Econometric Theory, 34, 2018, 1132-1157.
doi:10.1017/S0266466617000408
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Limit theory with stochastic integrals plays a major role in time series economet-
rics. In earlier contributions on weak convergence to stochastic integrals, the lit-
erature commonly uses martingale and semi-martingale structures. Liang, Phillips,
Wang, and Wang (2016) (see also Wang (2015), Chap. 4.5) currently extended weak
convergence to stochastic integrals by allowing for a linear process or a a-mixing
sequence in innovations. While these martingale, linear process and a-mixing struc-
tures have wide relevance, they are not sufficiently general to cover many econo-
metric applications that have endogeneity and nonlinearity. This paper provides new
conditions for weak convergence to stochastic integrals. Our frameworks allow for
long memory processes, causal processes, and near-epoch dependence in innova-
tions, which have applications in a wide range of econometric areas such as TAR,
bilinear, and other nonlinear models.

1. INTRODUCTION

In econometrics with nonstationary time series, it is usually necessary to rely on
convergence to stochastic integrals. This result is particularly vital to unit root
testing linear and nonlinear cointegrating regression. To illustrate, in Section 5,
we investigate an application of the limit theorems involving stochastic integrals
in nonlinear cointegrating regression. For more examples, we refer to Park and
Phillips (2000, 2001), Chang, Park, and Phillips (2001), Chan and Wang (2015),
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Wang and Phillips (2009a, 2009b, 2016), Wang (2015, Chap. 5) and the references
therein.

Let (uj,v;)j>1 be a sequence of random vectors on RY x R and F; =
o(uj,vj, j < k). Write

1 <& 1<
Xnk = EZ“’” Ynk = ﬁzvj’
j=1 j=1

where 0 < d,% — 00. As a benchmark, the basic result for convergence to stochas-
tic integrals is given as follows (See, e.g., Kurtz and Protter, 1991):

THEOREM 1.1. Suppose

Al (vg, Fi) forms a martingale difference with sup;- Ev,% < o0;

A2 {xp,\nt)> Yn,|nt)} = {Gr, Wi} on Dpa+1(0, 1] in the Skorohod topology.

Then, for any continuous functions g(s) and f(s) on R, we have

1 n 1 n—1
[xn,Lntja Y, |nt 5 ;Zg(xnk), ﬁZf(xnk)karl
k=1 k=0

1 1
R [G,, W, /0 ¢(Gydi, /0 f(Gz)sz}, (L.1)

on Dp2a+2[0, 1] in the Skorohod topology.

Kurtz and Protter (1991) [also see Jacod and Shiryaev (2003)] actually estab-
lished a result with y,; as a semi-martingale rather than A1. Toward a general re-
sult beyond the semi-martingale, Liang et al. (2016) and Wang (2015, Chap. 4.5)

investigated an extension to linear process innovations and provided a conver-
n—1
gence result for sample quantities > f(x,x) wg+1 to functionals of stochastic

k=0
processes, where
o0
k=D )k (1.2)
~

o0 o0
withp =D ¢; #0and >’ jlgj| < oo, and vy being defined as in Al. Liang et al.
= )
(2016) anjd Wang (2015{ Chap. 4.5) further considered an extension to a-mixing
innovations. For other related results, we refer to Ibragimov and Phillips (2008),
De Joon (2004), Chang and Park (2011), and Lin and Wang (2015).

While these results are elegant, they are not sufficiently general to cover many
econometric applications that have endogeneity and more general innovation pro-
cesses. In particular, the linear structure in (1.2) or a ¢-mixing sequence consid-
ered in Liang et al. (2016) is well-known to be restrictive and fails to include
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many important practical models such as threshold, nonlinear autoregressions,
and so on. The aim of this paper is to fill this gap by providing new general results
for the convergence to stochastic integrals in which there are some advantages in
econometric applications. Explicitly, our frameworks consider the convergence of

n—1
Sn = D f(xnk) W1, Where wy has the form:
k=0
Wi = Ok + Zk—1 — Zk, (1.3)

with z; satisfying certain regularity conditions specified in the next section and
vi being defined as in Al. The {wg}r>1 in (1.3) is usually not a martingale dif-

n n
ference, but > wr = D vg + zo — z, provides an approximation to a martingale.
k=1 k=1
Martingale approximation has been widely investigated in the literature. For cur-
rent developments, we refer to Borovskikh and Korolyuk (1997). As shown in
Section 3, these existing results for martingale approximation provide important
technical support for the purpose of this paper.

This paper is organized as follows. In Section 2, we establish two frameworks
for the convergence of S,. Theorem 2.1 covers the case in which u; is a long
memory process, while Theorem 2.2 addresses the case where uy is a short mem-
ory process. The section shows that, for a short memory uy, the additional term zj
in (1.3) has an essential impact on the limit behaviors of §,,, but this is not the case
when uy is along memory process under minor natural conditions in z,. Section 3
provides three corollaries to our frameworks on long memory processes, causal
processes and near-epoch dependence, which capture the most popular mod-
els in econometrics. More detailed examples, including linear processes, non-
linear transformations of linear processes, nonlinear autoregressive time series,
and GARCH model are given in Section 4. We consider nonlinear cointegrating
regression in Section 5, where the focus is the impact of endogeneity and non-
linearity to asymptotic behaviors of the parametric estimators. We conclude in
Section 6. Proofs of all theorems are given in Section 7.

Throughout the paper, we denote constants by C, C1, C», ..., which may differ
at each appearance. Dy [0, 1] denotes the space of cadlag functions from [0, 1] to

m
R?.If x = (x1,...,Xn), we use the notation ||x|| = > |x;j|. For a sequence of in-
j=1
creasing o -fields Fy, we write Py Z = E(Z|Fy) — E(Z|Fy—1) forany E|Z| < oo,
and Z e LP(p > 0)if (Z), = (E|Z|P)Y/P < oco. For a real function f(x) on R?,
f(x) is said to satisfy a local Lipschitz condition if, for any K > 0, there exists a
constant Cg such that, for all ||x|| +||y|| < K,

d
|£ ()= FD)I < Ck D lxj = yjl.

J=1

Where there is no confusion, we generally use the index notation x,x(y,x) for
Xn,k(Yn,k). All other notation is standard.
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2. MAIN FRAMEWORKS

In this section, we establish the frameworks for convergence to stochastic in-
tegrals. Except for those mentioned explicitly, the notation is the same as in
Section 1.

