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BIT FLIPPING AND TIME TO RECOVER
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Abstract

We call ‘bits’ a sequence of devices indexed by positive integers, where every device
can be in two states: 0 (idle) and 1 (active). Start from the ‘ground state’ of the system
when all bits are in O-state. In our first binary flipping (BF) model the evolution of the
system behaves as follows. At each time step choose one bit from a given distribution &
on the positive integers independently of anything else, then flip the state of this bit to
the opposite state. In our second damaged bits (DB) model a ‘damaged’ state is added:
each selected idling bit changes to active, but selecting an active bit changes its state
to damaged in which it then stays forever. In both models we analyse the recurrence
of the system’s ground state when no bits are active. We present sufficient conditions
for both the BF and DB models to show recurrent or transient behaviour, depending on
the properties of the distribution . We provide a bound for fractional moments of the
return time to the ground state for the BF model, and prove a central limit theorem for
the number of active bits for both models.
Keywords: Binary system; bit flipping; random walk on a group; Markov chain
recurrence; critical behaviour
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1. Introduction and model description

In many areas of engineering and science one faces an array of devices which possess a
few states. In the simplest case these could be on-off or idle-active states, in other situations a
damaged state is also possible. By the analogy with computer science, such a two-state device
can be called a bitr which in some cases can also be ‘damaged’. Assuming the bits change
their states in a random fashion, a natural question to ask is when, if at all, the system of bits
recovers to the state when none of the bits are active. We call such a state with only idling or
damaged bits a ground state of the system. The time to recover may be finite, but, in general,
may also assume infinite values when the system actually does not recover. In the latter case
we speak of a transient behaviour of the system. In the former case, depending on whether the
average recovery time is finite or not, we speak of a positive- or of a null-recurrence. Similarly
to random walk models, this classification is tightly related to the exact random mechanism
governing the change of the bits’ states.

In this paper we consider two basic models: binary flipping and damaged bits. In both
models we deal with a countably infinite array of bits which we index by the positive integers
N ={1,2,...}. Initially, at step 0, the system is in the ground state, i.e. all the bits are idling.
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Bit flipping and time to recover 651

At each next step the index of the bit to change its state is sampled independently of the current
state of the bits from a given probability distribution on N,

[e.e]

P =1, p2--): Yy pi=1

i=1

We assume that the rates are all positive, otherwise our models are described by a finite-state
Markov chain with an evident behaviour. Renumbering the bits, if necessary, we may assume
that the rates are nonincreasing: p; > p2 > p3 > --- > 0, so that the bits most likely to
change their state are put first. The main quantities of interest are the time to recovery t—the
number of steps until the first return to the ground state, and n,—the number of bits active at
step n.

Binary flipping. In the binary flipping (BF) model each bit alternates between the two states:
idle and active. At step n = 0 all of the bits are idling. Let xi, x2, ... be independent and
identically distributed (i.i.d.) random variables with distribution . Ateachstepn = 1,2, ...,
the bit with index x, is flipped, i.e. its state is changed to the opposite. If O and 1 represent,
respectively, the idling and the active states, the evolution of the system is described by a
discrete-time Markov chain {{,},>0 = {({,}, an, {,f, ... )}n=0 with the state space X = {x €
{0, 13N x has finitely many nonzeros} such that ¢y = 0 is the vector of all Os, and

k
9 k b
bnpr = n 7 Kot k=1,2,...,n=0,1,2,.... (1.1

1=k k=,

The main quantity of interest is the first time of return to the ground state with no active bits,
i.e. the stopping time

tgr = min{n > 1: ¢ = 0forallk =1,2,...}.

Damaged bits. This damaged bits (DB) model elaborates on the first one by adding a
damaged state to the bits. As in the BF model above, we start with a sequence of idling bits
and then consecutively sample from & for the index of the bit to change its state. When
selected, an idle bit becomes active, however, an active bit becomes damaged, and a damaged
bit remains damaged, so no reversal is possible. If 0, 1, 2 encode the idle, active, and damaged
states, respectively, the corresponding Markov chain {¢,},>0 with the state space ¥ = {y €
{0, 1, 2} y has finitely many nonzeros} is defined by

k gr]z{v k # Xnt1,

=1 k,n €N, (12)
Snt1 min{2, 1 + ¢}, k = xut1,

with the starting configuration ¢y being the vector of all Os, o = 0. Here again we are looking
for the number of steps to return to the ground state which is now understood as the subset of
Y with no active bits, i.e.

tpp = min{n > 1: £X € {0, 2} forallk =1,2,...}.

In contrast to the BF model, the ground state in the DB model, in general, cannot be identified
with any one particular state of the Markov chain {¢,}.

