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Abstract

Above-threshold ionization (ATI) is one of the most fundamental processess when atoms or
molecules are subjected to intense laser fields. Analysis of ATI process in intense laser fields
by a Wigner-distribution-like (WDL) function is reviewed in this paper. The WDL function is
used to obtain various time-related distributions, such as time-energy distribution, ionization
time distribution, and time-emission angle distribution and so on, of atoms in laser field
pulses with different laser parameters. For the linearly polarized laser pulses, the time-energy
distribution intuitively shows from a quantum point of view the relationship between the ion-
ization moment and the final energy and clearly reveals the origin of interference structures in
the photoelectron spectrum. In particular, for linearly polarized few-cycle laser pulses, all cal-
culated distributions show the dependence of electron behavior on the ionization time, emis-
sion direction, and carrier-envelope phase (CEP). For elliptically polarized few-cycle pulses,
we calculate the angular distribution, ionization time distribution, and time-emission distribu-
tion, which are compared with the semiclassical calculations. Analysis shows that the offset
angle (difference between positions of the peaks in the angular distributions obtained by
two methods) in the angular distributions does not correspond to the offset time (difference
between positions of the peaks in the ionization time distributions obtained by two methods)
in the ionization time distributions, which implies that the attosecond angular streaking
technique based on this correspondence between the offset angle and time is in principle
inaccurate. Furthermore, the offset time cannot be interpreted as tunneling time.

Introduction

Above-threshold ionization (ATI) is one of the most fundamental processes in strong field
atomic physics, which was firstly observed by Agostini et al. (1979) and has been studied inten-
sively since then (Kruit and Read, 1983; Lompré et al., 1985; Offenberger et al., 1995; Eslami
and Basereh, 2013). When the laser field increases to be comparable to the ionic Coulomb
field, electron in the bound state of the atom and molecule can absorb more photons than
the minimum number required for ionization. In this ionization process, the perturbative the-
ory is not valid and non-perturbative method has to be adopted (Keldysh, 1965; Faisal, 1973;
Reiss, 1980). The corresponding physical process is known to be usually categorized into two
distinct regimes: multiphoton ionization and tunneling ionization. These two regimes are dis-
tinguished by the Keldysh parameter g = ��������

Ip/2Up
√

(Ip is the ionization potential and
Up = E2

0/4v
2 denotes the ponderomotive energy where E0 is the laser field peak strength

and ω the laser frequency) (Keldysh, 1965). When γ is well above 1, the ionization process
is in the multiphoton regime and the ATI energy spectrum consists of a series of regularly
spaced narrow peaks, spacing by one photon energy (Agostini et al., 1979), which comes
from quantized energy of the photons in the laser field or, in a different point of view, can
be attributed to interference between electrons freed from different optical cycles in the
laser pulse (Arbó et al., 2010). When γ is less than 1, the ionization process is in the tunneling
regime. In the tunneling regime, the electron can be considered to tunnel through the barrier
created by the superposition of the laser field and Coulomb potential and then classically
moves in the external laser field. This is commonly known as the simpleman’s picture of
the ATI process (Heuvell et al., 1988), which comprises the picture to understand atomic
and molecular dynamics in intense laser fields (Corkum, 1993; Becker et al., 2002) and
constitutes the foundation of attosecond measurement (Krausz and Ivanov, 2009).

Interference effect, as a universal phenomenon in quantum mechanics, was firstly investi-
gated in ATI by Reed and Burnett (1991). They have attributed the subpeaks in each ATI peak,
which is found by numerical solution of the one-dimensional time-dependent Schrödinger
equation, to the interference between ionization amplitudes produced on the rising and falling
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edges of the laser pulse. This structure is restudied by
Wickenhauser et al. (2006) and is attributed to contributions of dif-
ferent laser cycles, which is called “inter-cycle” interference, to the
final electron spectrum. Very recently, Della Picca et al. (2016) have
concluded that electron emission amplitudes produced at different
moments interfere with each other and produce the additional pat-
tern that modulates the ATI peaks. Korneev et al. (2012) firstly
reveal an obvious “carpet” pattern in the direction approximately
perpendicular to the laser polarization in the velocity map of
xenon in an 800 nm laser field. Based on the strong-field approx-
imation (SFA) and saddle-point method, they have ascribed this
pattern to the constructive and destructive interference of the
long and short orbits of electrons ionized within one optical
cycle, that is, “intra-cycle” interference, for a monochromatic field.

On the other hand, in semiclassical picture (namely
Simpleman’s picture), the electron is ionized by the laser field
via tunneling with exponential dependence of ionization probabil-
ity on the electric field strength and then moves in the laser field,
or in other words, there is a specific correspondence between the
electron’s drift momentum and the ionization time (P =−A(t),
here P is the electron momentum and A(t) is the vector potential
of the laser field at the ionization time t) if the influence of the
ionic potential is ignored.

Recently, an attosecond angular streaking technique, also
dubbed as “attoclock” technique, has been developed to investigate
the temporal dynamics of atoms and molecules in intense laser
fields (Eckle et al., 2008a; 2008b; Pfeiffer et al., 2011; Wu et al.,
2012; Pfeiffer et al., 2012a; Boge et al., 2013; Landsman et al.,
2014). This technique, different from the conventional attosecond
measurement which relies on attosecond pulses generated using
high-order harmonic generation process and is very technically
demanding, uses the rotating electric-field vector of an intense
close-to-circularly polarized pulse to deflect photo-ionized elec-
trons in the radial direction. Then the instant of ionization is
mapped to the final angle of the momentum vector in the
polarization plane according to the semiclassical picture. When a
few-cycle pulse is applied, comparison between the peaks of the
measured photoelectron angular distribution and the simple
man’s prediction shows an offset angle which has caused
much debate on its underlying mechanism (Eckle et al., 2008b;
Pfeiffer et al., 2012a; Boge et al., 2013; Ivanov and Kheifets, 2014;
Landsman et al., 2014). Ionic Coulomb potential, tunneling time
delay and nonadiabatic effect have been proposed to explain this
offset angle. By comparing the experimental data with the semi-
classical calculation including the Coulomb potential, Eckle et al.
(2008b) placed an intensity-averaged upper limit of 12 attoseconds
on the tunneling delay time in strong-field ionization of a helium
atom. Boge et al. (2013) have found that the nonadiabatic effect
is unimportant. However, by solving a three-dimensional time-
dependent Schrödinger equation, Ivanov and Kheifets (2014)
gave an opposite view against the calculations using the semiclass-
ical model (Boge et al., 2013). Very recently, Torlina et al. (2015)
have shown that the offset angle can be attributed to the
Coulomb potential effect and confirm the zero tunneling time
delay by theoretical calculation.

It is noteworthy that the principle of the attosecond streaking
technique, viz., the angle of the final momentum vector corre-
sponds to the instant of the tunneling ionization, is based on the
semiclassical picture. Therefore, prior to consideration of the
Coulomb potential and nonadiabatic effects and so on (Yudin
and Ivanov, 2001; Eckle et al., 2008b; Barth and Smirnova, 2011;
Pfeiffer et al., 2012b; Hofmann et al., 2013; Wang et al., 2014;

Klaiber et al., 2015; Hofmann et al., 2016), one needs to check rig-
orously the principle of the attoclock technique.

TheWigner distribution function (WDF) has been adopted as a
powerful tool in time-frequency analysis and other aspects (Garg
et al., 1965). In strong-field atomic and molecular physics, the
WDF has been used to investigate the time-frequency characteristic
of high order harmonics generation process in atoms andmolecules
(Kim et al., 2001; Chen et al., 2006). Here we develop a Wigner-
distribution-like (WDL) function based on the SFA theory (Reiss,
1980; Becker et al., 2002) to study the time-energy distribution of
photoelectron ionized from atoms by intense laser fields, which is
difficult to be obtained in quantum theory.