THEOREM 2.1. In addition to A1-A2, suppose that sup.-, E(| |zk Mk||) < 00

and d,% /n — oo. Then, for any continuous function g(s) in R, and any function
f(x) in R satisfying a local Lipschitz condition, we have

1 n 1 n—1
X lnt)s Ymint)s = D 8k)s —= D f (tk) wig
[ "= Vg

1 1
= [Gr, Wz,/o g(Gz)df,/O f(Gs)dWs}- 2.1

As Liang et al. (2016) note, the local Lipschitz condition is a minor requirement
and holds for many continuous functions. If supy-; E (||u||* + |zx|?) < oo, it
is natural to have sup;- E(llzk uk||) < oo by Holder’s inequality. Theorem 2.1
indicates that, when d,% /n — o0, the additional term z; in (1.3) does not modify
the limit behaviors under minor natural conditions of zx and f (x).

The condition d,% /n — oo usually holds when the components of u; are long
memory processes (see Section 3.1 for example). The situation becomes very
different if d,% /n — 0% < oo for a constant o, which generally holds for short
memory processes u,. In this case, as the following theorem shows, z; has an
essential impact on the limit distributions.

Let Df (x) = (&L 21 The development of our theory requires the fol-

: L Noxp > Oxg
lowing additional assumptions:

A3 Df(x) is continuous in R? and for any K > 0,
IDf(x)=Df ()l < Ckllx = yII¥, forsome f >0,
for max{||x]||, |||} < K, where Ck is a constant depending only on K.

A4 (i) supg; E|lugl|* < oo and sup; E|zk|**° < oo for some J > 0;
(ii) Ezgurx = Ao= (Aj0,...,Aq0), as k = oo;
Set  Ax = zgur — Ezjuk.
(iil) supysopy ||E(/1k [ ]:k—m)” =op(l),as m — oo; or
(iii)" supyso, E ||E(/1k | fk—m)” =o0(l),asm — oo.

THEOREM 2.2. Suppose d,% /n — o2, where % > 0 is a constant. Suppose
A1-Ad hold. Then, for any continuous function g(s) on R%, we have
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1 n 1 n—1
Xn,|nt]> Yn,|nt|> _Zg(xnk), - Zf(xnk) Wk+1
"= Vi =
1 1 X d Laf
= 16w [ eGoar, [ rGoaws+e™ Y ap [ ZLGoast.
0 0 0 0 0%

2.2)

Remark 1. Condition A3 is similar to that in previous studies (see, e.g., Wang,

2015; Liang et al., 2016). We require the moment condition supy | Ezk |2+a <00

for some J > 0 in A4 (i) to remove the effect of higher orders from zx. In terms

of the convergence in (2.2), sup;~ E |zx|> < oo is essential. It is not clear at the

moment if we can reduce ¢ in A4 (i) to zero.
Remark 2. If wy, satisfies (1 2), we may write wy = @vg + 2k—1 — 2k, Where
z @jvk—; with ¢; = Z @m, 1.€., we can denote wy as in the structure
m=j+1

of (1. 3) (see, e.g., Phillips and Solo, 1992). For this wy, Theorem 4.9 in Wang

(2015) [also see Liang et al., 2016] established a result similar to (2.2) by assum-
ing (among other conditions) that, for any i > 1,

)
ZgﬁjE(uj_H‘l)i |]:,'_1) =Ag, a.s., 2.3)
i=0

where Ao is a constant. Since this is required for all i > 1, (2.3) is difficult to
verify when uy is a nonlinear stationary process, such as uy = F(€x, €x—1,...),
even in the case that (ex,vy) are independent and identically distributed (i.i.d.)
random vectors. In comparison, we can easily apply A4 (ii) and (iii) [or (iii)'] to
stationary causal processes and mixing sequences, as in Section 3.

n n
1 1 1 . . .
Remark 3. We have \/_ﬁkg“l wy = \/_ﬁkg“l vk + ﬁ(z() — zn), indicating that
1 n 1 n
«/_ﬁ Z wy provides an approximation to the martingale ﬁ Z v under given

conditions. However, f z wy 1s not a semi-martingale since we do not require
k 1

the condition sup,,- \/iﬁ Z E|zx—1 — zk| < oo. Consequently, Theorems 2.1-2.2
- k=1

provide an essential extension for the convergence to stochastic integrals, rather
than a simple corollary to previous works. For related results on convergence to
stochastic integrals, we refer to Kurtz and Protter (1991), Phillips (1988a), Jacod
and Shiryaev (2003), Ibragimov and Phillips (2008), and Lin and Wang (2015).

3. THREE USEFUL COROLLARIES

This section investigates direct applications of Theorems 2.1 and 2.2. Section 3.1
considers the case where uy is a long memory process and wy, is a stationary causal
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process. Section 3.2 contributes to convergence for both uj and wy as stationary
causal processes. Finally, in Section 3.3, we investigate the impact of near-epoch
dependence in convergence to stochastic integrals. A detailed verification of as-
sumptions for more practical models such as GARCH and nonlinear autoregres-
sive time series will be given in Section 4.

3.1. Long Memory Process

Let (€;,7i)iez be i.i.d. random vectors with zero means and Eeg = En(z) =1.
Define a long memory linear process uy by

o0
up = Z Wj€k—j,
j=1

where w; ~ j7#h(j), 1/2 < u <1, and h(k) is a function that is slowly varying
at co. Let F be a measurable function such that

wy=F(C..,nx—1,nx), keZ,

is a well-defined stationary random variable with Ewg =0and 0 < E w(z) < 0.
The wy is a stationary causal process that is discussed extensively in Wu (2005,
2007) and Wu and Min (2005).

k k n
Define x,x = dl > ujand y,; = ﬁ > wj, where d? = var(>_ u;). To in-
n
j=l1 j=1

Jj=1
n—1
vestigate the convergence of ﬁ > f(xnk) wi41, we first introduce the following
k=0

notation.
o0
Write Fr = o (¢;, 7,1 < k) and assume Y i (Pow;)2 < oo. The latter condition
i=1
implies that E (v,% + z,%) < 00, where

oo oo
ok =D Prwirk, %= E(wikFp).

i=0 i=l1
See Lemma 7 of Wu and Min (2005), namely, (35) in the cited paper. All processes
wy, vk, and z; are stationary and satisfy the decomposition:

Wi = 0k + Zk—1 — Zk- 3.1

x 1

We next let p = Eepvg = > E€ow;, Q = (p E”i)z) , (B1t, Bat) be a bivariate
i=0 0

Brownian motion with covariance matrix Q -t and B; is a standard Brownian

motion independent of (By;, By;). We further define a fractional Brownian motion

By (t) depending on (B;, By;) by

b= g [ [0 =Janes [[=sam,
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where

A(d) = (2(1;“ +/OOO [(1 +s)d—sd]2ds)

After these notations, a simple application of Theorem 2.1 yields the following
result for the case where uy is along memory process and wy, is a stationary causal
process:

1/2

o0
THEOREM 3.1. Suppose > i{Pow;)2 < oo and, for some € > 0,

i=1

oo

> i Elw — w] | < oo, (3.2)
i=1

where w; = F(...,n" [, 05,115 -..C, k=1, k), and {n;}rez is an i.i.d. copy of
{7k }kez and independent of (€k, ni)rez- Then, for any continuous function g(s)
and any function f (x) satisfying a local Lipschitz condition, we have

1 n 1 n—1
Xn,|nt]s Yn,|nt]> — zg(xnk), = Z fCen) W41
{ n k=1 ﬁ k=0

1 1
= {33/2—ﬂ(t),321,/0 8[33/2—ﬂ(t)]df,/0 f[B3/2—/l(t)]det}~ (3.3)

o0
We remark that condition > i (Pow;)2 < 0o is nearly necessary. As shown in
i=1
the proof of Theorem 3.1 (see Section 6), we can replace condition (3.2) by

2
(o)

E [Zpk(wi+k - w;‘+k)} — 0, ask—> oo.
=0

This condition or (3.2) is required to remove the correlation between €_; and v;
for j > 1 so that we can define a bivariate process (By(t), By;) depending on
(B:, Bit, Bar) on D2 [0, 1]. Without this condition or its equivalent, the limit dis-
tribution in (3.3) may have a different structure. Condition (3.2) is quite weak
and satisfied by most common models. Section 4 will provide examples, includ-
ing nonlinear transformations of linear processes, nonlinear autoregressive time
series, and GARCH.

3.2. Causal Processes

As in Section 3.1, suppose that (¢;,7;);ez are i.i.d. random vectors with zero
means and E eg =F ;73 = 1. In this section, we let
ug=F(..,&-1,6); wr=F(C..,m-1,m), ke,

where F| and F are measurable functions such that both u; and wy are well-
defined stationary random variables with Fug = Ewg =0, E u% >0, E w(z) >0
and Eu% + Ewg < 00; that is, both uy and wy are stationary causal processes.
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Write Fy = o (€;, ni,i < k),

00 o0
U1k = zpkui-i-k, 2k = ZE(”i+k|}—k)’

i=0 i=1
(9] (9]

vk =Y Prwig, 2= D E(wipk|Fp).
i=0 i=1

We use the following assumption in this section.
o0 o0
AS. (1) D i(Poui)a <oo; (il) D i{Pow;i)r4s < 0o, for some d > 0;
i=1 i=1
Set Ik =urzx — Eugzy.
(ii1) supysopy |E(7k [ .Fk_m)l =op(l), asm — oo; or
(iii)" supyso, E |Egk | fk—m)| =o0(l),as m — oo.

As in Section 3.1, all uk, wg, z1k, 2k, 01k and vy are stationary with decompo-
sitions of:

Uk =01k +21,k=1 — 21k, Wk = Ok + Zp—1 — Zk- 3.4

Furthermore, AS (i) [(ii), respectively] implies that E (1)120 + z%o) < 00
[E (Joo|*"0 +1z0/**9) < oo, respectively]. Consequently, it follows that

o0
Elurzi| <oo and Ag:= Eugzo = ZE(M()U),') < 00.

i=1

1 e 'E 1000
c'E 1000 E v(%
be a bivariate Brownian motion with covariance matrix Q -¢. An application of
Theorem 2.2 gives the following result.

Now let Q = ( ), where 62 = Evlzo, and (By;, By)

THEOREM 3.2. Suppose that A3 (with d = 1) and AS holds. Then, for any
continuous function g(s), we have

1 n 1 n—1
Xn,|nt]> Yn,|nt]> — Zg(xnk)» = z f(xnk) Wi41
{ n k=1 ﬁ k=0

1 1 1
= {Bn, Bzz,/o g(Bls)dS,/O f(Bls)des+A0/O f’[Bls]dS}, 3.5)

k k
1 1
where xu; = Tio > uj and yux = T > wj.
j=1 j=1
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Theorem 3.2 provides a rather general result for both u; and w; as causal pro-
cesses. In related research using a quite complicated technique from Jacod and
Shiryaev (2003), Lin and Wang (2015) considered the case in which u; = w;.
In comparison, by using Theorem 2.2, our proof is quite simple, as shown in
Section 6. Furthermore, our condition AS is easy to verify. The following corol-
lary provides an illustration that investigates the case where uy is a short memory
linear process and wy is a general stationary causal process.

o0 o0
COROLLARY 3.1. Suppose that u; = > pj€,—;, where > ilp;| < oo and

=0 i=1
00 ’ loo 00
@ = > ¢; #0. Result (3.5) holds true with o = ¢ and Ao = > > ¢;Ee_jw;,
=0 j=0i=1
if, in addition to A3 (with d = 1),
o0
Zk(wk — w}c)z_m < o0, forsomed >0, 3.6)
k=1

where w}( =F(C...n-1,n5,m, ..., mk), and {n}kez is an i.i.d. copy of {ni}rez
and independent of (€, Nk ) rez-

oo
We require Condition (3.6) to establish A5 (ii). When u; = > ¢j¢;—; with
j=0
o0
> ilpi]l < oo, A5 (iii) can be established under the less restrictive condition:
i=1
IOO /
> k{wy —w;)2 < oo as seen in the proof of Corollary 3.1 in Section 6. Some
k=1
examples for wy satisfying (3.6), including nonlinear transformations of linear
processes, nonlinear autoregressive time series, and GARCH are discussed in

Section 4.