Continuous-time version. Consider continuous-time versions of both the BF and DB models.
Let {¢&}i>0 = {(g“,l, g“tz, ...)}r=0 be a continuous-time Markov jump process with the state
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space X in the BF case, and ¥ in the DB case. The process has jump rate 1, at each jump
a random index is sampled from J, then the state of the respective coordinate is changed
according to the BF or the DB dynamics. Define the renewal process {#, },>0 of jump times and
let tp = 0. The embedded Markov chain {¢;, },>0 is then a distributional copy of the discrete-
time version {¢,},>0 of the model. One of the advantages of this representation, sometimes
referred to as Poissonisation and widely used since at least 1968 [2], is the independence of the
marginal processes {;,k},zo for different k = 1,2, ..., which leads to explicitly computable
probabilities as we demonstrate here. The notion of recurrence/transience stays the same for
both the discrete- and continuous-time implementations.

A directly related class of models was studied in [4], where the main question is which
properties of random sequences are preserved under independent dynamic resampling of indi-
vidual terms at ticks of Poisson clocks of different rates. In a somewhat similar vein, one could
interpret the BF model as a dynamical percolation process on Z, where, starting with all edges
‘open’, every edge is switching between ‘open’ and ‘closed’ states. The question of recurrence
is then equivalent to the question of existence of a sequence of percolation times when all the
edges are open and, thus, 0 is connected to co. For arecent survey of the dynamical percolation,
see [7].

The Markov chains (1.1) and (1.2) describing our models can be regarded as random walks
on an infinite-dimensional group; see, e.g. [6]. Typically the analysis of random walks on
discrete groups assumes a finite generator set, so that the underlying Cayley graph is locally
finite, as, for example, in [8]. However, the state spaces in our models are not finitely generated
groups, so analysis of a random walk in such a space is interesting in its own right. Practical
applications are also envisaged: in addition to an evident relation to modelling reliability of a
complex system with multiple components prone to fail at different rates, one can also mention
computer science and information encryption techniques. The term ‘bit flipping’ is borrowed
from the literature on randomised simplex algorithms [3], where a similar model was analysed:
each flipped bit there makes all of the bits to the right change their states as well.

2. Main results

For the above models we prove the following main result: each model exhibits a transient or
recurrent behaviour, depending on how fast the rates { px} decay. We start with the BF model:
there turns out to be a critical decay separating the two regimes.

Theorem 2.1. If the distribution & is such that
(1) lim supy_, o 2k Pk < 00, then the BF model is recurrent, i.e.
P(tggr < o0) = 1;
(i) liminfy_ 02 — €)¥ px > 0 for some & > 0, then the BF model is transient, i.e.
P(tgp = o0) > 0.
Furthermore, the BF model is never positive recurrent, as we show in the next theorem.

Theorem 2.2. The expected time of recovery in the BF model is infinite, i.e. Etgr = oo.

Although the first moment of 7gF is infinite, it is reasonable to ask for which values of r < 1
the rth moment becomes finite. The next theorem presents bounds for such r in the case of
asymptotically geometrically decaying { px}, these are presented graphically in Figure 1.
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FIGURE 1: Integrability of 7y as given by Theorem 2.3.

Theorem 2.3. Consider a recurrent BF model in discrete time with py ~ Cy p* for some fixed
constant C1 > O and p € (0, %). Then

(i) Etgp < oo for any positiver < ri(p) := 1—1log2/log(1/p). Moreover, for any suchr,
if the Markov chain (1.1) starts from an arbitrary initial state {y € X with the largest
active bit My, then there exists a constant Cy = Co(Cy, p, r) such that

1 m
Elthe | Mo = <C| =) ;
[TBF| o=m] < 2(2p>

(i) Etgp = oo foranyr > ra(p) :=1—1log(2 — p)/log(1/p).

Remark 2.1. There is an obvious coupling of the DB model with the BF model: just declare the
bits which flipped more than once in the BF model damaged in the DB model. Then tpg < tgp
almost surely and the upper bound of Theorem 2.3(i) also holds for 7pp.

The DB model can also be recurrent or transient, depending on /2. The recurrence/transience
now does not correspond to the recurrence/transience of the Markov chain (1.2), because the
ground state of the DB model is an infinite collection of states of {¢,}. We call the DB model
recurrent if tpg < oo with probability 1, and transient otherwise. Denote by Qy the tail of the
distribution : Q = 33241 pj-

Theorem 2.4. If the distribution &P is such that
(1) limsupy_, oo (Qk+1/0k) = p < 1, then the DB model is recurrent;

(i) px ~ Cexp(—ak?),k — oo, for some a > 0,y € (0, %), then the DB model is
transient.

Denote by 7, the total number of active bits in the continuous version of each model at time
t > 0. In both the BF and DB models, whenever En; — oo, conditions of the central limit
theorem are fulfilled for ;. We prove the following fact.
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Theorem 2.5. For both the BF and DB models, whenever En, — o0, then

—E
D25 A0, 1) ast — oo,

varn, — o0 and

G JNari

where ‘> denotes convergence in distribution. In the BF model the condition En;, — o0 is

always fulfilled, and in the DB model a sufficient condition forlEn, — ocois py ~ C exp(—ak?),
k — oo, for some constants C > 0, > 0,y € (0, 1).