In this paper, we give the detailed derivation of the WDL func-
tion (Guo et al., 2010, 2012, 2016, 2017) in the section “Theory”.
In the section “Results in linearly polarized laser fields”, we use
the WDL function to analyze the dynamical behavior of the elec-
trons ionized by linearly polarized multi-cycle and few-cycle laser
pulses in parallel and perpendicular directions with respect to the
polarization. The origin of the interference structures in the ATI
spectrum is given. In the section “Results in elliptically and circu-
larly polarized laser fields”, we use the WDL function to calculate
the time-emission distribution, the ionization time distribution
and the angular distribution for elliptically polarized few-cycle
laser fields and also give the ionization time distribution for a cir-
cularly polarized laser field. By comparing with the corresponding
results obtained by the semiclassical theory, we check the princi-
ple of the “attoclock” technique. Finally, we discuss the correspon-
dence between the ionization time distributions obtained by the
WDL function and semiclassical theory. In the section
“Conclusions and outlook”, the conclusion is given.

Theory

The transition matrix element of the first term of the S-matrix
expansion, that is, the SFA theory is in the form (Reiss, 1980):

S fi = −i
∫1
−1

dt〈xp(t)|VI(t)|wi(t)〉. (1)

Here, VI is the interaction potential between the applied laser
field and the photoelectron. VI represents p ·A(t) + A(t)2/2 in the
velocity gauge while it is r · E(t) (E(t) is the electric field ampli-
tude) in the length gauge. |wi(t)〉 = |w0〉eiIpt is the atomic ground
state and |χp(t) is the Volkov wavefunction with the final electron
momentum p, which has a form

|xp(t)〉 =
1��
v

√ exp iq · r− i
p2

2
t − i

∫t
−1

p · A(t)+ A(t)2
2

[ ]
dt

[ ]
,

(2)

where v is normalization volume. q is equal to P in the velocity
gauge and p +A(t) in the length gauge, respectively.
Introducing Eq. (2) into Eq. (1), we obtain

S fi = −i��
v

√
∫1
−1

dt〈q|VI |w0〉

× exp i
∫t
−1

[p · A(t)+ A(t)2
2

]dt+ iIpt + i
p2

2
t

[ ]

= 1����
2p

√
∫1
−1

dtS′ei( p
2/2)t,

(3)
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where S′ is given by

S′ =−i
����
2p

√
��
v

√ 〈q|VI |w0〉

exp i
∫t
−1

[p · A(t)+ A(t)2
2

] dt+ iIpt

[ ] (4)

It is noted that the expression of Fourier Transform has a form

F(V) = 1����
2p

√
∫1
−1

F′(t)eiVtdt. (5)

By comparing Eq. (3) with Eq. (5), one can find that Sfi is a
Fourier-like transform of S′. So, we defined a WDL function in
analog with Kim et al. (2001) to obtain the time-energy distribu-
tion of the photoionization process described by Eq. (1). The
WDL function is defined as (Guo et al., 2010, 2012)

f t,
p2

2

( )
= 1

p

∫1
−1

S′
∗
(t + t′)S′(t − t′)e−2i( p2/2)t′dt′. (6)

The reason that Eq. (6) is called the “Wigner-distribution-like”
function is due to that S′ in Eq. (3) is a function of p while F′(t) in
Eq. (5) is not a function of Ω.

One interesting feature of the Wigner distribution is that it sat-
isfies the marginal relationship. The WDL function still satisfies
this condition:

|S fi|2 =
∫
f t,

p2

2

( )
dt. (7)

The above marginal relationship can be proved by integrating
Eq. (6) over t

∫1
−1

f t,
p2

2

( )
dt =

∫1
−1

dt
1
p

∫1
−1

S′
∗
(t + t′)S′(t − t′)e−2i( p2/2)t′dt′

= 1
2p

∫1
−1

∫1
−1

S′
∗
(t2)S

′(t1)e−i( p2/2)(t2−t1)dt1dt2

=S fiS
∗
fi = |S fi|2.

(8)

In the above deduction, we use the following linear transfor-
mations : t = (t2 + t1)/2, t′ = (t2− t1)/2.

After integrating Eq. (6) over p2/2, one can obtain the ioniza-
tion time distribution which has the form:

P(t) =
∫
f t,

p2

2

( )
d

p2

2

( )
. (9)

It is worth noting that the direction of the final electron
momentum P, which is dependent on the dimension of the sys-
tem under study, is implicit in Eqs. (1)–(9). So far, we do not
specify the system. The above formulas are general.

In this paper, we adopt the vector potential of the laser field in
a general form as following:

A(t) =− E0
v
sin2

vt
n

[ ]
cos

u

2
cos (vt + w)ex

[

− sin
u

2
sin (vt + w)ey

]
,

(10)

where E0 is the peak amplitude of the laser field, w the carrier-
envelope phase and n/2 the number of cycles. ex and ey are the
unit vectors along the x- and y-axes, respectively. e = cot(u/2)
is the ellipticity. The major axis is y-axis.

we can set θ = 0 in Eq. (10) and thus obtain the vector poten-
tial of a linearly polarized laser field as following:

A(t) = − E0
v
sin2

vt
n

[ ]
cos (vt + w)ex, (11)

where, ex is the unit vector along the direction of the laser
polarization.

In the following calculations, a two-dimensional system is
employed for simplification. In the case of a two-dimensional sys-
tem, for a fixed kinetic energy p2/2, the electron emission angle Θ
varies from 0 to 2π, where Θ is the angle between the direction of
final momentum of the electron and x-axis. The WDL function
can be written as:

f t,
p2

2
,Q

( )
= 1

p

∫1
−1

S′
∗
(t + t′,Q)S′(t − t′,Q)e−2i( p2/2)t′dt′.

(12)
Further, We can obtain the ionization probability after inte-

grating Eq. (12) over time t, kinetic energy p2/2 and emission
angle Θ, which is given by

∫∫∫
f t,

p2

2
,Q

( )
dtd

p2

2
dQ =

∫∫
|S fi|2d p2

2
dQ

=
∫∫

|S fi|2pdpdQ.

(13)

Obviously, the ionization probability obtained by Eq. (13) is
equal to that calculated directly by the SFA theory in a two-
dimensional system (Reiss, 1980).

Similarly, the time-emission angle distribution is given by

f ′(t,Q) =
∫
f t,

p2

2
,Q

( )
d
p2

2
. (14)

Then one can find that the ionization probability as functions
of time and emission angle can be given by

P(t) =
∫
f ′(t,Q)dQ, (15)

and

W(Q) =
∫
f ′(t,Q)dt. (16)

From Eqs. (6), (7), and (13), it can be found that the photo-
electron energy spectrum (or momentum distribution) can be
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correctly obtained by integrating the WDL function over time t.
Though the WDL and WD functions are not equivalent mathe-
matically, our work shows that the WDL function can be used
as a powerful tool in the study of time-related problem in the
ATI as shown in the following sections.

Results and discussions

In this section, we investigate various distributions of electrons
ionized from H atoms by intense laser fields with different laser
parameters with the help of the WDL function. The peak inten-
sities of all the laser pulses employed are I = 1 × 1014 W/cm2

throughout our calculations. Atomic units (a.u.) are used unless
indicated otherwise.

Results in linearly polarized laser fields

For the case of linearly polarized laser fields, we mainly focus on
the electrons emitted in the directions parallel and perpendicular
to the polarization, which exhibit different dynamical characteris-
tics. Moreover, for the given emission direction, the feature is also
different for electrons ionized in multi-cycle and few-cycle laser
field pulses.

