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Abstract In this paper, we show that for a large natural class of vertex operator algebras (VOAs) and
their modules, the Zhu’s algebras and bimodules (and their g-twisted analogs) are Noetherian. These
carry important information about the representation theory of the VOA, and its fusion rules, and
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1. Introduction

This paper is concerned with finiteness property of (twisted) Zhu’s algebra and its
bimodules. The Zhu'’s algebra and its twisted higher-level versions carry representation
theoretical information about modules and twisted modules over vertex operator alge-
bras (VOAs). Bimodules of Zhu'’s algebra have been used to compute (twisted) fusion
rules. It has been observed in examples that Zhu’s algebras are often Noetherian and
even finite-dimensional. This is unexpected given the analogy between Zhu’s algebra and
universal enveloping algebra of a Lie algebra since it is an open problem whether the
latter is Noetherian when the Lie algebra is not finite-dimensional [21]. By leveraging
the relationships between the twisted Zhu’s algebra and Zhu’s Cs-algebra, we show the
Notherianity for a large class.

In the study of the modular invariance property of VOAs, Zhu introduced an associative
algebra A(V) attached to a VOA of conformal field theory CFT-type [41]. Associated
with an admissible V-module M, an A(V)-bimodule A(M) was introduced by Frenkel
and Zhu in order to compute the fusion rules among irreducible modules over affine
VOAs [18]. The main result in this paper is that A(V), together with its g-twisted
analog A,(V) [12] and bimodule A,(M) [20, 37], is left (or right) Noetherian if V is
C1-cofinite [27, 30] and M is (weakly) C91-cofinite. If, in addition, V is C'y-cofinite [41],
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then the g-twisted higher order generalizations A, ,, (V) [10, 11] and A, (M) [37] are
finite-dimensional for all n > 0. These algebraic structures encode important information
about the representation theory of the VOAs including the fusion rules. Noetherianity
is one of the most important finiteness properties, which gives tools for their study, for
instance from (non-commutative) algebraic geometry [6].

Zhu proved in [41] that there is a one-to-one correspondence between irreducible
V-modules and irreducible A(V)-modules, which leads to an equivalency between the
categories of V-modules and A(V)-modules for rational VOAs. Zhu’s result was general-
ized by Dong, Li and Mason to the g-twisted case in [12], and higher order (twisted) cases
in [10, 11], wherein the notions of g-twisted Zhu’s algebra A,(V'), higher order Zhu’s alge-
bra A, (V) for n > 0 and g-twisted higher order Zhu’s algebra A, ,,(V) were introduced,
and the one-to-one correspondences between irreducible (g-twisted) V-modules and irre-
ducible modules over these generalized Zhu’s algebra were established. From this point
of view, Zhu’s algebra and its generalizations tell us about the representation theory of
VOAs.

Dong, Li and Mason proved that A(V) is finite-dimensional if V is Csy-cofinite
[12, 13]. For the classical non-C;-cofinite VOAs like the vacuum module VOA V;(¢,0),
the Heisenberg VOA M;(¢,0) and the universal Virasoro VOA V(c,0) [18, 28], their
Zhu’s algebra is isomorphic to U(g), C[z1, ..., z,] and C[z], respectively. Although these
associative algebras are infinite-dimensional, they are all Noetherian. Moreover, in numer-
ous calculations for concrete examples [2, 3, 9, 15, 18, 39], we see that Zhu’s algebra is
close to a quotient algebra of certain universal enveloping algebra of a Lie algebra g. In
fact, it was proved by He in [22] that the higher order Zhu’s algebra A, (V) is isomor-
phic to a subquotient algebra of the degree zero part of the universal enveloping algebra
U(V) of a VOA defined by Frenkel and Zhu [18]. VOAs generalize Lie algebras and
so the Noetherian property is unexpected given what is known about Lie algebras. For
instance, if g is the Witt algebra, it was proved by Sierra and Walton that U(g) is not
Noetherian [38]. Adding to the unexpectedness of the result, A4(V) is Noetherian for
all C'1-cofinite V, an unrestricted class, encompassing what are considered all reasonable
examples, including the non-C's-cofinite VOAs mentioned above.

The Noetherianity for Zhu’s algebra has been established as an ingredient for the
study of the representation theory of Ci-cofinite VOAs. It was used in a recent work of
Damiolini, Gibney and Krashen in [6].

To state our main results, and describe how they are proved, we introduce some nota-
tion. Let V be a VOA of CFT-type, g € Aut(V) be an automorphism of order T' < oo,
and Ro(V) = V/C2(V) be the Ca-algebra [41]. It was observed by Zhu that A(V) has
a filtration {F,A(V) peo Obtained by the grading V' = @&72,V,. The associated graded
algebra grA(V) is commutative and unital. Arakawa, Lam and Yamada observed that
there is an epimorphism Rs(V) — grA(V) of commutative algebras [3]. It turns out that
this epimorphism is quite useful for the study of the structure theory of A(V). Using
this morphism, Yang and the author proved a Schur’s lemma for C'-cofinite VOAs over
an arbitrary field [40]. The twisted Zhu'’s algebra A,(V') carries a similar level filtration
Up2 o FpAg(V), and there exists epimorphism from Ry(V') to the associated graded alge-
bra grA,(V) as well. It was proved by Li that Ro(V) is a finitely generated algebra if
V is Cy-cofinite [30, 32]. Combining these facts together, we can prove our first main
theorem (see Theorem 3.1):
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Theorem A. Let V be a CFT-type VOA that is Ci-cofinite, and let g € Aut(V') be
a finite order automorphism. Then Aq(V') is left and right Noetherian as an associative
algebra.

The A(V)-bimodule A(M) and its twisted analog A, (M) were introduced to compute
the fusion rules among (g-twisted)-modules over V [18, 20, 31, 33]. Li introduced a cofinite
condition for V-modules, which we call the weakly C1-cofinite condition, and proved that
the fusion rule among three irreducible untwisted V-modules M*', M? and M?3 is finite
if M1 is weakly C'i-cofinite, see [30]. In order to handle the g-twisted case, we modify
Li’s confinite condition and introduce a subspace 6’f (M) associated with M. We say that
M is weakly C?-cofinite if dim M/CY(M) < oo, see Definition 2.5. Huang independently
introduced another C'-cofinite condition for modules in [23], which is slightly stronger
than Li’s Ci-condition, to guarantee the convergence of iterated intertwining operators.
As an application, Huang also proved that the fusion rule among V-modules M, M? and
M3 is finite if M is C;-cofinite. These C'-cofinite conditions for V-modules correspond
to finite generation properties of the twisted bimodule A, (M) over twisted Zhu'’s algebra
Ay(V). The following is our second main theorem (see Theorem 3.3):

Theorem B. Let M be an untwisted admissible V-module. Then

(1)

1) Ay(M) is finitely generated as a left or right Ag(V')-module if M is Ci-cofinite.
(2) A,(M

g(M) is finitely generated as an Agy(V')-bimodule if M is weakly C% -cofinite.

In particular, for a Cy-cofinite VOA V, Ay(M) is Noetherian as a left or right A,(V')-
module if M is Ci-cofnite; Ag(M) is Noetherian as an Aqy(V)-bimodule if M is weakly
(Y -cofinite.

As a Corollary of Theorem B, using the g-twisted fusion rules theorem proved by
Gao, the author and Zhu in [20], we can prove following finiteness property for fusion
rules among g-twisted modules, which simultaneously generalizes both Li and Huang’s
result about finiteness of fusion rules under C; condition to the g-twisted case (see
Corollary 3.4):

Corollary C. Let M' be an untwisted ordinary V-module, and M?, M3 be g-twisted

3
ordinary V-modules. If the M* is (weakly) Cy-cofinite, then the fusion rule N(M]\{[Mg) 18
finite.

Theorem A gives us a sufficient condition for the Noetherianity of A,(V). In § 4, by
giving a counter-example, we show that A,(V) is not Noetherian in general if the CFT-
type VOA V is not C';-cofinite. Since the classical examples of CFT-type VOAs (rational
or not) are all C'y-cofinite [14], it is not trivial to find a CFT-type non-C;-cofinite VOA.
The example we construct is a sub-VOA Viy = €D, ¢ M;(1,7) of the lattice VOA Vi,
where M = {ma +nf : m >n > 1} U {0} is an abelian submonoid of the root lattice
As, see Figure 1. This example is a modification of the Borel-type sub-VOA of a lattice
VOA defined by the author in [34]. Using a similar method as in [34], we give an explicit
description of the Zhu’s algebra A(V)s) of Vys. The non-Noetherianity follows from the
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description. The following is our third main theorem (see Theorem 4.2, Theorem 4.7 and
Corollary 4.8):

Theorem D. Let Viy = My(1,0) © B, M(1, ma+np). Then

(1) Var/C1(Var) has a basis {1+ Cy(Vag),e™ 8 +Cy(Vay) : m > 1}. In particular, the
CFT-type VOA Vi is not Cy-cofinite.