3. Proofs

3.1. Transience and recurrence of the BF model

Proof of Theorem 2.1. First, we are going to prove the theorem for a particular case of a
geometric decrease py = Cp* for some p € (0, 1) and then extend it using monotonicity
arguments.

Consider the continuous-time BF model. Recall that ¢ = ({,k)kzl is a continuous-time
Markov jump process on X representing the configuration of the bits at time + > 0, and
2o =0=1(0,0,...). Denote by v the total time {¢;} spends in the state 0 for # > 0. Since
the process {¢;} is irreducible, recurrence of the BF model implies that the state 0 is recurrent.
Since the holding times at state 0 are i.i.d. exponential with parameter 1, we obtain Evy = 00.
When the BF model is transient, i.e. when

q = P{¢; = 0 for some finite t > 1 | o = 0} < 1,

where #; is the time of the first jump of the process ¢;, then v, is distributed as the sum
> /_€i, where v has a geometric distribution with parameter ¢ and the ¢; are i.i.d. exponentially
distributed with parameter 1 random variables representing holding times at state 0. In that
case, Eviora) = EvEeg; = 1/g < o0o. Thus, Evya = 00 is equivalent to recurrence of ¢ (¢) and
of the BF model. Since

oo 0o 00
Evioral = E/ H Liktn bit is idle at time 1} df = / l_[ P{¢f = 0} dr
0 0
k=1 k=1

and
.- o (pet)™
P{¢f =0} = ) P{kth bit flipped 2 times by time 1} = ¢ P » ~ =" = J(1 4727,
N 2
= = @t
the transience is equivalent to the convergence of the integral
oo X oo 00
Eviotal = / [[30+e?)de = f [T = Fpern dr, 3.1)
0 0
k=1 k=1

where f(x) = (1 —e~%")/2. Now we establish lower and upper bounds for the infinite product
under the integral.

Fix an arbitrary small 6 > 0. Note that the function 1 — f(x) is continuous, decreasing in x,
and 1 — f(x) = 1/(2 — 6) has only one root, call this root xy. Decompose the right-hand side
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of (3.1) into two parts, i.e.

[Ja-rmn="T] a-=reay [] a-=rp).
k=1

{k: prt=<xo} {k: prt>xp}

® (1) Dy (1)

The first factor ®1(¢) stays between the two positive constants Cy, Cp for all ¢t > 0. The
upper bound @1 (t) < 1 =: C; is obvious. For the lower bound, make an exponential change of
timescale t = (xg/p1)(1/p)*, s € (—o0, +00). The key observation is that for a geometric &,
the rescaled function W(s) = ®{((xg/p1)(1/p)*) is periodic with period 1 on the positive
half-line s > 0. Since W (s) is left-continuous and nonincreasing on its intervals of continuity,

its global minima are attained at the discontinuities s = 0, 1, 2, ..., and, therefore, for any
t >0,
X Pk R
Py (1) = W(0) = <1>(—> = J] (1 — f(—xe)) =[] - rp*xe) =: Cu.
PUJ e i<ty P k=0

Thus defined, C is positive, since

01— e_zl’k)‘@

0 o0
Zf(lﬂkxe) = ZT < Zpkxe =Y .
k=0

k=0 k=0 I=p

To estimate the second factor ®,(¢), introduce A(t) = {k: pxt > xp}. Then, for any
k € A(t), wehave | — f(prt) < 1/(2 — 0), and, thus,

1\ 14Ol 1 \A®I
— <Pr(t) < | —— .
(2) - 2()—<2—9>

Since
1 log Ct
1A(0)] = cardVk: pr > 22V = card ks k < 2210 _ 08T T L
t log p log p
we obtain
08! 4y < 1A =< —281 Lyt
— 3 < S — 3 )
log(1/p) log(1/p)
and, hence,

1\ log/log(1/p) |\ logt/log(1/p)
Cyl = Dy (2t C ,
4<2> < ®y(1) < 5(2_9)

o0
C6t*10g2/10g(1/P) - l_[(l — f(prd)) < C7t*10g(2*9)/10g(1/1?)’ (3.2)
k=1

proving the theorem for a geometric { pi} by choosing a sufficiently small 6.
Consider now the case of a general distribution . In case (i), for all sufficiently large k,
pr < Cg27F < 269~k ‘and since 1 — f(x) is nonincreasing in x and 1 — f(x) > % for x > 0,
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we can choose a sufficiently large M so that

A rhl—fwﬂnwszA IIa—f@n»w
k=1 =

> cm/ H(1 — FQ% %)) dr

B 3 d(2C9+M_ll‘)
_Clof l_[(l f@TRCHM ll))W

=an Ha—far»m

Similarly, in case (ii), for all sufficiently large k, px > C12(2 — &)k > 2 —¢e) Bk and
1 - f(x) <1, x > 0, yielding

