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TAMENESS AND FRAMES REVISITED

WILL BONEY AND SEBASTIEN VASEY

Abstract. We study the problem of extending an abstract independence notion for types of singletons
(what Shelah calls a good frame) to longer types. Working in the framework of tame abstract elementary
classes. we show that good frames can always be extended to types of independent sequences. As an
application, we show that tameness and a good frame imply Shelah’s notion of dimension is well-behaved.,
complementing previous work of Jarden and Sitton. We also improve a result of the first author on extending
a frame to larger models.

§1. Introduction. Good A-frames are an axiomatic notion of independence in
abstract elementary classes (AECs) introduced by Shelah [24, Chapter II]. They are
one of the main tools in the classification theory of AECs. They describe a relation
“p does not fork over M for certain types of singletons over models of size 4. The
frame’s nonforking relation is required to satisfy properties akin to those of forking
in a first-order superstable theory. The definition can be generalized to that of a
good (< a, [/, 0))-frame, where instead of types of singletons one allows types of
sequences of less than a.-many elements, and instead of the models being of size 4,
one allows their size to lie in the interval [4. ).

There are at least two questions one can ask about frames: first, under what
hypotheses do they exist? Second, can we extend them? That is, assuming there is a
frame can we extend it to give a nonforking definition for larger models or longer!
types?

Shelah tackles these problems in [24, Chapters II and III], but the answers use
strong model-theoretic hypotheses (typically categoricity in two successive cardinals
/. and AT together with few models in A7), as well as set-theoretic hypotheses (like
the weak generalized continuum hypothesis, 2* < 24").2

Recently, the two questions above have been studied in the framework of
tame AECs. Tameness is a locality property of AECs isolated by Grossberg and
VanDieren [13] from an argument in [23]. Grossberg and VanDieren have shown
[12,14] that Shelah’s eventual categoricity conjecture from a successor holds in tame
AECs, and the first author [5] (building on work of Makkai-Shelah [21]) has shown
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IThe length of a type is the length or indexing set of a tuple that satisfies it. See Section 2.2 for a
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2Shelah also looks at the existence problem in a more global setup and in ZFC in [24, Chapter TV]
but does not study the extension problem there.
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that tameness follows from a large cardinal axiom. Many examples of interest are
also known to be tame.

Under tameness, the second author has shown that frames exist in ZFC assuming
a reasonable categoricity hypothesis [26]. and the first author has shown [4] that
frames can be extended to larger models under the assumption of tameness for types
of length two. In this paper, we further study the frame extension question in tame
AECs. We look at the problem of elongating the frame: extending it to longer types.

Let us discuss a natural approach to the problem and its shortcomings. In stable
first-order theories, we have that ab L B if and only if « L B and bl Ba. One

A A Aa
might think that this allows us to define forking for types of all lengths if we have a
definition of forking for singleton types (as in [11]). However, this turns out not to
work in full generality. as good frames only define forking over models.> We might
want to say that ab L N if and only if there are M < M’ < N’ with N < N’ and

M

a € M’ such that @ L. N and b L N’. This means that a choice must be made for
M M’

the models N’ and, especially. M’ and this choice can cause problems. In particular,

if M’ is too big. then uniqueness of nonforking extensions can fail. This does not
cause issues in the first-order context essentially because there is a prime/minimal
set containing A and « (namely Aa).

There are two options to work around this issue. The first option is to assume
the existence of a unique prime/minimal extension of Ma; Shelah says that the
frame is weakly successful [24, Definition I11.1.1] if this is the case. Shelah proved
[24. Section I1.6] that weakly successful frames can be elongated as desired without
any assumption of tameness. Shelah has also shown [24, I1.5] that a good A-frame
is weakly successful when the underlying AEC has few models in A™" and certain
set-theoretic hypotheses hold. It is not known whether being weakly successful
follows from tameness.*

The second option is to strengthen the condition on nonforking, essentially setting

ab L B if and only if « L B and b L Ba (the noncanonical choice of a cover for
) y y

Ba is less important). This loses some information about nonforking, so only works
for certain kinds of types: types of independent sequences. As we show, this has
the advantage of working in a larger class of AECs, i.e., those with frames that
are not weakly successful, although we do assume tameness to prove the symmetry
property.

This brings us to the precise statement of the main result of this paper.

THEOREM 1.1. Let K be an AEC with amalgamation and F = [1.0) be an interval
of cardinals.

(1) Assume s satisfies the axioms of a good F-frame, except possibly symmetry.
Then s can be extended to a certain frame s<U which satisfies the axioms of a
good (< 0, F)-frame, except possibly for symmetry.

(2) If K is A-tame, then both s and 5<0 also satisfy symmetry.

3Note that an example of Shelah (see [16. Section 4]) shows that there exists a superstable
homogeneous diagram where extension (over sets) fails for any reasonable independence notion.

4After the initial submission of this paper. it has been shown that being weakly successful follows
from a stronger locality property: full tameness and shortness [25. Section 11].
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The following two questions are open.
QUESTION 1.2.

o [f'sis a good frame in a tame AEC, must s be weakly successful?
o Is there an example of a good A-frame (necessarily not weakly successful) that
has no better extension to longer types than independent sequences?

As has already been alluded to, in Theorem 1.1 the frame s is elongated by use of
independent sequences (see Definition 4.1 here, or Shelah [24, Definition I11.5.2]).
Independent sequences in that context have been previously studied by Shelah
[24. IT1.5] and Jarden and Sitton [19]. Throughout these studies, several additional
assumptions have appeared—such as s being weakly successful or having continuity
of serial independence’—that we are able to eliminate or replace with the hypothesis
of tameness.

We present two applications of Theorem 1.1. The first involves a natural notion
of dimension that Shelah introduced with the goal of building a theory of regular
types for AECs [24, Definition II1.5.12]: Let us define the dimension of a type p
in an ambient model N, dim(p. N) to be the size of a maximal independent set
of realizations of p in N. In the first-order case. Shelah [22, 111.4.21(2)] shows
that, under stability, every infinite maximal independent set of realizations of p has
the same size. In the AEC framework, Shelah [24, TI1.5.14] first showed that this
held when the frame is weakly successful, and Jarden and Sitton [19] have refined
these hypotheses. The analysis of this paper allows us to show that the dimension
is well-behaved in any tame AEC with a good frame (see Corollary 6.1 and the
surrounding discussion). This gives a natural nonelementary framework in which a
theory of regular types could be studied.

The second application involves the project of extending a frame to larger models
using tameness. As mentioned above, the first author has shown that this is possible if
one assumes tameness for types of length two. Analyzing the elongations of frames
allows us to give an aesthetic improvement: we remove this strange assumption
and replace it with only tameness for types of length one (see Corollary 6.9 and the
preceding discussions). While no example of an AEC that is tame for types of length
one and not for length two is known, thinking about this statement led us to the
main theorem of this paper. Further, we are told that Rami Grossberg conjectured
Corollary 6.9 already in 2006 (he told it to Adi Jarden and John Baldwin): our result
proves Grossberg’s original conjecture.

Since this paper was first circulated (June 2014), several applications of Corollary
6.9 have been found. They include Shelah’s eventual categoricity conjecture for
universal classes [29, 30], as well as a downward categoricity transfer for tame
AECs [27] (the latter actually uses the theory of independent sequences in good
frames devoloped in Section 4). In [8]. the authors show that a natural good frame
appearing in the Hart-Shelah example is not weakly successful, and in [28] the
second author studies an example of Shelah where a good frame cannot be extended
to all types. These examples show that this paper strictly generalizes Shelah’s study
of independent sequences in [24, Section II1.5].

3This and other variations on continuity are defined and explored in Section 5.1.
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The paper is structured as follows. In Section 2, we review background in the
theory of AECs. In Section 3, we give the definition of good frames and prove
some easy general facts. In Section 4, we define independent sequences and show
how to use them to extend a frame for types of singletons to a frame for longer
types. We show all properties are preserved in the process, except perhaps symmetry.
In Section 5, we give conditions under which symmetry also transfers and show how
to use it to define a well-behaved notion of dimension. In Section 6, we prove the
promised applications to dimension and tameness.