(2) A(Var) 2 Cla,y]l @ (D, 2mCly]), where J = @, _, zmCly] is a two-sided ideal
of A(Var) which is not finitely generated. In particular, A(Vyr) is not Noetherian.

The higher level generalization of Zhu'’s algebra A,, (V') was introduced by Dong, Li and
Mason in [11] to study the rationality of VOAs. They proved that V is rational if and only
if A, (V') are semisimple for all n > 0. A, (V') was further generalized to the g-twisted case
in [10]. The g-twisted higher Zhu's algebra A, ,, (V') controls the first n level of a g-twisted
admissible V-module M, where n = [ + % withl e Nand 0 < i< T —1.In § 5.1, we
introduce a shifted level-filtration Up2 o, F, Ay, (V') on Ay, (V') which is compatible with
the product on Ay ,(V'), see Lemma 5.1. On the other hand, Zhu’s Cs-algebra Ry (V)
also has a higher order generalization Rgjy2(V) = V/Ca42(V'). However, unlike Ro(V),
the associative algebra Ro;y2(V) is not commutative in general. In § 5.2, we show that
there is a surjective linear map ¢, : Ry42(V) — grd, »(V), which is a homomorphism
of associative algebras if i < |T/2], see Theorem 5.5.

Gaberdiel and Neitzke proved that the C'2-cofinite condition is strong enough so that
it implies dim Rg;1 (V) < oo for all I > 0, see [19]. Using this fact, Miyamoto proved that
A, (V) are finite-dimensional for all n > 0 if V is Cy-cofinite, which is a key property for
the modular invariance of pseudo trace functions of Ca-cofinite VOAs [36]. Buhl found
a module version of Gaberdiel and Neitzke’s theorem and proved that A, (M) are finite-
dimensional for all n > 0 if V is Cs-cofinite and M is Ca-cofinite [4]. The finiteness
of A,(M) could be useful in generalizing Huang’s modular invariance of logarithmic
intertwining operators [25] to Ca-cofinite but not necessarily rational VOAs. With the
surjective linear map ¢, : Ry42(V) — grdy »(V), we can prove our last main theorem,
which is a twisted version of Miyamoto and Buhl’s finiteness results about A, (V) and
A, (M) (see Corollaries 5.6 and 5.10):

Theorem E. Let M be an untwisted irreducible admissible V-module, and let n =
I+ %€ +Z, wherel €N and 0 < i <T —1.

(1) If V is Ca-cofinite, then Ay (V) is a finite-dimensional associative algebra, and
Ay n(M) is a finite-dimensional Ay, (V')-bimodule.

(2) Ifi< |T/2], and Ro42(V) is a finitely generated associative algebra, then Ay (V)
is left and right Noetherian. If, furthermore, M is Coy1-cofinite, then Ay, (M) is
left and right Noetherian.

We conjecture that A, , (V) are left and right Noetherian for all n > 0 if V is C;-
cofinite. According to a recent structural result about the higher order Zhu's algebra
of the Heisenberg VOA by Damiolini, Gibney and Krashen in [5], we know that this
conjecture is true if V is the Heisenberg VOA and g = Idy .
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This paper is organized as follows: In § 2, we recall the definitions of g-twisted modules,
twisted Zhu’s algebra A4(V) and its bimodule Ay(M), the Cs-algebra Re(V) and its
relation with the Ci-cofinite condition. In § 3, we prove Theorem A, Theorem B and
Corollary C. In § 4, we introduce the CFT-type VOA V) and prove that it is not C;-
cofinite. Then we determine the Zhu’s algebra A(V)s) and show that it is not Noetherian
as claimed in Theorem D. In § 5, we first introduce a shifted level filtration on A, ,,(V) and
discuss its relations with the Cy;yo-algebra Ro;4o(V), then we use it to prove Theorem E.

Convention: All vector spaces are defined over C, the field of complex number. N
represents the set of natural numbers including 0.

2. Preliminaries

2.1. g-twisted modules over VOAs

For the definitions of VOAs, untwisted modules over VOAs, Zhu’s algebra and its
bimodule, we refer to [8, 16-18, 28, 41]. Throughout this paper, we assume a VOA
(V,Y,1,w) is of CFT-type: V =V, ® V4, where V) =C1 and V; = @, | V.

Let g : V — V be an automorphism of V finite order T [17]. Then V has a g-eigenspace
decomposition [7, 8]:

2mir

T-1
V= @ V", where V'={a€V:g(a)=¢ T a}. (2.1)
r=0

In the rest of this paper, we fix an automorphism g € Aut(V) of order T.

Definition 2.1. [8, 12, 24] A g -twisted weak V -module is a pair (M,Yyr), where
M is a vector space, and Yy a linear map

Yar : V = End(M)[[2Y/7T, 2=V
a—Yy(a,z)= Z anzfnflf%, forae V",
neZ

satisfying the following properties:

(a) (truncation property) For any a € V and v € M, we have a,v =0 for n € +7Z and
n > 0.
(b) (g -twisted Jacobi identity) For anya € V" with0 <r <T—1, and b € V, we have

_ 21— % _ —Zz +Z
ZO 1(5 < ! 70 2) YM(a,zl)YM(b, ZQ) — ZO 16 <22’01) YM(b, ZQ)YM((I,Zl)

. . —r/T
=210 (’Zl ZO) (‘”1 ZO) Yar (Y (a, 20)b, 22).

z2 22

(2.2)
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A g-twisted weak V-module M is called admissible if M has a subspace decomposition:

M= P Mn),

T

such that a, M(n) € M(wta —m — 1+ n) for all a € V homogeneous, m € +7Z, and
n € %N,

An admissible g-twisted V-module M is called an (ordinary) g -twisted V -module if
there exists A € C, called the conformal weight, such that M (n) = Mxip, is an eigenspace
of L(0) of eigenvalue X +n, and M(n) is finite-dimensional, for alln € £N.

In particular, if ¢ = Idy and T =1, then Definition 2.1 recovers the usual definitions
of weak V-modules, admissible V-modules and ordinary V-modules.

2.2. The g-twisted Zhu’s algebra A4(V) and it bimodule Ay (M)

The g-twisted Zhu’s algebra A,(V') was constructed by Dong, Li and Mason in [12],
as a g-twisted generalization of the usual Zhu’s algebra A(V) in [41], which controls the
bottom level M (0) of a g-twisted admissible V-module.

2.2.1. Definition of Ag(V)
By definition, for any a € V" with 0 <r <T —1,and be V, let

1 wta—1+6(r)+% 1 ifr=
(1+2) where o) =317 TT=0 (93

ao4b:=Res,Y(a,z)b ,
! ’ 1) 0 ifr>0

Let Oyg(V) :=span{aogb:ac V", 0<r <T —1, be V}, and Ay(V) :=V/O4(V).
Define

1+ wta wta :
axgb:= ResZY(a’Z)b% =220 ( ]t Jaj—1b it acV? (2.4)

0 ifacV", r>0.

By Theorem 2.4 in [12], A4(V') is an associative algebra with respect to the product (2.4),
with unit element [1] = 14 O4(V). By Lemma 2.2 in [12], we have

Res.Y (a, 2)b(1 + 2)" =1 =37 (Wt‘;_l)ajb if a eV

0 ifaeVr, r>0.

(2.5)

a*xgb—bxga =

2.2.2. Definition of Ag(M)

Let M be a (untwisted) admissible V-module. The A4(V)-bimodule Ay(M) was first
introduced in [37] as a g-twisted generalization of the A(V')-bimodule A(M) in [18]. One
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can use Ay(M) and A,(V) to calculate the fusion rules among one untwisted V-module
M?! and two g-twisted V-modules M? and M3, see [20].

Similar to (2.3), for any a € V" with 0 <r < T — 1, and v € M, we let

(1 + Z)wtaflJré(r)Jr%

aog4v:=Res.Yy(a,2)v (2.6)

21+6(r)

Let Og(M) =spanf{aocgv:a e V", 0<r<T -1, ve M}, and Ay(M) = M/O4(M).

Define:
wta
Res, Yar(a, 2)o S — = 5~ (Mg, 10 ifae VO
a*gv:= es:Yar(a, z)v z ZJZO ( J )aj 1v 1 a (2.7)
0 ifae V" r>0,
Res.Y" ( ) (1+z)Wta_1 o Z (wta—l) . if a € VU
V¥g @ = 2E M, 2)Y # T g0\ )1 @ (2.8)

0 ifac V", r>0.