/ Ha—ﬂmmmscm/ [[a-r@-eFmd,
0 k=1 0 =1

and both theorem statements follow from (3.2). O

Proof of Theorem 2.2. The Markov chain {¢,},>0 as defined by (1.1) is irreducible, has
period 2, and a symmetric transition matrix; hence, the chain {¢2,},>0 is irreducible, aperiodic,
and also has a symmetric (and, thus, doubly stochastic) transition matrix. Therefore, the chain
{¢2n}n>0 has a unique (up to a multiplicative constant) nonnegative nondegenerate invariant
measure 7, uniform on its state space {x € X: x has an even number of 1s}. The latter,
however, is countably infinite; thus, the total mass of 7 is necessarily infinite and {£2,}n>0
cannot be positive recurrent, in particular, for Etgp = oo. O

In order to prove Theorem 2.3, we make use of [1, Theorem 1 and Corollary 1].

Theorem 3.1. ([1, Theorem 1].) Suppose that {Y,},>0 is an {F,}-adapted stochastic process
taking values in an unbounded subset of R,.. Introduce T4 = inf{n > 0: Y, < A}. Suppose
that there exist positive constants A and € such that, for every n, Yan is integrable and

YZFEYZ, - Y | Fl < —e on{ta >n).

Then for any r* satisfying 0 < r* < r there exists a constant ¢ = c(g, r*, r) such that, for any
*
x>0, Er) < cx? whenever Yy = x almost surely.

Theorem 3.2. ([1, Corollary 1].) Let {Yn}n>0, Ta be as in Theorem 3.1. Suppose that there
exist positive constants A, ¢, and J such that, for any n,

E[Y;, — Y] | Fal = —& on{ra > n},
and, for some p > 1,

YZPEY ~ Y2 | F) < J onfta > n).

Suppose also that Yy = x > A and for some positive r( the process {Yn2,r\0tA }n>0 is a submartin-
gale. Then, for any r > ro, Et), = oc.

We will also need the following technical lemma.
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Lemma 3.1. Let {¢,}n>0 be a discrete-time BF model starting from the ground state {y = 0
with the parameter distribution * = {p1, p2, ...} possibly with a finite support p1 > p2 >
p3 > --- > 0. Then for K = min{k: Z?ikpi < %} and any n = 1,2, ..., the vector
X, K+ ) is stochastically dominated by the vector (K, EK+ ) of iid. Bern(%)
random variables.

Proof. Assume that Z,foz x Pk > 0, otherwise the lemma statement is trivial. Let {£;}n>0
and {Zn},,zo be two discrete-time BF models with the same transition probabilities where the
first one starts from the ground state {y = 0 and the second one starts from stationarity:
4:0 = (Zol, 502, ...) is an infinite vector of i.i.d. Bern(%) random variables. Our goal is to
couple the Markov chains {¢,} and {g:,,} on {0, I}Y preserving the almost sure coordinatewise
domination ¢¥ < ¢X fork =K, K +1,...,andalln =0, 1,2, ....

The idea is to treat the first K — 1 bits of both Markov chains as a ‘buffer’ for which the
domination does not generally hold. This is an expense to pay for the domination for all the
large coordinates. On every step, if one of the chains is flipped at some coordinate k > K,
where the chains agree, the other one does the same. If, otherwise, they disagree at such k, then
the other one is flipped at one of the coordinates of the buffer, thus removing the discrepancy
atk. Asaresult, no new discrepancies are created for k > K and the coordinatewise domination
is preserved almost surely outside of the buffer.

Specifically, we define the joint transition dynamics for {¢,} and {0} inductively, for n =
0,1,2,.... Denote by D, the (random) set of discrepancies at time n, i.e. the set of indices
k > K atwhich ¢, E,, disagree. The induction assumption is that the coordinatewise domination
is preserved on step n: {,’f < Z,’f for all k > K and, hence, only discrepancies of the form

;“,f =0, Z,i‘ = 1 are possible, i.e.
Dy={k>K:ck=01¢Fk=1).

Let F~'(u): (0,1) — N be the quantile function for the distribution 2, i.e.

k
Ffl(u) = min{k: Zpi > u} ue (0,1).
i=1

The key element of the coupling is a map s, (1) : (0, 1) — (0, 1) which swaps the parts of (0, 1)
mapped by F~! to D, with the parts of (0, 1) of the same length, mapped to the buffer, i.e.

@ 1—u ifF'wyeD, or FY(1—u)e D,
Spu) =
" u otherwise.

The condition ) o ¢ pi < % ensures that there is always enough buffer space for such a swap.

We now introduce a common source of randomness for the chains: the sequence Uy, Ua, ...
of i.i.d. random variables distributed uniformly on the interval (0, 1). The indices of the bits to
fliponstepn + 1in ¢, and g:n, n=0,1,...,are defined, respectively, as

Xot1 = F ' Uns1)s X1 = F U0 (Unt1)).