This paper was written while the authors were working on Ph.D. theses under
the direction of Rami Grossberg at Carnegie Mellon University and they would
like to thank Professor Grossberg for his guidance and assistance in our research
in general and in this work specifically. The authors would also like to thank the
referee for their helpful report that greatly assisted the clarity and presentation of
this paper.

§2. Preliminaries.

2.1. Abstract elementary classes. We assume the reader is familiar with the
definition of an abstract elementary class (AEC) and the basic related concepts.
See Grossberg’s [9] or Baldwin’s [1] for an introduction to AECs. A more advanced
introduction to frames can be found in [24, Chapter II].

For the rest of this section, fix an AEC K. We denote the partial ordering on K
by <.and write M 2 Nif M < Nand M # N.

For K an abstract elementary class and F an interval® of cardinals of the form
[4.0), where 0 > /. > LS(K) is either a cardinal or co, let Kr := {M € K |
M| € F}. We write K; instead of Ky;3, K> instead of K|; ) and K<; instead of
Kiisx) .-

The following properties of AECs are classical:

DEerINITION 2.1. Let F be an interval of cardinals as above.

(1) K7 has amalgamation if for any My < M, € Kr. £ = 1,2 there exists
N € Krand fy: M, 7N,Z =1,2.
0
(2) Kz has joint embedding if for any M, € Kr, £ = 1,2 there exists N € Kr
and f,: My - N, 0 =1,2.
(3) K# has no maximal models if for any M € Kz there exists N = M
in K]:.

2.2. Galois types, stability, and tameness. We assume familiarity with Galois
types (see [9, Section 6]). For M € K and « an ordinal, we write S%(M ) for the set
of Galois types of sequences of length o over M. We write S<®(M ) for | J <o SE(M)

and S<>°(M) for Uycop S”(M). We write S(M) for S'(M) and S™(M) for the
set of nonalgebraic 1-types over M, that is:

S™(M) = {gtpla/M;N) |ae N\M.M < N € K}.

6The definitions that follow make sense for an arbitrary set of cardinals F. but the proofs of most of
the facts below require that F is an interval.
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From now on, we will write tp(a/M: N) for gtp(a/M;N). If p € S*(M), we
define £(p) := « and dom(p) := M. Note that « is an invariant of the Galois type
and is referred to as its length.

Say p = tp(a/M:N) € S*(M), where a = (a; : i < a). For X C a and
My < M., write p¥ | M, for tp(ay/Mo: N). where @y := {(a; : i € X). We say
p € S*(M)ifa; ¢ M forall i < o, and similarly define S<*"(M) (it is easy to
check these definitions do not depend on the choice of @ and N).

We briefly review the notion of tameness. Although it appears implicitly (for sat-
urated models) in Shelah [23]. tameness as a property of AECs was first introduced
in Grossberg and VanDieren [13] and used to prove a stability spectrum theorem
there.

DEFINITION 2.2 (Tameness). Let 6 > 4 > LS(K) and let G C |J,;cx S<(M)
be a family of types. We say that K is (1, 0)-tame for G if for any M € K<y and
any p.q € GNS<>®(M), if p # q. then there exists My < M of size < A such
that p | My # q | My. We define similarly (1, < 0)-tame, (< 4. 0)-tame, etc. When
0 = co. we omit it. (. 0)-tame for a-types means (4. 0)-tame for |J,, o, S*(M).
and similarly for < a-types. When o = 1, we omit it and simply say (1, )-tame.

We also recall that we can define a notion of stability:

DEFINITION 2.3 (Stability). Let 4 > LS(K) and « be cardinals. We say that K is
a-stable in /. if forany M € K;, |S®(M)| < /.

We say that K is stable in 1 if it is 1-stable in /.

We say that K is a-stable if it is a-stable in A for some 4 > LS(K). We say that
K is stable if it is 1-stable in A for some 4 > LS(K). We write “unstable” instead of
“not stable”.

We define similarly stability for Kz, e.g., Kr is stable if and only if K is stable in
A for some 4 € F.

REMARK 2.4. If o < 8, and K is f-stable in 4, then K is a-stable in /.

The following follows from [3, Theorem 3.1].

Fact 2.5. Let 2 > LS(K). Let a be a cardinal. Assume K is stable in i and
A% = A. Then K is a-stable in A.

2.3. Commutative diagrams. Since a picture is worth a thousand words, we make
extensive use of commutative diagrams to illustrate the proofs. Most of the notation
is standard. When we write

M, _f> My Z’_’> M.
[a] (0]

The functions f and g, typically written above arrows, are always K -embeddings;
thatis, /' : Mo = f[My] < M,. Writing no functions means that the K-embedding
is the identity. The elements in square brackets ¢ and b, typically written below
arrows, are elements that exist in the target model, but not the source model; that
is, a € My — f[My]. Writing no element simply means that there are no elements
that we wish to draw the reader’s attention to in the difference. In particular, it does
not mean that the two models are isomorphic. We sometimes make a distinction
between embeddings appearing in the hypothesis of a statement (denoted by solid
lines). and those appearing in the conclusion (denoted by dotted lines).
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83. Good frames. Good frames were first defined in [24, Chapter II]. The idea is
to provide a localized (i.e., only for base models of a given size 1) axiomatization of
a forking-like notion for a “nice enough” set of 1-types. These axioms are similar
to the properties of first-order forking in a superstable theory. Jarden and Shelah
(in [18]) later gave a slightly more general definition, not assuming the existence of
a superlimit model and dropping some of the redundant clauses. We give a slightly
more general variation here: following [26], we assume the models come from Kz,
for F an interval, instead of just K;. We also assume that the types could be longer
than just types of singletons. We first adapt the definition of a pre-A-frame from
[24, Definition I11.0.2.1]:

DEFINITION 3.1 (Pre-frame). Let o be an ordinal and let F be an interval of the
form [4, #), where A is a cardinal, and 0 > / is either a cardinal or co.

A pre-(< . F)-frame is a triple s = (K, L, S®), where:

(1) K is an abstract elementary class with A > LS(K). K; # 0.

(2) 8™ C Upex, S=*™(M). For M € K and f an ordinal, we write S#**(M)
for §® N SAra (M) and similarly for S</bs(M).

(3) L isarelation on quadruples of the form (My. M;.a, N), where My < M| <
N.a € <®N,and My, M, N are all in K. We write (Mo, M,.a.N) or

N
a .l M instead of (Mo, My1.a.N) € L.
My

(4) The following properties hold:
N N’
(a) Invariance: If f : N = N’ and a.l M. then f(a) L f[M]. If
My SMo]
tp(a/M: N) € S*(M,). then tp(f(a)/f[M1]: N') € S*(f[M]).

N
(b) Monotonicity: If a L M. @’ is a subsequence of a, My < M| < M| <
My

N/
My < N' <N < N"witha" € N, and N” € Kz, then a’ L M| and
Mg
N//
a L M{.Iftp(a/M,;N) € S*(M,) and @' is a subsequence of . then
Mg

tp(a’/My:N) € S*(M,).
N

(c) Nonforking types are basic: 1f a L M, then tp(a/M: N) € S*(M).
M

A pre-(< a. F)-frame is a pre-(< (o + 1), F)-frame. When o = 1, we drop it.
We write pre-(< a, A)-frame instead of pre-(< a, {A})-frame or pre-(< a. [4, AT))-
frame; and pre-(< a. (> A))-frame instead of pre-(< . [A, 00) )-frame. We sometimes
drop the (< . F) when it is clear from context.