Then Ay (M) is a bimodule over Ay (V) with respect to the left and right actions (2.7)
and (2.8), see [37] Theorem 3.4 or [20] Lemma 6.1. The following formula follows
immediately from (2.7) and (2.8):

Res. Y (a,z)o(1+2)Vet =3 _ (Y Najv ifaeV?
A*g UV —Vkga= es:Ya(a, 2)u(l + 2) Z]ZO( J )aJU ha
0 ifae V", r>0.
(2.9)
Moreover, using the L(—1)-derivative property of Yy, one can show

1 wta—1+6(r)+%+n
Res, Y (a, z)v( +2)

SLo(r)+m € Oy(M), m=nz=0. (2.10)

2.2.3. Level filtration on Ag(V') and Ag(M)

For the general theory of filtered rings and modules, we refer to [35]. It was observed
by Zhu in [41] that A(V) has a canonical filtration obtained by the level decomposition
of V:

o0
AWV) = |J FA(V), where F,A(V) = (&}_V,+O(V))/O(V).
p=0
We can similarly define the level filtration on A4(V') and Ay4(M) as follows:

A,(V) = G F,Ay(V), where F,A,(V)= (&L _oVa+ O0y(V))/O4(V). (2.11)
p=0
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4,00 = U FAD),  where By 4,(M) = (2 _oM(n) + 0y(M)) /O,(M). (2.12)
p=0

Lemma 2.2. Let V be a VOA, and M be an admissible untwisted V-module. Then

(1) Ay(V) is a filtered associated algebra with respect to the filtration (2.11), and the
associated graded algebra

grd, (V) :éFpAQ(V)/Fp,lAg(V) with F_1A,(V)=0
p=0

is a commutative associative algebra with respect to the product:

(la] + Fp—144(V)) g ([0] + Fy—144(V))
[a_1b] + Fpig—1A4(V) if a€ VO,

_ (2.13)
0+ Fppg—144(V) ifacV", r>0,

for any a € ®F_V,, and b € &1 _V,, and p,q > 0, with identity element [1] €
FoAy(V).

(2) Ag(M) is a filtered Ay(V)-bimodule with respect to (2.11) and (2.12), and the
associated graded space

grdy (M) = é F,Ay(M)/F,_1Ay(M) with F_ A,(M)=0

p=0
is a graded grA,(V)-module with respect to the module action:

(o] + Fp144(V)) #g ([v] + Fy-144(M))
[a_1v] 4+ Fpirg-144(M) if a € VO,

= (2.14)
0+ Fpyqg—144(M) ifacV”, r>0,

for any a € & _V,, and v € &} _ M (n), and p,q > 0.

Proof. By (2.4), it is clear that F,Ay(V) %4 FAy(V) C FpyqAy(V) for any p,q > 0,
since we have [a] x4 [b] = 30,5 ("1*)[aj-1b] or 0, and wt(a;—1b) = wta — j +wtb < p+g¢
for a € ®_V,, and b € ®!_,V,,. Thus, A,(V) is a filtered algebra, and grd,(V) is a

graded algebra with respect to the product (2.13). Assume a € V. By (2.5), we have
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(la] + Fp1Ag (V) % ([b] + Fy1A4g (V) = ([b] + Fp144(V)) % ([a] + Fy144(V))

= Z[ajb] + Fptq-144(V) =0,
Jj=0

since wta;b = wta—j—1+wtb < p+q and so [a;b] € Fpiq_1A44(V) forallj > 0. Ifa € V"
with 7> 0, clearly [a] + F,—1A44(V) commutes with any other elements in grA, (V). Thus,
grAy(V) is a commutative associative algebra.

Similarly, by (2.7) and (2.8), we have F,A,(V) x4 FjAq(M) C FpiqAs(M) and
FyA (M) xg FRA,(V) C FoiqAg(M). Thus, Ay(M) is a filtered Ay(V)-bimodule,
and grA,(M) is a grA,(V)-bimodule. By (2.9), the left and right grA,(V)-module
actions on grA,(M) coincide. Hence grd,(M) is a graded grA,(V)-module with respect
to (2.14). O

2.3. The cofinite conditions of a VOA

The Ca-cofinite condition of V' was introduced by Zhu in [41] to guarantee the con-
vergence of the n-point trace functions. By definition, C5(V') := span{a_sb : a,b € V},
and V is called Ca-cofinite if dimV/Cs(V') < co. Zhu also proved in [41] that

Ry(V) =V/Cao(V) = PV, /(Ca(V) N V)
p=0

is a unital graded commutative associative algebra with respect to the product
(a—l—Cg(V)) . (b—i—Cz(V)) :a,1b+Cg(V)7 a,beV, (2.15)

with identity element 1 + Cy (V).
The notion of a strongly generated VOA was introduced by Kac [26]:

Definition 2.3. Let V be a VOA, and U C V be a subset. V is said to be strongly
generated by U if V is spanned by elements of the form:

1 r
Ay -0 Uy

where a',...,a",u € U and n; > 1 for all i. If V is strongly generated by a finite

dimensional subspace, then V is called strongly finitely generated.

In the study of the strong generation property and Poincaré-Birkhoff-Witt PBW-
basis of VOAs, Li introduced a similar condition in [27, 30], called C;-cofiniteness. By
definition,

C1(V) =span{a_1b:a,b € Vi } +span{L(—1)c:c e V}, (2.16)

and V is called Cy -cofinite if dimV/C1(V) < oo. It is clear that Co(V) C Cy(V).
Hence any Cs-cofinite VOA is also C'i-cofinite. The following theorem that relates the
C'1-cofinite condition with the strong generation property of a VOA was proved by Li,
see [27, 30, 32
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Theorem 2.4. Let V be a VOA, and U C V, be a graded subspace. The following
conditions are equivalent:

(1) Vs strongly generated by U.
(2) Vi =U+ C1(V) as vector spaces.
(3) (U +Ca(V))/Ca(V) generates Ro(V) as commutative algebra.

In particular, V is strongly finitely generated if and only if V is Cy-cofinite, if and only
if Ro(V) is a finitely generated commutative algebra.

The C';-cofiniteness condition for V-modules was introduced by Huang in [23]. By
definition, an admissible V-module M is called C'i-cofinite if dim M/C1(M) < oo, where

Cy(M) :=span{a_jv:a € Vy,v € M}. (2.17)
There is a similar subspace of M introduced by Li in [30]:
B(M) :=span{a_1v:a € Vi,v € M} +span{bou : b € ®,>2V,,,u € M }. (2.18)
We need to adjust the definition of B(M) a little bit to make it compatible with
Ag(M):
CY(M) := span{a_1v:a € Vi, v € M} +span{bou : b € On>2Vu NV ue M}, (2.19)

where VO C V is the fixed point sub-VOA (2.1) with respect to g. Then C¥ (M) = B(M)
if ¢ = Idy. Observe that the space spanned by bou in (2.19) is non-zero, since w €
Bn>2V, NV and there exists u € M\{0} such that wou = L(—1)u # 0, see [29].

Definition 2.5. Let M be an admissible untwisted V-module. We say that M is
weakly C; -cofinite if dim M/B(M) < oo; we say that M is weakly C%1 -cofinite if
dim M/C{(M) < oo.

Since Cy (M) C CN'f(M) C B(M), the following lemma is evident:

Lemma 2.6. Let M be an admissible V-module. If M is Cy-cofinite, then it must be
weakly CY{-cofinite. If M is weakly C{-cofinite, then it must be weakly Ci-cofinite.

However, the converse of these statements is not true.

Example 2.7. Let V = V(c,0) be the universal Virasoro VOA with central charge
¢> 0. It is well-known that the Verma module M = M (¢, h) over the Virasoro Lie algebra
of central charge ¢ and highest weight & >0 is an admissible module over V| see [18, 28].
Recall that

M(c,h) = span{L(—n1)L(—=ng) - L(=np)ven :n1 > ng > --- > my > 1}
Then M(c, h) = Cuv. p+B(M(c, h)) in view of (2.18). Hence M (¢, h) is weakly C'1-cofinite.

However, M (c, h) = span{L(—1)*v.} : k > 0} + C1(M(c, h)), and L(—1)*v.p # 0 for all
k >0 in a Verma module. Thus, M (c, h) is not Ci-cofinite.

https://doi.org/10.1017/50013091525000069 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525000069

Noetherianity of twisted Zhu’s algebras and bimodules 11

Finally, we recall the following fact about the Noetherianity of a filtered ring, see
Theorem 6.9 in [35].

Proposition 2.8. Let R be a filtered ring such that the associated graded ring grR is
left (respectively right) Noetherian, then R is left (respectively right) Noetherian.

3. Noetherianity of twisted Zhu’s algebra and its bimodule

We prove our main theorem of this paper in this section.