Since s, (1) preserves the Lebesgue measure, s, (U, +1) is also uniformly distributed implying
that both chains have correct transition probabilities: P(x,+1 = k) = P(Xp+1 = k) = pi, k =

1,2,...,n=0,1,2,.... The coordinatewise domination {,’l‘ < ;,]1‘ obviously holds for all &
for n = 0, and on each step n = 1,2, ... it is preserved for k > K by the construction
of sn, X, )?n- 0
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Proof of Theorem 2.3. (i) Select an arbitrary y € ((1/p)", 1/2p), which is always possible
to do, because p < % andr < 1 —1log2/log(1/p) given the assumptions. Denote by M,, the

index of the rightmost active bit at time n, i.e. M,, = max{k: g“n = 1} with the convention

M, = 0 for ¢, = 0. In the formulation of Theorem 3.1, put Y2’ = yMn Define the filtration
Fn = 0(&o, My, ..., M,). The process {Y,,} is obviously {fn} adapted. Recall that xi is an
index of a bit ﬂipped on step k, xx ~ &. We have

E(Y2) = E(yMr) < B(yZi=1 %) = (E(yXh))". 33)

The inequality above follows, since M,, < max{xi, x2, ..., Xn} < ZZ: | Xk» so that the right-
hand side of (3.3) is finite since py < p(1/2p) = % < 1. Next,
E[Y}, =Y | My =m]
=Bl = YD) Lgimmy | My = ml+ B = YD) L omy | My =ml.

E; E

Introduce ¥ (xg, .. ., Xp_1) = ymx:xj=1LJj=K..m=1} _ ym Thep

Ey <E @K, ... " Yy mm) | My =ml = puBly K, ..., ") | My =m].

(3.4)
Our claim is that the vector (¢X, ..., ¢"~!) conditionally on {M, = m} is stochastically
dominated by a vector of i.i.d. Bernoulli random variables (EK e Em_l). Introduce an
embedded Markov chain {¢};>0 = {({ll, .. ”’_1)}1>0 tracking the state of the first m — 1
coordinates of {;“n} considered at the times when one of those coordinates changes. We set
g“o = (;0, .. §6”7 ) and define {1 (§t1(m)’ .. {tl(m)) where t;(m) is the /th tlme when one

of the first m — 1 coordinates of ¢, is flipped. Lemma 3.1 applied to the BF model {§1}1>0 with
the flipping probabilities

m—1
e P1 Pm—1
P = s ,0,0,... ¢, Sm—1 = Dk
{Sm—l Sm—l } " Z
implies for every [ = 0, 1, 2, ... the stochastic domination

(E[I%7 st ’E[m_l) Sst (EIE’ AR Em_l)v

“ E’”_l are i.i.d. Bern(%) random variables. Note that

oo oo
= . -1 . 1
K=mm{k: 'Ekpi <= }SK:mm{k: Ekpi =< 5},
= i=

therefore, forevery/ =0, 1,2, ...,

where ¢

@CE e < @KL e, (3.5)

Introduce the series of events: A(n, m,1) = {3 ;_; Lji<y,<m—1y =} forn =0,1... andl =
0, ..., n. Conditionally on A(n, m, I), the first m — 1 coordinates of vector ¢ are flipped / times
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and, hence, the distribution of (g“n] e {,’l”_l) is the same as that of (El, e, Elmfl ), SO we can
continue (3.4) with

n
Ey < pw Y B @K ..ol D Iamay | My =m]

=0
—pm;w@n e D Dty | Al m, D)

Conditionally on A(n, m, [), the random variables
vk, Y =w @k, T and 1wem

are independent. Indeed, on A(n, m, ), the first variable is a function of the chain E after [
steps which is governed by transition probabilities J; while the event {M,, = m]} relates to
the configuration of the bits m, m + 1, ... after n — [ steps of the BF model with parameter

distribution {pr /(1 — S;—1), k =m,m +1,...}. Thus,

S K et _ P(A(n, m. 1))
Ei Spmg]EWf(Cn e D LA m, DIBMy = m | Al m, D)=
=pm Y EW @S, g DIPAG, m 1) | My = m).
=0

The function i is nondecreasing with respect to the coordinatewise order on its argument, so
the stochastic domination (3.5) implies that

Ey < puBy @5, ... 0" Y P(AG,m, 1) | My =m)
=0

=1
= puEyp (X, . "

m—1 1 m—k
=y Of- y”’)pm(§> :
k=K
Because of the assumption (i) for an arbitrary small ¢ > 0 we can, if necessary, increase K

so that pp > C1(1 — s)pk for any k > K, and continue, thus,

m—1

Ei < Ci(1—e)(py)™ ) _(@y) " —27mH
k=K

_ —m+K
=Ci(1 - 8)(py)’"<2 2@y + 2’"”‘)

2y — 1 2y — 1
2—-2
<Ci(1- 8)(Py)m<2y—_)1} + 2_m+K>- (3.6)