For s a pre-(< a. F)-frame, f < o, and 7' C F an interval, we let 5;/,3 denote
the pre-(< . F’)-frame defined in the obvious way by restricting the basic types
and L to models in K7 and elements of length < B. If 7/ = F or f = «, we omit
it. For 2/ € F, we write 5;ﬁ instead of 5;{5}.

REmMARK 3.2. Note that, following Shelah’s original definition, we have defined
nonforking (in the sense of frames) only for nonalgebraic types. However, this
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restriction is inessential: We could expand the definition of nonforking to algebraic
types by saying that an algebraic p € S(M) does not fork over My if and only if
p | My is algebraic. This change would not affect whether or not a frame satisfies
the properties given.’

REMARK 3.3. The reader might wonder about the reasons for having a special
class of basic types. Following Shelah [24, Definition I11.9.2]. let us call a pre-frame
type-full if the basic types are all the nonalgebraic types. It can be shown
[24, T11.9.6] that any weakly successful good frame can be extended to a type-full
one. Furthermore, there are no known examples of a good A-frame which cannot be
extended to a type-full one. However Shelah’s initial construction [24, I1.3] builds a
non type-full good frame and it is not clear that it can be extended to a type-full one
until after Shelah shows that the frame is weakly successful. Thus it can be easier
to build a good frame than to build a type-full one, and most results about frame
already hold in the non-type-full context. In this paper, we will set the basic types
to be the independent sequences, hence getting another natural example of a non
type-full good frame.

Notation3.4. Ifs = (K, L.S")isapre-(< a. F)-frame, then o == o, Fy := F,
Ki:=K. L:=1 andS» :=S» If F =[1.0). thenlet )5 := 1,05 := 0.

5

By the invariance and monotonicity properties, L is really a relation on types.
This justifies the next definition.

DErINITION 3.5. If s = (K. L. S?) is a pre-(< a.F)-frame, p € S<®(M,) is a
N

type, we say p does not fork over My if @ L M, for some (equivalently any) @ and
My

N such that p = tp(a/M;; N). If 5 is not clear from context, we add “with respect
tos”.

REMARK 3.6. We could have started from (K, 1) and defined the basic types as
those that do not fork over their own domain. Since we are sometimes interested in
studying frames that only satisfy existence over a certain class of models (like the
saturated models), we will not adopt this approach.

REMARK 3.7. We could also have specified only Kz or even only K instead of
the full AEC K. This is completely equivalent since, by [24, Section 11.2], K fully
determines K.

DEFINITION 3.8 (Good frame). Let o, F be as above.

A good (< a. F)-frameis a pre-(< a. F)-frame (K. L. SP) satisfying in addition:

(1) K7 has amalgamation, joint embedding. and no maximal models.

(2) bs-Stability: |S1">5(M)| < ||M|| forall M € Kz.

(3) Density of basic types: If M = N are in Kz, then there is ¢ € N such that
tp(a/M:N) € S*(M).

7In the statement of the extension property, we would need to require that the nonforking extension
of a nonalgebraic type is nonalgebraic.
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(4) Existence of nonforking extension: If p € S*(M)., N = M is in K», and
S < ais such that £(p) < f. then there is some ¢ € S#P(N) that does not
fork over M and extends p. ie.. ¢/ | M = p.

(5) Unigueness: 1If p.q € S<*(N) do not fork over M and p | M = q | M. then
pP=q. v

(6) Symmetry:1f @y L My, @ € <*M,, and tp(dy/My: N) € S® (M), then there

M
N/
is M, containing d, and N’ = N such that d» L M;.
My

(7) Local character: If 6 is a regular cardinal, (M; € K : i < J) is increasing
continuous, and p € S®(Mj) is such that £(p) < J. then there exists i < &
such that p does not fork over M;.

(8) Continuity: If § is a limit ordinal, (M; € Kr : i <d) and (a; < a : i < 6)
are increasing and continuous, and p; € S%®(M;) for i < J are such that
j < i<dimplies p; = p;” | M;. then there is some p € S%(M;) such
that foralli < J, p; = p® | M;. Moreover, if each p; does not fork over M,
then neither does p.

(9) Tramsitivity: If My < M; < My, p € S(M;) does not fork over M; and
p | M, does not fork over M. then p does not fork over M.

We will sometimes refer to “existence of nonforking extension” as simply
“existence”.

For LL a list of properties.® a good_]L (< a, F)-frame is a pre-(< a, F)-frame
that satisfies all the properties of good frames except possibly the ones in L. In this
paper, L will only contain symmetry and/or bs-stability. We abbreviate symmetry
by S. bs-stability by S, and write good ™~ for good 55",

We say that K has a good (< a. F)-frame if there is a good (< a, F)-frame where
K is the underlying AEC (and similarly for good™).

REmMARK 3.9. Transitivity follows directly from existence and uniqueness by
[24, Claim 11.2.18].

REMARK 3.10. The obvious monotonicity properties hold: If sisa good (< a, F)-
frame. f < a, and F' is a subinterval of F, then 5;5 isa good (< p. F') frame (and
similarly for good™).

REmMARK 3.11. If T is a superstable first-order theory, then forking induces a
good (> |T|)-frame on the class of models of 7" ordered by elementary submodel.
In the non-elementary context, Shelah showed in [24, Theorem I1.3.7] how to build
a good frame from local categoricity hypotheses and GCH-like assumptions, while
the second author [26] showed how to build a good frame in ZFC from categoricity,
tameness, and a monster model. Note that a family of examples due to Hart and
Shelah [15] demonstrates that, in the absence of tameness, an AEC could have a
good /-frame but no good (> A)-frame (see [4. Section 10] for a detailed writeup).

Note that for types of finite length, local character implies that nonforking is
witnessed by a model of small size:

8This notation was already used in [26, Definition 2.21].
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PROPOSITION 3.12. Let a < w. Assume s = (K, L., S%) is a pre-(< o, F)-frame
satisfying local character and transitivity. If M € Kz and p € S*(M), then there
exists M' € K; such that p does not fork over M.

PrOOF. Same proof as [26, Proposition 2.23] (there oo = 1 but this does not
change the proof). =

We conclude this section with an easy variation on the existence property that
will be used later.

LemMmA 3.13. Assumes = (K, L. S")isapre-(< a. F)-frame with amalgamation,
existence, and transitivity. Suppose M < My < My are in Kz and f : My — M, is
M,
given with My € K. Assume also that we have a € My such that a L M.
M

N
Thereis N = My and g : My — N extending | suchthat g(a) L M,. A diagram

g[M]
is below.
My e =N
£ A
[a'lT

Proor. Extend f to an L(K)-isomorphism f with range M. By existence, there
is some g € S (fA* [M>]) that extends tp(a/My: M;) and does not fork over Mj.
Realize ¢ as tp(b/f~'[M>]: N*). Since tp(a@/Mo: My) = tp(b/Mo: N*), there is
Nt = Ntand h : M; — N*F such that h(a@) = b. Then, since N** extends

Mo
f~Y[M>]. we can find an L(K) isomorphism /' that extends / such that N** is
the domain of f*. Set N := f [N**]and g := /' o h. Some nonforking calculus
shows that this works. =

84. Independent sequences form a good frame. In this section, we show how
to make a goodfs F-frame longer (i.e., extend the nonforking relation to longer
sequences). This is done by using independent sequences, introduced by Shelah
[24, Definition II1.5.2] and also studied by Jarden and Sitton [19], to define basic
types and nonforking. Preservation of the symmetry property will be studied in
Section 5, and in Section 6 we will review how to make the frame larger (i.e., extend
the nonforking relation to larger models).

Note that Shelah already claims many of the results of this section (for finite
tuples) in [24, Exercise I111.9.4.1] but the proofs have never appeared anywhere.

DeriNITION 4.1 (Independent sequence). Let a be an ordinal and let s be a
pre-F-frame.

(1) {a; ;i< a), (M; :i < a)issaid to be independent in (M, M', N') when:
(a) (M;)i<q is increasing continuous in K r.
(b) M < M'" < Myand M, M' € K.
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(¢) My, < Nisin Kr.