3.1. Noetherianity of Ay(V') for C-cofinite VOA V

In the study of Zhu’s algebra of the parafermion VOAs [3], Arakawa, Lam and Yamada
introduced an epimorphism of commutative associative algebras:

¢: Ry(V) — grA(V @F A(V)/E, 1 A(V), 5.1)

a+Cy(V)—[a] + Fp,lA(V), a€al_\V,,

where grA(V) is the graded algebra in 2.2 with g = Idy . This map was also used to prove
the Schur’s Lemma for irreducible modules of VOAs over an arbitrary field in [40].

Theorem 3.1. Let V be a VOA, and g € Aut(V) be a finite order automorphism. If
V is strongly finitely generated, or equivalently, Ci-cofinite, then Ay(V') is left and right
Noetherian.

Proof. First, we generalize the epimorphism (3.1) to the following g-twisted case:

o0

1 Ro(V) = grAdy(V) = @ FoA,(V)/Fpo1Ag(V),

p=0

a+Co(V) = [a]+ Fm1Ag(V), a€ @b _ V,.

(3.2)

For any a € V,, and b € V,, with p,¢ > 0, we have [a_2b] € F,141144(V). To show ¢ is
well-defined, we need to show [a_2b] =0 (mod Fj44A44(V)). We may also assume a € V"
for some 0 <r < T — 1. If r=0, by (2.3), we have [aog b] = 3", (W]m) [aj_2b] = [0] in
Ay(V). Hence

ocat] == 3 ("1 fag-at] € Fyuady (V)

Jj=1

since wt(aj_2b) =p—j+1+4+q<p+q. If >0, by Lemma 2.2 in [12], we have

1 wta 1+T -1
ResZY(a,z)bL = Z <Wta * )ajgb € 04(V).

7>0
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Hence [a_sb] = — 37,5, (Wta_jl+%)[aj_2l)] € Fp1qA,(V), and so ¢ is well-defined.

Clearly, ¢ is surjective and grading-preserving. Next, we show that ¢ is a homomor-
phism of commutative algebras. Let a € VO NV, and b € V,, by (2.15) and (2.13), we
have

p((a+Ca(V)) - (b+ C2(V))) = pla—1b+ C2(V)) = [a—1b] + Fpiq-144(V)
= ([a] + Fp—144(V)) *¢ ([b] + Fy—1A44(V))
= p(a+ Co(V)) x4 (b + C2(V)).

Now let a € V"' NV, and b € V, for some 1 <r < T — 1. By (2.3), we have

ab=-%" (Wt“ - ;>aj_1b (mod O, (V).

i1 J

Then [a—1b] + Fpig-144(V) = =355, (Wta_jH%)[ajflb] + Fpyg-144(V) = 0+

Fpig—14,4(V) since wt(aj_1b) =p+q—j <p+q—1 for any j > 1. Thus,
pla+Co(V) - (b+ Ca(V)) = [a-1b] + Fpiq-144(V) = 0= p(a+ C2(V)) *4 0(b + Ca2(V)),

in view of (2.13). Hence ¢ in (3.2) is an grading-preserving epimorphism of commu-
tative algebras. Since V is strongly finitely generated, there exists a subspace U =
span{a',...,a™} C V of homogeneous elements a' € Vpys---ra™ € Vy, that strongly
generates V. By Theorem 2.4, R(V) is generated by {a' + Co(V),...,a™ + Co(V)}
as a commutative algebra. Since ¢ is an epimorphism, grA,(V) is generated by

{la'] + Fp —144(V), ..., [a™] + Fp,,—144(V)} as a commutative algebra. In particular,
grA,(V) is Noetherian since it is quotient ring of the polynomial ring C[T1, ..., T,,]. Then
by Proposition 2.8, A,(V) is also left Noetherian. O

Remark 3.2. If ¢ = Idy, we have Ay(V) = A(V). Note that the conclusion in
Theorem 3.1 does not depend on the choice of ¢g. Thus, A(V) is Noetherian if V is
C1-cofinite.

3.2. Noetherianity of A,(M) for (weakly) Ci-cofinite V-module M

_Let M be an admissible untwisted V-module. It was proved by Li that if M = W +
Cy (M), then A(M) is generated by (W + O(M))/O(M) as an A(V)-bimodule, see [30]
Proposition 3.16. We have a similar result about A,(M), combined with Huang’s C-
cofinite condition (2.17).

Theorem 3.3. Let M be an admissible untwisted V-module.

(1) Let M =U + C1(M) and U = span{u’ : i € I}. Then

Ag(M) = ZAg(V) *g [u'] = Z[uz} g Ag(V) (3-3)

i€l iel
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as a left or right Ag(V)-module. In particular, Ay(M) is Noetherian as a left or
right Ag(V)-module if V is Cy-cofinite and M is Cy-cofinite.
(2) Let M =W + C{(M) and W = span{w’ : j € J}. Then

Ag(M) = ZAg(V) *g [w] g Ag(V) (3.4)

JjeJ

as an Ag(V)-bimodule. In particular, Ay(M) is Noetherian as an Ay(V)-bimodule
if Vis Ci-cofinite and M is weakly CY91-cofinite.

Proof. (1) Denote the right submodule >, [u’] *4 Ag(V) of Ag(M) by N. We use
induction on degree n of M(n) to show [M(n)] C N in Ay (M). Since deg(a_v) =
wta + degv > 1 for any a € V4, we have C1(M) C &,,>1M(m). So M(0) C U and
[M(0)] € N. Suppose the conclusion holds for smaller n. Let x € M (n). We may assume

S
m:u+2a}ilvk, ue U, ak€V+ﬂVT, 0<r<T-1, v* e M,
k=1

with wta® + degv® = n for all k. Since [u] € N, we need to show [a*,v¥] € N for all
1<k <s.
Fixal<k<s. If r=0, by (2.8), we have

[0k 0¥ = [o¥] 5y [0 = 3 (Wm.‘ 1) a0, (3.5)

i>1 J

Note that degv® < n since wta* > 1. By the induction hypothesis, we have [v*] € N
which is a right A,4(V)-module. Hence [v*] *, [a*] € N. Moreover, since deg(aé‘?flvk) =
wta” — j +degv® < n for any j > 1, we have [a}_,v¥] € N by the induction hypothesis.
Thus [a* ;v*] € N in view of (3.5). If >0, by (2.6), we have the following equation in
Ag(M):

wtaf — 14 L
[a* og v*] = [a* 10F] + Z < i T) [af_v*] = 0.
>

Since Wt(afflvk) < n for any j > 1, we have [a* ;v*] = — >t (Wt“k;l"’%)[a;[lvk] €
N by the induction hypothesis. This proves [M(n)] € N and finishes the induction
step. Using a similar argument, we can show Ag(M) = Y. ; Ag(V) #4 [u']. Assume
V is Ci-cofinite and M is Ci-cofinite. By Theorem 3.1, A,(V) is a left (respectively
right) Noetherian algebra. By (3.3), A4(M) is a finitely generated left (respectively right)
Agy(V)-module. Thus, A, (M) is left (respectively right) Noetherian as a left (respectively
right) Ag(V)-module.

The proof of (2) is similar to the proof of (1) and the proof of Proposition 3.16 in [30],
we briefly sketch it. Again, we may denote 3, ; Ag(V) *, [w] x4 Ag(V) by N and use
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induction on the degree n to show that [M(n)] C N’. Assume the conclusion holds for
smaller n, for y € M(n) =W N M(n) + C{(M) N M(n), we may express it as

s t
y:w—kZa’ilvk—&—Zbéul, we W, ak€V+ﬂVT, b GEBPZQV;,QVO, oF ol e M,
k=1 I=1

with deg(a® ;v*) = deg(bhu!) = n for all k,I. By adopting a similar argument as above,
we can show [a* ;v*] € N’ for all k. Moreover, using the facts that

bagu—ukyb=Res, V(b 2)u(l 4+ 2)¥~1  (mod O4(M)),
for b € VO and u € M, and deg(bsu') < n for any j > 1, we have
b—1
hatl == 30 (" T )l W - s W e N G0
i>1

for all [ by the induction hypothesis. Thus [y] = [w] + Y ;_,[a® ;0*] + Zle[béul} e N
g

Using Theorem 3.3, we can generalize Corollary 3.17 in [30] and Theorem 3.1 in [23]
about the finiteness of fusion rules under C'i-cofinite condition to the g-twisted case:

Corollary 3.4. Let M' be an untwisted ordinary V-module, and M?, M3 be g-twisted

3
ordinary V-modules. If the M" is weakly C%1-cofinite, then the fusion rule N(Mjleg) 18
finite.

