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SUMMARY

The consensus of higher-order nonlinear heterogeneous multiagent systems with matched and
unmatched uncertainties is studied in this paper. The distributed observer-based controllers for mul-
tiagent systems are achieved using a fixed-time sliding mode controller based on the disturbance
observer. For this purpose, the disturbance observers are designed for finite-time estimation of
matched and unmatched uncertainties. Using the estimated values, the fixed-time distributed slid-
ing mode controllers are designed and the consensus protocol is achieved. In this regard, a theorem
is proved, which guarantees the fixed-time convergence of consensus errors. The effectiveness of the
proposed distributed controllers has been validated through simulations for two robotic multiagent
systems and a numerical example.

KEYWORDS: Fixed/finite-time stability; Consensus; Nonlinear heterogeneous multiagent systems;
Disturbances observer; Matched and unmatched uncertainties; Robotic multiagent systems.

1. Introduction
A multi agent system (MAS) consists of several agents, and each agent is linked to other agents
through a communication topology. Agents work together to solve a problem that is impossible or
difficult to solve by a single agent. In recent years, multiagent systems have been widely considered.
One of the reasons for paying attention to multiagent systems is their abilities to describe many
practical systems and their applications in various fields such as mathematics, physics, computer
sciences, social sciences, aerospace, etc. In addition, many complex systems can be considered as a
network of several agents such as transportation networks, power networks, and mobile networks.!
Many types of research, such as cooperation, coordination, solving distributed problems, con-
sensus, and formation control, have been studied for multiagent systems. One of the important and
significant discussions regarding multiagent systems is the issue of consensus. The consensus prob-
lem can be applied in many areas, such as unmanned air vehicles, autonomous underwater vehicles,
sensor networks, and robotics.>= In fact, when all agents in a multiagent system converge to a cer-
tain value, despite unforeseen changes, the consensus is achieved.® To reach consensus, an algorithm
is needed to guarantee the agreement between the agents. The design of distributed control laws to
achieve consensus depends on a variety of factors like dynamics of agents, consensus rate, and agreed
value.
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1606 Observer-based consensus of higher-order nonlinear heterogeneous multiagent systems

In terms of consensus state, the multiagent systems have been divided into two groups of leader—
follower and leaderless consensus. For leaderless consensus, the final agreed value of agents usually
depends on the initial values of the agents,” and in the leader—follower consensus, the final agreed
value is the leader’s mode. The leader can be virtual or real. If one of the agents is considered to
be a leader, the leader is real. In this case, the rest of the agents are followers. Moreover, the leader
may be virtual. For example, a reference signal can be considered as a leader.® The leader’s behavior
affects the performance of the followers; however, it is not influenced by the follower’s behavior.

One of the critical elements in solving the consensus problem is the consensus rate. Considering
this, the consensus problem is classified into two groups: asymptotic and finite/fixed-time consensus.
In an asymptotic consensus, the error between the system states and the agreed value decreases as
time goes to infinity. In the past decades, much progress has been made on the asymptotic consen-
sus problem of multiagent systems with different dynamics and different topologies.”'° In practical
systems, it is desirable to achieve consensus in the shortest time and with the least error. Therefore,
the finite-time consensus is preferable to the asymptomatic consensus. In a finite-time consensus,
the error between the system states and the agreed value is exactly zero after a finite time and the
multiagent system is more robust against disturbances. Due to these characteristics, the finite-time
consensus has progressed in many aspects in recent years. Finite-time consensus for the nonlin-
ear higher-order multiagent system with uncertainties has been addressed in ref. [11]. Finite-time
observer-based consensus for the second-order multiagent system with external disturbances was
presented in ref. [12]. The authors of ref. [13] investigated the finite-time consensus problem for
event-triggered multiagent systems.

In the finite-time consensus, the settling time depends on the initial value of states. In order to
conquest this problem, the fixed-time consensus was studied. The fixed-time consensus problem
with switching topology was addressed in ref. [14]. The robust fixed-time consensus problem for
nonlinear multiagent systems with external disturbances, under a weighted undirected topology, was
presented in ref. [15]. The adaptive fixed-time consensus problem for the second-order multiagent
system is discussed in ref. [16]. In ref. [17], this issue was studied for integrator-type multiagent
systems.

The existence of uncertainties, due to model uncertainties and external disturbances in the dynam-
ical model of the agents, is one of the challenging issues in solving the consensus problem. In order
to achieve robust performance, uncertainties should be considered in the design procedure. Many
references have been made to resolve the consensus problem in the presence of uncertainties; how-
ever, in most of the references, the authors considered only the matched uncertainties.'8-2° Matched
uncertainty enters in the channel where the input is located. In many practical systems, uncertainties
can appear on other channels, which are referred to as unmatched uncertainties. Different approaches
have been proposed to solve the consensus problem in the presence of unmatched uncertainties.?!>2?
One of these approaches is the use of disturbance observers.?>>” The authors of refs. [23,24] studied
the asymptotic consensus problem with unmatched uncertainties for linear multiagent systems. The
finite-time consensus for linear multiagent systems with unmatched uncertainties was discussed in
ref. [25]. The asymptotic consensus for a nonlinear multiagent system subjected to unmatched uncer-
tainties has been presented in ref. [26]. The finite-time consensus for nonlinear multiagent systems
in the presence of matched and unmatched uncertainties was proposed in ref. [27].