)
Mi+l
(d) Foreveryi<a.a; L M,.

M
(a; 1 i < a), (M; : i < a) is said to be independent over M when it is
independent in (M, My. M,,).

(2) @ := (a; : i < a) is said to be independent in (M, M', N) when for some
(M; @i < a) we have that (¢; : i < a). (M; : i < a) is independent in
(M, M', N).

(3) We say that (a; : i < a), (M; : i < «) is independent from M' over M in N
if it is independent in (M, M', N'). We similarly define a is independent from
M’ over M in N. When N is clear from context, we drop it.

REMARK 4.2. If @ = 1, then @ := (ay) is independent from M’ over M in N if
and only if tp(ag/M'; N) does not fork over M.

This motivates the next definition:

DErFINITION 4.3. Let s := (K. L.S") be a pre-F-frame, where F = [A.6). Let

<«
a < 0. Define s<* := (K, L. S<*b%) as follows:

<o
e For My < My < N inKranda := (a;);<pin N with f < o, L(Mo. M;.a.N)
if and only if & is independent from M| over Mj in N.
e For M € Kr and p € S<*(M), p € S<**(M) if and only if there exists

<o
N = M and @ € N such that p = tp(a/M:N) and L(M. M.a,N).

LemMMA 4.4 (Invariance). Let 5 := (K..L.S") be a pre-F-frame. where F =
[4.0). Let o < 0. Assume K x has amalgamation. Given a = {(a; : i < ) independent
from My over M in My and M, -~ M, containing b such that tp(a/Mo: My) =
tp(E/Mo; M,), we have that b is independent from My over M in M.

Proor. Straightforward. -

REMARK 4.5. When dealing with types rather than sequences. the N* in the
definition can be avoided. That is, given p € S#P(N) that does not fork over M.
there is some (a; : i < ), (N' : i < B) such that p = tp((a; : i < B)/N: N¥) that
witnesses that (a; : i < f8) is independent from N over M in N”.

LEMMA 4.6. Let s := (K. L. S%) be a pre-F-frame, where F = [1..0). Let o < 0.
If K7 has amalgamation, then s<% is a pre-(< a., F)-frame.

ProoF. Invariance is Lemma 4.4. For monotonicity, one can also use invariance
to see that if @ is independent from M; over My in N and N’ = N. then a is
independent from M, over My in N’. The rest is straightforward. -

The next result shows that local character and existence are preserved when
elongating a frame:
THEOREM 4.7. Assume s := (K. L.S?) is a good™ F-frame. where F = [1..0).
Then:
(1) s<0 has local character. Moreover, if p € S*"(N) witha < 0. then there exists
M < N in K<) |q| such that p does not fork over M.
(2) s<0 has existence.
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PrOOF.

(1) Assume p € S*™(N) and N = {J,_; N; with o < § < 6, J a regular
cardinal. Then, there is some @ = (a; : i < «a) and increasing, continuous
Ni+l
(N":i <a)suchthata < d, p =tp(a/N: N®),and, foralli < a,a; L N'.
N

By Monotonicity for s, tp(a; /N; N'*!) € S®(N). By Local Character for s,

Ni+l
for all i < « there is some j; < & such that ¢; L N. By Transitivity for s,
N,
Ni+l !
a; L N'.Set j. := sup;_, ji: since 6 = cf(5) > a. we have that j. < a.
NJ',’

Ni+l
By Monotonicity for s, a; L N’ for all i < «. This is exactly what we

need to conclude that @ is independent from N over N;, in N®. Thus p =
tp(a/N: N®) does not fork over N;._.
The moreover part is proved similarly: By Proposition 3.12, for each i < «
N N
there exists M’ < N in K such that N . a;. By Transitivity, N* L a;. Now
M M
by the Lowenheim-Skolem axiom, there exists M < N in K<, 4| such that
Ne
Uica M < M. By Monotonicity. N' L a;. so a is independent from N over
M
M in N%, so p does not fork over M, as needed.

(2) We prove two extension results separately: extending the domain and
extending the length. Combining these two results shows that s<¢ has
existence.

For extending the domain, let p € S</®(M) and N = M. By definition

of this frame, there is some @ = (a; : i < f) and increasing, continuous
Mi+l

(M' : i < pB) such that ¢; L M’ for all i < . We wish to construct
M

increasing and continuous (N’ : i < ) and (f; : M' — N’ :i < f8) such
that
(a) fo | M =id; and

Ni+l
(b) fila:) ﬁ; N'.
This is done by induction by taking unions at limits and by using Lemma 3.13
at all successor steps. Since f < 0, N' is in K at all steps and the induction
can continue. Then tp(@/M: M*) = tp(f(a)/M: N?) as witnessed by f and
f(a) is independent in (M, N, N#). Thus, ¢ = tp(f(a)/N. N”) is as desired.

To extend the length. suppose that § < « < 6 and p € SPP(N) does
not fork over M. This means that there is (a; : i < ), (N' : i < B)
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independent in (M., N, N*) such that p = tp((a; : i < B)/N:NF). We will
extend this sequence to be of length o by induction. At limit steps, simply
taking the union of the extensions works. If we have f < y < «a and have
already extended to y (i.e. (a; : i < ). (N' : i < y) is defined), then let
r € SP(M) be arbitrary (use no maximal models and density of basic types).
Let r* € S®(N7) be its nonforking extension. Thus, there is @, € N7*! that
N;»'Jrl
realizes r* such that @, L. N7. Then (a; : i <y + 1), (N':i <yp+1)is
M

independent from N over M in N7*!, as desired. -

The next technical lemma is key in showing that uniqueness and continuity are pre-
served when making a frame longer. This allows us to put together two independent
sequences into one.

LemMA 4.8 (Amalgamation of independent sequences). Let s be a good~
F-frame. and f < 0O,. Suppose that p.q € SPP(N) do not fork over M. that
p I M = q | M, and that there are witnessing sequences dy = (aé i< p).
(N} i < B) independent from N over M in fooré =0.1withayF panda, = q.
Then, there are coherent, continuous. increasing (N;. f ;) j<i<p and gy : N} — N;
such that, for all j < i< f.

J i B

/ gl ."'\\ gy o N
M— >N Nj o 3 N i > N

\ ’ A 4

J i B

Ny Ny Ny

(i ny o itlg,ny o
commutes, g\ (al) = g1 (a}). and® g{*' (a)) L fii1[Ni].
g M1

Proor. We will build:

(1) models {N;, M} :i < .£=0,1};

(2) embeddings {A} : N] — M}.rj: M} — N; :i < £ =0.1};and

(3) coherent embeddings {f;; : N; — Ni.7)" : M} — M} :i < f.£=0.1}
such that, for i < f:

(1)
i+1
My™ ——> Niy
o
T Tri#l
Ny —— Mf“
commutes;

Note that g)[M] = gi[M] by commutativity of the diagram.

https://doi.org/10.1017/jsl.2017.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2017.1

TAMENESS AND FRAMES REVISITED 1007

(2)

i+1 i+1

Ny o M,

T hy T

i i
Ne T Me - N;
1[ I‘[
commutes;

(3) M) = Ny, r! =idy, for£ =0.1, and

N} ——= Ny

hd

N ——=N}
commutes;
M[Prl
@) ' ap) L N
Wi ING

(5) rittohi™(a)) =ritt o h{“(ai) and
(6) (Ni.fji)j<i<p and (M}.F]") ;<i<p are continuous, coherent systems gener-

atedby 7} =rjand fi;01 =1} | Ny =71} | N;.
Once these objects have been constructed we will have the following commutative

diagram for j < i < f:

N;
h
M, Sii M|
I
/16
N; RN RN
J J
MO Ml
hi
hq
J J
NO Nl

We can then take g, := r} o hj. This gives the desired diagram by removing the
M’s. The function equality is given by (4) and the nonforking is given by applying
fiiv1to (4). -