Proof. Since M! is C;-cofinite implies M is weakly C:-cofinite, it suffices to prove
3
the finiteness of IV ( Mjlw Mg) when M! is weakly Ci-cofinite. The following estimate for
the fusion rule was proved by Gao, the author and Zhu, see [20] Theorem 6.5:

M3 . . .
N(Ml M2> < dlm(MS(O) ®ag(V) AQ(M) @ag(v) Mz(o)) . (3.7)

Let M = W + Cy(M), where W = span{w", ..., w"}. Then by (3.4), we have

MP(0)* @a,(v) Ag(M) ®a,(v) M*(0)

Y MP0)" @ag(v) Ag(V)xglw]xg Ag(V) @4y vy M?(0)

Jj=1

M3(0)* @ Clw’] @c M(0),

|

j=1

which is finite-dimensional since M?(0) and M3(0) are both finite-dimensional by
3
Definition 2.1. Hence N(Mll\/IMg) is finite, in view of (3.7). O
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Figure 1. The submonoid M of root lattice As.

4. Example of a non-C';-cofinite CFT-type VOA whose Zhu’s algebra is
non-Noetherian

For the classical non- C'o-cofinite CFT-type VOAs, like the vacuum module VOA V(¢,0),
the Heisenberg VOA M; (£, 0), and the universal Virasoro VOA V/(c, 0) [18, 28], it is well-
known that they are C'i-cofinite [14]. Although one can construct a non- C';-cofinite VOA
by taking infinite direct sum of a C1-cofinite CFT-type VOA, such examples are not of
CFT-type.

In this section, we give a natural example of non-C'i-cofinite CFT-type VOA based on
the idea of the Borel-type sub-VOAs of a lattice VOA in [34]. We will also determine its
Zhu’s algebra and show that it is not Noetherian.

4.1. The non-C-cofinite VOA V),

We refer to [8, 17] for the general construction of lattice VOAs. Let L be a positive
definite even lattice. It was observed by the author in [34] that for any additive submonoid
M < L with identity element 0, the subspace Vj; := GBWEM Mﬁ(l,’y) is a CFT-type sub-
VOA of Vy, where h = C®z L. See also [8]. This follows from the fact that each M;(1,)
is a simple current module over the Heisenberg sub-VOA Mﬁ(l, 0) < V..

Now let L = Ay = Za ® Z be the type As root lattice, where (a|a) = 2, (5]5) = 2,
and («|f) = —1. Choose a two-cocycle € : Ay x Ay — {£1}, where e(o, ) = 1,€(B, ) =
1,e(a, 8) =1 and €(B,a) = —1. Let M < Ay be the following submonoid:

M :={ma+nf:m>n>1}U{0}. (4.1)

M is represented in Figure 1 by the red dots.
Consider the sub-VOA of the lattice VOA Vy, associated with M:

Vi =M;(1,000 €@ M;(1,ma+np). (4.2)

m>n>1
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Then V) is of CFT-type. In the rest of this section, we fix the VOA V), as in (4.2). We
will show that Vs is not Ci-cofinite, and A(V}s) is not Noetherian.

Lemma 4.1. For any m > 1, we have e™*8 ¢ Cy(Vay).

Proof. In view of (4.2) and (2.16), we can express C1(Viy) as follows:

C1(Var) = span{u_1v : u € My(1,7) N (Var)+,v € My(1,9") N (V) +,7,7" € M}
+ span{L(—1)w : w € M(1,0) N (Var)+,0 € M}.

Suppose e™**t# € C1(Vyy) for some m > 1. Note that u_,v € Mﬁ(l,fy +4') for u €
M;(1,7v) and v € M;(1,7'), and L(—1)M;(1,0) € M;(1,0). Moreover, if 7,7 are non-
zero elements in M (4.1), then y++" # ma+f3. Since the Heisenberg modules M; (1, ma+
nf) are in direct sum in (4.2), and C1(Viy) is a graded subspace of V), it follows that
e™> 5 must be contained in Wy + Wy + W3 C C;(Var), where

Wy = Span{u—lv S Mﬁ(lvma + ﬂ) N (VM)-HU € Mﬁ(lao) n (VM)-F}a
Wa = span{u’ 10" :u' € My(1,0) N (Var)+, v" € My(L,ma+3) N (Var)+},
W3 = span{L(—1)w: w € Mﬁ(l,ma +8)N (Var)+}-

where m2 —

Note that Wy, Wy C Mﬁ(l,ma +8) = Brep Mﬁ(l,ma + 5)(m27m+1)+k:’
m + 1 = wt(e™**+#). For homogeneous elements u € Mg (1, ma+ ) N (Var)+ and v €
M;(1,0) N (Var)+, since wtv > 0, we must have u_1v € Yooy Mg (L, mo+B) (2 _mi1y4k
as wt(u_1v) = wtu+ wtv > wtu > m? —m+ 1. This shows Wy, Wa C > 72 M;(1,ma+
B)(m2—m+1)+k- On the other hand, since wt(L(—1)w) = wtw + 1, it is clear that W5 C

> et M (1, ma+ B) (2 41y 14 Then we have

[ee]
"t € My (Lma+ B),2 iy 0 ) M (Lyma+ ) 2 iy, = 0
k=1

which is a contradiction. Thus, e™**+# ¢ C}(Vy,) for any m > 1. O

Theorem 4.2. Vi, /C1 (Vi) has a basis {1+ Cy(Var),e™ 8 + Cy(Vag) :m > 1}, In
particular, the CFT-type VOA V) is not Ci-cofinite.

Proof. Since (ma + nfBlma +nB)/2 =m? —mn+mn? > 1 for all m > n > 1, we have
Mg (1, ma+np) C (V)4 for any such a pair of m, n. Also note that a_,b € C1(Va) for
any a,b € (Vsr)+ and n > 1 since C1(V) D Ca(V) D C5(V) D -+, see [30].

First, we show that em™®+78 ¢ C1(Var) for any m > n > 2. Indeed, for any m > n > 1,
since (a+ Blma+npf) = m+n > 2, by the definition of lattice vertex operators, we have

eoz—‘rﬁ ma+nf _ RGSZEi(—O[ _ 67 Z)E+(—()( _ 5, Z)ea+ﬁza+6ema+n5

—m—n—1€
= (—1)melm Dt D8 ¢ 0y (V).
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Hence e(m+ot(n+D8 ¢ © (Vi) for any (m + 1) > (n + 1) > 2. This proves e™*+"8 ¢
C1 (V) for any m > n > 2. Since h(—n)C1(Var) € C1(Viy) for any h € h and n > 1, we
have M; (1, ma +nB) C C1(Va) for any m > n > 2. Then by the decomposition (4.2),
we have

Var/Cy(Vin) = | My(1,0) + > My(L,ma+ 8) | + Ci(Var)

m>1

= span{l + Cl(VM),ema+5 + Cl(VM) m > 1}

It remains to show {1 + C;(Vas),e™*+# + C1(Vas) : m > 1} are linearly independent.
Note that 1+C1 (Vi) # 0 in view of (2.16). By Lemma 4.1, e™*+#+C, (Vi) # 0 for any
m > 1. Since L(0)(u—_1v) = u_1 L(0)v + (L(0)u)_1v and L(0)L(—1)w = L(—1)L(0)w, we
have L(O)Ol(VM) - Cl(VM) Hence L(O) : VM/Ol(VM) — VM/C’l(VM),a + Ol(VM) =
L(0)a + C1 (Vi) is a well-defined linear map. Since L(0)e™**+# = (m? — m + 1)em™+8,
it follows that 1 + C1(Var), e + C1(Var), €28 + C1(Var), e3P + C1(Vay), . .. are
eigenvectors of L(0) of distinct eigenvalues. Thus, {1+C1(Var), e™* TP +Cy(Vay) - m > 1}
is a basis of Vi /C1 (V). O

Remark 4.3. From the proofs of Lemma 4.1 and Theorem 4.2, we see that the essential
reason why V) is not Ci-cofinite is that the chain of lattice points {« + 8, 2a + 5, 3a +
B, ...}, which is the first horizontal row of red dots in Figure 1, cannot be generated
by finitely many points in the submonoid M. Using this idea, one can construct many
examples of non-C-cofinite CFT-type VOAs inside a lattice VOA.

4.2. Non-Noetherianity of the Zhu’s algebra of Vj,

We determine the (untwisted) Zhu’s algebra of Vi (4.2) based on a similar method as
in [34]. In particular, we will see that A(Vis) is not Noetherian. Hence our example Vi
in this section verifies Theorem 3.1 when g = Idy .

4.2.1. A spanning set of O(Var)
Lemma 4.4. For any m > n > 2, we have e™*t € O(Vyy).

Proof. Similar to the proof of Theorem 4.2, for any m > n > 1, since (a+8|ma+nfg) =
m + n > 2, we have the following formula for any k£ > 0:

egﬁlemamﬁ = Res,(—1)™"E~ (—a — 6, Z)Z(a+6\ma+nﬁ)fkfle(m+1)a+(n+1)ﬁ

(—1)melmtDatntD)B if b —m 4 n,

0 if k<m+n.
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Then by (2.10) with M =V and g = Idy, noting that wt(e®*?) = 2, we have

(1+2)2
Zm+n+1
a+f e ma+nﬂ+2ea+ﬂ ema+n[3+ea+5

—m—n— m—n —m—n+1

— (=1)™e (m+Deat+n+1)B — (mod O(Viy)).