On the other hand, most of the researches have been devoted to the consensus problem in
multiagent systems with identical agents or homogeneous multiagent systems. While in practical
applications, agents usually have different dynamics and so-called heterogeneous multiagent sys-
tems. Some types of research have addressed the consensus problem for heterogeneous multiagent
systems. The consensus problem for linear heterogeneous multiagent systems was investigated in
refs. [28,29]. References**>* addressed the consensus problem for nonlinear heterogeneous mul-
tiagent systems. However, none of these references have considered unmatched disturbance in the
dynamical model of agents. There are few works investigating the consensus problem for higher-
order nonlinear heterogeneous multiagent systems with unmatched disturbance. For instance, in
ref. [34], the authors addressed the consensus problem for these systems; however, it can only
guarantee the asymptotical convergence of consensus error.

As stated, the settling time in the fixed-time consensus does not depend on the initial value of
states and consensus occurs at a specific time. In some practical applications, we tend to achieve a
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precise settling time that is independent of the initial conditions. Furthermore, most practical systems
are subject to matched and unmatched disturbances. Therefore, it is necessary to solve the consensus
problem for nonlinear heterogeneous multiagent systems in the presence of matched and unmatched
disturbances.

To the best of the author’s knowledge, design of distributed controllers based on the disturbance
observers to achieve the fixed-time consensus in the presence of both matched and unmatched uncer-
tainties has not been studied in the literature for higher-order nonlinear heterogeneous multiagent
systems. This paper considers this issue.

In this paper, for solving the fixed-time consensus problem, two steps are considered. The first
step is to estimate the matched and unmatched uncertainties of agents using the distributed finite-
time disturbance observers. Then, the robust distributed controllers are designed based on the sliding
mode approaches such that robust consensus is achieved in fixed time in spite of unknown terms,
nonlinear, and heterogeneous dynamics of agents. Since the traditional sliding mode controller has
robust manner facing matched uncertainties, the sliding mode technique is modified using the esti-
mated values of uncertainties such that the new sliding mode controller is robust against both matched
and unmatched uncertainties. For this purpose, new sliding manifolds are suggested and a theorem,
which guarantees the fixed-time convergence of consensus errors, is given and then is proved. Finally,
simulations are presented for two robotic multiagent systems and a numerical example to show the
effectiveness of the designed distributed controllers.

The rest of this paper is organized as follows: the preliminaries and some definitions are provided
in Section 2. The problem statement is given in Section 3. The main ideas are proposed in Section 4.
Computer simulations are provided in Section 5 to verify the theoretical results. Finally, conclusions
are given in Section 6.

2. Preliminaries

2.1. Graph theory

Consider an MAS consisting of a leader and N followers. A graph G(V, E, A) can be used to show the
relation in the MAS where V ={0, 1, ..., N} is the collection of nodes, ECV x V{(i,j) € V x V}
denotes the set of edges (where (i, j) € E if the agent can obtain data from the agent j else (i, j) ¢ E).
Moreover, A = |_a,»jJ € RV*N is the weighted adjacency matrix. If (i, j) € E, then a;; =1 else a;; =0.
Besides, it is supposed that a; = 0. Also, L = LlljJ € RV*N =D — A is the Laplacian matrix, where
D =diag{d",d*, ..., d"} and d' = Zjvzl a;;. The diagonal matrix B = diag{b', b*, . .., b"} denotes
the relationship between the leader and followers. If the agent i is linked to the leader then b’ =1
otherwise b’ = 0. It is supposed that at least one follower node has linked to the leader node.

Definition 1. Consider a dynamical system x = f(x), where f(0) =0 and f : D — R" is con-
tinuous on an open neighborhood D C R" of the origin. The zero solution of this system is said to be
finite time stable if the solutions of x(¢) reach to zero in finite time 7T (i.e., lin} x(t) =0, where T is

—

the settling time).

Lemma 1. Consider a system X =f(x), where f(0) = 0. If there exist a positive definite func-
tion V(x):D — R and positive constants o and 0<q <1 such that V(x) < —wV4, then the zero
solution of this system is finite-time stable and the settling time T satisfies T (x() < w(ll—q) V(xg) 179,
If V(x) is radially unbounded, then the zero solution is globally finite-time stable.

Definition 2.>° The zero solution of system X =f(x) with f(0) =0 is said to be fixed-time
stable, if it is finite-time stable and the settling time function 7 is bounded and independent from the
initial states.