3.3. Near-epoch Dependence

Let {Ax}k>1 be a sequence of random vectors whose coordinates are measurable
functions of another random vector process {7y }xez. Define ]-'St =0s,..., M)
for s <t and denote by F; for F_ . As in Davidson (1994), {As}k>1 is said to
be near-epoch dependent on {7 }xcz in Lp-norm for p > 0 if

(AI - E(A[ | f;j:::))p < d[l)(m),
where d; is a sequence of positive constants, and v(m) — 0 as m — co. In short,

{Ak}k>1 is said to be Lp-NED of size —u if d; < (A;)p and v(m) = O(m™#7¢)
for some € > 0.

k k
For k > 1, let x, = ﬁ > uj and yu = \/iﬁ > wj, where (ug, wi)i>1 de-
j=1

Jj=1
fined in R4t is a stationary process. This section investigates the convergence of
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n—1
\/LE > f(xnk) wi41 in the following conditions:
k=0

A6 () nx= (1, ..., Mm), k € Z, is a-mixing of size —6;!
(1) (uk)k>11is L2-NED of size —1 and uy is adapted to Fi;
(iii) (wg)k>11s L245-NED of size —1 for some J > 0;
(iv) E(uo, wo) =0 and E ([|uol|* + |wo|*) < oo.

Due to the stationarity of (ux, wi)i>1, it follows easily from A6 that

. 1 < / Q p
Q:= lim — _ZlE(M"M’) = ( % Qz), 3.7)
,j=

where M}, = (ug, wy) and

oo o0
leEu6u0+22Eu6ui, szEw(z)+22Ewow,-,
i=1 i=1

o
p= Eué)wo + Z(Eué)wi + Eu;wo).
i=1
In terms of (3.7) and A6, Corollary 29.19 in Davidson (1994, Page 494) yields, as
n— oo,

(xn,[nt], yn,[nt]) = (Blt; Byy), 3.8)

where (B, Ba;) is a d + 1-dimensional Brownian motion with covariance matrix
Q- t. Now, by using Theorem 2.2, we have the following theorem.

THEOREM 3.3. Suppose A3 and A6 hold. For any continuous function g(s)
in RY, we have

1 n 1 n—1
[xn,LntJa Y, Lnt s ;Zg(xnk)a TZf(xnk)warl
k=1

n
k=0

1 1 1
= [Bll‘a BZt,/O g(Bls)ds,/O f(Bls)dB23+/0 AODf[Bls]ds}a (3-9)

o0
where Ao = > E(uow;).

i=1

Theorem 3.3, under less moment conditions, extends Liang et al.’s (2016)

Theorem 3.1 [see also Theorem 4.11 in Wang (2015)] from a a-mixing sequence
to near-epoch dependence. We mention that the NED approach also allows the use
of our results in many important practical models, such as the bilinear, GARCH,
threshold autoregressive models, and so on. For details, we refer to Davidson
(2002).

https://doi.org/10.1017/50266466617000408 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000408

1142 JIANGYAN PENG AND QIYING WANG

4. EXAMPLES: VERIFICATIONS OF (3.2) AND (3.6)

As in Sections 3.1 and 3.2, define a stationary causal process by

wy=F(..,n-1,1%), keZ,

where #;,i € Z, are i.i.d. random variables with Eny = 0 and En(z) =1.Fisa
measurable function such that Fwg=0and 0 < E wg < Q.

In this section, we verify (3.2) and (3.6) for some important practical examples,
including linear processes, nonlinear transformations of linear processes, nonlin-
ear autoregressive time series, and GARCH model. We mention that, when w; is
generated by a GARCH model, asymptotic behaviors in Theorems 3.1 and 3.2
can also be considered by Theorem 1.1 with certain modifications since, in this
situation, w; forms a martingale difference.

The examples considered in this section partially come from Wu (2005) and
Wu and Min (2005). For convenience and except where mentioned explicitly, we
use the same notation as in Section 3; in particular, recall that {#; }¢ez is an i.i.d.
copy of {#nx}rez and independent of (e, 7k )xez, and

wp=FC...n% 0,00, M..., Mk—1,mk) and
Wi = F (o et s Mo =15 i)

We mention that due to the stationarity of wy and the i.i.d. properties of 7,

E|Powy|? < Elw, —w)|?
< Cp (Elwp — w1 + Elwpt1 — w17), 4.1)

for any p > 1, where C, is a constant depending only on p. Thus, both (3.2) and
(3.6) hold if we can prove

Elw, —w! > < Cn=47%, 4.2)

for some 0 > 0 and all sufficiently large n.

4.1. Linear Process and its Nonlinear Transformation

o0
Consider a linear process wy defined by wy = > 0;nx—; with Eng = 0. Routine
j=0

o0
calculation shows that wy — wj, = k(o — n3) and wy —wi = > Ojx(n—j —
j=0
n*_j). Hence,
o0 o0
o if > jlOj] <00, > j2+59j2 < 0o and E|n7o|?>T < oo for some 6 > 0,
&~ =

j_ =
then (3.2) and (3.6) hold true.
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o0 o0
Indeed, (3.6) follows from > k{(wix —wy)24s < D k- 10| - (0 — n3)2+6 < 005

k=1 k=1
and (3.2) from

00 s N

Zi1+5<wl_ —w)l= ZiHaE[Zﬁj(’?i—j — )P
P i=1 J=i

oo oo oo
< DD O EN— )PP < €Y jH07 < oo
i=1 Jj=i j=1

We can easily extend the result above to a nonlinear transformation of wy. To
illustrate, let

hi = G(wg) — EG(wy),

where G is a Lipschitz continuous function, i.e., there exists a constant C < oo
such that

IG(x)—G(y)|<Clx—y|, forallx,yeR. 4.3)

It is readily apparent that (3.2) and (3.6) still hold true when replacing wy with Ay
using the following facts:

| = hj| < Clwg —w}]  and  |hx —hi] < Clwg — w}].

4.2. Nonlinear Autoregressive Time Series

Let w, be generated recursively by

wy = R(wp—1,1,), n € Z, “4.4)
where R is a measurable function of its components. Let

L. = |R(.X, '70)_R(-x/9 '70)'
no = sup ;
xF£x’ lx —x’|

be the Lipschitz coefficient. Suppose that, for some ¢ > 2 and xo,
E(logLy,) <0and E(L?70 ~+ |x0 — R(x0,70)|?) < oo. 4.5)

Lemma 2(i) of Wu and Min (2005) proved that there exist C = C(g) > 0 and
rq € (0,1) such that, for alln € N,
Elw, —w;|? < Crg. (4.6)

Since (4.6) implies (4.2), the w, defined by (4.4) satisfies (3.2) and (3.6).