The construction proceeds by induction. At stage i, we will construct &, r;, M.
and N; for £ = 0, 1. Also, at each stage, we implicitly extend the coherent system
by the rule given in (4) above (at successor steps) or by taking direct limits (at limit
steps).
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i = 0: Amalgamate N, N{ over N to get Ny. Also set M := Ny and r) := idy, for
£=0,1.
i limit: Take direct limits and use continuity to see everything is preserved.
i=j+1: Use Lemma 3.13 -replace (M, My, M.a. f. M,) there with
(M.N]. NZ’H .aj.rjoh] N;)here-to get (h-lf+l , MZ’H) here, written as (g. N) there;
this gives (4):
Mlj+]
hfl(aé’) _\L N;.
h};+l[M]

By the commutative diagrams, h-oj+l [ M = h{ + [ M, so, since a-oj and a{ have

the same type over M, we have that:

tp(hg ™ () /hg T IMY: M) = tp(h{ T (af ) /] MY M,
By Uniqueness for s, these imply that:
ok () /N M) = o] ()N M),

‘We can witness this with rfl : MZH — N4 for £ = 0.1: that is, r-0/+l I N; =
r{+1 | N; and r({+lohé+1(a({) :r{+1 oh{“(a{). -

COROLLARY4.9. Lets = (K. L.S")beagood™ F-frame. Suppose My < M < N
arein Kr ando < f < O are such that there are p € S®* (M) and g € SP*(N) such
that ¢* | M = p and p.q do not fork over My. If a, = (a}, : i < a), (N} : i < a)
is independent from M over My in N such that a, = p and a, = (a}, : i < p).
<N; 21 < p) is independent from N over My in Nf such that a, = q. then there is
<M; 2i < B)andh; : N,’; — M;fori < a such that:

(1) ay. (M} :i < B) is independent from N over My in M,f

(2) Nj < M, foralli < B: and

(3) hiyi(ay) = a andidyy € hi € hiy,.

ProoF. First, extend the p-sequence to (aj, : i < f3), (N} : i < f) independent
from M over Myin N f (use that 5<%+ has existence). We can then amalgamate these
sequences over M using Lemma 4.8: there is (N;. f ;) j<i<p and g% : NL — N; for
x = p,qandi < f as above. Since we have gf : Nf = gf[Nf] < Npg. we can extend
gf to an L(K )-isomorphism /2 with Ny in its range. Set M := h='[N;]fori < p.

Note that 4; := h~' o gl : NJ — M} is the identity. -
COROLLARY 4.10. Assume s := (K. L.S") isa good™ F-frame. where F = [J.0).
Then:

(1) s<0 has uniqueness.
(2) s<Y has continuity.

PRrROOF.

(1) This follows directly from Lemma 4.8.

(2) We prove the moreover clause in the definition of continuity. For the main
clause, the My’s appearing in this proof can be replaced by M; or My as
appropriate.
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For all i < &, there is some & = (a¥ : k < ;). (NF : k < «;) independent
from M; over My in N/ such that p; = tp(a;/M;; N{').
We will construct (Mlk ti <Ok < op)and {f%  MF - MF k<
o, j < i< as}such that
(a) NF < MFand a;,(MF : k < o;) is independent from M; over M in
M
(b) foreachk < a;. (MF. fF.);<i<i<q, is a coherent, direct system such that

M;, M M
ol

Mll Mi]lco Mi]]ﬂ fff)l-fz
] '00'1 T fj‘olll T

M, My M

commutes; and
(©) fah) = at.

This is possible: just apply Corollary 4.9 at successors and take direct limits
at limits.

This is enough. For each k < as. set (MF. fX)icsk<a, = 1_n>1(Mk k.
Then (Mf : k < a5) is 1ncreas1ng and continuous because each (M « :
k < a;) is. Set My = Ugcq, M¥. For k < o, a] we have that fk“( ky =
f; k“( k). Thus, there is no confusion in setting a¥ = £ (a¥) for some/any
k < a. Set p = tp(as/Ms. Ms").

Note that M < MO»O; indeed f f(; | M; is the identity for all & < «;. Thus,
we have that

pi = tp(a;/M;: M) = tp((af 1 k < Qi) /M MS?) = p* | M;.

M{;H»l
Cram. For all k < ay. J, Mk,

Proor or Cram: Given i < 0 and k < «;, we have by construction that
M/(+] fA)+l<MA+l)

ak J, MF. Applying £ to this, we get af i /%5 (MF). By construction,
0

Méf _ Uf{fé(M[k) and Moferl _ U fk+1(Mk+l)

i<0 i<o
Mk+l
Thus, by Continuity for s. we have, for all i <6, a¥ J, ME.
My
Thus, as, (M (f‘ . k < ap) is independent from Ms over M, in M(;"”. So p €
S-55( M) and extends each p; as desired. B

REMARK 4.11. Note that a special case (when F = [4, A]) of the continuity prop-
erty above is Jarden’s /" -continuity of serial independence (see [17, Definition 5.3]).
This allows Jarden’s proof that symmetry transfers up ([17. Theorem 5.4]) to go
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through without any extra hypotheses. Another corollary of continuity is what
Jarden and Sitton call the finite continuity property (see [19, Definition 8.2]). This is
discussed in detail in Section 5.1.

Putting everything together, we obtain that all the property of a good™ frame
transfer to the elongation; recall that good™ frames are good frames except they
might fail stability and/or symmetry. We will later see that symmetry transfers to
finite sequences and give conditions under which it transfers to all sequences.

COROLLARY 4.12.  Assume s is a good~ F-frame. Then s<% is a good™ (< 0. F)-
frame.

PROOF. Set 0 := 0,. 5<% is a pre-(< 0. F)-frame by Lemma 4.6. Amalgamation.,
joint-embedding, no maximal models, and density of basic types hold since they
hold in s. Existence and local character hold by Theorem 4.7, uniqueness and
continuity hold by Corollary 4.10. Finally, transitivity follows from Remark 3.9. -

Note that bs-stability only mentions basic 1-types, so it transfers immediately.
Thus, the only property left is symmetry, which is discussed in the next two sections.

We conclude by proving a concatenation lemma for independent sequences. This
is already proved for good frames in [19. Proposition 4.1], but the proof relies on
[19, Proposition 2.6], which is proved as [18, Proposition 3.1.8] and uses symmetry
in an essential way. Here, we improve this to just requiring that s is a pre-frame that
also satisfies amalgamation, existence, continuity, and transitivity. In particular,
we avoid any use of symmetry or nonforking amalgamation. This shows that the
situation is somewhat similar to the first-order context, where concatenation holds
in any theory (see. e.g., [10, Lemma 1.6]).

THEOREM 4.13 (Concatenation). Assume s is a pre-F-frame with amalgamation.,
existence, transitivity, and continuity. Let M < My < M, < M> be such that
a = {a; : i < a) is independent from My over M in My and b = (b; : i < p) is
independent from M, over M in M,. Then ab is independent from My over M in M,.

Proor. From theindependence of @ from M, over M in M|, there is a continuous,
increasing (M : i < «) and N such that

o My < Mj =< Ny:

e M; < Ny :and

Mt
® \‘/ MOI
M

From the independence of b from M, over M in M>, there is a continuous,
increasing (M{ : i < ) and N, such that

o My < M{ < N{:

e M, < N, :and

M]I'Jrl
o« b L M.
M
Define increasing and continuous (N{ : i < f) and (g; : M{ — N; : i < 8) such
that:
e Ny < N)and gy | My =idy,: and

Nt 4
e Foralli< f.gi1(b;) L Ni.
M
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This can easily be constructed by inductions: amalgamate M} and Ny over M,
to get N and go. At successor steps, apply Lemma 3.13 and take unions at limit
stages.