Lemma 2.3¢ Consider a system X =f(x), where f(0) = 0. If there exist a positive definite
function V(x):D — R and constants ¢, ¢, x, «,t >0, where xk<1, kxt>1 such that V(x) <
—[c VX + ¢V¥], then the zero solution of this system is fixed-time stable and the settling time T satis-
fies T < ﬁ + m If V(x) is radially unbounded, then the zero solution is globally finite-time
stable.
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Lemma 3.%7 Consider the following system

X1 =X
)62 = X3
(D
Xp—1 =X,
Xp = u(x)
where x =[x1, X2, ..., x,]° € R* and u(x) € R. The considered system is fixed-time stable if the
controller u is designed as below:
w0 == D" (s )+ sgn’ (i) + s () @)
m=1
where ., and [L,, are satisfying the following relations:
Iz , 2—p
n—k = = k=0,...,n—1 3
where u € (o, 1) and a € (%, 1). Furthermore, the parameters \,, for m=1, ..., n are chosen

such that the polynomials (s” F s A )\1) and (s" + 30,8 3hs + 3A1)
both be Hurwitz.

Notation 1. In this paper, sgr”(x) is defined as |x|"sgn(x).

3. Problem Statement
Consider a multiagent system with N + 1 agents consisting of one leader and N followers labeled by

Oandi=1, ..., N, respectively. The dynamical equation of the leader is considered as follows:
)&81=x21+1 m=1,2,...,n—1
0= )
W =x

where x° = [x(l), xg, cel, xB]T e D CR" and yo € R are the state vector and the output of the leader,

respectively. Moreover, u’ € R is the control input of the leader. The dynamical equations of the ith
follower are described as:

Gy = X1 6,6, 1) m=1,2,....,n—1
#o=f (1) F 8, 0 R i=1,2,.. N 5)
Y =x

where x' = [X’i, xg, cee xﬁ,]T € D CR" is the state vector, u'(f) € R is the control input, /' is a con-

stant, and f’ € R is the nonlinear known function of ith follower, which may be different in each
follower. This leads to multiagent systems with nonlinear and heterogeneous dynamics of agents.

The unknown parameters 8, for (m=1,2, ..., n) have been lumped together with various uncer-
tainties due to model simplification, parameter uncertainties, and/or external disturbances. Moreover,
S n=[8&0,...,8 & n1" e R~ and 8! (x', 1) € R represent the unmatched and matched

model uncertainties, respectively. Furthermore, y' € R denotes the output of the ith follower.

In this paper, the goal is to design distributed control laws based on the sliding mode approach for
the considered multiagent system, such that the outputs of the followers track the output of the leader
in the presence of the matched and unmatched uncertainties and external disturbances in a fixed time.

4. Main Result

In this section, the robust distributed controllers are proposed such that the error vectors converge
to zero in fixed time and the consensus protocol has a robust manner. For this purpose, distur-
bance observers are designed for each follower to estimate the uncertainties. Then, the robust control

https://doi.org/10.1017/50263574719001656 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574719001656

Observer-based consensus of higher-order nonlinear heterogeneous multiagent systems 1609

strategy is proposed to achieve the fixed-time consensus. In this regard, a theorem is presented and
proved.

The consensus error vectors, o' = [Q’i, Qé, e, QZ]T fori=1,2,..., N, are defined as follows
based on the given information in the connected graph G(V, E, A).

0 dedl] e
. ) . ) 0
05 N X, — x; ; Xy — X,
' =2Lﬂg _ +b . (6)
0, xi—xi xi—x0
It can be rewritten as below:
) N . ) o
i S| ici L0
0 _Zj:1 aj (x' —x7) + b'(x' —x°) @)

Therefore, according to Egs. (4) and (5), the dynamical equations of the ith vector of the consensus
errors are achieved as:

o X+ 8 —x— 5 X+ 8} — 2
o N X+ 85 —x] — 8 | A+s -
:Z. aij +o ®
j=1 : .
o Fi+ 8+ b —f — 8] — hiwd i+ 8 +hiu —u°

Eq. (8) can also be described as follows:
é£n=Q£n+l+gfn m=1,2...,n—1

o= (P + S0 ay) (F 4 85+ i) = 0L, ay (74 8+ ) — b

where &, = 8i, (0 + L)L a) — LI, 4y,
The following finite-time nonlinear disturbance observers are designed for each agent to estimate

their uncertainties:

= Mo + 85, 1)

)211 = 77fnl
(10a)
Erln(n—mﬂ) = ’ﬁn(n—mﬂ)
i . . 1 ; . n—m+1 ; . ;
Mo = _rrlno (wril) S ( m0 xin n_m+2> sgn ( m0 xin) + Sml
. ) 1 . . otk . ) .
Mo = _Trlnk(wrln)n R ( S — n;n(k—l) sgn (gr[nk - ”%(k—l)) + gr[n(k+1) (10b)
Mon(n—m 1) = _Trln(nfm+1)wri1sgn (sifn(nfmﬁ»l) ~ Moa(nm)
)Acin = f;o
811'11 = grlnl
Al .
8 ="Em (10c)
;r[tn_m] = é:};1(117m+1)
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where i=1,2,...N,m=1,2,...nand k=0, 1, ,n—m+ 1. Moreover, gm(x u)_xm+1f
m=1,2,...n—1,and g (x', u) =/ (x', 1) + hiu (t) Also, the parameters T, 1 >0 are the observer