‘We mention that the w,, defined in (4.4) is a nonlinear autoregressive time series
and we can easily verify the condition (4.5) using many popular nonlinear models,
such as the threshold autoregressive (TAR), bilinear autoregressive, ARCH, and
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exponential autoregressive (EAR) models. The following illustrations come from
Examples 3—4 in Wu and Min (2005).

TAR Model: w,, = ¢ max(wy,—1,0) + ¢ max(—w,—1,0) + #,. Simple calcu-
lation implies that if L, = max(|¢1],|¢2]) < 1 and E(|5o|?) < oo for some g > 0,
then (4.5) is satisfied.

Bilinear Model: w, = (a1 + f14p—1)wn—1 + nn, Where a1 and f; are real
parameters and E(|7o|?) < oo for some g > 0. Note that L,, = |a; + Bi7ol.
(4.5) holds only if E(LY)) < 1.

4.3. GARCH Model
Let {w;};>1 be a GARCH(/, m) model defined by

m I
w; = \/17177, and h; = oo +Za,~wt2_i +Zﬁjh,_j, 4.7)
i=1 j=I1

where 5, ~ i.i.d. with Eny =0 and En? =1, a0 > 0, @; > 0 for 1 < j < m,

m 1
Pi=0forl<i<landho=0,(1).1f X a;+ > f; <1, then wy is a stationary
i=1 j=I
process with the following representation (see, e.g., Theorem 3.2.14 in Taniguchi
and Kakizawa (2000)):

Y[ = M[YI—I +b1 With MI = (‘977;2»31,~~~»em—1»9»em+l»---,el—i-m—l)T»

1o s )T and b, = (aontz,O, ...,0,
20,0,...,00" and 0 = (ay,...,0m,B1,....p)7 5 ei = (0,...,0,1,0,...,007 is
the unit column vector with ith element being 1, 1 <i <[+m.

Suppose that E|ro|* < oo and p[E(Mt®2)] < 1, where p(M) is the largest
eigenvalue of the square matrix M and () is the usual Kronecker product. Propo-
sition 3 in Wu and Min (2005) implies that for some C < oo and r € (0, 1),

where Y, = (wtz,...,w2

E(lw, —w?|* < Cr". 4.8)

Since (4.8) implies (4.2), the w,, defined in (4.7) satisfies (3.2) and (3.6).

5. NONLINEAR COINTEGRATING REGRESSION

There are extensive applications in econometrics for the limit theorems involving
stochastic integrals such as those given in Theorems 3.1 and 3.2 (or Corollary
3.1). They arise frequently in time series regressions with integrated and near in-
tegrated processes, unit root testing and nonlinear co-integration theory. See, for
instance, Park and Phillips (2000, 2001), Chang et al. (2001), Chan and Wang
(2015), Wang and Phillips (2009a, 2009b, 2016) and Wang (2015). As noticed
in Liang et al. (2016), using the theorems given in that paper, previous results
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may be extended to a wider class of generating mechanisms such as those in-
volving nonlinear functions and long memory innovations. The following non-
linear cointegrating regression model illustrates the use of the methods discussed
in this paper. As in Liang et al. (2016), we focus on the impact of endogeneity
and nonlinearity to the asymptotics, rather than the generality of the model. More
applications will be considered in subsequent researches.

As in Section 3.1, suppose that (¢;, 7;);cz are i.i.d. random vectors with zero
means and Eeg = En(z) =1.Let

wy=F(..,n-1,1%), keZ,

where F is a measurable function such that wy is a well-defined stationary causal
process with Ewg =0 and 0 < Ew% < 0o. Let uy be a linear process defined

o0

by ur = > ¢jex—;j, with coefficients ¢;, j > 0, satisfying one of the following
j=0

conditions:

Cl. ¢; ~ j7#p(j), where 1/2 < u < 1 and p (k) is a function slowly varying
at oo.

o0 o0
C2. Y ilpil <ooandp = > ¢; #0.
i=1 j=0
We consider the nonlinear in variables cointegrating model:
i =a+ Bh(x;) + w41, (5.1

where x; = Zi:l uy and h(x) is an asymptotically homogeneous real function,
i.e., there exist real functions v(4) > 0, H (x) and R(4x) (negligible when 1 — oo
or Ax — 00) so that

h(x) = v(A) H(x)+ R(1x). (5.2)

Under given conditions, there exist endogeneity and nonlinearity in the model
(5.1) and the regressor x; is driven by short (under C2) or long (under C1) memory
innovations ug. We may write the least square estimators (LSE) of o and S as

Do yih(x) — n~! D hx) > v
2 h(e)? = n = 0 ()1
S wihe) =n7 30 h()]

B =

— 53
S S YT TS NN 5-3)
1 n A n
a= —Z)’t - é Zh(xt)
n =1 n =1
1 n 5 _ n
:a+;2w,—'b)n—ﬁ2h(x,). (5.4)
t=1 t=1
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The asymptotics of & and ,[;’ clearly depend on the structure of w;, endogeneity
and nonlinearity in the model (5.1), which can be considered by using some mod-
ifications of Theorem 3.1 and Corollary 3.1. To show this, we need the conditions
imposed on w; as in Theorem 3.1 and Corollary 3.1, and further conditions on
h(x) having a representation of (5.2).

For convenience of reading, we use the notation as in Section 3.1, i.e., we write

o o
1
o= Pawitk, w= D E(wipklF0), QZ(pElz)z),
0

i=0 i=1

o0
where p = Eegvg = Y Eegw;. We further let (By;, Ba;) be a bivariate Brown-
i=0
ian motion with covariance matrix Q - and define a fractional Brownian motion
o0

By (t) as in Section 3.1. We always assume i (Pow;)2 < 00, indicating that
i=1
E(v(z) + z(z)) < 00. We also use the following assumption on /(x).
A7 (i) H(x) satisfies a local Lipschitz condition;
(ii) H’(x) is continuous on R and

|H'(x) — H'(y)| < Cxlx =y,

for some £ > 0 and all max{|x|,|y|} < K, where Ck is a constant
depending only on K

(iii) There exists an a(A) so that |R(Ax)| < a(4)(1 + |x|”) for some y > 0
and

|R(Ax) — R(Ay)| < a(A) |x —yl,
whenever x and y are in a compact set;
(iv) As A — o0, limya(l)/v(4) =0.

