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Abstract. We consider the Lagrange and the Markov dynamical spectra associated to
horseshoes on a surface with Hausdorff dimension greater than one. We show that for
a ‘large’ set of real functions on the surface and for ‘typical’ horseshoes with Hausdorff
dimension greater than one, both the Lagrange and the Markov dynamical spectra have
persistently non-empty interior.

1. Introduction

Regular Cantor sets on the line play a fundamental role in dynamical systems and
notably also in some problems in number theory. They are defined by expansive maps
and have some kind of self-similarity property: small parts of them are diffeomorphic
to big parts with uniformly bounded distortion (see precise definition in Appendix A).
Some background on the regular Cantor sets, relevant to our work, can be found in
[CF89, PT93, MY01, MY10].

A mathematical object intimately related to our work (cf. [CF89]), is the classical
Lagrange spectrum, which is defined as follows: given an irrational number «, according
to Dirichlet’s theorem, the inequality & — p/q| < 1/¢> has infinite rational solutions p/q.
Markov and Hurwitz improved this result (cf. [CF89]), by verifying that, for all irrational
a, the inequality |@ — p/q| < 1/(v/5¢?) has an infinite number of rational solutions p/q.

Meanwhile, for a fixed irrational «, better results can be expected. This leads us to
associate to each « its best constant of approximation (Lagrange value of «), given by
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1
k(a) = sup{k >0:|a— P < ) has infinitely many rational solutions B}
q q
= limsup |g¢(go — p)|71 € RU {+o0}.
[pl.g—00
peZ,qeN

Then we always have k(o) > \/3 . Consider the set
L ={k(a): a0 € R\Q and k(a) < oo},

known as the Lagrange spectrum (for properties of L, cf. [CF89]).
In 1947, Hall (cf. [Hal47]) proved that for the regular Cantor set C(4) of the real
numbers in [0, 1], which only has the coefficients 1, 2, 3, 4 in its continued fraction,

CA+CA)=[V2—-1,42-1)].

Let « be an irrational number expressed in continued fractions by @ = [ag, a1, . . .]. Define,
for each n e N, o, =lay, ay+1, ...] and B, =[0, ay_1, an—2, . ..]. Using elementary
continued fraction techniques it can be proved that

k(o) = lim sup(a,, + By)-

n—oo
With this latter characterization of the Lagrange spectrum and from Hall’s result, it follows
that L D [6, 4-00); the Lagrange spectrum contains a whole half-line, called Hall’s ray.
In 1975, Freiman (cf. [Fre75, CF89]) proved some difficult results showing that the
arithmetic sum of certain (regular) Cantor sets, related to continued fractions, contain
intervals, and he used them to determined the precise beginning of Hall’s ray (the biggest
half-line contained in L), which is

2221564096 + 283748+/462
491993569

Another interesting set is the classical Markov spectrum defined by (cf. [CF89])

=4, 52782956616 . . ..

M={ inf |f(x,y)|_1:f(x,y)=ax2+bxy+cyzwithb2—4ac=1}.
(x,y)€Z*\(0,0)
Both the Lagrange and Markov spectra have a dynamical interpretation. This fact is an
important motivation for our work.

Let ¥ = (N*)2 and o : ¥ — X, which is the shift defined by o ((an)nez) = (@n+1)nez.
If f:X — R is defined by f((an)nez) =0+ Bo=I[ao,ar,...1+[0,a_1,a,...],
then

L= {lim sup f(c"(0)):0 € E}

n—oo

and
M= {sup f(@"(©):0¢€ E}.

nez
This last interpretation, in terms of shift, admits a natural generalization of the Lagrange
and Markov spectra in the context of hyperbolic dynamics (at least in dimension two,
which is the focus of this work).

https://doi.org/10.1017/etds.2015.121 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.121

1572 S. A. Romaria Ibarra and C. G. T. de A. Moreira

We will define the Lagrange and Markov dynamical spectra as follows. Let ¢ : M? —
M? be a diffeomorphism with A € M? a hyperbolic set for ¢. Let f: M?> — R be a
continuous real function: then the Lagrange dynamical spectrum associated to (f, A) is
defined by

L(f, A= {hm sup f(@"(x)):x € A},

n—oo

and the Markov dynamical spectrum associated to (f, A) is defined by

M(f, A) = {sup fl@"x):xe A}.
nez

The problem of finding intervals in the classical Lagrange and Markov spectra is closely
related to the study of the fractal geometry of regular Cantor sets related to the Gauss
map. Fractal geometry of Cantor sets is also the key to solving some problems about
dynamical Lagrange and Markov spectra in dimension two. In fact, using results on stable
intersections of two regular Cantor sets for which the sum of Hausdorff dimensions is
greater than one (cf. [MYO01, MY10]), we prove the following theorem.

MAIN THEOREM. Let A be a horseshoe associated to a C*-diffeomorphism ¢ such
that HD(A) > 1. Then, arbitrarily close to ¢, there is a diffeomorphism ¢o and a C?-
neighborhood W of @g such that, if Ay, denotes the continuation of A associatedtoyr € W,
there is an open and dense set Hy, C CY(M, R) such that for all f € Hy,

int L(f, Ay) #0 and int M(f, Ay) #0,

where int A denotes the interior of A.

Remark. In the previous statement, by horseshoe we mean a compact, locally maximal,
transitive hyperbolic invariant set of saddle type (and so it contains a dense subset of
periodic orbits).

2. Preliminaries

2.1. Preliminaries from dynamical systems. If A is a hyperbolic set associated to a
Cz-diffeomorphism, then the stable and unstable foliations F*(A) and F“(A) are C!.
Moreover, these foliations can be extended to C! foliations defined on a full neighborhood
of A (cf. [KH9S, p. 604]).

Let A be a horseshoe of ¢ and consider a finite collection (R,),ca of disjoint rectangles
of M, which form a Markov partition of A (cf. [Shu86, p. 129]). The set B C A% of
admissible transitions consist of pairs (ag, a1) such that ¢(R,,) N Ry, 7# . We can define
the following transition matrix B, which induces the same transitions as B C A2, as

baa; =1 f@(Ry) N Ra; #0, baa; =0 otherwise, for (a;, a;) € A%,

Let X5 = {a = (an)nez : an € AVn € Z}. We can define the homeomorphism of X4 as the
shift o : p — X where o ((an)nez) = (@n+1)nez-

Let Xp = {a € Za : baya,,, = 1}; this set is a closed and o -invariant subspace of Z4.
Still denote by o the restriction of o to X p. The pair (Xp, o) is called a subshift of finite
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type of (X4, o). Given x, y € A, we denote by N,(x, y, B) the number of admissible
strings for B of length n 4 1 that begin at x and end at y. Then

Nn(x, )’7 B) = b;ly

In particular, since ¢| 4 is transitive, given x, y € A, there always exists a minimum number
n(x, y) € N* such that Ny y)(x, y, B) > 0 and, putting No :=max{n(x, y): x, y € A}
for all x, y € A, there is a word beginning at x and ending at y of length less or equal to
No + 1.