Al

coefficients, which are positive constants. Additionally, % , 8;,1, $,, and 8;"” ™ are the estimates of
xi,, 80, 8%, and 81"l respectively. Now, the observer errors (¥, ¥/ ) are defined as:

wrl;10:,\;.n_x£n=$rir10_xfn (11)
= =, g o

where &/ is the estimated value of x',, which is defined in Eq. (10c). Moreover, 815! is the estimate

of 85,[,"_1], which is stated in Eq. (10c). The superscript term, which is in the bracket, is the order of
derivation.
Using Egs. (5), (10), and (11), the dynamical equations of observer errors are obtained as follows:

nom+l . :
”’"’L) 581 (Vo) + Yo

Vo=~ (@) (o
n—m+1—k

ik =~ Tt (@,,) 7 (W&k wm(k 1 | k) 8 (Yot = Vi) + Vi) (13)
1tblrln(n—m+1) € _Trln(n—m—kl)wrilsgn (wrln(n—m+1) - 1i[/rln(n—m)) + [ ZD_m’ w ]

It is shown in ref. [38] that the observer error dynamics (13) is finite-time stable and there is a finite
time # such that ¥, = 0 for 7 > #.

Now, the task is to design the consensus protocol using the estimated values, such that the con-
sensus errors converge to zero in fixed time. Therefore, we define new consensus errors, using the
estimation of the disturbances, its derivations, and the relations of the consensus errors in (6). The
equations of new consensus errors are obtained as:

0} =0}
0h=0b+6]
Al N
§§=Qé+51+512
PN fori=1,2,....N (14)
94—Q4+3 + 8, + 35

. a1 A~iln—k—1]
0, =05+ 2121 &

where 6 =5 (Z o~ a; + b — Z]_l a,]8 Consequently, the dynamical equations of the new con-
sensus errors are achieved as below:

93—Q3+3 +32

Q4—Q4+5 +82+8

fori=1,2,...N (15)

— gl 4 Y] gk
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Using Eq. (9), one has

A

Gi=di=ch+5 + (5 —-5) =ah +5 -

Gy=0h+8, =0+ 8+ (5 - 8) +5, =a + 8 -5

(16)
0y = (b XL ag) (844 ) = Ly (4 8+ i) — b a4 ) 5
Moreover, using Eq. (13), the above equations can be rewritten as the following structure:
FUNY i N i N j i
O = Ot _(b +Z/‘=1 aij) ml +Zj=1 APy m=1,2,....n-1 (17)

: Z(bi+2;vzlaij> (fi+8;‘l+hiui)_Z;V:laij(fj_i_(gil_'_hju}) bud + 30 l[n k]

where ! =8 — 8! which is defined in Eq. (12).

ml —
In what follows, novel distributed sliding manifolds are constructed based on the new consen-
sus errors. Then, a theorem is given and the robust fixed-time distributed controllers are designed.

Consider the following distributed sliding manifolds (fori=1, ..., N):

! n . P . S
o'=0' +/o Zm:l AL (sgn“m (2,) + sgn' (},) + sgn' (Q,’n))dt (18)

where A’ , u!  and [il are chosen based on the introduced Lemma 3. Using Eq. (17), the time
derivative of the ith sliding manifold is governed as below:

. n . . . . .
51 =8+ 30 My (sen (3L) + sen' () +sen™ (8),))

m=1

n—1 n
=0+ Y0 3, (sente (2) + sen' () + e (34))
k=1

m=1

— (bl + ZJNZI aij) (fl + 8; +hiui) _ Zl\il aj; (fj +8Jn +h/ bl MO + Z l[n k] (19)

n
+ Z AL (sgn’*‘m (é;n) + sgn' (éin) + sgn'n (éin))

m=1
Consequently, Eq. (17) can be rewritten as in the following format:

i

v 4 , (20)
0,=— 2:221 AL (sgn“m ( ) + sgn! ( ) +sgn“m (~ )) + 6!

Theorem 1. Consider the nonlinear heterogeneous multiagent system with Egs. (4) and (5).
The robust distributed controllers (21) guarantee the fixed-time consensus between the followers and
the leader in the presence of unmatched and matched uncertainties.