After this construction, amalgamate N;" and N]ﬂ over M 1/3 to get N** and g so
the following diagram commutes for j < f:

Nt > N -~ le ............. le“ ........... ~ N+t
A A A A
/ 80 i gj gj+1 g
MO —— Mg M) —— M] —— M/ N}
M Mo M] M2

Define the sequence (N : i < a + f8) by

N MQi ifi <a.
N ifi=a+j€[apl

CLamM. This sequences witnesses that ¢ := @~ g(b) is independent from M, over
Min N*t,
Proor oF Cramm. It is easy to see that this sequence is of the proper type, i.e., it is
increasing and continuous and My < N? < N** forall i < a + f.
NH»I ) M(;+l '
If i < a, then we need to show that ¢; L N’, which is the same as a; L M{.
M M

This just follows from independence of a.
Ni+]
Ifi = a4+ j > . then we need to show that ¢; L N’. which is the same as
M
N1j+1
gj+1(b;) L Nj.This holds directly by the construction. Actam
M

Notice that the map g shows that tp(ag(b)/My: Nlﬁ) = tp(ab/My: M>). Thus, by
Invariance (Lemma 4.4), we have that ab is independent from M, over M In M>. -

85. Symmetry in long frames. In this section, we discuss when symmetry transfers
from a good frame to its elongation. We do so by studying the following unordered
version of independence:

DEFINITION 5.1. A set I is said to be independent in (M. My, N) if some enu-
meration of [ is independent in (M, My, N). As usual, we say instead that [ is
independent from M, over M in N.

5.1. Several versions of continuity. The notion of a set being independent gives
rise to several notions of continuity. We gave a definition of continuity for a
pre-frame s, as well as continuity for the corresponding frame of independent
sequences s<’s (what Jarden calls the continuity of serial independence
[17. Definition 5.3]. see Remark 4.11). We can now study the corresponding
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continuity properties for sets rather than sequences: for s a pre-F-frame, let us
say that s<s has the unordered continuity property if for every increasing chain
(My : a < ) every N containing |J,_s M, and every / C |N|. I is indepen-
dent from J,_s M, over My if I is independent from M, over M, for all @ < 6
(so the enumeration witnessing the independence is allowed to change each time).
Confusingly, Jarden and Sitton [19. Definition 5.5] call this the continuity property.

Another notion of continuity was also introduced by Jarden and Sitton. Let us
say that a set [ is finitely independent (from M, over M in N) if every finite subset
of I is. Jarden and Sitton [19, Definition 8.2] say that the finite continuity property
holds when unordered continuity holds for the notion of finite independence. We
will refer to this as unordered finite continuity.

Jarden and Sitton show [19, Proposition 8.4] that unordered finite continuity
holds in good™™" frames which satisfy the additional assumption of the con-
jugation property and being weakly successful. Using the (ordered) continuity
property for independent sequences (Corollary 4.10), together with Fact 5.2 below,
we immediately obtain that the unordered finite continuity holds in any good_S’
frame.

Fact 5.2 (Theorem 4.2(a) in [19]). Let s be a good ™" F-frame. If a is a finite
tuple independent from M' over M in N, then any permutation of a is independent
from M’ over M in N.

Implicit in this notion is a notion of independence being finitely witnessed
[19. Definition 3.4] which says that a set / is independent if and only if all its
finite subsets are. We give a more general parametrized definition here:

DErFINITION 5.3. Let s be a pre-F-frame and u < 6, be a cardinal. We say that
u-independence in s is finitely witnessed if for any My < M < N in Kr and any
I C N with |I| < u. I is independent from M over M, in N if and only if all its
finite subsets are independent from M over My in N.

If u = 05, we omit it.

REMARK 5.4. In[19, Theorem 9.3] shows that independence is finitely witnessed
in a good A-frame assuming the conjugation property, categoricity in 4, and density
of uniqueness triples. Earlier, Shelah had proven the same result under stronger
hypotheses [24, Theorem III.5.4].

REMARK 5.5. Itis straightforward to see that if independence is finitely witnessed
and the finite unordered continuity property holds, then the unordered continuity
property holds. Recall from the discussion above that the finite unordered continuity
property holds in any good™ S _frame.

Our next goal is to show that if s<# has symmetry then g-independence is finitely
witnessed (Theorem 5.9). Together with Lemma 5.11 deducing symmetry from the
frame being sufficiently global, this will show (Corollary 6.10) that tameness implies
independence is finitely witnessed.

5.2. Symmetry implies being finitely witnessed. First we show that symmetry is
equivalent to showing that the order of enumeration does not matter. The finite
case is essentially Fact 5.2. To state the infinite case precisely, we introduce new
terminology:
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DEFINITION 5.6. Let s be a pre-F-frame and u < 0, be a cardinal. We say that s
has u-symmetry of independence if forany My < M < N in Kz andany I C N with
|I] < u. I is independent from M over M, in N if and only if every enumeration of
I is independent from M over My in N.

If 4 = 65, we omit it.

Thus a restatement of Fact 5.2 is that any good_S’ frame has No-symmetry of
independence. The next theorem says that u-symmetry of independence is equivalent
to s<# having symmetry.

THEOREM 5.7. Let s be a good™ F-frame and let u < 05 be a cardinal. The
following are equivalent:

(1) s<# has symmetry. . ) )

(2) For any My < M < N in Kr and ab € N such that £(ab) < u., ab is

independent from M over My in N if and only if ba is independent in from M
over My in N.

(3) s has pu-symmetry of independence.

ProoF. We first show (1) is equivalent to (2). Assume s<# has symmetry, and
let My < M < N in Kr and ab € N be such that £(ab) < u and ab is inde-
pendent from M over My in N. Then there exists (M : i < £(@b)) and N* = N
witnessing it. Say « := £(@). Then @ € M*, tp(a/M: M*) € S*%(M,), and b is

N+
independent from M® over M in N*.ie. b L M*. By Symmetry, there must exist
M

_ Nt
a model M’ containing b and N™" = N7 such that @ . M’. By Monotonicity,
M
Nt Nt M’
a L M. so by Transitivity, @ ... M’. By Monotonicity, 5 L M. By concatenation
My My My
_ N++ _ N
(Theorem 4.13), ba L. M and so by Monotonicity, b@ L. M. as needed. Con-
My M

N
versely, assume (2). Assume a@; L M, with @, € <“N, and @, € <M, is such that
M,

M N
tp(dy/Mo: N) € S<#(Mj). By existence, @ L My. By concatenation, a@;d, L M.

My My
N
By (2), @»a; L My. By definition of independent, there exists M; containing a; and
M,

NI
N’ > N such that @, L M, as needed.
M

0
Next, we show that (2) is equivalent to (3). It is clear that (3) implies (2), so
we assume (2) and we prove (3) as follows: we prove the following by induction
ona < u:
(x)o Let My < M < N be in Kx and let I C |N| have size less than u. If 1 is
independent from M over My in N, then every enumeration of I of order type
a is independent from M over My in N.
So let @ < u and assume (x);z holds for all f < «. Suppose I as above is
independent from M over My in N and let (¢; : i < o) be an enumeration of I of
type a.
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First, suppose « is finite. Then 7 is finite so Fact 5.2 gives the result.

Second, suppose a = f + 1 is an infinite successor. Then (ag)™(a; : i < f)
has order type f# and so (by (x)z) is independent from M over M in N. Since (2)
implies (1), the original sequence must also be independent.

Finally, suppose that « is limit. By monotonicity, every subset of / is independent
from M over M, in N. In particular, for each f < « {a; : i < p} is independent
from M over My in N, and so by (%) (a; : i < f8) is also independent from M over
My in N. Thus by continuity (Corollary 4.10) (a; : i < ) is independent from M
over Myin N. .

As a corollary, we manage to solve Exercise 111.9.4.1 in [24]:

COROLLARY 5.8. Let s be a good [good ~S") F-frame. Then s<° is a good [good ']
F-frame.