Res,Y (€27, z)ematns

ma+ng

=€ e

Thus, e(m*TDat+(+D8 ¢ O(Vy,) for any (m +1) > (n+1) > 2. O

Let O be the subspace of V), spanned by the following elements:

h(=n = 2)u+ h(—n — 1)u, w € Vy, and n > 0,
ma(—1v+ p(=Dv+ (m? —m+1)v,  ve My(l,ma+p), m>1,  (43)
Mﬁ(l,ma+n6), m>n> 2.

Lemma 4.5. We have O C O(V)yy) as subspace of V.

Proof. Clearly, h(—n —2)u + h(—n — 1)u € O(V)y) for any u € Vjs. Let m > 1. Note
that €171 = Res, B~ (—a — §,2)z 2™+ = ma(—1)em* 8 4 f(—1)e™>+F . Since
wt(e™ ) = m? —m + 1, we have

2
(L4 z)m —mHt ma+f

ema+ﬁ 0l = Reszy<e7n(¥+57 Z)]. 3 =e_, 1+ (m —m + l)e 1 +ﬁ1

z
= ma(=1)e™* P 4 B(~=1)e™* P + (m? —m +1)e™* P =0 (mod O(Vyy)).

Since a(—1) and B(—1) commute with h(—n), for any h € h and n > 1, we have
ma(—1)v+ B(=1)v+ (m? —m+1)v € O(Vay), for any v = hl(—ny)---h"(—n,)em*HF €
M;(1,0).

Finally, for m > m > 2, let w = h'(—ny; — 1)---h"(=n, — 1)e™**? be a spanning ele-
ment of M (1, ma+nf3), where ny > -+ > n, > 0. Since h(—n—1)v = (—=1)"v*(h(-1)1)
(mod O(Vyy)) for any h € h and v € V) by (2.8), we have

w= (—1)mttnrematBy(pl(—1)1)x. .. x(h"(=1)1) (mod O(Vas)).

Moreover, by Theorem 2.1.1 in [41], O(Var)*Var € O(Vyy). Tt follows from Lemma 4.4
that w € O(Viy). Hence M;(1,ma +nj3) C O(Vy) for any m > m > 2. O

Conversely, we want to show O(Var) € O. By (4.2), it suffices to show M;j(1,7) o
M;(1,7") € O, for any 7,7 € M. If y = ma+nB and 7' = m'a+n'B, where m > n > 1
and m' >n' > 1, then v+~ = (m+ma+ (n+n)3, withm+m' >n+n’ > 2. By
(4.3), we have
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My (1,7) o My(1,9") € My(1,7++') C O.

Moreover, if m > n > 2, we also have M;(1,0) o M(1,ma +np) C O and M (1, ma +
nf) o My(1,0) C O. Hence we only need to show

M;(1,0) o My(1,ma+ ) CO and M(1,ma+ B) o M(1,0) C O, (4.4)

for any m > 1. The proof of (4.4) is a slight modification of the induction process in
Section 3.2 in [34], we omit the details. In conclusion, we have the following:

Proposition 4.6. Let O be the subspace of Vi spanned by elements in (4.3). Then
0 =0(Vy).

4.2.2. Structure of A(Var)

Consider the associative algebra

Ay =C<ux,y,21,22,...> /R, (4.5)
where C < xz,y,21,29,... > is the tensor algebra on infinitely many generators
x,Y, 21, 22,..., and R is the two-sided ideal generated by the following elements:

Zom+ 1)z, m>1, zizj, 1,5 > 1,

TzZm — 2m@ — (2m — D)z, Y2m — 2my — (2 — M) 2, m > 1.

It is clear that Ajs has the following subspace decomposition:

Ay =Clz,y|® (ED sz[y]) ; (4.7)

where z,,C[y] is a vector space with basis {zm, Zm¥, 2my?, ...}, and we use the same
symbols z, vy, z,, to denote their equivalent classes in the quotient space.

Theorem 4.7. Define an algebra homomorphism F : C < x,y, z1,292,... >— A(Vy)
by letting

F(x) = [a(=1)1], F(y) := [B(=1)1], F(zm) = [e™*?], m > 1. (4.8)

Then F factors through Ay and induces an isomorphism F : Ayp — A(V).
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Proof. We first show that F'(R) = 0. Indeed, by (2.5), (4.3) and Lemma 4.5, we have
Flry —yz) = [o(= ) JH[B(=11] = [B(=1)1] * [a(=1)1]
= [(0)8(=1)1] =
F(z (mx+y) (m —m+1)2m)
= [e" ] x [ma(=1)1] + [™ ) x [B(=1)1] + (m® — m + 1)[e™ 7]
= (a1 4 G(-1)em P + (1P = m 4+ e ] = 0
F(22m — 2m® — (2m — 1)2,,) = [a(=1)1] * [e™FF]
— [+ & [a(—1)1] — (2m — e+
= [a(0)e™ P — (2m — 1)e™*HF] = 0;
F(yom — 2my — (2 — m)zm) = [B(—1)1] x [ +]
— [ [B(=1)1] = (2 — m)[e™ 7]
= [B(0)e™+P — (2 — m)e™mtP] = 0.

Moreover, since e’ xefo+5 ¢ M; (1, (i+j)a+28) C O(Var) in view of Proposition 4.5,
it follows that F(z;2;) = [e"*TF x e *P] = 0, for any 4,5 > 1. This shows F factors
though Aj;. To show F' is an isomorphism, we construct an inverse map of F. Similar to
the proof of Theorem 4.11 in [34], we first define a linear map

():h=Ca®CB— Ay, h=Xda+puB—h=X\x+puy, MpecC. (4.9)

Then we define a linear map G : Var = M;(1,0) & €D,,5,,51 M5 (1, ma +nf) — Ay as

follows:
Rt(—ny — 1) B (—n, — 1)1 = (=1)™ T Fnrpr pr=T. ... hl, (4.10)
ht(—ny — 1) h"(—n, — 1)emotF o (—1)mtdnr, Rr L pr—T. A, m>1,
(4. 11)
My(1,ma+nB)—0, m=>nz=2, (4.12)

where ny > -+ > n, > 0, and h' is the image of h* in Aj; under (4.9). We claim that
G(0) =0.
Indeed, for any u € Vi, h € b, and n > 0, it is clear from (4.10)—(4.12) that

G(h(—n — 2)u+ h(—n — u) = (=1)""'G(u) - h + (=1)"G(u) - h = 0.
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Let v = h'(—ny —1)--- A" (—n, — 1)e™*+? be a spanning element of Mg (1, ma+ B) with
m > 1, then by (4.9), (4.11) and (4.6), we have

G(ma(—=1)v+ B(=1)v + (m* —m + 1)v)

=m(=1)t oty R Rl @ (—)mtnr R LB
+(m?—=m+ 1)z, -hr - hl
_ (_1)n1+...+nr (zm(mx +y) + (mZ —m4+ 1)Zm) R Kt
=0.
Finally, by (4.12), we have G(M;(1, ma + nf3)) = 0 for any m > n > 2. Thus, we have
G(O(Var)) = 0 by (4.3) and Pr0p051t10n 4.6, and G induces a well-defined linear map
G: A(Vy) = Var/O(Var) — Apg, such that
Gla(-11)) ==z, G(B(-D1) =y, G("*]) =z, m =1, (4.13)

in view of (4.10)—(4.12). By (4.8) and (4.13), it is clear that G is an inverse of F': Ay —
A(Var). Hence App =2 A(V)y) as associative algebras. O

Corollary 4.8. The untwisted Zhu’s algebra A(Vyy) is not Noetherian.

Proof. By Theorem 4.7 and (4.7), we have an isomorphism

A(Vy) =2 Ay =Cla,y) & (@zm ) Clz,yl & J,

where J = @,°_, z,,Cly]. By (4.6), it is clear that J is a two-sided ideal of A ;. Suppose
J can be generated by finitely many elements wy, ..., wy € J. There must exist an index
N>0st wy,...,wg € @le zmCly]. But it follows from (4.6) that

(@zm ) AMc@zm

since z;z; = 0 for all 4,j > 1. Then we have J C @Z:l 2mCly], which is a contradiction.
Therefore, A(Vys) has a two-sided ideal J that is not finitely generated. This shows
A(Var) is neither left nor right Noetherian. O

Remark 4.9. Using Corollary 4.8 and Theorem 3.1 with g = Idy, we have an alter-
native proof of the fact that Vj; is not C'y-cofinite without finding a basis of Vi /C1 (Vi)
as in Theorem 4.2.