. . N ‘ N ‘ o ‘
W (t) = (P43 ) () =D ay (f1+ i) = b
ni (b + XL ag) ) )= 2y )
+ (bi + ZjN:l a,-j> 5 — Z]N: a;d) + Z ”’ 94 Z (sgn"i" (2,)
+ sgn! (é,’n) +sgn’15" (éﬁn)) + sgn‘ (ai) + sgn' (O'i) + sgn’ (cri)), i=1,...,N (21)
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where &' :3,’1 (bi + Zjvzl aij) - Z;V | aijd;) 81. The parameters ¢ and d are chosen to satisfy the
following relations:

O<c<1l and d>1 (22)

Proof. Substituting the controller (21) into the time derivative of the ith sliding manifold, one has

&' = —sgn‘ (o) — sgn' (') — sgn’ (o (b’+Z au) 1/fn1+2 agp)  (23)
where
=& =8 =58 -9,

As seen, observer errors are entered in (23). Before preceding the proof, it should be guaranteed that
the observer errors will not drive the sliding manifold dynamics (23) to infinity in finite time. For this
purpose, the following Lyapunov function V'(o*, @') is defined:

Vi (o', 8" —(0) +Z =1,...,N (24)

Taking time derivation of Vi(o, @) yields to:

n—1 N N
Vi=o's" 4+ 00 | 0her — | P+ D ay | Wiy + Y ait
m=1 j=1 =1

n
— 3, Y0k, (sen () +sen' (85,) +sen™ (25,)) + 646

m=1

@)+ (0 + S a) ) (o) + (Sha) QmHy

- ()"
< 5 + 2 +Z}
=1 (ol (b + 2N a 2 m =1 (8, (XL iV 2
+2;(Q) ( 2j1aj> 1 +Z (2/1611 1)
) ) v\ )2
@)+ (Zhm 20 (@) (@) + (S 24 (@2))°
- -
2 2
i n i AN . e » )
N (61" + (e 2, ((2},)" ) . @)+ (o)) N @)+ (o)’
2 2 2
. Ld\2 . . 2 . N2
@+ (@) @+ (P + Xl a) () @)+ (X @)
- - -
2 2 2
<@V 4+T! (25)

where

Ol =3+ A,

m=1
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and

2
N

2
N
Dy=max | (643 ay | (wi) + [ D apws)
=1

J=1

S 0 w) ) e (Shan)” (Sh (@)

+m=1 5 +Z; 5 + >
S (@) (e (00 @y (T @)
N 2( ) +<2>>+(2)+5<92>+( 2 )

The condition (Vi < ©®!V'+TI'!) implies that the sliding manifolds and the state of new error dynam-
ics will not escape to infinity in finite time.?° Since the observer errors converge to zero in finite—time
1; and after that the dynamical equation of the sliding manifolds (23) will be reduced to (26)

6= —sgn’ (O'i) — sgn' (O'i) — sgn® (ori) Vi> t]’c (26)
Now consider the following function as a Lyapunov function candidate for stability analysis of (26),
-1 .9
Vi=5 (o) (27)
2
Taking time derivation of V', one has

=06’ (28)

<.

Replacing Eq. (26) into (28):

o

V =gl (—sgnc (oi) . sgnl (oi) _ sgnd (o'i))

_ _|O_i|c+l _ |O'i|2 . |Oi|d+1 (29)
It yields
. ctl d+1
V< (o) " =l = (o) "
<— (V)7 — (@)% (30)
According to relation (21), one has
Toerl g A1 31)
2 2

Comparing (30) with Lemma 2 results in the satisfaction of the relation ‘L/l < —[g V"4 ¢\7iK]L with

1 d+1
=C; ,K=%,g=¢=c=1 (32)

X

Therefore, the states reach the sliding manifolds in fixed time 7". Moreover, Eq. (20) suffers from dis-
turbance error dynamic (13) and sliding manifold dynamic. Since according to the results of Eq. (25),
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Fig. 1. Communication graph Gj.

Fig. 2. Single-link robot arm.

and the convergence of the sliding manifolds to zero in fixed time 7%, Eq. (20) is reduced to the
following equations for 7° > T*:

é;nzéin.H m=12,...,n—1

4 T § L o (33)
== X (senh (@) +sen' () + 590 (@) VT =T:

According to Lemma 3, the above equation is fixed-time stable. In other words, the consensus error
vectors &' = o4, ..., éZ]T for i=1, ..., N)converge to zero in fixed time. Since &} = ¢!, it implies
that the fixed-time consensus is achieved and the outputs of the followers track the output of the leader
in the fixed time in spite of the matched and unmatched uncertainties. This completes the proof.

5. Computer Simulations
In this section, two practical examples and a numerical example are provided to show the effective
performance of the designed distributed controllers.

The second-order Lagrangian dynamics describe a wide variety of industrial systems, including
robot manipulators, vehicle motion systems, autonomous ground vehicles, and industrial flow. In
practical examples, we consider a group of single-link robots and robot manipulators as followers,
and the objective is to track a prescribed motion trajectory by followers.

Example 1. Consider a multiagent system with a leader and four followers which are inter-
connected under the graph G that is shown in Fig. 1.

The followers are single-link robot arms, and each consists of a rigid link coupled through a gear
train to a dc motor, as shown in Fig. 2.