Subshifts of finite type also have a sort of local product structure. First, we define the
local stable and unstable sets (cf. [Shu86, Ch. 10])

Wi;s@ ={beXp:¥n>0,d(c" (@), 0" (b)) <1/3}
={beXp:Yn>0,a,=b,},
Wis@) ={beXp:V¥n<0,d(c" (@), 0c" (b)) <1/3}
={beXp:Y¥n<0,a, =b,},
where d(a, b) =Y >0 2=@l+Dg, (a, b), and 8,(a, b) is zero when a, = b, and one
otherwise. So, if ¢, b € Xp and d(a, b) < 1/2, then ag = by and W{‘/3 (@) N Wl“/3 (b)isa
unique point, denoted by the bracket [a, bl = (..., b_p,, ..., b_1,bo, a1, ..., ay, ...).
If ¢ is a diffeomorphism of a surface (2-manifold), then the dynamics of ¢ on A is

topologically conjugate to a subshift X5 defined by B: namely, there is a homeomorphism
IT: ¥p — A such that the following diagram commutes.

EB—G>-ZB

nl ln 1.e. goll=Iloo.

A—¢>A

Moreover, IT is a morphism of the local product structure: that is, I1[a, b] = [I1(a), [1(b)]
(cf. [Shu86, Ch. 10]).

3. The Lagrange and Markov dynamical spectra
Let ¢ : M — M be a diffeomorphism of a compact 2-manifold M and let A be a horseshoe
for ¢.

Remark. We have L(f, A) C M(f, A) forany f € CO(M, R).

In fact, if we let a € L(f, A), then there is xo € A such that a =limsup,_,
f(@"(x0)). Since A is a compact set, there is a subsequence (¢"* (xg)) of (¢"(xp)) such
that limg— 400 ¢"* (x0) = yo and

a=limsup f(¢"(x0)) = lim f(" (x0)) = f (o).
n—-+0o k—+00

Claim. f(yo) = f(¢"(y0)) for all n € Z. Otherwise, suppose there is ng € Z such that

F (o) < f(@"(y9)). Pute = f(¢™(y9)) — f(yo). Then, since f is a continuous function,
there is a neighborhood U of yq such that

f (o) + g < f(¢™(z)) forallzeU.

https://doi.org/10.1017/etds.2015.121 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.121

1574 S. A. Romaiia Ibarra and C. G. T. de A. Moreira
Thus, since ¢™* (xg) — yo, there is kg € N such that ¢ (x¢) € U for k > ko: therefore,
FOO +5 < F@" ™ () forallk = ko.

This contradicts the definition of a = f(yp).
In the next section we give some tools to prove the Main Theorem.

3.1. The ‘large’ subset of C'(M,R). In this section we construct a ‘large’ set of
functions in C! (M, R), which will be useful in the proof of Main Theorem.

THEOREM 1. The set
Hy,={f¢€ C‘(M, R) :#Mr(A) =1and, for z€ My(A), sz(ej’“) # 0} (D

is open and dense, where My(A) ={z € A: f(z) = f(y)Vy € A}and e;" are unit vectors
in E3" of the definition of hyperbolicity, respectively.

Before proving this theorem we will present some auxiliary results.

We say that x is a boundary point of A in the unstable direction if x is a boundary
point of WX (x) N A: that is, if x is an accumulation point only from one side by points in
W&(x) N A. If x is a boundary point of A in the unstable direction, then, due to the local
product structure, the same holds for all points in W*(x) N A. So the boundary points
in the unstable direction are local intersections of local stable manifolds with A. For
this reason, we denote the set of boundary points in the unstable direction by d;A. The
boundary points in the stable direction are defined similarly. The set of these boundary
points is denoted by 9, A.

The following theorem is due to Newhouse and Palis (cf. [PT93, p. 170]).

THEOREM [PN]. For a horseshoe A, as above, there is a finite number of (periodic)

saddle points py, ..., p, such that
AN (U Wf(p;)) = 0,A.
i
Similarly, there is a finite number of (periodic) saddle points pY, . .., P, Such that

AN <U W“(;af‘)) =,A.
i
Moreover, both o; A and 0, A are dense in A.
LEMMA 1. The set
o ={fe C>(M,R): thereisz € My (A) with Df;(e;") # 0}

is dense in C*(M, R), where 2" are unit vectors in E3", respectively.
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Before proving Lemma 1, we recall the definition of Morse functions. Let f : M — R,
C", r > 2. We say that f is a Morse function, if for all x € M such that Df, =0,

D?*f(0): TuM x TeM — R

is non-degenerate: that is, if D? f(O)(v, w) =0 for all we TyM implies v = 0. Denote
this set by .#. A known result says that the set of Morse functions is open and dense in
C%(M, R), r > 2. Note that, in this case, the set Crit(f) = {x e M : Df, =0} is a discrete
set. In particular, since A is a compact set, #(Crit(f) N A) < oo.

Proof of Lemma 1. 1t is enough to show, simply, that <7’ is dense in .# (the Morse
functions). Let fi € .#. Then # Crit(f;) < oo, so, since int A =, we can find f €
M C?-close to f1 such that M ¢(A) N Crit(f) = . Therefore, if z € My(A), we have
Df.(e$) # 0 or Df(e) #0.

If, for some z € M y(A), both Df;(e;) and Df,(e?) are non-zero, then f € .

If otherwise, suppose that Df;(e;) =0 and Df;(e?) #0. Then there is a c?-
neighborhood V of f and a neighborhood U of z, such that, if x € U N A and g € V, then
Dg,(e¥) # 0. Let R be a Markov partition of A, such that the element R, of R containing
z is contained in U. Without loss of generality, we can assume that U is contained in a
C2-local chart ¢ : U c M — V C R? with U ¢ U and U N R’ = for all R’ € R\{R.}.
Observe that, since Df;(e;) =0, z € d;A. Therefore the possible maximum points of f
in AN R;areon W' (z) N A := K* (stable regular Cantor set), which has zero Lebesgue

loc
measure. Consider the function ¥* : K® x R — R? defined by

P =v(ep oo —a (] ) Do

where the above matrix is the orthogonal rotation. Since ¥* extends to a C!-function,
then the Lebesgue measure of ¥*(K* x R) is zero. Therefore, there is a v € R? with
norm very small such that v ¢ ¥*(K* x R). Put h(y) = fo ¢~ (y) — (v, y) for y e V.
Thus D(h o ¢),ey = DhyxyDexe; # 0 for all x € K*. Since v can be chosen with norm
arbitrarily small, & o ¢ is C?-close to f and, since the function increases in the direction
of its gradient, the maximum points of 2 in A N R, still can only appear in K. Thus &
satisfies the condition of the lemma.