Proor. By Corollary 4.12, s<® is a good~ JF-frame. By Fact 5.2, s has
No-symmetry of independence. By Theorem 5.7, s<“ has symmetry, as needed.
Since bs-stability only refers to basic 1-types, s satisfies it if and only if s<* does. =

Unfortunately, we do not know whether in general «w above can be replaced by a
larger ordinal. To give a criteria on when this is possible, we show that independence
being finitely witnessed (see Definition 5.3) follows from symmetry.

THEOREM 5.9. Let s be a good " F-frame and let u < 0, be a cardinal. If s<* has
symmetry, then u-independence in s is finitely witnessed.

PrOOF. By Theorem 5.7 s has u-symmetry of independence, and by Corollary
4.10 s<# has continuity. Let My < M < N bein Kx and let I/ C N be such that
|I| < u. Assume that every finite subset of I is independent in from M over M
in N. Assume inductively that uo-independence is finitely witnessed for all uy < u.
Let uo := |I| and write {a; : i < uo}. Let I; := {a; : j < i}. By the induction
hypothesis, /; is independent from M over M, in N for all i < po. By u-symmetry
of independence. the ordered sequence (a; : j < i) is independent from M over
My in N. By continuity of s, (a; : i < uo) is independent from M over M in N.
Thus 7 is independent from M over M in N, as desired. -

REMARK 5.10. A similar proof shows that the ordered version of u-independence
being finitely witnessed (that is, a sequence is independent if and only if all of its
finite subsequences are) is equivalent to symmetry in §<#,

Next, we show symmetry indeed holds in the elongation if the original frame is
“sufficiently global” (this does not even use that s has symmetry):

LEMMA 5.11. Assume s is a good™ F-frame and F = [1.0). If 0 > :<2,1)+, then
5f’t+ has symmetry.

Proor. Using uniqueness and local character, it is straightforward to see that K »
is stable in 2% (for 1-types). see e.g.. [26. Proposition 6.4]. By Fact 2.5 this means K »
is stable in 2* for A-types. Then the same nonstructure proof as [26, Corollary 6.11]
generalizes: if s does not have symmetry, then the same proof as [7, Theorem 5.14]

shows that Kz has an order property, and this order property is enough to deduce
instability in 2* for A-types (see [23. Section 4] or [7. Fact 5.13] for a sketch). -
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Note. by uniqueness and local character, if y := tb} := sup wek, |S(M)|. and s is
agood™ [/, y]-frame, then s, will satisfy bs-stability (and hence be a good * -frame):
see [26, Proposition 6.4].

We now apply the lemma to the maximal elongation of a (> A)-frame s, namely
655 1= Uyecons <%

COROLLARY 5.12. Assume s is a good™ (> A)-frame. Then $<°° has symmetry.
ProoOF. Use Lemma 5.11 with each A’ € [4, c0). B

COROLLARY 5.13. Assume s is a good > [good ™| (> 1)-frame. Then <> is a good
[good "] (< 00, > 1)-frame.

Proor. Combine Corollary 4.12 and Corollary 5.12. -

§6. Applications. This section gives some applications of these results.

6.1. Dimension. In [24, Definition III.5.12], Shelah introduced a notion of
dimension based on a frame. In [24, Conclusion I11.5.14], he shows that this notion
is well-behaved (in the sense of Corollary 6.1) from an assumption that is a little
stronger than s being weakly successful and Jarden and Sitton [19, Theorem 1.1]
reduce this assumption to just assuming the good " i-frame has the unordered
continuity property. A corollary of our results on symmetry and independence being
finitely witnessed is that we can remove any extra hypothesis.

COROLLARY 6.1. Let s be a good ™" j-frame and assume s<*" has symmetry. Let
M < My < N bein K,. If:

(1) P C S™(Mp)

(2) I, I, are each C-maximal sets in

{I : I is independent from My over M in N and a € I = tp(a/My; N) € P}

(3) Oneof I,. I is infinite.
Then I, and I, are both infinite and |I,| = |L|.

Proor. Since Symmetry holds, independence in s is finitely witnessed by Theorem
5.9. Recalling Remark 5.5, the hypotheses of [19, Theorem 1.1] hold, and the
conclusion is this result. B

This dimension—defining dim(P, N) to be the single infinite size of a I; from
Corollary 6.1—is used to develop the theory of regular types in [24, Section I11.10].
As it stands, there is no known example showing that symmetry is necessary to
develop a dimension theory (or a theory of regular types). In fact, there is no
known example of a good™ -frame which fails to have symmetry (i.e., it is not
known whether symmetry follows from the other axioms of a good frame, although
we suspect it does not). However, the fact that this definition compares independent
sets rather than sequences implicitly assumes the symmetry of independence (see
Theorem 5.7).

6.2. Tameness and extending frames revisited. Recall the definition of tameness
from Definition 2.2. The first author [4] first studied the connection between tame-
ness and frames. Asin [4, Theorem 3.2], having a frame that spans multiple cardinals
already gives some tameness.
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PROPOSITION 6.2. Assume s := (K, L. S") is a good™ F-frame. Let F = [}..0).
For each o < 0. K is (A + ||, < 0)-tame for the basic types of s<U of length < a.

PrROOF. Let o < 6, and let p,q € S<*Y(M) be distinct. By the moreover part of
Theorem 4.7.(4.7). one can find My < M in K< || such that both p and ¢ do not
fork over My. By uniqueness, we must have p [ My # ¢ | My, as needed. -

In [4]. the main concern was using A-tameness to extend a A-frame to a (> A)-
frame. The definition of the extension and the preservation of several properties
were already done by Shelah.

DErFINITION 6.3 (Going up. Definitions 11.2.4 and 11.2.5 of [24]). Let 5 :=
(K. L.SY) be a pre-(< a, A)-frame, and let F = [1.0) be an interval of cardinals
as usual. Define 57 := (K, L. S%) as follows:

F

e For My < M; < NinKranda € <*N, L(My. M;.a.N) if and only if there
F

exists M| < M in K, such that for all M| < M{ < N’ < N witha € N’, and
NI
M{. N'in K,, we have a L M.
Mg
e For M € Krand p € S<*(M), p € S%(M) if and only if there exists N = M
and @ € N such that p = tp(@/M:N) and L(M. M.a. N).
F

Fact6.4. Letsbeagood™ A-frame,andlet F = [1,0) be an interval of cardinals as
usual. Then s r satisfies all the properties of a good F-frame except perhaps bs-stability,
existence, uniqueness, and symmetry.

PrOOF. See [24, Section I1.2]. -

Transferring the rest of the properties from a good A-frame to a good [A, AT]-
frame was the project of the rest of [24. Section II] and involved combinatorial
set-theoretic hypotheses and shrinking the AEC under consideration. [4] replaced
these assumptions with tameness.

FacT 6.5 (Theorem 8.1 in [4]). Let s be a good™ [good 5] i-frame. and let
F = [4.0) be an interval of cardinals where 0 > J. can be co. If K = has amalgamation
and no maximal models, the following are equivalent:

(1) K is A-tame for the basic types of s.

(2) s isa good™ [good™ S| F-frame.

Moreover, if s has symmetry and K is (1, 0)-tame for 2-length types, then s has
symmetry. In this case, the no maximal models hypothesis is not needed.

A surprising feature of this result is that, although the frames involved only
1-types, the proof required tameness for longer types. This is connected to an
emerging divide in the literature on tameness: although Grossberg and VanDieren’s
initial definition for tameness [13] included the length of types, their categoricity
transfer [12. 14] and several subsequent works (e.g., [2.20]) required only tameness
for 1-types. However, later works, beginning with Boney and Grossberg [6] and
Vasey [25] (begun after the initial submission of this paper). began to use tameness
for longer types (and stronger locality properties like type shortness) in essential
ways. It remains to be seen which version of tameness is the “proper one” for
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developing classification theory (or indeed if they are the same under some reason-
able hypothesis). However, Fact 6.5 seemed to straddle this divide: it used more
than tameness for 1-types, but not much more and it was unclear if the use was
essential.