Before choosing a particular value of ¢, we make the following three observations.
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First, because of the condition py < %, and the asymptotic equivalence p; ~ C1p¥, k — oo,
for an arbitrary small ¢ > 0, we can choose a large M = M (¢) so that, form > M,

o
Ey =) puts(y" ™ —y™)

k=1

o0 o

< i1 +&)(py™ (Z(py)k -> p")
k=1 k=1

=+ e)(py)'”( B L) 3.7
l—py 1-p

Second, introduce
2-2
O(p.y.e) = (1 —8)3 Y+ +e>(i - L)
y—1 I—py 1-p

Given the appropriate choice of ¢, M, K, the definition Ynz’ = yM", together with (3.6) and
(3.7), implies that

Yy R = Y | My =m] < CL(Q(p, v, &) + 27" ) (py!/7y" form > M. (3.8)

Because of our choice of y, we have pyl/ " > 1 and, therefore, given Q(p,y,&) < 0 we
can further increase M so that the right-hand side of (3.8) is negative and uniformly separated
from O forallm > M.

Third, to find ¢ satisfying Q(p, y, €) < 0, note that for any fixed po, yo, Q(po, Yo, €) is a
continuous function of ¢ in a small neighbourhood of ¢ = 0, whenever Q(po, yo, 0) is well
defined and nonzero. The inequality Q(p, y, 0) < 0 can be written as

Cpy—1DHy—-1DH2-p)
(I-py)A-pQ2y—-1)

which is satisfied due to our choice of y.

Now, we can choose a small ¢ > 0 so that Q(p, y,¢) < 0, then fix large K, M so that
(3.6) and (3.7) are satisfied, and so the right-hand side of (3.8) is negative, uniformly separated
from O, for all m > M, as required by Theorem 3.1.

Denote 7, = inf{n > 1: M, < x}. Theorem 3.1 implies that for p < % and r <
1 —log2/log(1/p) there exists C = C(p, r) such that for our particular choice of y and M,
we have

s

X
E[ry, | Mg =x] < Cy* < C<L> . 3.9
2p

We now prove that 7g; = 1) is integrable and satisfies the same asymptotic bound. In
E[zy | Mo = x], 7o is the first time when the process M, reaches 0 starting from the state x.
For any M > 0, we have 1) = t) + (ty — 10). By simple coupling arguments, the law of
(Tm — t0), conditional on {My = x}, is stochastically dominated by the law of 7y, conditional
on {My = M}. That, together with the inequality (a + b)" < 2"(a" +b") for 0 < r < 1 and
nonnegative a, b, implies the bound

Elzy | Mo = x]1 <2"(Elry | Mo =x1+Elzy | Mo = M]).
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An asymptotic upper bound for the first conditional expectation on the right-hand side is given
by (3.9). Itis left to the reader to derive an upper bound for the second expectation. Conditionally
on {Mo = M}, 1y is stochastically dominated from above by the sum of two terms. The first
one is the time needed for ¢, to reach 0 not leaving the finite sub-cube {0, l}M , which is, in
turn, dominated by t)” = inf{n: ¢, = 0"M}. The second one is a geometrically distributed
number of excursions y ~ geom(r) from {0, 1}*. Thus,

o0
Elry | Mo=M] <) Elzj | Mo=M, y = kIP{y = k}.
k=1

Now, conditionally on {y = k},

k r
Elt) | Mo=M, y =k < E[(r@’” + Zw,») Mo = M]
j=1
< K EL™) | Mo = M]+Ey"), (3.10)
where v; is the length of excursion j = 1,...,y and ¥ denotes the length of a typical

excursion. The first expectation on the right-hand side of (3.10) is a finite constant. As for the
second, for some finite constant C4 > 0, we have

00 (e ] 1 k+M
Ey" =1+ permEly | MO:k+M]§1+ZC4pk+M<—> < 0.
k=1 k=1 2p

Thus, for some Cs > 0, E[t} | Mo = M] < Y 72, Csk'*"' (1 — m)*~! < co,completing the
proof of (i).

(i1) Put Yn2 = yM» for some y > 1 and verify the conditions of Theorem 3.2. As before, Y, is
adapted and for an arbitrary small ¢ > 0, we can choose M = M (¢) large enough so that

o0
—pmY" + D Pk " = y™)
k=1

E[Y;y — Y | My =m]

v

o0
—Ci(1—&)p™y" + Y Ci(1+e)p"hymth —ym)
k=1

v

= C1(py)'”(—1 tet+(+e)) prok- 1))

k=1
m d+8ep=1+y)
=C —1
1 ( et (1—p>(1—py>)

= C1(py)"R(p. y. &),

where R(p,y,e) = (—14+e+ {1 +e)p(—1+y)/(1 — p)(1 — py)). It is then possible to
choose a small enough ¢ > 0 and a large M so that the latter expression is bounded from below
for all m > M, when py < 1. Furthermore, for such p, y, we have, as before,