The case in which Df;(e¥) =0 and Df;(e}) #0 is obtained analogously using a
function C2-close to f and in .27’.

This concludes the proof of the lemma. O

LEMMA 2. Let f € C'(M, R) and z € My (A) such that Df,(es") #0. Then z € ;A N
Oy A.

Proof. Using local coordinates in z, we can assume that we are in U C R? containing zero.
The hypothesis of the lemma implies that Df, # 0: that is, if f(z) is a regular value of
f,then a := f~1(f(2)) is a C'-curve transverse to WZ(z) and W/ (z) in z; moreover, the
gradient vector V f(z) is orthogonal to « at the point z.

Let U be a small neighborhood of z. Then « is subdivided into two regions of U, say
U, and U3 (see Figure 1). Now suppose that V f(z) is pointing in the direction of U;. Then
in the region I, 11, III, IV and V (see Figure 1), there are no points of A.
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FIGURE 1. Localization of z € M ¢ (A).

In fact, as the function increases in the direction of its gradient, there are no points of
A in the regions /I, III and IV because z € M y(A). If there were points in I of A, then,
by the local product structure, there would be points in /I of A, which we know cannot
happen. Analogously, if there were points of A in V, then there would be points of A in
1V, which we also know cannot happen. In conclusion, the only region where there are
points of Ais VI,soz € dsA NI, A. O

Remark 1. Since C*(M,R), 1 <s <oo is dense in C"(M,R), 0<r <s, Lemma 1
implies that o7’ is dense in C' (M, R).
LEMMA 3. The set
H ={f¢€ C*(M, R) :#Myp(A) =1and forz € My(A), Df,(el") # 0}
is dense in C2(M, R) and therefore dense in c! (M, R).
Proof. By Lemma 1, it is enough to show that Hj is dense in A'.
Let f €A, then there is z € Mys(A) such that Df;(e;") #0. Take U, a small

neighborhood of z. Thus, given small € > 0, consider the function ¢, € C 2(M , R) such
that ¢, is C2-close to the constant function zero. Also ¢, = 0 in M\U, ¢ (z) = € and z is

. . o c?
a single maximum of ¢.. In addition, ¢ — 0 as € — 0.

2
Define g, = f + ¢.. Clearly, g, LN f as e = 0. Since z € Ms(A), we have g.(z) =
@)+ ¢e(2) > f(x) + @e(x) = ge(x) for all x € A: that is, z € Mg (A) and #M, (A)
=1.
Also, D(ge);(ei") = Df,(ei") # 0: that is, g, € Hj. O

LEMMA 4. The set H, defined in (1) is open.

Proof. Let f € Hy and z € M ¢(A) with Df;(e2") # 0, where ;' € EZ" is a unit vector.
Suppose that 3f/dey" = (V f(z), e2") = Df:(ey") > 0 and V f(2) is the gradient vector
of f atz.

Let U C C'(M, R) be an open neighborhood of f such that, for all g € U, we have
dg/dez" > 0. The set {e!, e} is basis of T. M. Let

V={veT.M:v=aye +bye’, ay, by, > 0}.
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Also, let v € V\{0}. Then dg/dv(z) = Dg;(v) > 0, for any g € Y. Since, by Lemma 2,
z € 9gA N ad, A, this implies that there is an open set U of z such that g(z) > g(x) for all
gelUandallx e U N A\{z}.

Let € > O such that | f(z) — f(x)| > €/2 for x € A\U. Let

Vess(f) = {g eC'M.R): | = glloo < g and || Df — Dglloo < %}

be a fundamental neighborhood of f. Then we claim that, for all g € V¢/3(f), the set
Mg (A) C U.Infact, if x € A\U, then

8(2) —g(x) =g@@) = f(D) + f(2) —glx) = f(x) + f(x)

> f@)—= fx) =18 — f@)]—lgx) = f(x)]
€ € €
-2 8§ 4
In particular, g(z) > g(x) for all x € A\U, and so M, (A) = {z}.
This implies that the open set Uy =U N V,g(f) is contained in H,,. O

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. Since H| C H, and, by Lemma 3, the set H| is dense in Cl(M, R),
the set Hy, C C!(M, R) is dense and open in C! (M, R). O

4. The Markov and Lagrange dynamical spectra and image of sub-horseshoes
In this section, we prove that the Lagrange and Markov dynamical spectra contain the
image of a sub-horseshoe by a real function.

Recall that the set Hy, (see (1)) is open and dense.

Let f € Hy, and xp € My(A). Then, by Lemma 2, xy € d;A N 3, A. By Theorem
[PN], there are p, g € A periodic points such that

xmu € Wi (p) N W¥(g).
Assume that p and g have the symbolic representation
(..,a1,...,ar,a1,...,0ar,...) and (...,by,...,bs,b1,...,bg,...),

respectively.
So there are [ symbols cy, . . ., ¢; such that x is symbolically of the form

-1
n " xy)=C..,b1,...,bs,b1,...,bg,C1y...,Cty...,cCl,
Aly ooy Qpy A1y o v ey Qpy o l),

where c; is the zero position of ! (xm).
Let q.= (-5, ---,490,...,95) be an admissible word such that xy € R, =

MNie_; ! (Rg;), as in Figure 2, and put a sub-horseshoe A= Mhez ©" (A\Rgf). Thus
there exists an open set U such that U N A = A\R,_and

A:=()¢" ).

nez
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- ./

R,

s

U

FIGURE 2. Removing the point of maximum.

Take § € N sufficiently large so that the Hausdorff dimension of A is close to the
Hausdorff dimension of A (cf. Lemma 6).

Let d € A, and call d=(..,d_,,...,dy,...,dy,,...)its symbolic representation.
Given small € >0, take no €N such that Z|"|Z’l0 2-CIH+D < ¢ and put dy, =
(d—nys - - -, dngy), which is an admissible finite word. Define the cylinder Cdno ={we AZ -
w; =d; fori = —ny, . .., ng}. Then the set

C@O,B::EBHCLO:{QGEB:wi:difori:—no,...,no}

is non-empty and contains a periodic point.