Results for emission in direction parallel to the laser polarization
For the electrons emitted in the polarization direction, the emis-
sion angle Θ is equal to 0 or 180° (Guo et al., 2010, 2012). For
multi-cycle laser pulses, all the results are almost identical for
Θ = 0 and Θ = 180°. Therefore, we only give the time-energy dis-
tribution and energy spectrum with Θ = 0 for multi-cycle laser
pulses.

We first show the time-energy distribution of electrons emitted
along the polarization direction of the laser field with frequency
ω = 0.182 a.u. and pulse duration of 60 optical cycles (o.c.),
which is displayed in Figure 1a. The time-energy distribution is
obtained by Eq. (12) for Θ = 0. Figure 1b is the energy spectrum
by integrating Eq. (12) over t for Θ = 0. The energy spectrum
exhibits two main peaks with several subpeaks on the right side
of the main peaks. The presence of the two main peaks at
about p2/2 = 0.023 and 0.205 a.u. is expected in the multiphoton
regime since the ATI spectrum consists of discrete peaks with
fixed energy interval of one photon energy.

One pronounced feature in the time-energy distribution is the
crescent-like structure (e.g., the structure following the black curve
in Figure 1a will be called “crescent structure” below). By compar-
ing the time-energy distribution with the energy spectrum, the
positions of crescent structures in Figure 1a correspond to
peaks of the energy spectrum in Figure 1b, except that the peak
at about p2/2 = 0.12 a.u. which is artifact pertaining to the
Wigner distribution (Cohen, 1989; Kim et al., 2001). When the
energy spectrum is calculated by integrating Eq. (12) over t for
Θ = 0, the sum of the negative values and the positive values for
the peak at about p2/2 = 0.12 a.u. is zero, and thus results in
the disappearance of the peak at about p2/2 = 0.12 a.u. in
Figure 1b.

Another prominent feature is that the crescent structures cor-
responding to the main peaks in the energy spectrum follow the
black lines shown in Figure 1a very well at a wide range of times
close to the center of the laser pulse. The black lines denote the
time-varying kinetic energy of electrons according to the energy
conservation of the ATI process, which is given by the following
formula:

p2

2
= (N0 + S)v− Ip − Up(t)

= (N0 + S)v− Ip −
E2
0 sin

4[vtn ]
4v2

.

(17)

Here N0 is the minimum number of photons needed for the
ionization and S is the number of excess photons absorbed in
the continuum. The two crescent structures at about p2/2 =
0.023 and 0.205 a.u. in the time-energy distribution (see
Figure 1a) correspond to S = 0 (solid line) and 1 (dashed line),
respectively. It is noted that in Eq. (17), we take an envelope of
the electric field approximately as E(t) = E0sin

2[ωt/n]. This
approximation is valid when the electric-field envelope is approx-
imately constant over one oscillation of the laser field. The validity
of the above approximation reduces with the ionization time far
away from the center of the pulse, which is the reason that the
black lines deviate from the crescent structures at the both
edges of the pulse. Clearly, one can find that the crescent struc-
tures in the time-energy distribution are not only in good agree-
ment with peaks in the energy spectrum but consistent with the
time-varying kinetic energy in the ATI process.

The origin of the subpeaks in the energy spectrum has been
studied by Reed and Burnett (1991), Wickenhauser et al.
(2006), and Della Picca et al. (2016). Reed and Burnett (1991)
have attributed the subpeaks to the interference between the pho-
toelectron amplitudes produced at the same laser intensity on the
rising and falling edges of the pulse. Wickenhauser et al. (2006)
have concluded that the subpeaks are caused by the changing
field-dressed ionization potential during the ionization process.
Della Picca et al. (2016) found that electron emission amplitudes
produced at different times interfere with each other, which pro-
duces these subpeaks. Here, we analyze the origin of crescent sub-
structures based on the prediction of Reed and Burnett (1991).

The energy positions of the interference minima in the time-
energy distribution are given by the following formula (Reed
and Burnett, 1991):

Ep = −Ip + Nv− E2
0

4v2
+ 3p

8

[ ]2/3 E2
0

2n2

[ ]1/3
(4q− 1)2/3, (18)

Fig. 1. Time-energy distribution (a) and energy spectrum (b) in a 60-cycle laser pulse
with ω = 0.182 a.u.. The time-varying final kinetic energy curves calculated by Eq. (17)
correspond to the number of extra photons absorbed S = 0 (solid line) and S = 1
(dashed line), respectively. E = p2/2 represents the final kinetic energy of electrons.
From Guo et al. (2010).
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where Ep denotes the interference minimal energy; N is the
absorbed photons number and the values of parameter q are inte-
ger 1, 2, 3, …. The time positions of the interference minima can
be obtained by assigning the energy values given by Eq. (18) to
Eq. (17). Meanwhile, the following approximation is used in
Eq. (17), which is

− Up(t) = − E2
0

4v2
sin4

vt
n

[ ]
≈ − E2

0

4v2
+ E2

0

2n2
t − Tc

2

[ ]2
. (19)

The opened circles in Figure 2 denote the predicted minima of
the interference based on Eq. (18). Figure 2 shows the same cal-
culations as those in Figure 1 except for ω = 0.1 a.u. The positions
of the interference minima agree well with minima of the energy
spectrum, especially for the first pair of points. The other points
slightly shift to higher energy compared with those in the energy
spectrum and also deviate from the dash-dotted line. Apparently,
the above approximation of Eq. (19) is more valid in the vicinity
of the crest of the pulse and becomes invalid when the time varies
from the center to the edges of the pulse.

Moreover, when the frequency decreases further to ω =
0.05691 a.u., both the time-energy distribution and the energy
spectrum become more complicated as shown in Figure 3. The
structures in Figure 3 are more complex due to the appearance
of more interference structures compared with those in Figures
1 and 2. Even so, the main peaks are still visible. The reason
why more interference structures appear is the fact that more
than one pair of ionization times satisfies Eq. (17), for a given
kinetic energy. Moreover, it is noted that the interference minima
given by Eq. (18), except the few points close to the main peak, are
not consistent with the minima in the energy spectrum. This is
because the method used to calculate the interference minima
here is only valid for two saddle points, namely two ionization
times. Therefore, the interference minima calculated by Eq. (18)
are expected to be invalid when the number of the saddle points
dominated the spectrum is four. However, the contribution of the
emission of photoelectron produced at the intensity near the peak
of the pulse dominates the spectrum, which results in that the
interference minima positions near the main peak in the energy

spectrum are still in accordance with the prediction of Eq. (18)
as exhibited in Figure 3.

For multi-cycle laser pulses as shown above, the structures in
the time-energy distribution and energy spectrum mainly come
from inter-cycle interference and are independent of the CEP
and emission direction, namely Θ = 0 and Θ = 180° (not shown
here).

When the laser pulse duration is as short as several optical
cycles, the pattern of the electric field oscillation becomes very
important for the ATI process. The ionization probability is
dependent on the CEP and the emission direction (Milošević
et al., 2006). Next, we use the WDL function to show how the ion-
ization time distribution and the time-energy distribution depend
on the CEP of the laser field and the emission direction of
electrons.

In Figure 4, we show the ionization time distribution of elec-
trons emitted in two opposite directions for a four-cycle laser
field with different frequencies and CEPs, which is obtained by
integrating the WDL function Eq. (12) over energy p2/2 for
Θ = 0 and Θ = 180°, respectively. Several features are gained
from Figure 4 as the following:

(i) Dependence of ionization time distribution on the CEP.
For w = 0, the ionization time distribution in each
direction is time-symmetric with respect to the center of
the electric field envelope while for w = 0.5π it becomes
time-asymmetric.

