
∫ b

0
ekr

E
(v)(e−pL−1

r : L−1
r < τξ ) × n(v)(e

−pρ+
ξ̄ (r) : ε > ξ̄ (r)) dr,

where a compensation formula is applied for the third equality (see e.g. [4, O.5]) and where
we used the fact that L−1

t �= L−1
t− for at most countably many values of t.

Considering now the case where ξ ≡ c< 0, u = q> 0 and v = k = 0, we have

Z(q)(−c) − W(q)(−c)

W(q)(b − c)
Z(q)(b − c)

=E(e−qτ−
c : τ−

c < τ+
b )

=
∫ b

0
E(e−qτ+

r : τ+
r < τ−

c ) × n(e−qρ+
r−c : ε > (r − c)) dr

=
∫ b

0

W(q)(−c)

W(q)(r − c)
× n(e−qρ+

r−c : ε > (r − c)) dr.
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Differentiating in b on both sides of the above equation gives

n(e−qρ+
z : ε > z) = W(q)′(z)

W(q)(z)
Z(q)(z) − qW(q)(z) for z> 0. (5.4)

Plugging (3.1) and (5.4) into the equation gives the formula (3.2) under P. The general result
for u, v> 0 and k ∈R follows by an analytic extension.

To consider the general case of X(0) = x with x< b, we introduce a function ς (y) := ξ (y +
x) − x. Then

ς̄ (y) = y + x − ξ (y + x) = ξ̄ (y + x).

Since X is spatially homogeneous, we have

(X, X̄, τξ )|Px = (x + X, x + X̄, τς )|P.

Therefore,

Ex(e−qτ+
b : τ+

b < τξ ) =E(e−qτ+
b−x : τ+

b−x < τς )

= exp

(
−

∫ b−x

0

W(q)′(ς̄ (y))

W(q)(ς̄(y))
dy

)

= exp

(
−

∫ b

x

W(q)′(ξ̄ (y))

W(q)(ξ̄ (y))
dy

)
,

which gives (3.1). Similarly, we have from the spatial homogeneity of X that

Ex(e−uτξ+vX(τξ )+kX̄(τξ ) : τξ < τ
+
b )

= evx+kx
E(e−uτς+vX(τς )+kX̄(τς ) : τς < τ

+
b−x)

= evx+kx
∫ b−x

0
e

ky−∫ y
0

W
( p)′
v (ς̄ (z))

W
( p)
v (ς̄(z))

dz
(

W( p)′
v (ς̄ (y))

W( p)
v (ς̄(y))

Z( p)
v (ς̄(y)) − pW( p)

v (ς̄(y))

)
dy

= evx
∫ b

x
e

ky−∫ y
x

W
( p)′
v (ξ̄ (z))

W
( p)
v (ξ̄ (z))

dz
(

W( p)′
v (ξ̄ (y))

W( p)
v (ξ̄ (y))

Z( p)
v (ξ̄ (y)) − pW( p)

v (ξ̄ (y))

)
dy.

This concludes the proof of Proposition 3.1. �
In the following proofs, we use an idea from [4, Lemma VI.8] and the compensation

formula, and we only focus on the case under P and for b> 0.

Proof of Proposition 3.2. Let f ≥ 0 be a bounded and continuous function on R. For the
resolvent of X killed at τ+

b ∧ τξ , which is defined in (3.3), we have

∫ ∞

0
e−qt

E( f (Xt) : t< τ+
b ∧ τξ ) dt

=
∫ ∞

0
e−qt

E( f (Xt), t ∈L, t< τ+
b ∧ τξ ) dt +

∫ ∞

0
e−qt

E( f (Xt), t /∈L, t< τ+
b ∧ τξ ) dt

= :I1 + I2.
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Recalling equation (5.1), applying Fubini’s theorem and a change of variable, we have

I1 = νE

( ∫ ∞

0
e−qtf (Xt)1{t<τ+

b ∧τξ } dLt

)

= νE

( ∫ ∞

0
e−qL−1

r f (X(L−1
r ))1{L−1

r <τ+
b ∧τξ } dr

)

= ν

∫ b

0
f (r)E(e−qL−1

r : L−1
r < τξ ) dr,

where L−1
r = τ+

r and X(L−1
r ) = r on event {L−1

r <∞}. On the other hand, we have

qI2 =E( f (Xeq) : eq /∈L, eq < τ
+
b ∧ τξ )