The dynamics of the robot arms is described by the following Lagrangian dynamics:*

g Ml ®) Byl (1) (34)
=——>sin ——0+-
7 A

where 6 is the angular position of the single-link robot arm, M is the mass of payload, g is the
gravity acceleration, / is the length of the arm, J is the inertia moment, B is the coefficient of viscous
friction, and u(#) is the control input. Consider ' = x| and 6' = x},, therefore the dynamical equations
of followers are obtained as below:

X =xb+8 (1)

X =fI(x, 1) + 85, 1) + hiu (1) i=1,...,4 (35)

Y =x
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Fig. 3. Time responses of the output variables of the leader (y°) and followers (y' fori=1, ..., 4) in Example 1.

. . . T . . . . . .
where x'=[x{, x}]" is the state vector, y' € R is the output of the ith follower, [’ (x', ) =
— Y& gin (x}) — Ex} is the known nonlinear function of the ith follower and 4’ = L. Moreover,

8, 1) =8, 5§]T represents the unmatched and matched uncertainties.
The dynamical equations of the leader are assumed as:

0_ .0
X=X
-0 0
Xy=1u (36)
0_ .0
y =X

T . . .
where x° = [x9, xJ]" is the state vector, and y° € R is the output of the leader. Moreover, u’ € R is

0,0
the known control input of the leader and is defined as u = sllfr(—:l,) which results in the desirable

sinusoidal behaviors in the steady-state response of the leader’s output (i.e., y* in (36)).

The goal is the robust fixed-time consensus between the outputs of the followers (y' for i =
1,...,4) and the output of leader (y°) in the presence of the matched and unmatched uncertainties
in the dynamical equations of the followers.

For the simulation, the parameters of the systems are selected as:

J'=6.9667,J°=7.7,7° =8.46,J*=10.2
B'=B*=B*=B*=30.5,g=938
'=08,°P=1,P=12,1'=15
M =1, M*=17,M>=2,M*=23
The initial conditions are also considered as:

. T
X0 = [% o} ' =[1,07, 22 =1[2,0]", x* = 3,01, x* = [4, 0"

The uncertainties for each follower are supposed as:
§i(xi, 1) =1+sin (ié i), 8 1) =05 cos (x]) ¥y +sin(0.10) fori=1..... 4.
Furthermore, the disturbance observer parameters are chosen as:
To=2,70,=151,=001, @, =10form=0,1,2.

and the controller parameters are selected as below:

f i i 0.7 ; L 1.3 .
A =2,4=3, 1 =§, wy, =0.7, pn) = 07 wy,=13,c=07,d=1.5

Figures 3—7 display the results of simulations. Figure 3 illustrates the time responses of the controlled
outputs of each agent. It is clearly shown that the outputs of the followers track the output of the leader
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Example 1.
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Fig. 5. Time responses of the uncertain terms SQ(xi, ) and their estimations Sé(xi, t) fori=1,...,4 in
Example 1.

and consensus is achieved in fixed time. The time responses of uncertainties and their estimations
are shown in Figs. 4 and 5. As seen, the performance of the disturbance observer is satisfactory and
the estimated values of uncertainties converge to their real values in a short time. Figure 6 shows the
time responses of the control inputs of each follower. As seen, the control signals are chattering free.
The time responses of the sliding manifolds for each follower are also given in Fig. 7.

In the following, to illustrate the superiority of the proposed method in this paper over other
techniques, a comparison is made between this paper and the recent consensus protocol presented
in ref. [34]. As mentioned before, the settling time, in fixed-time consensus, is independent of the
initial values of the state vector. In order to show this issue, Example 1 is simulated for two different
scenarios of initial value conditions of the followers, and in each scenario, the proposed method
is compared with the given method in ref. [34]. In both scenarios, the initial value of the leader is

0=, O]T.
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Fig. 7. Time responses of sliding manifolds o fori=1, ..., 4 in Example 1.

First scenario: x' =[1, 0]7, x2 =12, 0]”, x> =[3, 01", x* =4, 0] .

Second scenario: x! =[10, 017, x2 =[20, 0]7, x3 =[30, 017, x* =[40, 0]".

The time responses of the output variables based on ref. [34] are shown in Fig. 8. Besides, Fig. 9
shows the time responses of the output variables via the proposed method. As shown in Fig. 8, when
the initial conditions change, the convergence rate varies. In other words, convergence rate depends
on the initial conditions of the followers. While using the given protocol presented in this paper, the
convergence time is independent of the initial conditions of the followers and has similar values for
both scenarios. This can be seen in Fig. 9.

Another feature of the fixed-time consensus is reaching consensus at a specific time. In other
words, in the asymptotic consensus, as time goes to infinity, the tracking error converges to zero;
however, in fixed-time consensus, the tracking error converges to zero at a given time. To illustrate
this, we simulated Example 1 with both controllers and compared the result. Figure 10 shows the
time responses of output tracking errors (i.e., (yi — yo) fori=1, ..., 4) via the method in ref. [34].
Moreover, the time responses of the tracking errors using the proposed consensus protocol in this
paper are given in Fig. 11. As seen, the proposed method results in the convergence of output tracking
errors to zero in fixed time.