(ii) Dependence of ionization time distribution on the emission
direction. For w = 0, the pattern and the magnitude of the
ionization time distribution of the electrons are clearly differ-
ent in positive (Θ = 0) and negative (Θ = 180°) directions.
The ionization probability of electrons shows positive-
negative (namely “left-right” in other literature) asymmetry.
For w = 0.5π, the magnitude of asymmetric ionization time
distribution is the same in both the positive and negative
directions and after integrating the ionization time distribu-
tion over time t, the yields of electrons in two opposite direc-
tions are exactly identical, which still keeps positive-negative
symmetry.

Fig. 2. Time-energy distribution with the laser parameters as those of Figure 1,
except for ω = 0.1 a.u.. The energy spectrum (solid line) and the time-varying kinetic
energy (dashed line) are also given. The opened circles mean the points from which
the electron is emitted to produce the interference minimum (see text). E = p2/2
represents the final kinetic energy of electrons. From Guo et al. (2010).

Fig. 3. Time-energy distribution (a) and energy spectrum (b). The laser parameters
are the same as those of Figure 1, except ω = 0.05691 a.u.. The curves calculated
by Eq. (17) correspond to S = 0 (green dash dotted line) and S = 1 (green dashed
line), respectively. The opened circles (S = 0) and filled circles (S = 1) represent the
interference minima, respectively (see text). E = p2/2 represents the final kinetic
energy of electrons. From Guo et al. (2010).
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(iii) Dependence of ionization time distribution on the laser fre-
quency. For the highest laser frequency ω = 0.5, the ioniza-
tion time distribution exhibits a rather smooth envelop,
which is roughly close to the shape of the laser pulse envelop.
For the laser frequency ω = 0.182, the ionization probability
begins to peak at times when the electric field amplitude
reaches maximum (see Fig. 4c and 4d). When the laser fre-
quency decreases further to 0.05691 and 0.03035 a.u., the
ionization time distributions become more and more sensi-
tive to the field strength as displayed in Figure 4e–h, which
results in that both the positions and heights of sharp
peaks are strongly dependent on the amplitude of the field
maximum. This dependence of the ionization probability
on the electric field exhibits the characteristic of the tunnel-
ing ionization picture.

Moreover, our calculations with the above four different laser
frequencies correspond to the Keldysh parameters of 9.35, 3.4,
1.06, and 0.56, respectively. Therefore, the result in Figure 4
explicitly displays that the ionization probability becomes more
and more strongly dependent on the field amplitude accompany-
ing decrease of γ, which can be though as a transition from the
multiphoton regime to the tunneling regime. It is noteworthy
that, strictly speaking, tunneling picture of ATI is only valid
when the Keldysh parameter is around 1 (Keldysh, 1965; Reiss,
1980; Krainov, 1997). However, this picture (or the semiclassical

picture) is commonly used in atom-intense laser interactions
even when γ < 1 and the theoretical results are in agreement
with the experimental observations (Larochelle et al., 1998;
Chen et al., 2000). The calculations shown in Figure 4e and 4f
show that the ionization process already exhibits a typical tunnel-
ing feature even when γ is around 1, despite still far from the strict
theoretical requirement. Therefore, the semiclassical model is
already a valid approximation when γ∼ 1.

Figure 5 gives the time-energy distributions of ATI process and
the energy spectra in a four cycles laser pulse with the parameters
as shown in Figure 4 and w = 0. Both the time-energy distribution
and energy spectrum exhibit dependence on the emission direc-
tion and laser frequency. For the higher frequencies ω = 0.5 and
0.182 a.u., the energy spectra show one smooth peak, which
have nearly no difference in the positive and negative directions
(see Fig. 5a–d). Meanwhile, there are slight differences in the
time-energy distributions in two opposite directions as shown
in Figure 5. When ω = 0.05691 and 0.03035 a.u., both the time-
energy distribution and energy spectrum become strongly depen-
dent on the emission direction. The energy spectra show compli-
cate interference patterns, which are due to the interference
between electrons emitted at different times with the same kinetic
energy (which will be further analyzed below) (Reed and Burnett,
1991; Kopold et al., 2002; Lindner et al., 2005).

The relationship between the drift kinetic energy and ioniza-
tion moment p2/2 = A2(t)/2 is also given in Figure 5 (shown by
dotted line), which is based on the semiclassical picture of the

Fig. 4. Ionization time distribution of photoelectrons emitted in the positive (red
solid lines) and negative (blue solid line) directions along the polarization of the
laser fields with different laser frequencies and the pulse duration is 4 o.c.. The
CEP w = 0: ((a), (c), (e) and (g)); w = π/2 : ((b), (d), (f) and (h)). From Guo et al. (2012).

Fig. 5. Energy spectrum (solid lines) and time-energy distribution in four-cycle laser
pulses with the CEP ϕ = 0. The laser parameters are the same as those used in
Figure 4. Left and right panels are for electrons ejected in the positive and negative
directions, respectively. Dotted lines denote the semiclassical curve of p2/2 = A2(t)/2.
From Guo et al. (2012).
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ATI ionization process that the electron’s drift momentum is
equal to the vector potential of the electric field with the opposite
sign (p =−A(t)) in the tunneling regime. For higher laser fre-
quencies ω = 0.5 and 0.182 a.u., the drift kinetic energy in the
time-energy distribution is obviously larger than the energy
given by the semiclassical relationship. This is expected since in
multiphoton regime, the semiclassical picture is invalid in
description of the ATI process. When the frequency decreases
to ω = 0.05691 (γ∼ 1), the strips begin to agree qualitatively
with the semiclassical relationship p2/2 = A2(t)/2 although they
diverge in the higher energy especially when Ek >0.1 a.u. (see
Fig. 5e and 5f). The reason of the divergences may be attributed
to the non-adiabatic effect since the Keldysh parameter is around
1. When ω = 0.03035 a.u. (γ<1), the relation between the ioniza-
tion time and kinetic energy is consistent well with the semiclass-
ical relationship in Figure 5g and 5h and is also in accordance
with the analysis using Wigner function by Czirják et al. (2000)
for ionization process of atoms in a static electric field.

Moreover, there are many interference structures located at
about t = 2 o.c. in the time-energy distribution for ω = 0.05691
and 0.03035 a.u. The destructive (negative distribution) and con-
structive (positive distribution) interferences correspond to
minima and maxima in the energy spectrum (see Fig. 5e–5h),
respectively. According to Lindner et al. (2005), the origin of
the interference structures in ATI spectrum can be attributed to
the double-slit interference effect. For a four-cycle pulse with
sine-square envelope, the electrons ionized at times ranging
from t∼ 1.5 to t∼ 2.5 o.c. (see Fig. 6) play a dominant role in
the energy spectrum due to the strong dependence of the ioniza-
tion probability on the electric field amplitude. Figure 6 shows the
electric field and the vector potential of a four-cycle laser pulse
with w = 0. Therefore, interference structures in Figure 5e and
5g (Fig. 5f and 5h) result from the interference between the elec-
trons emitted at two different times with the same momentum as
marked by the open circles (full black circles) lying in the red
(black) lines in Figure 6. From Figures 5 and 6, it can be seen
that the intra-cycle interference plays an important role in the
photoelectrons ionization process in few-cycle laser pulses.

The difference between the interference patterns in the nega-
tive (Fig. 5e) and positive (Fig. 5f) directions results from the dif-
ferent energy-dependent time interval in two different directions:
the time interval decreases with increasing energy in Figure 5e
(Fig. 5g) but increases with increasing energy in Figure 5f
(Fig. 5h). Clearly, this interference mechanism is only applicable
when the semiclassical picture of the ionization process is valid,
which is only available in the tunneling regime. From Figure 5e
and 5f, we can see that this mechanism is also approximately
valid when γ∼ 1.