The following results provide the asymptotics of & and ,bA’ .

o0
THEOREM 5.1. Suppose that (3.2), A7(i) and (iii) hold. If ux = ) ¢jex—;,
j=0
with coefficients ¢, j > 0, satisfying CI, then
Jo HUB3/2—()1dBa = By [y HB3/o— (1))
2 2
fol H?[B3)>—,(1)dt — [fol H[B32—,(1)]dt]

v(da)Vn(Bn—B) = b (5.5)

where d,% = cﬂn3_2”p2(n) for some ¢, > 0. If, in addition v(1) = oo, then

V1(én —a) = p N, Ev}). (5.6)
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o
THEOREM 5.2. Suppose that (3.6), AT(ii) and (iii) hold. If uy = > pj€r—;,
j=0
with coefficients ¢, j > 0, satisfying C2, then

fo H(B1)d By + Ao Jo H'(Bi,)dt = By [y H(By)dt

V(o) (fn = ) - . (57
S H2 By )dt — [ f) H(By ]
where Ag = %o: %o: ¢jEe_jw;. If, in addition v(1) — oo, then
j=0i=1
(6, —a) = p N(O, Evd). (5.8)

By virtue of (5.2), the proofs of Theorems 5.1 and 5.2 follow easily from
Theorem 3.1 and Corollary 3.1, respectively, together with the continuous map-
ping theorem and the following proposition. We omit the details.

PROPOSITION 5.1. Suppose that R(x) satisfying A7(iii). Then, for u; and
w; satisfying the conditions of Theorems 5.1 or 5.2, we have

R(x))wi41=0p(1), (5.9
a(dy )f Z
where d. — dy, under the conditions of Theorem 5.1,

"7 | /ne, under the conditions of Theorem 5.2.

6. CONCLUSION

On weak convergence to stochastic integrals, we show that it is possible to ex-
tend the common martingale and semi-martingale structures to include long mem-
ory processes, causal processes, and near-epoch dependence in innovations. Our
frameworks apply to the TAR, bilinear, and other nonlinear models. As illus-
trated in Section 5, asymptotics with non-stationary time series in economet-
rics usually rely on convergence to stochastic integrals. The authors hope the
results derived in this paper prove useful in related areas, particularly in non-
linear cointegrating regressions where endogeneity and nonlinearity play major
roles.

7. PROOFS

This section provides the proofs for all theorems. Except where mentioned ex-
plicitly, the notation used in this section is the same as in the previous sections.
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Proof of Theorem 2.1. We may write

n—1 n—1

f Zf(xnk)wk+1 f Zf(xnk)(ka + 2k — 2k+1)

n—1 -
= Zf(xnk)vk+1 +—Z[ Xnk) xn,k—l)]Zk +op(1)
Vi =
n—1
=~ T Z fGa)okst + Ru+op(l),  say. (7.1)

Let Qg = {x,; : maxi<;<n ||xni]| < K}. Since f satisfies the local Lipschitz
condition, it is readily seen from sup;, E||zxux|| < oo that, as n — oo,

1 n
E|R,|I(Qk)<C E < Cx (n/d>H'? > o0.
|Ru|1(Qk) < Kﬁdnk; llzkuill < Ck (n/dy)
This implies that R, = op(1) because P(Qk) — 1, as K — oo. Theorem 2.1
follows from Theorem 1.1. [ |

Proof of Theorem 2.2. We may write

n—1 n—1

Zf(xnk)wk+1 Z  Oont) (Ok41 + 26 = 2k41)

Zf(xnk)vk+l+ Z[ k) = f (k= 1)]Zk+0p(l)

n—1

fo(xnk)va fz(xnk—xnk DD f (n k1) 2k + R1 () + 0, (1)

1= 1 =
NG ;.f(xnk)vm t EE(Zkuk)Df(xn,k_l) + R (n) + Ra(n) +0,(1),

(7.2)
where the remainder terms are
|-
Ri(n) = —= D" 2k [f (euk) = f Cn k1) = ok = Xn k=)D f (¥ k1]
V=
n—1
Ry(n) = [zkur — E(zgur)ID f (Xpk—1)-
f dy ; "
By virtue of Theorem 1.1, to prove (2.2), it is sufficient to show that
Ri(n)y=o0p(), i=1,2. (7.3)
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To prove (7.3), let Qg = {x,; : maxi<;<, ||xyi|| < K}. Note that A3 implies
that, for any K > 0 and max{||x|[, ||y||} < K, |IDf(x)|| < Ck and
|f () = £() = (x=y)Df ()] < Ck [lx = y[|'F,
where £’ = min{d/(2+ J), B} for § > 0 given in A4(i). Then,

Cx < ,
E[Ri(n)|1(Qk) < 7’; kzZlE(uxnk — et 17 12))

n
< Cxn™ DB ) = 0P ), (4
k=1

where we use the fact that, due to A4(i),

1/(2+0) <

’ 1+8)/2 .
sup E (|[ux) ' 2i1) < sup (Elluel )" sup (B[ P+) .
k>1 k>1 k>

This implies that Ry (n) = 0p(n_ﬁ//2) because P(Qg) — 1as K — oo.
It remains to show R(n) = op(1). To this end, let m = m, — oo and m, <
logn. By recalling Ay = zxuy — E (zxur), we have

2m n—1
1 1
Ro(n) = — > kD f (in k1) +— > IkDf Cn k1)
k=1 k=2m
1 n—1
+E Z Mk[Df Gn 1) =D f (Xn k—m—1)] = Ra1(n) + Roa(n) + Ra3(n).
k=2m

As in the proof of (7.4), it is clear from A3 that

E|R21(n)|I(QK) < Cgmn™! sup E|| k|| < Cgn™! logn,
k>1

n
E|Ry3(m|1(Qk) < Ckn™" D> E (1t k-1 — Xn 111" |1 71])

k=1

n  k—1
< Cxn ' TP EQug I 1D < Cxn ™2 logn,
k=1 j=k—m

where A’ = min{d/(2 + J), f}. Hence, Rz1(n) + Rx3(n) = op(1) because
P(Qg)— 1 as K — oo. To estimate R>(n), let

n—1

1
IR =— > [ = ECu] Fiom-1) |0,
k=2m
n—1

1
IR>(n) = o z E(Ak | Frem—1)Xf,
k=2m
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where x; =D f (X k—m—1)1 (Maxi<j<g—m—1|lxnj|| < K). Since A4 (iii) and A3,