Using Nj(x,y)(x,y, B) >0 for any x,ye€ A, there are admissible strings e =
(e1,...,exp—1)and f=(f1,..., fj,—1) joining dy with by and a, with dy, respectively,
with ko, jo < No (cf. §2.1).

Since xjs is a unique maximum point of f in A, if € > 0 is small enough, we can take
§>5and qz= (g_z .-, 90, --.,q;) to be an admissible word such that xy € R% =

M-

: (p_i (Ry;) C Ria and

sup jF|1_[_](1~\)6 <inff|n_1(Rz;mA), )
where f = foIland [T"}(A)e ={x € Sp :d(x, T (A)) <€)
Let k€N, k> Ng and k(s +r)+ 1 >5s. Then, given the words (ay, ..., a,) and
(b1, ..., by), we define the words
(al,'~~aar)k=(ala'~‘7ar9~'~’ala'~'7ar)
k times
and
(b1, ..., bk =1, ... bs, ... b1, ..., by).
k times
Define the word
a=((b1,....b)" cro.o e el (@ a)b),

where ¢; is the zero position of the word «.
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So, having fixed the words ¢ and f, we can define the following mapping, for all x €
Ca, .5 by

k
Ax) = (..., x_1, X0, €1, ..., €—1, (b1, ..., b)), c1, ...,
k
Cryoooncl @y ooy ar)”, f1, oo, flio=1s X1, X2, .. ),
where c; is the zero position of the word A(x). Given a finite word a = (ay, . . ., a,), we

denote the length of the word a by |a| = n. Then, since k > Ny > max{kg, jo},
lel, 1f1.5 <lal =k(s +r) +1,

where e = (e, .. ., exy—1) andi: (ft,---s fio=1)-

Now we may characterize sup,,.7 f(o"(A(g))) forx e CinO»B N H_l([\).

Observe that (¢! ' +io=1(A(x)))T =xt and call t =1 — t + kr + jo — 1. Then, by
the choice of ng, d(c "0 (A(x)), "0 (x)) < € for all n > 0. Analogously, call n =
—(t + sk +ko—1). Then d(c"7 7" (A(x)), 0 7" (x)) < € for all n > 0. Moreover,
since H_l([\) is a o-invariant set, if x € H_l([\), (2) implies that

F@™M(AX))),  F@" O (A(x))) < inf f|n71(Rq:mA) for all n > 0.

The above inequality, implies that, for all x € Cq, 0B N 1'1_1([\), there is j € {n —

no, ..., T +no) such that sup, ., f (0" (A(x))) = f(o/ (A(x))).
Put [T~ (x) = x and define the set

Aji={x € ANTI(Cq, 5) :sup f(6"(AW)) = f(o! (A@)))).

nez
Thus,
n+no
ANTI(Cy, .8) = U A;. (3)
Jj=n—ng
This implies that there is ig € {n — ng, ..., T + np} such that 1~\i0 has non-empty interior
inAN H(Cdno’B): SO
HD(A)=HD(AN (Cy, .5) = HD(A,). 4)
Therefore, for x € ! (1~\i0),
sup (0" (A@))) = f(a(A@))). 5)

nez

The next goal is to show that A = IT o A o [1~! extends to a local diffeomorphism.
First, we show that A extends to a local diffeomorphism in stable and unstable manifolds
of d, W} .(d) and W} (d).

As A is symbolically the product Xy x E]'Bf (cf. Appendix A.2), we introduce the finite
word B (B = ea f). Using the notation of Appendix A, if

e Wi (d)NA, then fg(x") e W' d) N A
and (T~ (fF ()T =g~ ).
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Also, if
x* e Wi .(d)NA, then fg(xs) eWid)NA
and (T (f5(x*))” = M~ (x*)7B.

The zero position of TT~! (p~IAIF+1( [5(x*))) is equal to (B)o = ey: that is

M @ P 0 = (Bo = (T (5 (x*))o.

So we can define the bracket

(g ), T e P (g oml = @) - g~ )™
= AT '), 1))

Note that, for x*, x* sufficiently close to d, the bracket [IT~!(x*), IT~!(x*)] is well
defined. As IT is a morphism of the local product structure,

[ ), o P ol = A (g e, T e P (A e
= TI(A[IT (x*), T~ (x*)]) = A[x", x°]. (6)

Put Aj(x") = f§(x") and A;(x*) =@~ PIF(£5(x"): therefore, A[x", x*]=[A;(x"),
As(x*)]. Thus we have the following lemma.

LEMMA 5. If ¢ is a C*-diffeomorphism, then A extends to a local C'-diffeomorphism
defined in a neighborhood U, of d. We may assume, without loss of generality (increasing
no, if necessary), that Ug O AN H(C@O,B)

Proof. As ¢ is a C2-diffeomorphism of a closed surface, then the stable and unstable
foliations of the horseshoe A, .Z%(A) and .Z%(A) can be extended to C! invariant
foliations defined on a full neighborhood of A. Also, if p isa C 2—diffeomorphism, then f/;

and fﬁ’,‘ are at least C!. Then, by (6), we have the result. O
An immediate consequence of Lemma 5 and (5) is the following corollary.
COROLLARY 1. Ifx € Ay, then sup, oy f(@"(A(x))) = f(90(A(x))).
This Corollary implies that { f (90 (A(x))) : x € A;y} € M(f, A).

Remark 2. We have Dfy,, (exM) # 0, so this property is true in a neighborhood of x;.
Since, for every x € A,O, 0 (A(x)) belongs to a small neighborhood of xy, for every

S, u S, u
X € A,O, Df ,O(A(x))(e ’O(A(x)) # 0. Moreover, D(pA( )(eA(x)) eE” PO(A)’ and since, by

construction of A, dA/dey" is parallel to e 2", for every x € A,O we have that D(f o
90 0 A),(ex") #0.

Now we will prove the same for the Lagrange spectrum.