Figure 7 shows the energy spectrum and the time-energy dis-
tribution of electrons ionized by the laser pulse with the same
parameters as those in Figure 5e, except for w = 0.5π. The pattern
of the electric field with w = 0.5π is different from the case of w =
0. Consequently, the ionization strips appear at t∼1.5, 2.0, and 2.5
o.c., which still agree with the semiclassical relationship given by
Eq. (17) (dashed line). Because of the appearance of more ioniza-
tion strips in Figure 7, the interference structures become more
complicated compared with the case of w = 0 shown in
Figure 5e. However, the interference mechanism appearing in
Figure 7 is still the same as the case of w = 0. It is expected that
the structures located at times t∼ 1.75 and 2.25 o.c. in Figure 7
are similar to those in Figure 5e and 5f, respectively. In addition,
the spectra of electrons emitted in both negative and positive

directions are identical for the case of w = 0.5π, consistent with
the ionization probability distribution and electric field amplitude
and vector potential given in Figure 4f (the electric amplitude and
the vector potential satisfy E(t) = E(4T− t) and A(t) = −A(4T− t),
respectively).

Results for emission in direction perpendicular to the laser
polarization
In the transverse direction, the dynamic behavior of photoelec-
trons is mirror symmetric in the two opposite directions (Θ =
90° and 270°) perpendicular to the polarization (Guo et al.,
2017). Therefore, here we only give the calculations for one
fixed emission direction of Θ = 90°.

Figure 8a and 8b are the time-energy distribution and the
energy spectrum of electrons emitted in the direction vertical to
the polarization by a four-cycle laser pulse with w = 0. The time-
energy distribution (Fig. 8a) is calculated by Eq. (12) for Θ = 90°.
After integrating the time-energy distribution over t, we obtain
the energy spectrum given in Figure 8b. For comparison, we
also give the absolute amplitude of the electric field as displayed
in Figure 8a. From Figure 8, one can find that the ionization strips
mainly appear at times t∼ 1.75 and t∼ 2.25 o.c. and the interfer-
ence structure appears at time t∼ 2.0 o.c.. These characteristics
are the same as that in the polarization direction as shown in
Figure 5e and 5f. However, there are two features different from
the case of the parallel direction: the ionization strips in
Figure 8a are almost perpendicular to the time axis and the energy
interval between constructive (or destructive) interference in the
interference structures in both time-energy and energy distribu-
tions (see Fig. 8) is 2ω.

The differences mentioned above can be explained based on
the semiclassical theory. According to the semiclassical picture,
the electrons ejected at times when the amplitude of the laser
field is maximal, regardless of the direction of the electric field
vector, have only transverse momentum component (zero longi-
tudinal momentum component since p|| =−A(t) = 0). Meanwhile,
the ionization probability is strongly dependent on the amplitude
of the laser field. Therefore, the ionization strips appear at
moments when the electric field is close to its maxima per half
cycle, such as t∼ 1.75 and ∼2.25 o.c.. Furthermore, with increas-
ing final kinetic energy, the ionization moments are almost

Fig. 6. Electric field and vector potential of a four-cycle laser pulse. From Guo et al.
(2012).
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constant as shown in Figure 8a, leading to the strips vertical to the
time axis. The interference structure at t∼ 2.0 o.c. comes from the
interference between electrons ionized at t∼ 1.75 and 2.25 o.c.
with the same momentum, which has the same interference
mechanism as that described in Figure 5. Due to the ionization
strips located at t∼ 1.75 and 2.25 o.c. as shown in Figure 8a,
the time interval related to interference structures is fixed and
thus leads to the interference structure with fixed energy spacing.
In addition, there are two additional interference structures
located at t∼ 1.5 and 2.5 o.c. in Figure 8a, respectively. They pos-
sess the same interference mechanism as that located at t∼ 2.0
o.c..

Let us take the structure located at t∼ 1.5 o.c. as an example. It
results from the interference between electrons generated at t∼
1.25 and t∼ 1.75 o.c. It is noteworthy that the fringes of the inter-
ference at t∼ 1.5 and 2.5 o.c. are inclined while fringes are hori-
zontal at t∼ 2.0 o.c.. The inclination (horizontal) of the fringes is
owing to the fact that the electric field strengths at t∼ 1.25 and
t∼ 1.75 o.c. (t∼ 1.75 and t∼ 2.25 o.c.), which are related to the
interference structures, are unequal (equal) and thus lead to
unequal (equal) ionization probability of electrons. Moreover,
the positions of the constructive and destructive interferences in
Figure 8a are in agreement with the maxima and minima in the
energy spectrum displayed in Figure 8b, respectively. This indi-
cates that the contribution of electrons emitted in the times rang-
ing from t∼ 1.5 to 2.5 o.c. to spectra is dominant, while the
contribution of electrons emitted in other regions, such as t <
1.5 o.c. and t > 2.5 o.c., to the final spectra is negligible due to
the lower electric field strength.

The same calculations as shown in Figure 8 are performed in
Figure 9 except w = 0.5π. The time-energy spectrum and the
energy spectrum are displayed in Figure 9a and 9b, respectively.
The dashed line in Figure 9a represents the absolute amplitude
of the field. Because of the change of the pattern of the laser
field comparing with the case of w = 0, three vertical ionization
strips occur at t∼ 1.5, 2.0 and 2.5 o.c. when the laser field is
close to maximum. The interference structures symmetrically
appear at t∼ 1.75 and 2.25 o.c., respectively, of which the reason

of the inclined fringes is the same as that located at t∼ 1.5 o.c. in
Figure 8a. Moreover, the positions of the destructive and con-
structive interference structures (Fig. 9a) are in good accordance
with the minima and maxima in the energy spectrum (Fig. 9b),
respectively. The corresponding energy interval of both two distri-
butions are also about 2ω. Furthermore, the structure in Figure 9a
is time-symmetrical, which is different from that in Figure 7 for
the case of the polarization direction. This indicates that the ion-
ization yield in the transverse direction is dependent on the mag-
nitude but not the sign of the electric field.

Two-dimensional momentum spectra corresponding to calcu-
lations shown in Figures 8 and 9 are plotted in Figure 10a and
10b, respectively. The momentum spectra are calculated by inte-
grating Eq. (12) over time t for the values of Θ varying from 0°
to 180°. Comparing Figure 10a with Figure 10b, one can find
that a clear carpet-like pattern structure is exhibited in
Figure 10b as marked by a dotted box, which shows a regular
grid of alternate maxima and minima interference peaks [see
Korneev et al. (2012) for detailed descriptions]. However, the
carpet-like pattern in Figure 10a is not distinct, the reason of
which mainly owes to the spatial asymmetry of photoelectrons
emitted, making the carpet-like structure difficult to be distin-
guished. Nevertheless, for a fixed direction, for example, for the
emission in the transverse direction (along the dashed line in
Fig. 10a, the maxima of the momentum spectrum perfectly corre-
spond to the peaks in the energy spectrum shown in Figure 8b.
The strips in Figure 10 are almost vertical, which are consistent
with the pattern resulting from intra-cycle interference in Arbó
et al. (2012).

From Figures 8 and 9, it can also be clearly seen that structures
in both the time-energy distribution and the energy spectrum
come from intra-cycle interference and are dependent on the
CEP. In contrast to that in the polarization direction, the interfer-
ence structure has equal interference interval, leading to the
energy spectrum with fixed energy separations of 2ω.

Figure 11a and 11b display the time-energy distribution and
the energy spectrum of electrons emitted in the laser field with
the same parameters as those in Figure 9 except for the pulse

Fig. 7. Time-energy distribution and energy spectrum (solid line) in four-cycle laser
pulses with parameters as those of Figure 5e, except for w = 0.5π. The dashed line
denotes the semiclassical curve of p2/2 = A2(t)/2. From Guo et al. (2012).