— 2 - -
VIR, = Y20 | My =m] < Ciy" P (py?)"(Q(p. y° . ) + (1 = )27 ),

which is bounded from above when p is such that py? < 1 (such a p > 1 exists whenever
py < 1).
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Finally, find a suitable value r( such that the process Y,%;OTM is a submartingale. Since
E[Y20 — Y2 | My = m] = Ci(py")"R(p, ¥, e),

we can choose ¢ > 0 so that the latter is greater than O for any m > M, if

. <log(1/(2p - p2>)’ 1>'
logy

Recalling that we can take y arbitrary close to 1/p, we conclude that the conditions of
Theorem 3.2 are satisfied for any ry such that

log(2 — p)
€ (1 ~ log(1/p) ’1>'

This together with the results of Theorem 2.2 implies that none of the fractional moments of Ty
(and, hence, of 79) of order higher than 1 — log(2 — p)/log(1/p) exist, completing the proof
of (ii). ]

3.2. Transience and recurrence of the DB model

Proof of Theorem 2.4. (i) We first consider the discrete-time version of the DB model.
Introduce R,, the index of the rightmost bit (i.e. with the largest index) to ever have been
flipped by time n. The sequence {R,} is almost surely nondecreasing. We aim to prove that
almost surely for infinitely many terms of the sequence {R;}, each of the bits 1,2,..., R,
is flipped at least twice before the next flip of some bit with an index larger than R,. That
would guarantee that the ground state of the DB model, corresponding to the set of states
{y € {0,1,2}N: y has no Is and only a finite number of 2s} of Markov chain {¢,}, is visited
infinitely often.

It is convenient to use the continuous-time version now. Let IT;(¢), [1o(¢), ... the inde-
pendent Poisson processes (clocks) describing the times at which, respectively, the first, the
second, etc. bits are chosen for flipping. Introduce

o
Tok :inf{t > 0: Z IT;(¢) > 0},

j=k+1

the time of the first flip of a bit with an index greater than k. Note that - is a stopping time
foreachk = 0,1, 2, ..., and, moreover, 79 < 7-1 < 7-2 < ---. Introduce the events

Ay = {k appears in the sequence {R,}},
Bir = Ay N {starting from the first tick of I, each of the clocks Iy, I1», ..., Ik

ticks at least twice before the first tick of one of the clocks ITg41, [Tg42, ...}

Our aim is to prove that the events By happen infinitely often. In terms of a continuous-time
notation, we can write these as
Ap = {tok—1 < Tk},
Bi = [ U ([tok-1. T=1)) = 2} (3.11)
J<k
Since {7~} is a sequence of stopping times, it is not difficult now to see that the events By

are independent of each other. By the Borel-Cantelli lemma it suffices to prove that the series
> k=1 P{By} diverges.
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The probability of A (probability of an index k to ever appear in the sequence {R,}) is
Pr/(pr+ Q) = 1— 0/ Qk-1, which is uniformly bounded away from O given assumption (i).

As follows from (3.2), the probability P(By | Ax) is equal to the probability for each of the
first k Poisson clocks Iy (¢), ..., IT¢(¢) to tick at least twice before the time of the first tick of
one of the clocks ITyy1(?), [Tg42(2), .... We have

P(By | Ap) = (ﬂ{n (r>k>>2}> / HP{H () = 2}dP(ro < 1), (3.12)

Introduce g(x) = e *(1 + x). Due to (i), there exists a large K such that

. . . _ 1 1 1 .
&: Pj Q] l...lez( 1)_..._2C2pl—k forany k > j > K.
Or Qj-1 Qj Ok p P
——

k—j+1

p

The function g(x) is strictly decreasing in x, so we can continue and write that (3.12) is equal to

1—g(pjt ‘Qk’dtzf (1— (ﬂt>> ~'dr
/0 ,Ul( 8(pjt) Qke i ,Ul s\ o))

o k=K ‘
> C / l_[(l —g(Copt)e"dt fork > K,
0 i

where C1 and C» are positive constants. Next,

k—K
[0 -sCpin)= H(l—g(czp 71)).
Jj=1 j=I1

The latter is strictly positive, i.e.

o0 o0 o0
Zg(Cztp_j) = Ze_cm’_!(l + Cztp_j) < Cj Ze_c“’l’_'l < oo forallzt;
j=1 j=1 j=1

thus, I—[’;;f (1- g(Czp’kt)) is bounded away from O uniformly in k, k > K, by

o0 o0

h(t) =[]0 —gC2p™/) >0, and P(Bi | A) = le h(t)e ' dt > 0,
’ 0
Jj=1

so the series Z,fiIIP’(Bk) diverges and the DB model is recurrent given assumption (i).
(ii) Now, assume that py ~ Ce~®K". Consider the total time v spent in the ground state, when
none of the bits are active. We are going to prove for this particular choice of pj that the
expected time spent in the ground state Ev = fooo [Te2, (1 — pxte™Pk') dt is finite. The product

under the integral is bounded by

o0
1

l_[(l — prte Py < exp{card{k: e <prt < lz,g}log<1 - —+4 8) }
e

k=1
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Here, [1 ¢ and [5 . are the left and the right boundaries of the interval, where the function xe™"

is greater than or equal to 1/e — ¢. Taking into account the particular choice of py, we write