Example 2. In this example, a 3-degree-of-freedom manipulator is considered. Each joint is
attached to an encoder for joint position measurement. The manipulator is shown in Fig. 12.
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Fig. 8. Time responses of the output variables for the first and second scenarios via the method given in ref. [34].
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Fig. 9. Time responses of the output variables for the first and second scenarios by the proposed method in this

paper.
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Fig. 10. Time responses of the output tracking errors (y/ — %) fori=1, ..., 4 via the given method in ref. [34].

The dynamical equation of motion of this manipulator is described by:*!

M@§+C(q.¢9q+G(g+D(g.q.t,w)=U®)

(37)

where g € R?, g € R?, and § € R? are the angles, angular velocities, and angular accelerations of the
joints, respectively. M (q) € R**3 is the inertia matrix, C (q, §) € R**? is the Coriolis and centripetal
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Fig. 11. Time responses of the output tracking errors (' —y°) fori=1, ..., 4 via the proposed method in this

paper.

Fig. 12. 3-degree-of-freedom manipulator.

forces matrix, G (q) € R® represents the potential forces vector, and I_D(q, q,t,w) € R® is a vector of
uncertainties and external disturbances. Moreover, U € R? consists of the control input torques.

my mp M3 il Ci2 C13
M@= |mu myp ma|, C(@g g =]|cu cn 3
m3; mzm  ms3 31 €3 €33
81 up q1
Gg=|&|.U=|w|.q9=| ¢ (38)
83 us q3
) d,
D(q7q’ , W)= 6_12
d3

where
mi = @1 + @2c08” (q2) + (@3 + @s) sin® (q3) +2¢6 cos (g2) sin (g3), mj2 =0,
myz3=0,my =0

Moy = @4 + @5 — 28in (g2—q3), m31 =0, moz =m3y = s + Y6 — 2sin (g2—q3), m33 =65
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c11 = — (g2sin (q2) €08 (¢2) + ¢esin (¢2) sin (¢3)) g2 + ((¢3 + ¢s) sin (g3) cos (g3)
+ @6c0s (g2) €0s(g3)g3)
c12 = — (¢28in (q2) cos (g2) + @esin (g2) sin (g3)) g
c13 = ((¢3 + ¢s) sin (g3) cos (3) + @6cos (¢2) c0s(g3)g3)
c21 = (¢2sin (q2) c0s (q2) + @esin (¢2) sin (g3)) 41
€22 =96c0s (2 — q3), €23 =¢co0s (g2 — q3) (§2 — 43)
c31=— ((p3 + @s) sin (g3) cos (¢3) — @6cos (g2) €0s (¢3)) G1, ¢32=0, c33=0
81=0, g2 =¢7c0s(q2), g3 = ¢gsin (¢3)

01 =32, o =34, 03=20,04=T4,05= 1,06 =2, o7 = —926, g = —685

Assuming that ¢ = X; and ¢ = X5, Eq. (37) can be written as the following form:

X =X,
X =F X1, X, U)+HU@®) + Z(X1, X1, t, w) (39)
Y=X,

where X; =[x!, 22, 21", X, =[x}, 22, 23], and Y =[y', )2, *]", U=1[u", u?, w’]". Moreover, Z =
(83, 83, 8§]T=M_1l_)(X1,X1, t,w) is the vector of the unknown terms and F=[f", f% 3] =
—M~'C (X,,X2) Xo —M~'G (X;) and H=[h', h*, h®] = M~ are the known terms where

1 81 Ci1 4 Cl12 , C13 3

= X X X
my myg mp mp
> 1 1 2 3 3
Jo=——F——— (= (camaz — c31m3) X| — C22M33X| — C23/M33X] — M3l )
(m3)” + moyyms3
! ( )
- (g3ma3 — gom33
(m23)” + mayms33
3 1 I 2 3 2
J7=——F5———((caima3 — c31m22) x| + c2oma3X| + C23mp3x| — Mo3u”)
(ma3)” + mayms;3
- + (—g3m + goma3),
(m3)” + mopymsa;3
nl = b R M s M2
- 9 - 2 b -_ 2 .
miy (m23)° + mayms3 (m23)* + mayms3

As already mentioned, one of the applications of multiagent systems is to break down a complex
system into several subsystems. Thus, in this example, we split the manipulator into three subsystems
and each subsystem is considered as a follower.

Therefore, the dynamical equation of the manipulator system can be divided into the following
three subsystems, and their dynamic equations can be described as below:

i =x
=" (¥, x5, ) + B (1) + 85, 1) i=1,2,3 (40)
Y =x

where x' = [xil, xé]T is the state vector and y’ € R is the output of the ith follower. All the notations
in the above relation are described after (39). To fit Eq. (40) to the model presented in this paper, we
add the unmatched perturbation (8] (x', 7)) to Eq. (40), therefore one has

¥ o=xh + 8, )
X =f1 (X, ul) + Rl () + 85 (x, 1) i=1,2,3 (41)

i
y =X
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Fig. 13. Communication graph G,.