Fig. 8. Time-energy distribution (a) and energy spectrum (b) for electrons emitted in
the transverse direction in a four-cycle laser pulse with the CEP w = 0 and wavelength
800 nm. The absolute amplitude of the laser field is denoted by dashed line. Data
from Guo et al. (2017).
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duration of 20 optical cycles. The energy spectrum consists of reg-
ular main peaks with series of subpeaks. In contrast to the energy
spectrum in the polarization direction (see Fig. 3b), the energy
interval in the energy spectrum (Fig. 11b) is 2ω, which is the
same as that in the few-cycle laser pulse. The time-energy distri-
bution (Fig. 11a) shows many crescent structures which are con-
sistent with the time-varying kinetic energy curves (solid lines)
given by Eq. (17). As displayed in Figure 11a, the crescent struc-
ture consists of the ionization strips which occur when the electric
field reaches the maxima of its magnitude per half-cycle, regard-
less of the its direction. The origins of both the subpeaks in the
energy spectrum and the crescent substructures in the time-
energy distribution in Figure 11 are the same as that in the polar-
ization direction, which are due to the interference between the
electrons generated at the two same intensities on the rising
and falling edges of the laser pulse.

By comparing the time-energy distribution (Fig. 11a) and the
energy spectrum (Fig. 11b), one can find that the main peaks in
the energy spectrum are the ATI peaks with even N while the ATI
peaks with oddN become into series of subpeaks which are marked
by arrows in Figure 11b. This is due to the fact that, as shown in
Figure 11a, whenN is an even, there are always positive interference
strips between two adjacent ionization strips. Consequently, after
integrating the time-energy distribution in Figure 11a over time,
only ATI peak with even value of N in Figure 11b can be clearly
seen because of the constructive interference. When N is odd,
there are alternative positive and negative interference strips.
Hence a series of subpeaks appears due to constructive and destruc-
tive interference in the integration over time. The reason of appear-
ance of the positive (negative) interference strips described above
can be further interpreted based on the saddle-point method
(Korneev et al., 2012). It is well-known that there are two complex
saddle-point times t1 and t2 within one optical cycle, which satisfy
Re[vt1] = 2p− Re[vt2] and Im[vt1] = Im[vt2]. For electrons
emitted in the transverse direction, when the ground state has an
even-parity, these two quantum trajectories will interfere construc-
tively (destructively) for even (odd) N of absorbed photons (see
Korneev et al. (2012) formore details). Apparently, this interference

belongs to intra-cycle interference because the interval between two
ionization times is less than one cycle. From Figure 11a, the inter-
ference characteristics from inter-cycle and intra-cycle interfer-
ences can be clearly and intuitively displayed in the time-energy
distribution.

Results in elliptically and circularly polarized laser fields

In order to check rigorously the principle of the “attoclock” tech-
nique, the time-emission angle distribution, ionization time distri-
bution and angular distribution for elliptically and circularly
polarized fields are calculated using both the WDL function
and semiclassical theory (Guo et al., 2019). By comparison
between these two results, we can obtain the offset angle in the
angular distributions and the offset time in the ionization time
distributions. In this section, the results calculated by the WDL
function are also called quantum results in order to be distin-
guished from the semiclassical calculations.

Results for elliptically polarized few-cycle laser pulses
We consider an elliptically polarized six-cycle laser field pulse
with peak intensity of 1 × 1014 W/cm2 and ellipticity ϵ = 0.882
(Guo et al., 2016, 2019). The semiclassical method in this section
is based on the ADK model (Brabec et al., 1996; Hu et al., 1997;
Hao et al., 2011) without taking into account the ionic Coulomb
potential, which corresponds to the SFA model considered in our
calculation. The ionization rate of the ADK model is obtained
using Eq. (21) of Krainov (1997) in which the Coulomb correc-
tion is dropped since the ionic Coulomb potential is neglected
in our calculation, which has a form as follows:

P(t)/ E(t)1.5e−(2/(3E(t))). (20)
The initial momentum at the tunnel exit is considered by the

factor E(t)−(m/2)e−(p20/|E(t)|) [E(t) is the laser field amplitude] (Hao
et al., 2011). The ionization rate after considering the initial
momentum distribution is obtained by multiplying Eq. (9) by
the above factor. It should be noted that the factor E(t)−(m/2) is
the normalization factor for the integral over the momentum.
When only initial transversal momentum and both the initial
transversal and longitudinal momenta are considered, we take
p0 = p0⊥, m = 1 and p20 = p20⊥ + p20||,m = 2, respectively. Here,
p0|| and p0⊥ are the initial momentum parallel and perpendicular

Fig. 9. Time-energy distribution (a) and energy spectrum (b) for electrons ejected in
the transverse direction in a four-cycle laser pulse with the CEP w = 0.5π and wave-
length 800 nm. The absolute amplitude of the laser electric field is denoted by
dashed line. Date from Guo et al. (2017).

Fig. 10. Momentum distributions obtained by integrating Eq. (12) over t for the values
of Θ varying from 0° to 180° with the same laser parameters as those of Figure 8 and
Figure 9, respectively. From Guo et al. (2017).

456 Li Guo et al.

https://doi.org/10.1017/S0263034619000569 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034619000569


to the direction of laser field polarization, respectively. For clarity,
we label the two different semiclassical methods according to the
different initial momentum adopted as ADK⊥ for the former and
ADK⊥,|| for the latter one.

Figure 12 shows the calculation of the time-emission angle dis-
tribution for H atoms in a six-cycle laser pulse with the CEP w =
0.5π for four different optical frequencies. The distributions in
Figure 12 are obtained by Eq. (14) (see Fig. 12a, 12c, 12e, and
12g) and by semiclassical theory with ADK⊥,|| (see Fig. 12b,
12d, 12f, and 12h), respectively. For the semiclassical calculation,
all distributions with different laser frequencies look similar- two
main peaks located at [Θ, t]∼ [0(2π), 2.75o.c.] and [π, 3.25 o.c.]
and two additional small peaks at t∼ 2.3 and 3.7 o.c. (not
shown in Fig. 12f and 12h) which correspond to the secondary
peaks of the field amplitude. This is expectable since the ioniza-
tion is independent of the frequency in the quasistatic tunneling
picture. In contrast, for the quantum calculation, the time-
emission angle distribution shows a clear transition with decreas-
ing laser frequency. For ω = 0.5 a.u. (γ = 9.36), one can find that
the structure with a main peak at∼ (1.5π, 3 o.c.) and the other
smaller peaks (Fig. 12a) is totally different from the semiclassical
calculation (Fig. 12b). When the laser frequency decreases to ω =
0.182 a.u. (γ = 3.4), the distribution (Fig. 12c) is already similar to
the structure of the semiclassical calculation (Fig. 12d). When the
laser frequency further decreases to ω = 0.05691 a.u. (γ = 1.07)
and 0.035 a.u. (γ = 0.66), the quantum results more and more
mimic the semiclassical results. Therefore, Figure 12 demonstrates
a transition from the multiphoton regime to the tunneling regime
in the elliptically polarized laser field, which is consistent with the
case of the linearly polarized laser field as shown in Figure 5.

To quantitatively investigate the accuracy of the semiclassical
theory and validity of the attoclock technique, we then calculate
the angular distribution W(Θ) by integrating the time-emission
angle distribution over time t [namely Eq. (16)] and compare
the quantum calculations with the semiclassical ones in
Figure 13. All the angular distributions calculated by the semi-
classical model (dashed dotted lines) show a double-peak struc-
ture, which is symmetrical with respect to the angel Θ = 1.5π, in

accordance with those shown in Figure 12b, 12d, 12f, and 12h.
However, the widths of the angular distributions become more
and more broad with the increasing frequency. We also give the
results obtained by ADK⊥ (dotted lines), which also display a
symmetric double-peak. The distinct feature different from the
distribution gained by ADK⊥,|| is that the width of the angular dis-
tribution hardly depends on the frequency. By comparing
between these two kinds of ADK calculations, we can infer that
the initial longitudinal momentum distribution can cause broader
width of the angular distribution, resulting in the difference
between these two ADK calculations which becomes larger
when the frequency increases.