1 e\ 1 e\
card{k: l1 o < pxt <l e} ~ (— log —) — <— log —)
o

e o e
logly . —logly, _
~ %(bg@c))”y b (3.13)
hence, the infinite product in question is integrable for y < % (|

Remark 3.1. The condition of Theorem 2.4(i),

: Ok+1
lim sup
k—00 k

—p<l, (3.14)

is stronger than a condition in the style of Theorem 2.1(i), i.e.

lim sup ﬂkpk < oo for some constant 8 > 1. (3.15)
k— 00

It is not difficult to see that (3.14) implies (3.15) with

1
p=—— foranye e (0,1 — p).
pt+e

The converse implication does not hold in general: for a counterexample, define « (k) =
min{j2: j € Nand j> > k} and put py = C27%® k = 1,2, ..., where C is a normalizing
constant. Then (3.15) holds with 8 = 2. However, (3.14) does not hold: setting k; = i 2=
1,2, ..., we obtain, for the subsequence {k;},

le‘ _ l pki

Ok;i—1 Ok —1
N G
Z?o:ki Pj
z1- (Jf)l2 1
l
>
C2_(l+1)
T+ D2 =32
1
2i +1
— 1, I = oo.

For (3.15) to imply (3.14) we need additional constraints on &; for example, it is enough to
require the sequence {Q/Qk+1} to be monotone.

3.3. The central limit theorem

For the proof of the central limit theorem for the number of active bits in the BF and DB
models we use the following general central limit theorem for a triangular array.
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Theorem 3.3. ([5, Chapter 8, Theorem 5].) Let {§; »}, 1 <k <r,,1 <n < oo, beatriangular
array of random variables such that E&, , = 0 and that the random variables (& n)1<k<r, are
mutually independent inside of every rown = 1,2, .... Assume that

() YL BEL, = 1s
(ii) Z;”ZIE[één; |&k.nl > M] — 0,n — oo, for every M > 0.
Then ZZ":lék,ngzN(O, 1) asn — oo.

Proof of Theorem 2.5. The expected number of active bits [En; in both models tends to oo,
given the assumptions. For the BF model, we have

S Bk = S L e
m—gﬁ”{éz—l}—;z(l e ).

Every term in the latter sum monotonically approaches % ast — oo; thus, the whole sum tends
to 0o.

Next, for the DB model, given the assumption py ~ Cexp(—ak?),k — oo, if we fix a
small ¢ > 0 and take /1 ; and /5 ¢, which are the left and the right boundaries of the interval
where the function xe™ is greater than 1 /e — ¢ to be as in (3.13), then, by the same reasoning
as in (3.13), we obtain

En; = ZIP{@, =1)

e Pkt

[
M%i

Pkt

/-\?v-
Il

> —eg)card{k: A1 < prt < Ao}

> () (1og(tC))1/V 1

— OO

for a constant C| depending on ¢, y, and «.

The rest of the proof works for both the BF and DB models. Itis sufficient to prove the central
limit theorem for the embedded discrete-time process {17, },>1 for an arbitrary nonrandom time
sequence {7, },>1 going to co. Let us fix such a sequence and denote ¢, := ¢r, and n, := 17,
for short. Introduce the random variables

V4 k= Ezn,k
L —La k <ry,
7 . -1 £ p = A/ Var 1,
nk = Lgk=1}> nk = Sier, Znk —EZy 1)
s =Ty.
Jvar i, "

We choose a suitable sequence {r,} later. The random variables {&,, k},:”: | are mutually inde-
pendent for every n. Theorem 3.3(i) holds trivially. For (ii), we have

D B ikl > MI= ) EIE i €kl > MI+EIE,, |5, ] > M]. (3.16)

1<k=r, 1<k<r,—1

S

S1
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By the assumptions, En; — oo as t — 00. Moreover,

Coliny < varn, =Y f(prt)(1 — f(prt)) < En,
k>1

where f(x) = %(1 — e7*) in the BF model, f(x) = xe™ in the DB model, and C, =
(1 — sup, g+ f(x)), with the respective f, so that 0 < C, < 1 in both cases. By the
construction of &, x, the sum S} in (3.16) tends to 0 as n goes to 0o, because almost surely
&nk < 1/varn, — 0and every term in S is eventually 0. Finally,
1
g}, = > AT = f(peTw)

Varin k=,
—'n

and so we can choose r;, such that the latter sum is no larger than, for instance, ,/var 7, thus
satisfying Theorem 3.3(ii) and completing the proof. ]
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