C n
[ Rym)] < = > IEGk | Feom-nII < sup EGik | Fiom-)ll = 0p(1).
k=1 k>2m

Similarly, if A4 (iii)’ and A3 hold, then
Ck <
ENRa()| < == 3" EIlEGx | Fiem-1ll < sup EIIEC | Feom-nll =0(1),
k=1 k>2m

which yields | Ry (n)| = op(1). On the other hand, we have

IRl(n)Zlelj(n),

j=0
where
n—1
1 .
IRyj(n) = — 3 [ECu | Fiej) = EQuc| Fimj) ]
k=2m

Let A1k (j) = [E (A | Fi—j) — E(Ax | Fi—j—1)]x}. Note that, for each j > 0,

1 n—1
[Rij(m)=— > Ju())

k=2m

is a martingale with sup; | E|l2 () < Csup- E||A]]'9 < oo for some
0 > 0. The classical result from the strong law for martingales (see, e.g., Hall and
Heyde (1980, Thm. 2.21, Page 41)) yields

IR1(n) = 045(log ™ n),
m

foreach 0 < j <m <logn, implying IR (n) = > IR1;(n) =op(1).
=0

We now have Ry;(n) = op(1) because P(Qg) — 1 as K — oo, and the fact

that, on Qy,
1 n—1

Ryp(n)=— > Jxxi =IRi(n)+1Ry(n) = 0p(1).
no k=2m

Combining these results, we prove Ry(n) = op(1) and also complete the proof
for (2.2). |

Proof of Theorem 3.1. First, note that

n
1 o0
d,f =var Zuj ~c#n3_2”h2(n), with ¢, = 7/ x M (x+1)"H"dx,
(,-—1 A=w)B=2u) Jo
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ie., d,f/n — 00. (See, e.g., Wang, Lin, and Gullati, 2003). By recalling (3.1) and
using Theorem 2.1, Theorem 3.1 will follow if we verify A2, i.e., on Dp2[0, 1],

1 nt
d—nzuj, Zw, (B3/2—u (1), Bar) . (7.5)
j=1

We next prove (7.5). Since {(€x, vx), Fk }k>1 forms a stationary martingale dif-
ference with covariance matrix Q. Applying the classic martingale limit theorem
[see, e.g., Theorem 3.9 in Wang (2015)], yields

[nt] 1 [nt]

«/—Z ]’fzvj = (B1r, Ba), (7.6)

on Dp2[0, 1]. Recall that, for k > 1,

= F("'97]*_1’77557715'“»7]1{—19771{);
where {TYZ}keZ is an i.i.d. copy of {#k}krez and independent of (e, 7k )kez- Let
o0
vp = 2 Prwj . Note that e_; is independent of (¢;,v;") fori > 1. If we have the

=0
condition:

| Z@f p|=er®: 7

it follows from (7.6) that

[nt]

«/—ZE_], IZej, «/—zvj B,,Bn,th) (7.8)

on Dps3[0, 1], where B; is a standard Brownian motion independent of (31 ‘s Bz,).
Note that

k k
1 1
max |—— w; —— vi| < max |z n=op(1).
I<k<n «/EJZ; J «/EZI:] _1Sk§n|k|/f P()
= j:

Result (7.8) implies that

[nt]

[nr]
Ze —j> 1n26j, ij (B, Bir, By),
j:l

on Dg3[0, 1]. Thus, (7.5) follows from the continuous mapping theorem and sim-
ilar arguments to those in Wang et al. (2003).

https://doi.org/10.1017/50266466617000408 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000408

1152 JIANGYAN PENG AND QIYING WANG

It remains to show that (3.2) implies (7.7). In fact, by noting {vx — v}, Fi}i>1
forms a martingale difference, the martingale maximum inequality clearly shows
that, for any € > 0,

k n
* 2 *\2
P l?l?;(n Z(vj—vj) >eN/n SEZE(DJ'—D])
j=1 j=1
2 n o0 2
< EZE[ZPk(wHk—ka)} : (7.9)
k=1 i=0

By Holder’s inequality and (3.2), we have

o 2 o0 o0
E [Zm(wi+k - wﬁ»} < S+ (0 T E [Pe(wik — w] )]
i=0

i=0 i=0
o0
<C Y i Ew—w)* -0,
i=k
as k — oo. Taking this estimate into (7.9), we have (7.7), and complete the proof
of Theorem 3.1 in addition. [ |

Proof of Theorem 3.2. As in the proof for Theorem 3.1, by recalling (3.4) and
using Theorem 2.2, we need only verify A2, i.e., on Dp2[0, 1],

(1 [n1] 1 [n1]
— >, —Zwk): (Bir. Ba). (7.10)
e

=1
In fact, by noting that {(vlk, k), ]-'k} ko1 forms a stationary martingale difference

with £ (1)120 + v%) < 00, the classical martingale limit theorem [see, e.g., Theorem
3.9 in Wang (2015)] yields

1 [nt] 1 [nt]
(T Ulk,TZUk):> (Bir, Bu),

"o "=
on Dp2[0, 1], where (B1;, B2;):>0 is a 2-dimensional Gaussian process with zero
means, stationary and independent increments, and covariance matrix

1 ol oo
Q= lim — » cov |:( lk) (a_lvlk,vk)] =Qr.

n—oon D
k=1 k

Consequently, we have

1 [n1] 1 [n1]
X R = — V1, — v |+ R
( n,[nt] yn,[nt]) (ﬁa g 1k \/Eg k) n,t

= (311532[)9
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by recalling E(|z10|% + |z0l?) < oo,
sup [ Ryl < max (|Zlk|+|Zk|)/\/——0P(1)