Similar to Figure 12, the quantum calculations also clearly
show a transition from the multiphoton regime to the tunneling
regime with decreasing laser frequencies comparing with the
semiclassical calculations. For ω = 0.5 a.u., the angular distribu-
tion shows two peaks at the emission angles of Θ = 0.5π, 1.5π,
which is completely different from the semiclassical calculations
obtained by ADK⊥,|| and ADK⊥ (see Fig. 13a). For ω = 0.182
a.u., the angular distribution in the quantum calculation also
shows a double-peak pattern with peak positions close to the
semiclassical distributions (see Fig. 13b). When the frequency
decreases further, the quantum distribution becomes more and
more close to the semiclassical calculations (see Fig. 13c and
13d), however, the widths of the quantum distributions are
wider than the semiclassical ones and positions of peaks in the
quantum and semiclassical calculations are still noticeable differ-
ent (here, we define the difference between the peak positions in
the angular distribution calculated by the quantum theory and
ADK models as offset angle denoted by ΔΘ). Moreover, the effect
of the initial longitudinal momentum of the photoelectron, which

Fig. 11. Time-energy distribution (a) and energy spectrum (b) for electrons emitted in
the transverse direction in a 20-cycle laser pulse with CEP w = 0.5π and ω = 0.05691
a.u.. The time-dependent final kinetic energy (solid lines) are calculated by Eq. (17)
for the different number N of absorbed photons as marked in the panel (a). Data
from Guo et al. (2017).

Fig. 12. Time-emission angle distributions in a six-cycle laser pulse with the CEP w =
0.5π for different laser frequencies ω=0.5 a.u. ((a) and (b)), 0.182 a.u. ((c) and (d)),
0.05691 a.u. ((e) and (f)) and 0.03502 a.u. ((g) and (h)). Peak intensity I = 1 × 1014

W/cm2 and the ellipticity ϵ = 0.882. Quantum results: (a), (c), (e), and (g); calculations
of the semiclassical theory with ADK⊥,‖: (b), (d), (f), and (h). From Guo et al. (2019).
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is considered as the non-adiabatic effect in the tunneling ioniza-
tion process (Pfeiffer et al., 2012b; Teeny et al., 2016; Camus et al.,
2017) can also be clearly seen in Figure 13. For the lowest fre-
quency ω = 0.03502 a.u., the two different semiclassical calcula-
tions (ADK⊥ and ADK⊥,||) can hardly be distinguished. For ω
= 0.05691 a.u., the distribution of ADK⊥,|| becomes wider than
that of ADK⊥ and is gradually close to the quantum distribution.
The difference between two semiclassical calculations becomes
larger when the frequency increases to ω = 0.182 a.u., however,
the distribution of ADK⊥,|| becomes even wider than the quantum
distribution. This is understandable since it is already in the mul-
tiphoton regime (γ = 3.4), the non-adiabatic effect cannot be
treated properly by the semiclassical model.

Moreover, we calculate the ionization time distribution P(t) by
integrating the time-emission angle distribution over angle Θ and
the results are depicted in Figure 14. For the semiclassical simu-
lation, the ionization time distributions obtained by both
ADK⊥,|| and ADK⊥ are the same since the initial momentum dis-
tributions in two calculations are both normalized. Furthermore,
it is expected that the ionization probability is only dependent on
the electric field strength but independent of the laser frequency.
As shown in Figure 14, the ionization time distributions obtained
by the semiclassical methods (black solid line) exhibit a
double-peak structure for the time range from t = 2.5 to 3 o.c.
and are indeed independent of the laser frequency, whose peak
positions correspond to the maxima of the electric field strength
(t = 2.76746 and 3.23254 o.c.). For the quantum calculation, the
distributions vary with frequency. When the laser frequency is
high (ω = 0.5 a.u.), the ionization time distribution displays a
rather smooth and broad curve with the peak at the center of
the laser pulse. In this regime, the ionization probability more
likely mimics the pulse envelop rather than the electric field,
which is in agreement with the case of a linearly polarized laser
field as shown in Figure 4. For other lower frequencies, all ioniza-
tion time distributions possess a double-peak structure and the
widths of the peaks decrease with decreasing laser frequencies,
becoming progressively close to the semiclassical results.
However, the difference between the positions of peaks in the

ionization time distributions calculated by the quantum method
and semiclassical model still exists (for more details, see
Fig. 15). We define this difference in the ionization time distribu-
tion as offset time denoted by Δt.

In addition, it is well known that for ω = 0.5 a.u. which is
already in the single-photon ionization regime, neither adiabatic
nor non-adiabatic theories can give a proper description of the
process. However, we present this calculation for a systemic inves-
tigation on the comparison between the quantum and semiclass-
ical theories and the main conclusion of “Results in elliptically
and circularly polarized laser fields” section obtained later is
based on the results of lower frequencies.

Figure 15 shows the values of the offset angles (Fig. 15a) and
offset times (Fig. 15b). The offset angles or times are positive
and negative, corresponding to the left and right peaks exhibited
in Figures 13 and 14, respectively. In order to investigate the cor-
respondence between the offset angle and the offset time, we also
give the corresponding offset angle calculated from the offset time
Δt by the relation ωt =Θ. Here we define this angular offset as
ΔΘtime = 2πΔt (Δt in units of o.c.). Similarly, we define the corre-
sponding offset time transformed from the offset angle ΔΘ in the
angular distribution as Δtangle (Δtangle = (ΔΘ/2π)). Figure 15a
shows the offset angles ΔΘ and ΔΘtime for four different frequen-
cies (the result of ω = 0.1 a.u. is also shown here to exhibit the fre-
quency dependence of the offset time and offset angle more
clearly). One can find that the angular offset ΔΘtime is always
smaller than ΔΘ for all frequencies. Figure 15b depicts the offset
time Δt and Δtangle in units of attosecond (as). Some interesting
features can be found in Figure 15b. The offset time hardly
depends on the frequency. When the frequency decreases from
0.182 a.u. to 0.03502 a.u., the offset time Δt only changes from
about 1.8 as to 1.5 as. However, the corresponding offset time
Δtangle varies in a much large range from 0.9 as to 26 as. This
result implies that the offset angle ΔΘ in the angular distribution
does not correspond to the offset time Δt in the ionization time
distribution. So the “attoclock” measurement (Eckle et al.,
2008b) which relies on the correspondence between the offset
angle and the offset time is in principle inaccurate.

Fig. 13. Angular distributions calculated by the quantum theory (solid lines) and
semiclassical theories with ADK⊥,|| (dashed dotted lines) and ADK⊥ (dotted lines)
for different laser frequencies with the same parameters as those in Figure 12.
From Guo et al. (2019).