Let €, np and s be as above. Then, using the above notation, let x € AN H(Cd B)

and 1™ 1()c) =(..,X_p, -+, X0, .--»Xp,...). Thus there is an admissible string E =
(e’i, e, eél_) joining x; with x_; and the length |E;| = m; — 1 < Ny for each i (cf. §2.1).
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So we can define the following map for all x € Cdn(y B by
A1(x) =(..,x3, E3,x3,x 2, x_1, X0, B, X1, X2, E2, x 2, x_1, X0, B, x1, E1, x_1,
x0, B, x1, E1, x_1, x0, B, x1, X2, E2, x_2, x_1, X0, B, X1, X2, X3, E3, x_3,...),

where 8 = ex i , as above.
Since |E;| < Ny, then the set of words {E; : i € N*} is finite. Therefore

{E;:i eN*}=(Dy, ..., Dy}

for some admissible words D; with |D;| < Ng. Now we can take k > Ng + 2ng and,
if necessary, by increasing § we have that, since |D;| < Ng for each i, there exists a
neighborhood Uf; of D; for which

sup flor @) < inf f|n,1(Rg:mA) for |r| < no + |Di| < no + Np. (7
Now we may characterize lim sup,,_, o, f(cr”(Al(g))) for x € Cd'lo’B NI-! (1~\).
Let m(n) € N such that
(0’"(”)(A1(£)))+ =Xx1,%X2, ..., xpEpnx_y, ..., %0,... and n>2ny.

Let k* be such that n — k* = ng. Then, by definition of ny,

d(c" Mt (A (x)), o™t (x)) <e forall j=0,..., k" —no,
and
d(@" WA HE 0t (A (x)), oK (x) <e forall j=0,...,k* —ng.
Moreover, since IT~! ([\) is a o-invariant set, if x € mn! (1~\), then (2) implies that
Fe™MHOH (A (@) <inf flg-1g,.nay forall j=0,... k" =no
and
FlammAnFE 0+ (A (1)) < inf f|n_.<%m forall j =0, ..., k* — no.
Also,
oMW (A (x)) € o1 En IO 1y )) foralls =0, ..., ng + |E |
and
o HE (A1 (x)) € 67 Uin))  forall s =0, ..., no+ |E; |,
where E, = E, E;F and i(n) € {1, ..., m}. Therefore, (7) implies that
Foe™MH (A (x))) < inf f|H71(Rq:mA) foralls =0, ...,no+|E, |
and
FlomMHHE (A1 (0)) < inf floig,.nay foralls =0,... no +|E/|.

Note that, if ngp <n < 2ny, then k* < ng and the last two cases apply. Therefore, the
last four inequalities above imply that, for all x € Cdn()’ g NI~ (A), there is j € {n —

no, . .., T + no} and a sequence ng(j) with
limsup f(0"(A1(x))) = sup F@™ D (A1(x) and (0" (A1) = (A1(x));
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for all k, where n = —(t + ks + ko — 1) and t = (I — t + kr + jo — 1), as above, are the
length of the negative and positive parts of the finite word g = e« f, respectively.

Put T~ (x) = x and define the set

A= {x € ANTI(Cy, .5) : limsup f(0" (A1) =sup f (6™ (A1 ().

n—o00 k
Then
T+no
A _ /
ANTI(Cq, 5) = U &%
Jj=n—ng
Therefore, there is jo € {n — ng, ..., T + no} such that A/jo has non-empty interior in
AN H(Cino’B): SO
HD(A)=HD(AN (Cq, .p) = HD(A)). (8)

Thus, for x € H*I(A’jo),

lim sup £ (0" (A(x))) = sup f(0" U0 (A;(x))).

n— 00 k

So there is a subsequence ny,, (jo) with ng, (jo) — oo as m — oo such that
sup f(0™ U0 (A1 () = lim f(o"n U0 (A1(x))).
k m—0Q0

By construction of Ay, it is true that

lim o™ U0 (A} (x)) = a0 (A(x)),

m—0o0

where A(x) is defined as before.
Therefore

lim sup f (0" (A1(x))) = f(aP(A))).

n—o0

As an immediate consequence we have the following corollary.
COROLLARY 2. Ifx € A/].O, then

lim sup f(¢"(A1(x))) = f(¢(A(x))) where Ay =TloAj oIl

n— o0

This Corollary implies that {f((pj0 (A(x)) X € A/jo} C L(f, A).
5. The image of the product of two regular Cantor sets by a real function and the behavior
of the spectra

In this section we give a condition for the image of a horseshoe by a ‘typical’ real function
to have non-empty interior.
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5.1. Intersections of regular Cantor sets. Assume we are given two sets of data
(A, B, X, g), (A, B, X', g’) defining regular Cantor sets K, K’ (see Appendix A.1 for
definitions and notations).

Let r € (1, 4oc]. For a € A, denote by P’ (a) the space of C"-embeddings of interval
I (a) into R, endowed with the C" topology. The affine group Aff(R) acts by composition
on the left on P"(a), with the quotient space being denoted by P’ (a). We also
consider P(a) = U, ; P" (@) and P(a) = J,., P (a), endowed with the inductive limit
topologies.

Remark 3. In [MYO01] P’ (a) is considered for r € (1, +o00], but all the definitions and
results involving P” (a) can be obtained by considering r € [1, 4+00].

Let A= (6, A), where § € ¥~ and A is now an affine embedding of I (0y) into R. We
have a canonical map

A= P =P .
A

@, A) — Ao kZ(e P"(6))).

We define, as before, the spaces P =, P(a) and P’ =, P(a@’).

A pair (h, h'), (h € P(a), k' € P'(a)) is called a smooth configuration for K (a) =
K NI(a), K'(a") = K' N 1(a’). Actually, rather than working in the product P x P’, it is
better to go to the quotient Q by the diagonal action of the affine group Aff(R). Elements
of Q are called smooth relative configurations for K (a), K'(a’).

We say that a smooth configuration (k, h') € P(a) x P(d’) is:

° linked if h(I(a)) N K (I(a")) # @,

° intersecting if h(K (a)) N h' (K (a')) # @, where K(a) = K N I(a) and K(a') = K N
I(a'); and

) stably intersecting if it is still intersecting when we perturb it in P x P’ and we
perturb (g, g') in Qx x Qy.

All these definitions are invariant under the action of the affine group, and therefore make

sense for smooth relative configurations.

As before, we can introduce the spaces A, A’ associated to the limit geometries of
g, g, respectively. We denote by C the quotient of A x A’ by the diagonal action on
the left of the affine group. An element of C, represented by (8, A) € A, (', A) e A,
is called a relative configuration of the limit geometries determined by 0, 8’. We have
canonical maps

Ax A - PxP,
C— 0,

which allow us to define linked, intersecting and stably intersecting configurations at the
level of A x A’ or C.