5. Finiteness of g-twisted higher Zhu’s algebra

In this section, using a higher order analog of the epimorphism (3.2), we prove that the
g-twisted higher Zhu’s algebra A, ,, (V') constructed by Dong, Li and Mason in [10] and
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its bimodule A, ,, (M) constructed by Jiang and Jiao in [37] are finite-dimensional if V' is
Co-cofinite, which generalizes Miyamoto’s result on finiteness of A4,,(V') and Buhl’s result
on finiteness of A, (M) under the Cs-cofinite condition in [36] to the g-twisted case.

5.1. Shifted level filtration on Ay, (V')

First, we recall the definition of A ,,(V) in [10]. Fix a rational number n = [+ % € 17,
where [ € N and 0 < ¢ < T — 1 are uniquely determined by n.
Forae V" with0<r <T —1, and b €V, define

(1+ Z)wta—l-‘réi(r)-‘rl-i-T/T 1 ifr<i
' —— ,  where §;(r) = ; (5.1)
22146, (r)+8;(T—r) 0 ifr>1

a0y, b:=Res.Y(a,2)b

and set 0;(T) = 1. Let Oy, (V') be the subspace of V spanned by all ao, ,, b and L(—1)c+
L(0)c, and let Ay (V) :=V/Oy (V). Define

b anzo(—l)m (mfrl)ReszY(a, 2)b(1 + z)wtatl /pldm+l if g € VO,

0 ifaeV", r>0.
(5.2)
By Theorem 2.4 in [10], A, (V) is an associative algebra with respect to (5.2). Again,
we denote the equivalent class of an element a € V' in Ay (V') by [a].
For the rest of this paper, we fix the rational number n = [ + % The usual level
filtration (2.11) cannot give us a desirable higher order analog of the epimorphism (3.2).
So we introduce a new level filtration on A, (V) as follows: For p > 2, let

F,Aq (V) :=span{[a] : a € V homogeneous, wta + 2/ < p}. (5.3)
For p < 21, let F,Ay (V) := 0. Clearly, we have
FyAgn(V) C Pap1Agn(V) -+ and Ay (V) = | FAgn(V). (5.4)
p=2l
Lemma 5.1. A, (V) is a filtered algebra with respect to the filtration (5.3). The
product on the associated graded algebra griy (V) = @20 FpAgn(V)/Fp-14gn (V) is

given by

(o] + Fp149,n(V)) #g.n ([b] + Fy-144,n(V))

(_1)l(21l)[a72l71b] + Fp+q71Ag,n<V) itr=0

, (5.5)
0 if r>0

where a € V", b € V' are homogeneous, with wta+ 20 < p and wtb+21 < g, and p,q > 2l.
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Proof. Let a € VY and b € V be homogeneous elements such that wta + 2/ < p and
wtb + 2{ < ¢. By the definitions of product on A, (V) (5.2), we have

1

gt = 3 X0 (") (et € V) G50
m=035>0

since wt(aj_j—m—1b) +2l = wta — j+1+m+wtb+ 2l < (wta +20) + (wtb+21) < p+gq,

for any 7 > 0 and 0 < m <. Hence F,A; (V) %gn FyAg n(V) C FpiqAgn(V), and so

Ay (V) is a filtered algebra. Moreover, by (5.3) and the equality about weight above, we

have [aj_j—m—1b] € Fpyq—144n(V) unless j =0 and m = L. It follows from (5.6) that

21
[a *g,n b] + FerqflAg,n(V) = (—1)l ( ! ) [afglflb} + FerqflAg,n(V)-

This proves (5.5). O

Remark 5.2. By Lemma 2.2 in [10], for any a € V° and b € V, we have

ta — 1
axgnb—bkyna =Res,Y(a,2)b(1+2)"" ! = Z (W aj )ajb (mod Oy (V). (5.7)
j=0

Since wt(a;b)+21 < (wta+20)+ (wtb+21) —1, it follows that grA, , (V) is a commutative

graded algebra with respect to the product (5.5). However, unlike grA, (V) in the previous
sections, if { > 1, the element [1] + Fy_1A, (V) is not the unit element of grA, (V).

5.2. Finiteness of Ay (V)

Recall that n =1+ %, where [ € N. Consider the following higher level generalization
of Zhu’s Cy-algebra Ro(V):

Roi12(V) :=V/Co42(V), where Cogy2(V) =span{a_g_2b:a,be V}. (5.8)

Lemma 5.3. Ro;2(V) is a graded associative algebra with respect to the product

m+@meww+cmxv»=en(”

I >0211b + Co42(V), (5.9)

and the grading

Rop42(V) = @ Rory2(V)p, Rair2(V)p, = span{a + Cyy2(V) : wta + 21 = p}. (5.10)
p=21

It is commutative if and only ifZ?lzl(—l)j (bj—a1—10)—1-;1 € Co142(V), for anya,b e V.
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Proof. For a,b,c € V, by the Jacobi identity of VOA, we have

(a—g1—1b)—g1—1¢ —a_og—1(b_g—1¢)

20 —1 . -2l —1 .
= Z < ) —1)a_g—1-jb_g—145¢— Z ( . >(—1)_21_1+3b412ja]‘0

> o N 7

=0 (mod CQ[+2(V)).

Hence the product (5.9) is associative since the coefficient (—1)l(21l) does not depend on
a and b. By (5.8), Cq12(V) is spanned by homogeneous elements, hence Rgjy2(V) is
a graded algebra. Since Roj+2(V), = (Vp—2r + Cog2(V))/Couq2(V) for any p > 21 and
V = @;Ozzl Vp—21, we have Roji2(V) = @;C’:Ql Roi42(V),p. It is clear that Rgyo(V),
Ro142(V)q € Ropy2(V)ptq for any p,q > 21 since wt(a_g—10) + 21 = (wta + 21) + (wtb +
21) =p+qif wta+ 2l =p and wtb+ 2l = q.

Finally, by the skew-symmetry of the vertex operator, we have

a_9_1b=Res.Y (a, z)b ~2=1 — Res, et VY (b, —2)az" 21

— Res Z E n+127n7172l71bna

7>0 ! nes

=b_

1)7b;_9-1a
]>1

=b_o- 1Q+Z bj_a1—1a)_1-;1 (mod Coy2(V)).

Thus, Roy2(V) is commutative if and only if the obstruction term

Z?lzl(fl)j(bj_m_la)_l_jl is in CQ[+2(V). O

Remark 5.4. If =0, then Ry;12(V) = Ra(V) in view of (5.9) and (2.15). The obstruc-
tion term for the commutativity in Lemma 5.3 does not exist in this case. Hence Ro(V)
is commutative.

We wish to find a g-twisted higher order analog of the epimorphism ¢ in (3.2). However,
it turns out that ¢ is not always generalizable without any extra assumptions.

Theorem 5.5. Let V be a VOA, g € Aut(V) be of order T, and n =1+ % € %Z,
where l € N and 0 < ¢ < T — 1. Then there is a surjective linear map:

n i Ropya(V) = grd, o (V @FAgn )/ Fp1Agn(V),
p=21

a+ Co2(V) = [a] + Fp1450(V),  a+ Copa(V) € Rar2(V)p.

(5.11)

If, furthermore, i < |T/2], then @, is an epimorphism of associative algebras.
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Proof. Similar to Theorem 3.1, we first show ¢, is well-defined. Let a € V,_o; N V"
with 0 <7 < T —1and b € V,_g, for some p,g > 2[. Then a_g—2b € Vpyqyi—a,
and @y, (a—21—20+ Co42(V)) = [a—2—2b] + Fp1qAgn(V). We need to show [a_g—2b] =0
(mod FjiqAgn (V).

Indeed, for by Lemma 2.2 in [10], we have

1 wta—146;(r)+l4+r/T
Res,Y (a, 2)b (1+2)

ansmiea@im € OanlV), (5.12)

for any m > 0. Since ¢;(r) and 6;(T — r) are either 0 or 1 in view of (5.2), we may choose
m > 0 in such a way that 2] + 6;(r) + §;(T — r) +m = 21 4+ 2. Then by (5.12),

0o ab] = Z (Wta -1+ 61-;7") +1+ r/T) [aj_21-2b] € FpyqAgn(V)

i>1

since wt(aj_gi—2b) +20 = (p—21) —j+214+ 14 (¢ —21) + 2] < p+q for any j > 1, which
means [a;_o;—2b] € F1qAg»(V) by (5.3). This proves the well-definedness of ¢,,.

Clearly, ¢, is surjective. For any a + Cy42(V) € Roq2(V)p, with wta + 21 = p, we
have [a] € F,Ag (V) by (5.3). Hence ¢y, (Ra+2(V)p) C FpAgn(V)/Fp_1Ag,(V) for any
p>2l.