Fig. 14. Ionization time distributions calculated by the quantum theory and semi-
classical theories with ADK⊥,|| and ADK⊥ (solid line) for different laser frequencies
with the same parameters as those in Figure 12. From Guo et al. (2019).
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It is worthwhile mentioning that for pulses with CEP w = 0.5π,
because the two peaks in the angular (temporal) distribution are
symmetric, the absolute values of the offset angles (times) for the
two peaks are equal. For other CEPs, the two peaks in the angular
(ionization time) distribution become asymmetric and the abso-
lute values of the offsets for these two peaks are not equal.
Another special case is CEP w = 0 (see Fig. 16). In this case, the
maximal ionization rate occurs at the center of the laser pulse
at t = 3 o.c. as shown in Figure 16. Figure 16a and 16b are the
time-emission angle distributions calculated by the quantum the-
ory and the semiclassical theory with ADK⊥,‖, respectively. Both
distributions show one main peak located at [Θ, t]∼ [0(2π), 3
o.c.] and two other peaks at t∼ 2.536 and 3.464 o.c.. Moveover,
the angular distribution and the ionization time distribution are
given in Figure 16c and 16d, respectively. As displayed in
Figure 16c, both angular distributions obtained by the quantum
theory and semiclassical theory show two asymmetric peaks:
one higher peak (namely one main peak) at emission angle Θ =
2π and one lower peak at emission angle Θ = π(3π). The peak
positions of the two peaks calculated by these two methods coin-
cide with each other, which means that the offset angles for the
both higher peak and lower peak are all zero ΔΘ = 0. However,
the ionization time distributions shows a three-peak structure.
For the highest peak at t = 3 o.c. which corresponds to the maxi-
mal field of the laser pulse, the offset time Δt is zero. For the
another two peaks on the both sides of the highest peak, these
peaks are symmetric with respect to the center of the pulse t = 3
o.c. and the absolute values of the offset time are equal |Δt| =
0.004 o.c. (see Fig. 16d).

Results for circularly polarized few-cycle laser pulses
The calculations for circularly polarized laser pulses are shown in
Figure 17. There is only one peak in both the angular and ioniza-
tion time distributions and the peak positions both coincide with
the ADK (solid line) calculations, in agreement with the results of

Torlina et al. (2015). In this case, for any value of the CEP, the
maximum of the laser field corresponds to the center of the enve-
lope. Therefore both the angular and ionization time distributions
also show one peak with Δt = 0 and ΔΘ = 0, which is independent
of the calculation method.

Discussion
In the WDL function, to obtain the ionization time distribution in
the quantum theory, correlation effect must be taken into account.
The ionization probability at moment t is integration of the cor-
relation between the ionization at t + t′ and t− t′ where t′ goes
over the whole laser pulse, which means that the quantum process
is temporally nonlocalized. In contrast, the ionization process in
the semiclassical picture is temporally localized, viz., ionization
at one moment is independent of ionization at other moment.
Therefore, the semiclassical theory is an approximate description
of the photoionization process and, as shown by our calculation,
is usually not quantitatively consistent with the quantum calcula-
tion. The coincidence of the two calculations in some specific
cases is actually accidental and can be attributed to the time-
reverse invariant symmetry of the laser field. For a laser pulse
with CEP w = 0 or a circularly polarized laser pulse with any
CEP, the laser field possesses time-reverse invariant symmetry
with maximum at the center of the laser pulse as shown in
Figure 18. Therefore, the ionization time and angular distribu-
tions are symmetrical and the positions of the peaks (the higher
peak in the elliptically polarized case with w = 0), which are gen-
erated at the maximum of the laser field, are independent of the
calculation method. For CEP w = 0.5π, though the laser field is
also time-reverse invariant, this symmetry cannot ensure the
coincidence between the peaks of different calculation methods
but guarantee that the offsets of the two symmetrical peaks in
both the ionization time and angular distributions are symmetri-
cal (positive and negative but the absolute values are the same, see
Figs. 13–15). Moreover, as mentioned before, the lower peaks in
the angular distribution for two calculations also coincide with

Fig. 15. The values of ΔΘ, ΔΘtime (a) and Δt, Δtangle (b) obtained by different methods
as shown in Figure 12 for four laser frequencies. ΔΘtime (Δtangle) means the angular
(temporal) offset transformed from the offset time (angle) (see text). From Guo
et al. (2019).

Fig. 16. Time-angle distributions calculated by the quantum theory (a) and the semi-
classical theory with ADK⊥,‖ (b) for ω = 0.05691 a.u. Angular distribution (c) and ion-
ization time distribution (d) obtained by the quantum and semiclassical methods.
The parameters are the same as those of Figure 13c except CEP w = 0. From Guo
et al. (2019).
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each other in the case of w = 0 (see Fig. 16c). This is because that
the lower peak in the angular distribution is actually composed of
two halves symmetrical with respect to Θ = π which are generated
by two symmetrical peaks with respect to t = 3 o.c. in the ioniza-
tion time distribution (see Fig. 16d) and this symmetry is inde-
pendent of the calculation method. Moreover, our analysis
indicates that neither the offset time nor the offset angle in the
elliptically polarized laser field can be interpreted as the tunneling
time delay. These offsets, together with the widths of the peaks in
the distributions, however, could be taken as effective measures
for the validity of the semiclassical theory in description of the
ionization process in the laser fields.

Conclusions and outlook

In conclusion, we use WDL function to study ATI of atom in laser
fields with different polarization and pulse durations. We calcu-
late the time-energy distribution and the ionization time distribu-
tion for the linearly polarized laser field and the time-emission
angle, the ionization time, and the angular distributions for ellip-
tically polarized few-cycle laser fields. For linearly polarized
multi-cycle laser pulses, the time-energy distribution shows cres-
cent structures, the positions of which can be well predicted by
energy conservation equation. The sub-crescent structures in
the time-energy distribution correspond to the subpeaks in the
ATI energy spectrum, which can be attributed to the interference
between the electrons ionized on the rising and falling edges of
the laser pulse. For linearly polarized few-cycle laser pulses,
both the time-energy and the ionization time distributions of elec-
trons emitted in the direction of the polarization exhibit a transi-
tion of ionization process from the multiphoton regime to the
tunnel regime with decreasing frequencies (namely decreasing
Keldysh parameter). Accompanying this transition, the semiclass-
ical picture of the ATI process, based on a correspondence
between the final drift momentum and the ionization moment,
becomes progressively valid and is consistent with the time-
energy distribution in the tunneling regime. Meanwhile, the pho-
toelectron energy spectrum is more and more dependent on emis-
sion direction of the photoelectron and CEP of the laser field.
Furthermore, The time-energy distributions of electrons emitted

in the direction perpendicular to the polarization show distinct
interference structures with regular energy separation of 2ω,
which are consistent with the corresponding energy spectra.
These interference structures can be attributed to the intra-cycle
interference between electrons ejected at times when the laser
field is close to its extreme, which is the reason that results in
the carpet-like pattern in the momentum spectrum.

For elliptically polarized few-cycle laser pulses, the time-
emission angle distribution, the angular distribution and the ion-
ization time distribution of atoms are calculated by using both
WDL function and semiclassical theory. All distributions gained
by WDL function are usually not in quantitative agreement
with the semiclassical model calculations except in some specific
cases for example, the cases of an elliptically polarized pulse with
w = 0 and a circularly polarized pulse with any value of w.
Moreover, we find that the offset angles are generally not in con-
sistent with the offset times, indicating that the attosecond angu-
lar streaking technique is in principle inaccurate. Our result
clearly shows the applicability and limit of the technique, which
is important for interpretation and understanding of relevant
experimental and theoretical results.

As shown above, the WDL function provides a useful tool for
analysis of time-related problems in atomic photoionization pro-
cess in intense laser fields. Next, it can be extended to study rel-
evant processes in molecules, which possess more complexities,
for example, alignment, multi-center, and multi-orbit effects
and so on. Furthermore, the extension to include rescattering is
another interesting and important work to be addressed. Taking
into account the second term, that is, the rescattering term, in
the S-matrix expansion, the WDL function can be applied to
investigate time-related problems in the rescattering process like
plateau and cutoff in high energy ATI, resonance-like enhance-
ment structure and low-energy structure and so on.
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Fig. 17. Angular (a) and temporal (b) distributions obtained by the quantum and
semiclassical methods for a circularly polarized laser pulse. The parameters are
the same as those of Figure 16 except CEP w = 0.5π. From Guo et al. (2019).

Fig. 18. Square of electric field of elliptically and circularly polarized laser pulses.
From Guo et al. (2019).
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