We consider the following subset V of Qx5 x Q5. A pair (g, g’) belongs to V if, for any
[(©, A), (0', A)] e A x A, there is a translation R; (in R) such that (R; o Ao k%, A’ o
K%y isa stably intersecting configuration.
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THEOREM. (Cf. [MYO01]) (1) V is openin Qs x Qy/, and V N (QE x Q) is dense
(for the C*°-topology) in the set {(g, g'), HD(K) + HD(K') > 1}.
(2) Let(g, g') € V. There exists d* < 1 such that, for any (h, k') € P x P, the set

I, ={t € R, (R; o h, I') is a stably intersecting smooth configuration for (g, g')}
and is (open and) dense in
I ={teR, (R, oh, ) is an intersecting smooth configuration for (g, g')}.

Moreover, HD(Z— I;) < d*. The same d* is also valid for (g, g') in a neighborhood
of (g, &) in Ly x Qs

Keeping the previous notation, we have the following theorem.

THEOREM 2. Let K and K’ be two regular Cantor sets defined by expanding map g, g'.
Suppose that HD(K) + HD(K') > 1 and (g, g') € V. Let f be a C'-function f : U — R
with K x K' ¢ U C R? such that, in some point of K x K', its gradient is not parallel to
any of the two coordinate axis. Then

int f(K x K') £0.

Proof. By hypothesis, and by continuity of df, we find a pair of periodic points pi, p2
of K and K’, respectively, with addresses @; = ajaja; . .. and @, = apazay . . ., where a,
and a, are finite sequences such that df (p, p2) is not a real multiple of dx nor of dy.
There are increasing sequences of natural numbers (my) and (nx) such that the intervals
I and I;,;k, defined by the finite words a"* and a*, satisfy

11, '"kl
—L_e(~',c) forsomeC > 1.

Thus we can assume that |/ mk|/|I/nk|—>Ae [C~!, C] as k — oo, and define X :=
—(@f/3x(p1, pz))/(af/ay(pl, PO o ~

As (K, K') €V, there is t € R such that (Ak% + ¢, k'“2) is a stably intersecting
configuration. So there are X € I((a;)o) and y € I((ay)o) such that xg = k%1 (%) and
Yo = k% (y) with ixo +t = yo, where (a;)o is the zero position of the finite word a;
for i = 1, 2. Moreover, ¥ = g"™411=1(%) and § = (g/)*%I=1($) for some X € Ia’l"k and
yer e

Taklng k large enough, we can assume that df (x, y) is not a real multiple of dx nor of
dy. In particular, if 9f/dy(x, ¥) # 0, then, by the local submersion theorem, there exists a
C'-diffeomorphism H(x, y) = (x, g(x, y)), defined in neighborhood of (x, ¥), such that
f(H(x, y)) =y. Without loss of generality, we can suppose that H is defined in / e X

I e Put g (x) := g(x, 5); if s¢ is such that f(x, y) = so, then gy, (X) = y. Also, observe
thats e f(KNI mk) x (K'N I’,,k)) is equivalent to gs (K N [ mk) N(K'N I’,,k) (.
Thus, our problem reduces to provmg that gs(K N [ mk) and K NIl o have non-empty

intersection for s close to so = f(x, ).
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Denote by Bj:1 ’nk — [0, 1] and Ty: 1, o — [0, 1] the orientation-preserving
affine maps given by By (x) =1/(b;, — ak)(x a;) = 1/|I/nk|(x —ap) and Ti(x) =
1/(by —ar)(x —ag) = 1/|I e |(x — ay), where I, o = [ag, bk] and I’ o [ak, b’]

Then, by definition of hmlt geometries (cf. Appendlx A.1), B, (K’ ﬂ I ,1k) converges to
k2 (K’) and Ty (K N Igrlnk) converges to k%1 (K) as regular Cantor sets.

Also, By (8y(K N 1,m)) = B 0 gy © T (Ti(K N 1,m)).

Claim. The map By o g5, © kal converges to Ax + 7 in the C! topology.
In fact, if we call ¢, = by — ay = |Igrlnk| and €, = b —a; = |I;;k [,
1 1 /
By o gy 0 Tk (x) = E_/(gso(ekx + ar) — ay)
k

1
= g(gso (a) + g5, (ax)exx +r(exx) — ap)

€k € 1(€xx)
= Bi(gso(ar)) + g4 (ar) =7 x + — - ©)
Gk Gk €k

Since g, (X) = ¥, B (gs,(¥)) = Bx(3) = By o (g)~"1%2I=D (5) and the definition of limit
geometries implies that By (gy, (X)) converges to k22 M=y= ):xo +tand Tx(x) =Ty o
g~ (mklail=D (%) converges to k%1 (X) = xg. Therefore, by (9),

€ r(€xTx (X))
By o gsy(X) = Brogsyo Ty YT (%)) = Bi(gsy (ar)) + gso(ak) Tk( ) + o
k

So, if k— +o0o, the left-hand side of the equation above converges to ):xo +t
and, since g (ax) — —((3f/dx(p1, p2))/@f/3y(p1, p2)), €k/€, — A, Ti(X) — xo and
(r(ex Ty (x)))/ex — 0, by definition of A and the above equation,

By o gsy(ax) — Axo +1t — Axg =t. (10)

Thus, by (9) and (10),
lim By o gy, o Tk_l(x) =Ax +1.
k— 400

Moreover, since g, is a C!-function,

—1y/ _i / -1 ) _3f/3X(P1’P2) oz
(Beo o0 Ty /(0 = ol (17 000 e > — e B =

This concludes the proof the claim.
Therefore,

Bic(8s) (K N 1,m)) = By 0 gy 0 Ty (T (K 01 Ime)) — AKH (K) +1,

and
By (K'N I;nk) — k%2 (K.
2
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Since (Ak% + 1, k%) is a stably intersecting configuration, and this property is open

(cf. Remark 3) and g,(-) is Cl-close to 8s, () for s close to sg, for large enough k, the
Cantor sets Br(gs(K N I i )) and By (K' N I;nk) have non-empty intersection. Therefore

gs(K NI m)and K' NI, have non-empty intersection. O
=1 a,
The following example shows that the property V in the Theorem 2 is fundamental.

Example. Consider the regular Cantor set K := ﬂnzo Y"1 U L), where

2 . l—«a
X ifxel;: =10, ,
1l—« 2
Y(x) =
2 n 2 frel 1+« 1
— i = —"1].
1—ax 11—« Ten 2

Hence HD(Ky) =—((log2)/(log((1 —a)/2))) (cf. [PT93]). If «o<1/2, then
HD(Ky) > 1/2, and for 1/3 <a < 1/2 it holds that K, — K, has measure zero
(cf. [Mor99]).

Moreover, HD(K, x Ky) > 1 and f(x, y) =x — y, which satisfies the hypothesis of
Theorem 2. But, for 1/3 <« < 1/2,

int f(Kq X Ky) =0.