=E

( ∑
r∈[0,b]

f (r − εr(eq − L−1
r− )) ×

∏
s<r

1{εs≤ξ̄ (s)}1{eq<L−1
r−+ρ+

ξ̄ (r)
(r)} : L−1

r− < eq < L−1
r

)
,

where X̄eq = L(eq) = r on the event {L−1
r− < eq < L−1

r }. By the memoryless property of eq and
the compensation formula, we further have

qI2 =E

( ∑
r∈[0,b]

e−qL−1
r−

∏
s<r

1{εs≤ξ̄ (s)} × f (r − εr(eq))1{eq<ρ
+
ξ̄ (r)

(r)∧ζ (r)}
)

=
∫ b

0
E(e−qL−1

r : L−1
r < τξ ) × q

∫ ∞

0
n(e−qsf (r − ε(s)) : s<ρ+

ξ̄ (r)
∧ ζ ) ds dr.

Putting these together gives∫ ∞

0
e−qt

E( f (Xt) : t< τ+
b ∧ τξ ) dt

=
∫ b

0
E(e−qτ+

r : τ+
r < τξ ) ×

(
νf (r) +

∫ ∞

0
e−qsn( f (r − ε(s)) : s<ρ+

ξ̄ (r)
∧ ζ ) ds

)
dr.

For the case of ξ ≡ c< 0, we have∫ ∞

0
e−qt

E( f (Xt) : t< τ+
b ∧ τ−

c ) dt

=
∫ b

0

W(q)(−c)

W(q)(r − c)

(
νf (r) +

∫ ∞

0
e−qsn(f (r − ε(s)) : s<ρ+

r−c ∧ ζ ) ds

)
dr

=
∫ b

c
f (y)

(
W(q)(−c)

W(q)(b − c)
W(q)(b − y) − W(q)(−y)

)
dy.

Further differentiating in b on the above equation, we eventually have

νf (b) +
∫ ∞

0
e−qsn( f (b − ε(s)) : s<ρ+

b−c ∧ ζ ) ds

= W(0)f (b) +
∫ b

c
f (y)

(
W(q)′(b − y) − W(q)′(b − c)

W(q)(b − c)
W(q)(b − y)

)
dy. (5.5)

Since ν = W(0), formula (3.3) is thus proved for x = 0. �

https://doi.org/10.1017/jpr.2019.31 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2019.31


Exit problems for general draw-down times 455

Proof of Proposition 3.3. As in the proofs of Propositions 3.1 and 3.2, for the event of
creeping {τ {ξ} = τξ < τ

+
b ∧ τθ }, i.e. the event that the draw-down event happens before X

leaves interval [θ (X̄), b] by hitting the draw-down level ξ (X̄), we have

E(e−qτξ : τ {ξ} = τξ < τ
+
b ∧ τθ )

=E

( ∑
r∈[0,b]

(
e−qL−1

r−
∏
s<r

1{εs≤θ̄ (s)}1{εs≤ξ̄ (s)}
)

× (e
−qρ+

ξ̄ (r)
(r)

1{εr(ρ+
ξ̄ (r)

)=ξ̄ (r)}1{ξ̄ (r)<θ̄ (r)})
)

=
∫ b

0
E(e−qL−1

r : L−1
r < τξ∨θ ) × n(e

−qρ+
ξ̄ (r) : ε(ρ+

ξ̄ (r)
) = ξ̄ (r)) × 1{r∈I} dr.

For the case of ξ (z) = θ (z) + 1 ≡ c, we have I =R and {τξ ≤ τ+
b ∧ τθ } = {τ−

c ≤ τ+
b }. Since

E(e−qτ−
c : X(τ−

c ) = c, τ−
c < τ+

b ) = σ 2

2

(
W(q)′(−c) − W(q)(−c)

W(q)′(b − c)

W(q)(b − c)

)

=
∫ b

0

W(q)(−c)

W(q)(r − c)
× n(e−qρ+

r−c : ε(ρ+
r−c) = r − c) dr,

differentiating on both sides of the equation above, we have

n(e−qρ+
z : ε(ρ+

z ) = z) = σ 2

2

(
(W(q)′(z))2

W(q)(z)
− W(q)′′(z)

)
for z> 0. (5.6)

Identity (3.4) is thus proved by applying (3.1) for x = 0.
The hitting of a maximum dependent level cannot be derived by applying the strong Markov

property of X as in the classical case in Lemma 2.2. However, due to the absence of positive
jumps, a similar observation is that