Finally, we show ¢,, is a homomorphism when ¢ < |T/2]. Again, welet a € V,_gy N V"
with 0 <r <T —1and b€ V,_g. If r=0, since wt(a_2-1b) + 2l = p + ¢, then by (5.5)
and (5.9),

enl(a+ Cara(V)) - (b+ Coura(V)) = pu((~1)' <2l

; >a2z1b + Co42(V))

l
= @n(a + 02l+2(v>) *g,n L)0n<b + 02l+2(V)>-

— (-1 (21) (acsirb] + Fyrg1Agn(V) = (0] + Fyr Ay a(V)) sgn ([ + Faor Ag.n(V))

Now consider the case when r > 0. Since ¢ < |T/2], the inequalities r < i and T —r < ¢
cannot be satisfied simultaneously. Thus 6;(r) + 6;(T"—r) = 1 for any r > 0. By (5.1), we
have

ta—1+6;(r)+1+r/T
[a_o_1b] = — E <W “ ; ) / )[aj—2l—1b] € Fpiq-144n(V),
i>1

since wt(aj_oi—1b) +2l = (p—2l) —j+2l+(¢—20) +2l < p+q—1for any j > 1. Then

ulla+ CarsalV) - 0+ CarsoV)) = (-1 () aatoad + P14y (V)

=0=pn(a+ Cyia(V)) *g,n on(b+ Coya(V)),

in view of (5.5). O
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In the proof of the modular invariance of Cs-cofinite VOAs, Miyamoto proved that
A, (V) are finite-dimensional for all n > 0 if V is Ca-cofinite, see Theorem 2.5 in [36].
The following Corollary of Theorem 5.5 generalizes Miyamoto’s result to the g-twisted
case.

Corollary 5.6. Letn =1+ % S %Z, where l e N and 0 <i<T —1.

(1) If V is Cao-cofinite, then Ay, (V') is a finite-dimensional associative algebra.
(2) Ifi < |T/2], and Ra+2(V) is a finitely generated associative algebra with respect
to the product (5.9), then Ay, (V') is left and right Noetherian.

Proof. It was proved by Gaberdiel and Neitzke that V is Cy-cofinite for any u > 2
if V is Ca-cofinite, see Theorem 11 in [19]. Since the filtration (5.4) is exhaustive, by
(5.11),

dim A, (V) =dimgrd, (V) < dim Ry42(V) < 00

if V is Ca-cofinite. Now let ¢ < |T/2] and assume that Rg;+2(V) is a finitely generated
algebra. By Theorem 5.5, ¢, is an epimorphism of associative algebras, then grA, (V)
is a finitely generated commutative algebra in view of Remark 5.2, which is necessarily
Noetherian. Hence Ay (V) is left and right Noetherian by Proposition 2.8. O

Example 5.7. Let V = M;(1,0) be the rank-one Heisenberg VOA, and let g = Idy.
Then V is Cj-cofinite by Theorem 2.4, since R2(V) = Clx] as a commutative algebra,
see [14]. In [2], Addabbo and Barron conjectured that for any n > 1, one has

An(V) 2 Mat ) (Cla]) & A1 (V) (5.13)

as a direct product of associative algebras, where p(n) is the number of partitions of
n. The isomorphism (5.13) was proved recently by Damiolini, Gibney and Krashen, see
Corollary 7.3.1 [5]. In particular, since Mat,,)(C[z]) is a finitely generated module over
a Noetherian ring C|z], using induction on n, it is easy to show that A, (V') is Noetherian
for all n > 0.

We believe the following statement that generalizes Theorem 3.1 is true:

Conjecture 5.8. Let V be a VOA, g € Aut(V) be of order T, and n =1+ % € %Z,
wherel € N and i < [T/2]. Then Ay, (V) is left and right Noetherian if V is C;-cofinite.

5.3. Finiteness of A, ,,(M)

Buhl extended Gaberdiel and Neitzke’s theorem to the case of V-modules. He proved
that A, (M) are finite-dimensional for all n > 0 if V' is C's-cofinite and M is Ca-cofinite,
see [4] Corollary 5.5. As another Corollary of Theorem 5.5, we generalize Buhl’s theorem
to the twisted case.

Abe, Buhl and Dong proved that if V is Cs-cofinite then an irreducible V-module
M is Cy-cofnite, see Proposition 5.2 in [1]. In fact, it is easy to show that M is also
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C'1-cofinite by adopting a similar proof. Moreover, Buhl proved that M is C,-cofinite for
all n > 2, if M is Cy-cofinite, see Corollary 5.3 in [4]. Hence we have the following:

Lemma 5.9. Let V be Cs-cofinite, and let M be an irreducible admissible V-module.
Then M is Cy-cofinite, for any n > 1.

We can generalize éf(M) (2.19) to the higher order case. For I > 0, define

éng(M) :=span{a_g_1v:a € Vi,v € M} +span{bou: b € ©p>2V, NV u € M}.

(5.14)
We say that M is weakly C3,, | -cofinite if dim M/C§,, | (M) < oo.
Corollary 5.10. Letn =1+ % € %Z, wherel € N and 0 <+ < T — 1.
(1) If M =Y + 021+1( ), Y =span{y? €:p € A} and i < |T/2], then
=3 Agn(V) sgm [1"] % Agn(V). (5.15)

pEA

In particular, if M is weakly Cng—coﬁnite, then Ag (M) is a finitely generated
Ay n(V)-bimodule.
(2) If M =U+Cy1(M), U =span{u®: a € I} and i < |T/2], then

Z Agn(V) #gm [u*] = Z[ua] *g,n Agn(V). (5.16)

acl acl

In particular, if M is Coiy1-cofinite, then Ay (M) is finitely generated as a left or
right Ay (V)-module.
(3) If M =W + Co112(M) and W = span{w’ : j € J}, then

M) =Y Clu]. (5.17)
jeJ
In particular, if V is Cy-cofinite, then Ay (M) is finite-dimensional for all n > 0.

Proof. The proof is similar to the proof of Theorem 3.3. We write out the details
for (5.15) and omit the rests. Denote > -\ Agn(V) *gn [yP] *g,n Agn(V) by N. We
use induction on the degree m of M = &, _,M(m) to show [M(m)] C N. Since
deg(a_g—1v) > 0 and deg(bpu) > 0 for any a € Vi, b € @peaV), and u,v € M, we
have C2l+1( YN M(0) = 0 in view of (5.14). Hence [M(0)] € N. Suppose the conclusion
holds for smaller m. For € M (m), we may assume

s t
x:u+2a52171vk+2bguq, wel, ad* cVinV", be@,>V,nV", v ule M,

where 0 < r < T — 1, wta® +21+degvk =m, and wtb? — 1 + degu? = m for all k, q. We
need to show that [a*,, ,v¥] € N and [b§u?] € N for all k, q.
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Recall the following formulas for the definition of A, (M) = M/Oy (M) in [37):

(1 + Z>wta+l—1+5i(r)+%

aog,v=Res,Yy(a,z)v PR Ay (5.18)
where 0; is defined by (5.1). For a € V" and v € M, one has
!
(M +l (1 + Z)WtaJrl
a%gnv=Res; Y (-1) ( z )ReszY(a,z)vZH_nH_l (5.19)

m=0

ifa eV and a*g, v=0if a € V" with r>0.
For each 1 < k < s, if a¥ € VO, by (5.19) and induction hypothesis, we have

oyt =— Y (cym (mf l) (ka. * l) (% 4 1] € N,

§,m>0,j—m>—1 J

since deg(a?_l_m_ka) < wtak + 21 + deg v*¥ = m when j —m > —I. On the other hand,
if a* € V" with r >0, we have §;(r) + 6;(T — r) = 1 since i < |[T/2]. By (5.18), we have

wta® +1—1+6;(r) +r/T
0] = o¥ o o] = b 104+ 35 o ka0
o~ J
J>
in Ag ,(M). Since deg(a;ﬂmilvk) = wta® — j + 21 + degv® < m, then [a;[milvk] eEN
for all 5 > 1 by the induction hypothesis. Hence [a* 217111’“] € N. Moreover, we have
bkgntt—uxg,b=Res,Y(b,2)u(l+2)"""" (mod O,,(M)) (5.20)

for any b € V° and u € M, see Lemma 3.1 [37]. Then by (5.20) and (3.6), we have

th? — 1
== 3 (7] 9 g 0] [0 2 ] €
iz s Y
since deg(bju?) = wtb? — j — 1 + degu? < m for any j > 1. Thus [z] = [u] +
Sioqlaf g oM+ Zzzl[bguq] € N. This shows (5.15).
Finally, assume V is Ca-cofinite. By Lemma 5.9, M is Cy4o-cofinite, for any I > 0.
Then by (5.17), Ag (M) is finite-dimensional. O
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