COROLLARY 3. Let ¢ be a Cz-diﬁeomorphism, and A a horseshoe associated to ¢.
Suppose that K°, K" satisfy the hypotheses of Theorem 2 above. Let

Apx={f €C'(M,R):3z=(z*, 2") € A such that Df (z) - &5 # O}.
Then, for all f € Ap, int f(A) # 0.

It is easy to prove that Ax, given the above Corollary, is an open and dense set in
C'(M, R).

6. The Main Theorem
The following theorem is a fundamental result, due to Moreira and Yoccoz in [MY10],
on the existence of elements in V associated to the pairs of regular Cantor sets (K*, K")
defined by g%, g, where g* describes the geometric transverse of the unstable foliation
W¥(A, R) and g" describes the geometric transverse of the stable foliation W* (A, R), as
given in Appendix A.2.

THEOREM. (Cf. [MY10]) Suppose that the sum of the Hausdor{f dimensions of the regular
Cantor sets K*, K", defined by g°, g", is greater than one. If the neighborhood U of ¢ in
Diff*™ (M) is sufficiently small, there is an open and dense U* C U such that, for ¢ € U*,
the corresponding pair of expanding applications (g, g') belongs to V.

We use the above result to show that the Markov and Lagrange spectra have typically
non-empty interior in this context.
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Recall that, given a horseshoe A associated to a diffeomorphism ¢, we defined, for
f € Hy, the sub-horseshoe A in §4 as A :={),c; ¢" (A\Ry ).

The following lemma shows that the HD(A) does not change much compared to
H D(A). This is given more precisely in the following lemma.

LEMMA 6. If A is a horseshoe associated to a C>-diffeomorphism ¢ and HD(A) > 1,
then HD(A) > 1 provided s is large enough.

Assuming Lemma 6, (4) and (8) imply the following corollary.
COROLLARY 4. The sets A, and N} satisfy HD(Aj)), HD(A) > 1.

Recalling that, as ¢ is a C>-diffeomorphism, A is locally the product of stable and
unstable regular Cantor sets K* x K*. Then the previous lemma will be a consequence of
the following lemma.

Let K be a regular Cantor set with expanding map ¥ and Markov partition R =
{It, ..., It} so that K =(),-¢ 1//’"(Uf-‘=1 I;). Consider the transition matrix A =
(@ij)kxk associated to the partitiz)n R, defined by

1 ity o,
M=o ifpd) NI =0

To each admissible finite word of length m, b= (b, ..., by) such that app,,, =1
foralli <m, we associate the interval I =1Ip, Ny~ (1) N Y 2(Ip,) -+ - N
v (,).

LEMMA 7. Let K be a regular Cantor set with expanding map  and Markov partition
R={L,..., Ik} so that K =(),>¢ w_"(Ule I;). Given € >0, there is a positive
integer mq such that, for every m > mg and for every admissible finite word of length
m, b= (b1, ..., bny),

k
HD(Ky) = HD(K) —¢ where Ky =) W”(U Ii\lb).
i=1

n>0

Proof. Let R denote the set of connected components of ¥~V ([;), I, € R. Let B"
be the set of admissible words of length n, so that R" = {I,, b € B"}. Fix l~', ]~ <k such
that ap = l.Let X" ={b=(b1,...,by) € B" :b; = i, by = f}. For any positive integer
randby, by, ..., b, € X", wehave biby --- b, € X" C B" . Let R" = {Ip, b e X"}.

For R € R" take A, r = sup |(1p")fR |. By the mixing condition, there is ¢; > 0 such
that

D Mnr) = Y (Apg)™ foralld =0,n>1.
ReRn ReR"

On the other hand, from [PT93, pp. 69-70], it follows that, if we define d,, implicitly by
> MR =1,
ReR"

then lim d, = H D(K), so in, particular, for large n, d, > HD(K)/2. Notice, also, that
there is A1 > 1 such that A, g > )Jf foralln > 1.
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Let n be large so that d, > HD(K) —¢/2 and )»rlls/z >2/cy, and let my =2n —
1. Given m > mgo and an admissible finite word of length m, b= (by, ..., by), we
define words c¢; = (bj, bjy1,...,bjp1)€B", 1< j<n. Let L"={c;:1=<j<n}
and R" = {1, :c € X"\L"}. Then

_ _ —nd, —d, —nHD(K)/2
S M) = Y A = = 3 (M) — ma " HPE

ReR" ReR" ReR"
>cr Y (Anr) = na PO = o gy THHPER e,
ReR"
and so

Z (An,R)_(HD(K)_g) - Z (An,R)_(dn_Sﬂ) > 1.
ReR" ReR"
We may define the regular Cantor set (with expanding map ") as
£:=0) w( U f).
rZO iefzn

The previous estimate implies that
-
D (Apng)”HPEO=O > ( > (An,R)“’D(K“)) > 1,
ReR" ReR?
where R = {Ieicy e, cj € X"\L", Vj <r}. Thus we conclude (as before) that
HD(K)> HD(K) —e.

For any positive integer r and by, by, ..., by € X"\ L"n, the sequence (aj, az, ...,
anr) = b1by - - - by satisfies that, forall j, 1 < j <nr—m+1, (aj, aj+1...,aj4m-1) #
b, and so KcC Kp. In particular, H D(K}) > HD(IE) > HD(K) —e. O

Proof of Lemma 6. Apply the previous Lemma to K* and K" and then use the fact that
the Hausdorff dimension of the Cartesian product of regular Cantor sets is the sum of the
Hausdorff dimensions of the Cantor sets. O

Note that, by Lemma 6 and the local structure of A, HD(ANUy)=HD(A) > 1,
where Uy is the small neighborhood of d given by Lemma 5.

6.1. Proof of the Main Theorem. Given a pair (¢, A) of a diffeomorphism ¢ and a
horseshoe associated to ¢ with H D(A) > 1, we defined in §3.1 (cf. Lemma 4, Theorem 1
and (1)) the open dense set H, in C '(M, R). Recall that A is a sub-horseshoe of A, as in
Lemma 6, with HD(A N Ug) = HD(A) > 1. Then, by the theorem from [MY10] which
we discussed above, there is a diffeomorphism ¢ close to ¢, a horseshoe A associated to
¢o and a sub-horseshoe Z\O C Ao with H D(]\o) > 1 such that Z~\o satisfies the hypotheses
of Theorem 2 (we use the theorem to perturb the sub-horseshoe).