{L−1
s < τ {ξ} ∧ τθ } = {L−1

s < τξ ∧ τθ } on the event {L−1
s <∞},

that is, every excursion at time s< r = L(τ {ξ}) fails to go above level ξ ∨ θ(s). Therefore,

E(e−qτ {ξ}
: τ {ξ} < τ+

b ∧ τθ )

=E

( ∑
r∈[0,b]

(
e−qL−1

r−
∏
s<r

1{εs≤ξ̄ (s)}1{εs≤θ̄ (s)}
)

× (e−qρ{ξ̄ (r)}(r)1{ρ{ξ̄ (r)}(r)<ρ+
θ̄ (r)

(r)})
)

=
∫ b

0
E(e−qL−1

r : L−1
r ≤ τξ∨θ ) × n(e−qρ{ξ̄ (r)}

: ρ{ξ̄ (r)} <ρ+
θ̄(r)

)1{ξ̄ (r)<θ̄ (r)} dr.

For the case of ξ ≡ a and θ ≡ c with c< a< 0< b, we have

W(q)(−c)

W(q)(a − c)
− W(q)(−a)W(q)(b − c)

W(q)(b − a)W(q)(a − c)

=E(e−qτ {a}
: τ {a} < τ+

b ∧ τ−
c )

=
∫ b

0
E(e−qτ+

r : τ+
r < τ−

a ) × n(e−qρ{r−a}
: ρ{r−a} <ρ+

r−c) dr.
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Differentiating in b on both sides of the above equation gives, for b> a> c,

n(e−qρ{b−a}
: ρ{b−a} <ρ+

b−c) = W(q)(b − c)

W(q)(a − c)

(
W(q)′(b − a)

W(q)(b − a)
− W(q)′(b − c)

W(q)(b − c)

)
, (5.7)

which leads to identity (3.5). �
Remark 5.1. We remark that the excursion theory for a (reflected) SNLP has been employed
to solve several similar problems. The formulas (5.4), (5.5), (5.6), (5.3) for q = 0 and (5.7) for
b − c = ∞ have also been found as well; see [14] for a collection of such results.

Proof of Corollary 3.1. Since {t< τ+
b } = {X̄t < b} and {t< τ−

c } = {Xt > c} for every t> 0,
we have by Proposition 3.2 that, for z> x ≥ c and ξ (z) ∨ c< y ≤ z,∫ ∞

0
e−qt

Px(Xt ∈ dy, X̄t ∈ dz, t< τξ , Xt ≥ c) dt

=
∫ ∞

0
e−qt

Px(Xt ∈ dy, X̄t ∈ dz, t< τξ∨c) dt

=
(

e
− ∫ z

x
W(q)′(ξ∨c(s))
W(q)(ξ∨c(s))

ds
W(q)′(z − y) − W(q)′(ξ ∨ c(z))

W(q)(ξ ∨ c(z))
W(q)(z − y)

)
dz dy

+ W(0)
(

e
− ∫ z

x
W(q)′(ξ∨c(s))
W(q)(ξ∨c(s))

ds)
dz · δz(dy),

where δz denotes the Dirac measure concentrated at z. Note that τξ ∈ {t> 0, Xt− �= Xt} on the
event {Xτξ �= Xτξ−} ∩ {τξ <∞}, and process {(Xt − Xt−), t ≥ 0} can be identified as a Poisson
point process with characteristic measure �(·). Therefore, for f ≥ 0 satisfying f (z, z) = 0, we
have by Fubini’s theorem

Ex(e−qτξ f (Xτξ−, Xτξ ) : Xτξ− ≥ c, X̄τξ ≤ b)

=Ex(e−qτξ f (Xτξ−, Xτξ ) : Xτξ �= Xτξ−, Xτξ− ≥ c, X̄τξ ≤ b)

=Ex

( ∑
{t : Xt−�=Xt}

e−qtf (Xt−, Xt− +�Xt)1(Xt− ≥ c)1(X̄t ≤ b)

× 1(t ≤ τξ )1(Xt− +�Xt < ξ (X̄t))

)

=
∫ ∞

0
e−qt dt

∫ b

x

∫ z

c
Px(Xt− ∈ dy, X̄t− ∈ dz, t< τξ , Xt− ≥ c)

×
∫ ξ (z)−y

−∞
f (y, y + u)�(du),

where the compensation formula is applied for the last equation. The desired result then follows
from the quasi-left-continuity for process X. �
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