0<r<l1

This yields (7. 10), and also completes the proof of Theorem 3.2. |
Proof of Corollary 3.1. We need only verify AS. First, a simple calculation

shows that Pru;yr = @;i€x. Thus, Z i (Poui)2 < oo; that is, A5 (i) holds.
Because 4. 1) A5 (ii) is 1mphed by (3.6). It remains to show that A5 (iii) holds

if z 1 ()2 < 00, as the latter is a consequence of (3.6). In fact, by letting

Z =0if j <k, we may write

i=k
k—m
E(7k | Fiem) = > P (Mka)—Z% zpk j(€x—iz)
Jj=—00 Jj=m
00 max{m,i} o)
D3 (DI R LA
i=0 =m Jj=max{m,i}+1
o) max{m,i} 00 00 00
=0 D Poleuizp)+ 00 D, D Polejmiwit)
i=0 j=m i=0 j=max{m,i}+1 =1
= A+ Ao (7.11)

It is readily seen from E|zx|> = E|zo|* < oo that

o0
E|Ain] <2 ilpil(E€))'/* (Ez5)'/* - 0,

i=m
as m —> 00. As for A, by noting Po(€j ;w1 j) = E[ej_i(w,+j — w;ﬂ-) | ]:0]
when j > i, we have

E|Azm|<Z|¢l Z ZEle, (Wi —wy )]

Jj=m+1t=1
)

<C > > twi—wp)

j=m+1lt=1+j

as m — Q. Taklng these estimates into (7.11), we obtain
[ sup |E(/1k | Fr— m)|:| < E|Aim|+ ElA2m| — 0,
k>2m

implying A5 (iii). |
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Proof of Theorem 3.3. First note that, under A6, it follows from Theorem 17.5
in Davidson (1994) that wy, k € Z, is a stationary L, s-mixingale of size —1 with
constant (wg)4,

(E(wk | Fr—m))2+s < C(w1)am™7, (7.12)
(wk — E(wi | Fiem))2+5 < C{wr)am™, (7.13)

hold for all k, m > 1, and some y > 1. Furthermore, by Theorem 16.6 in Davidson
(1994), we may write

Wk = Ok + Zk—1 — Zk

where, as in Section 3.2,

oo oo
o= Pawitk, w= D E(wipklF0).
i=0 i=1

We clearly see that both vy and zj are stationary and (vg, Fi)i>1 forms a martin-
gale difference with Ev% < 2Ew% +4Ez% < 00, since, by (7.12), the following

result holds (implying E z% < 00):

2k j)ots < D (EWilFo))ars < Clwi)a D i7" < oo, (7.14)
i=j+1 i=j+1

o0
for any j > 0, where z; ; = > E(witk|Fk)- By (7.12) and (7.13), for any
i=j+1
k > 1, we also have
|E(wiwp)| < E(lwr —willwkl) + E[|wi | 1E (i | Fi2)]
< (wi)a {(w1 —w])2 + (E(w | Fij2))2}
< C(wi)2(wr)s k77, (7.15)

where w} = E(w; | Fi/2). We use the result (7.15) later.

Note that wy has structure (1.3) with the vy satisfying A1; (3.8) implies A2;
and A6 (iii) and (7.14) with j = 0 imply A4 (i). Using Theorem 2.2, Theorem 3.3
will follow if we prove (3.7) and

sup E||E(Ax | Feem)ll = 0, (7.16)
k>2m

where Ay = zgur — Ezgug, as m — oo.
By recalling the stationarity of (ug, wi)i>1, to prove (3.7), it suffices to show

o0
that Q1, Q) and p are finite. In fact, (7.15) implies that |Q;] < Ew(z)—}—C > <
j=1
oo. Similarly, we may prove that (ux)x>1 is a stationary £-mixingale of size —1
with constant (uq)4. Thus, the same argument yields |Q1| < oo and |p]| < oo.
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o
To prove (7.16), let z;; = zk — Zk,a,, = i; E(wi k] Fr),
Ay = zpuk — Ezfug, A2 = Zk,om Uk — EZk,q,, Uk,
where a,, — 0o and zx 4, 1s given as in (7.14). Because (7.14), we have
ENE (A2 | Fiem)ll < EllZi2]l < 2(2k,a,)2 (0)2 = 0, (7.17)

as m — oo, uniformly for any k > 2m and any integer sequence a,,, — 00. By
recalling that uy is adapted to Fy and Fy—,, C Fi, we may write

Om

ENE(7x1 | Fem)ll < D ENE(Ak | Fiom)Il,
i=1

where Ay = upwi i — Eugwiyk. Since both uy and wy are £,-NED of size —1,
Corollary 17.11 in Davidson (1994) implies that Ay is £1-NED of size —1. Con-
sequently, as in the proof of (7.12), there exists a sequence of v, such thatv,, = 0
and

ENE(Ak | Fi—m)ll < Copm.
Hence, uniformly for k > 2m,
EE (A1 | Fiem)Il < Camom — 0,

as m — 00, by taking a;, as an integer sequence in which a,, — oo and a,,v,, —
0. This, together with (7.17), yields

sup E”E(/lk | -Fk—m)” < C(amvm +2(2k,a,, 02 (10)2) = 0,

k>2m
as m — o0, as required. The proof of Theorem 3.3 is now complete. |
Proof of Proposition 5.1. Recalling w; = vr + zx—1 — 2k, Wwe may write

> Re)wir1 = ROk k41 + 2k — 2it1)

k=1 k=1
n n
= > RG)orp1+ ) [R(xk) - R(xk—l)] 2k + R(xn)zn41 — R(x0)z1
k=1 k=1
= A+ Ao+ Az, say. (7.18)

For some K > 0, let 5 = xi I (|xx|/d, < K),

n
Ay = ZR()Ek)vk+1 and Aj, = Aoy I(max |x;|/d, < K).
1 1<i<n
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Under A7 (iii), it is readily seen from sup;, E|zxux| < oo that, for any K > 0,

")ZEnzmn <C—=

n k=1 n

d
E|Ay| <* naldy)

implying Az, = Op [ﬁa(gn)] because, again as K — 0o,
P(Aay # Ay) < P(max |xil/dy > K) = 0.
<i<n

Similarly, Ay, = Op [\/ﬁa(gn)]. As for Ay,, by noting that A, forms a martin-
gale, it follows from A7 (iii) again that

EA%, <ZER2(xk) < na*(dy)(1+C),
k=1

indicating that Ay, = Op[+/na(d,)] because, as K — oo,
P(Aty # Aip) < P(max |xil/dy > K) = 0.
<i<n

Combining all these facts, we prove > j_; R(xp)wit1 = Op [ﬁa(gn)], as
required. |

NOTE

1. For a definition of a-mixing, we refer to Davidson (1994, Chap. 14).
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