Given f € Hy,, we can define a local diffeomorphism A%( f); in coordinates given by
the stable and unstable foliation, we can write, A% (Hx,y)= (A(lpo (Hx), Aéo Hrm),
as in §4 (see (6)).

https://doi.org/10.1017/etds.2015.121 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.121

On the Lagrange and Markov dynamical spectra 1589

Let ig be such that Corollary 1 and (5) and (4) hold for (¢, [\0). For f € Hy,, Remark 2
implies that, for every x € Agj,, D(f o (p(i)o 0 Ay (f))x(@V") # 0, where &, are the unit
vectors in stable and unstable bundles of hyperbolic set Ao, respectively (here Ag,
is defined as in (4) but for Z\O instead of ]\). So the function f o (pf)o o AWO(f) € AZ\O'
Therefore, by Corollary 3,

int(f o 9 o Agy(£))(Ag) # 9. (11)

Then, as in Corollary 1,

sup F @Ay (X)) = (f 0 ¢l 0 Agy (£))(x)

for all x € A,,. This implies that (f o g0 o Agy(f))(Ao,iy) C M(f, Ag). Thus, by (11),
int M(f, Ao) # 9.

Using Corollary 2 instead of Corollary 1, we get the analogous result for the Lagrange
spectrum. This concludes the proof of the Main Theorem. O

A. Appendix

A.l. Regular Cantor sets and limit geometries. Let A be a finite alphabet, B a subset

of A2 and X the subshift of finite type of A% with allowed transitions B. We will always

assume that Xp is topologically mixing, and that every letter in A occurs in Xp.

An expansive map of type Lg is a map g with the following properties:

(i) the domain of g is a disjoint union | Jg I (a, b), where, for each (a, b), I(a, b) is a
compact subinterval of I (a) := [0, 1] x {a}; and

(i) for each (a, b) € B, the restriction of g to I (a, b) is a smooth diffeomorphism onto
1 (D) satisfying |Dg(¢)| > 1 for all ¢.

The regular Cantor set associated to g is the maximal invariant set

K= g_"(U I(a, b)).
n>0 B

Let Zﬁg be the unilateral subshift associated to Xp. There exists a unique homeomorphism
h: EI—BF — K such that

h(a) € I(ap) fora=(ap,ai,..) €%, and hoo=goh,
where, ot : & — T is defined as 0 T ((@n)n=0) = (@nt1)n=0. For (a, b) € B, let
fab=I8l1@m]™"

This is a contracting diffeomorphism from 7(b) onto I(a, b). If a =(ag, ..., a,) is a
word of X, we put

fngao,ul Orr- ofun—laan'

This is a diffeomorphism from 7 (a,) onto a subinterval of I (ag) that we denote by I (a).
It has the property that, if z in the domain of f,

fa(2) = h(ah™ " (2)).
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Let r > 1 be a real number or r = +00. The space of C" expansive maps of type %,
endowed with the C” topology, will be denoted by Q%.. The union Qx =[J,.; Q% is
endowed with the inductive limit topology.

Let X7 ={(6n)n<0, 6i, 0i+1) e Bfori <0}). We equip X~ with the following
ultrametric distance: for 6 # Q € X, set

~ 1 if 6y # 6o,
40, 9) = {|I(Q AB)| otherwise,
where 9 NG = (O, ..., 00)if0_; =0_;forO<j<nandf_, 1 #6_p_i.

Now, let 6 € ¥7; forn > 0, let 6" = (6_,, . .., 6p) and let B(8") be the affine map
from 7(6") onto I(6y) such that the diffeomorphism k%: B(0") o fpn is orientation
preserving.

This well-known result (cf. [Sul87]) follows.

PROPOSITION. Letr € (1, +00), g € QF..

(1) Forany6 € ©7, there is a diffeomorphism k% € Diff’, (1 (6o)) such that k,gj converges
to k% in Diffi(l (60)) uniformly in 8, for any r’ < r. The convergence is also uniform
in a neighborhood of g in Q..

(2) Ifr is an integer or r = +00, k,% converge to k% in Diff’, (1 (6)). More precisely, for
every 0 < j <r — 1, there is a constant C; (independent of §) such that
D7 log Dlkiy o (K9 ~1(x0)] < Cj11(@")].
It follows that 6 — k% is Lipschitz in the following sense: for 6y = 6o,
D7 1og DI o (k)1 1(x)| < C;d (@, B).

A.2. Expanding maps associated to a horseshoe. Let A be a horseshoe associated to a
C 2-diffeomorphism ¢ on a surface M and consider a finite collection (R;),ecp of disjoint
rectangles of M, which are a Markov partition of A. Consider the sets

WA, Ry =) w”(U Ra>,

n>0 ach
WA, Ry =) w‘”(U Ra).
n<0 ach

There is r > 1 and a collection of C"-submersions (7, : Ry — I(a))qeca satisfying the
property that if z, 2 € Rqy N ¢~ (Ry,) and 74, (2) = 14,(2), then
Tay (9(2)) = 704, (9(2)).
In particular, the connected components of W*(A, R) N R, are the level lines of m,.
Then we define a mapping g* of class C” (expansive of type Xp) by the formula
8" (4y(2)) = 74, ((2))
for (ag, a1) € B,z € Ryy N ! (Rg4,)- The regular Cantor set K“, defined by g“, describes

the geometric transverse of the stable foliation W* (A, R). Moreover, there exists a unique
homeomorphism A" : EI-Bt — K" such that

h"(a) € I(ap) fora=(ap,ai,...)€%F and h'oot =g"oh",

where o1 : EI—BF — Zﬁ; is defined as o ™ ((@)n>0) = (dn+1)n>0-
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Given a finite word @ = (ao, . . . , a,), define f}, as in the previous section, such that

(@) =h"@h") " (2)).

Analogously, we can describe the geometric transverse of the unstable foliation W* (A, R),
using a regular Cantor set K* defined by a mapping g° of class C" (expansive of type Xp).
Moreover, there exists a unique homeomorphism #° : £5 — K* such that

h'(a) € I(ag) fora=(...,a1,a0) € Xy and h'ooc™ =g'oh’,

where 0™ : ' — X is defined as 0~ ((an)n<0) = (@n—1)n<o0-
Given a finite word @ = (a—p, . . ., ap), define f, as in the previous section, such that

£@=r)" @a).

Also, the horseshoe A is locally the product of two regular Cantor sets K* and K*. So the
Hausdorff dimension of A, HD(A), is equal to HD(K*® x K") but, for regular Cantor
sets, HD(K® x K"*)=HD(K*®)+ HD(K"). Thus HD(A)=HD(K*)+ HD(K")
(cf. [PT93, Ch. 4]).
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