By using the results of this paper, we are able to remove the assumption of tame-
ness for 2-types in the proof of symmetry and show that the use was unnecessary. We
know that the tameness for 1-types gives uniqueness for the extension s, and that
this uniqueness transfers to uniqueness for the elongation of s =. Thus, it suffices to
show that the 2-types considered in the proof of symmetry are basic in this sense,
which we do in Theorem 6.8. Before we do this, we must be careful that the order
does not matter, i.e., that extending and then elongating a frame gives you the same
result as elongating and then extending it. One direction is easy.

PROPOSITION 6.6. Let s == (K, L. S") be a pre--frame, and let F = [J..0) be an
interval of cardinals as usual. Assume K has amalgamation. Then:

) e ()
Where C is taken componentwise.
Proor. Assume we know that L (My.M,a.N). We show that

(s7)<4"
L (My. M. a.N). The proof of inclusion of the basic types is completely similar.
(s<") &
Let a := {(a; : i < B), for B < A*. By assumption, a is independent (with
respect to L) from M over My in N. Fix (M’ : i < B) and N* witnessing the
F
independence. In particular, for every i < f. L(My. M'.a;. N*). By definition of
F

.

L. this implies in particular that for each i < f3, there exists M < M, in K; such

f

that L(M?, M',a;, N*). Using the Ldwenheim-Skolem axiom and the fact that
F

|p] < 4. we can choose M* < M) in K; such that for all i < f§, we have M,-0 < M*.
Thus. L(M°, M;.a;, N*) foralli < B.In particular, a is independent (with respect

F
to L) from M over M* in N.

F

Now fixany Mj. N" € K;suchthata € N'. M* < Mj < M.and Mj < N’ < N.
We claim that @ is independent (with respect to L) from MO’ over M*in N’, i.e.,
<t
L (M*, M{.a,N"). To see this, construct (M] € K, : i < j) increasing continuous
such that forall i < ., M* < M] < M" and a; € M/_,. Finally, pick (N*)’ € K,
such that Mg, N < (NT) < NT.Then (M/ :i < ) and (N ')’ witness our claim.
By definition, this means exactly that L (My. M.a.N). as needed. 4

(s<2) 7

The converse needs more hypotheses and relies on Corollary 4.12:

THEOREM 6.7. Lets := (K. L. S") be a good™ J-frame, and let F := [1.0) be an
interval of cardinals as usual. Assume that s is a good— F-frame. Then:

o = (),
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Proor. By Proposition 6.6 and existence, it is enough to show L C L
(s (sF)"
Assume L (M. N.d,N).Bydefinitionof L andmonotonicity. we can assume
<5</ )]: <°<Q)}'
without loss of generality that M € K;. We know that for all N < N and N' <N
in K; with M < N < N’ and a € N'. a is independent (with respect to L) from
N’ over M in N'. We want to see that @ is independent (with respect to L) from N
f

Over M in N. R

Let 4 > 7 be such that N, N € K<,. Work by induction on u. We already have
what we want if 4 = 1. so assume u > A. Let (N;);<, be an increasing continuous
resolution of N such that N, = N. No = M. ||N;|| = A + |i].

By the induction hypothesis and monotonicity. @ is independent (with respect to

L) from N; over M in N for all i < p. In other words, for any i < u. tp(a/N;: N)
F

does not fork (in the sense of (s f)<'1 ) over M. By Corollary 4.12, we know that
(s ]-')<;V+ has continuity. Thus tp(@/N: N ) also does not fork (in the sense of (s ]-')</1+)
over M. This is exactly what we needed to prove. -

We can now prove an abstract symmetry transfer that does not mention tameness.

THEOREM 6.8. Assume s is a good~ F-frame. Let F = [1,0).
Then s has symmetry if and only if's, has symmetry.

PrOOF. Of course, symmetry for s implies in particular symmetry for s,. Now
assume symmetry for s;.

First note that s = (s;) 7. This is because by the methods of [24, Section 11.2]
(see especially Claim 2.14 and the remark preceding it), there is at most one good ™
F-frame extending s, and it is given by (s;) = if it exists.

Let t := 5, := (K..L.S®). Thus s = tz. Recall that [4, Theorem 6.1] proves
symmetry for s assuming (/. < 0)-tameness for 2-types. We revisit this proof and
use the same notation.

Suppose\L(Mo M, ay, M3) a, € M, Wlthtp(az/M() M) € S S(My). Let My <

My < M; be a model containing a;. By existence, there is M3 > M3 and a’ € M}
such that (Mo, M. a’. M) and tp(a’/Moy: M}) = tp(a>/My: M3). Boney argues
f

it is enough to see that p := tp(aja2/Mo: M3) = tp(aia’/My; M3) =: p’, shows that
this equality holds for all restrictions to models of size 4, and then uses tameness
for 2-types. This is not part of our hypotheses. but by Proposition 6.2, it is enough
to see that p, p’ are basic types of 552
First, let us see that aja; is independent (with respect to L) from M, over M,
F

in M3. The increasing chain (M, M,. M3) witnesses that a»a; is independent (with
respect to L again) from M, over My in M3. Thus tp(aza;/Moy; M3) € S:;z (M),
F

and s<2 = (t5)=? = (t5%) - by Theorem 6.7. Thus there exists M < Mo in K;
such that for all M{' > M in K, with M| < M3, tp(ara;/M{': M3) does not fork
(in the sense of t=2) over M{. Since we have symmetry in t, we have (by Fact 5.2)
that also tp(aja>/M{': M3) does not fork over M{ for all M = Mj. M < M5 in
K;. Thus by definition and Theorem 6.7 again, aja; is independent (with respect
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to L) from My over My in M3, as needed. Similarly, (Mo, M. Mj}) witnesses that
f

aya’ is independent from M over My in Mj. Thus p and p’ are basic types of §52,
as needed. B

We can now prove the desired improvement.

COROLLARY 6.9. Let s = (K, L.S") be a good J-frame, and let F = [A.0)
be an interval of cardinals, where 6 > J is either a cardinal or co. Assume Kx has
amalgamation and K is (1., < 0)-tame. Then s is a good F-frame.

ProoOF. By the proof of Fact 6.5, s has all the properties of a good frame, except
perhaps no maximal models and symmetry. Symmetry follows from the previous
theorem and [4, Theorem 7.1] now gives us no maximal models. -

While we were writing up this paper, Adi Jarden [17] independently gave this
improvement, with the additional hypothesis that the frame was weakly successful

(which he used to get the AT-continuity of serial independence property: see
Remark 4.11).

6.3. Conclusion. We conclude by summarizing what our results give from a good
frame, amalgamation, and tameness:

COROLLARY 6.10. Let s := (K..L.S%) be a good i-frame. If K>, has
amalgamation and is A-tame, then:

(1) s>, is a good (> 1)-frame, and in fact even t = (s>;)~> is a good (< o0.
> A)-frame.

(2) Forall a, K is (X + |a|)-tame for the basic types of t of length < c.
3 (s) . ==
(3) (s . (5>7)
(4) thas symmetry of independence and independence in s>, is finitely witnessed.
(5) We have a well-behaved notion of dimension: For M < My < N in K;. if:
(a) P C S" (M)
(b) Ii, I, are C-maximal sets in
{1 : I is independent from My over M in N and a € I = tp(a/My: N) € P}
(c) Onmeof 1. I is infinite.
Then I, and I, are both infinite and |I,| = |L|.
Proor.

(1) s>, isa good (> 4)-frame by Corollary 6.9. tis a good (< oo, > 1)-frame by
Corollary 5.13.

(2) By Proposition 6.2.

(3) By Theorem 6.7.

(4) By Theorem 5.7, Proposition 5.9, and Corollary 5.12.

(5) By Corollary 6.1. =
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