Time response of the output of the agents
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Fig. 14. Time responses of the output variables of the leader (y°) and followers (¥ for i = 1, 2, 3) in Example 2.
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Fig. 15. Time responses of the uncertain terms & (x, f) and their estimations S’i &', 1) for i=1,2,3 in
Example 2.

81 (x', 1) and 85 (x', 1) represent the unmatched and matched uncertainties, respectively. The commu-
nication graph G, is given in Fig. 13. The unmatched and matched uncertainties are assumed as
84 (x', 1) =sin(x}| + x5 + T) and 83 (x', 1) =i+ isin (0.5ir + T) 40.5c0s (x| x}). The leader dynamics,
observer parameters, and control parameters have been considered the same as Example 1.

The simulation results are given in Figs. 14—18. The time responses of the output variables of all
agents are illustrated in Fig. 14. It is obviously shown that the followers track the leader in spite of
heterogeneous agents’ dynamics and uncertainties, and the systems reach consensus in fixed time.
Figures 15 and 16 show the time responses of uncertainties and their estimations and verify the
effective performance of the disturbance observers. Figure 17 plots the time responses of the control
input of each follower. The time responses of the sliding manifolds are depicted in Fig. 18. It can be
seen clearly that the sliding manifolds converge to zero in a short time.
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Fig. 16. Time responses of the uncertain terms 8(x’, r) and their estimations 3§(xi, ) for i=1,2,3 in

Example 2.
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Fig. 17. Time responses of the control inputs «(¢) for i =1, 2, 3 in Example 2.
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Fig. 18. Time responses of sliding manifolds o for i = 1, 2, 3 in Example 2.

Example 3. In this section, a numerical example is provided to show the effectiveness of the
designed distributed controllers. Consider a group of agents that include a leader and four followers
which are interconnected under the graph G, which is shown in Fig. 1. The dynamical equations of
the leader are as follows:

0 __ 0

X=X

0 _ 0

Xy =X

. (42)
X3=Lt

0_ .0

y =X
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Fig. 19. Time responses of the output variables of the leader (yo) and followers (y' for i=1,2,3,4) in
Example 3.
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Fig. 20. Time responses of the uncertain terms §] and their estimations 3’1 fori=1,...,4in Example 3.

where x° [xl, xz, ] is the state vector, and y° € R is the output of the leader. Moreover, u’ € R is
the known control input of the leader and is defined as u® = —SOx1 40x2 20x3, which results in
the desirable sinusoidal behaviors in the steady-state response of the output of (42).

The dynamical equations of the followers are considered as follows:
¥ o=xh+ 8
BH=x+8
X =f1x, 0+ 85 +ul

i
y =X

i=1,2,3,4 (43)

where x' = [xl, x2, x3] is the state vector, 8’ =[§!, (Sé, %]T includes the unmatched and matched
uncertain terms, y* € R is the output, and f' € R is the known nonlinear function of the ith follower.
Moreover, u' € R is the control input of the ith follower.

For simulations, the uncertainties for each follower are supposed as: 8{ = sin(ét +1i %),
85 = cos(xi) and 5; = xésin(xé), (for i=1,2,3,4). Moreover, the known nonlinear functions

A |

"=x'xxt fori=1,2 and f' =x'(x})" for i =3, 4 are considered. Also, the disturbance observer
1%2X3 1
parameters are chosen as:

to=2,1,=151,=1.1,7,=001, @) =10,form=0,1,2,3

and the controller parameters are considered as follows:

07 . 0.7
A’—2k’_3kl—5 — Uh=—,
=T =15
i g 13 13
M3 :07, my = m My = ﬁ,u3:13,c:07,d:15
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Fig. 21. Time responses of the uncertain terms 8; and their estimations 3’2 fori=1,...,4 in Example 3.
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Fig. 22. Time responses of the uncertain terms (Sf;, and their estimations Sé fori=1,...,4in Example 3.
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Fig. 23. Time responses of the control inputs of followers in Example 3.

Figures 19-24 display the results of simulations. Figure 19 illustrates the time responses of the output
of each agent. As can be seen, the outputs of the followers track the output of leader and consensus
is achieved in a fixed time. The time responses of uncertain terms and their estimations are shown in
Figs. 20-22. These figures show that the performance of the disturbance observer is satisfactory and
the estimated values of uncertain terms converge to their real values in a short time. Figure 23 displays
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Fig. 24. Time responses of sliding manifolds in Example 3.

the time responses of the control inputs of each agent. As seen, the control signals are chattering free.
The time responses of the sliding manifolds for each agent are also given in Fig. 24.

6. Conclusion

In this paper, distributed observer-based fixed-time control laws were presented to guarantee the
consensus between the agents in nonlinear heterogeneous multiagent systems of higher-order with
matched and unmatched uncertainties. For this purpose, fixed-time distributed sliding mode con-
trollers were designed based on the disturbance observer to conquer both the matched and unmatched
uncertainties. In this regard, a theorem has been presented and proved which guarantees that the con-
sensus errors converge to zero in a short time and the follower tracks the leader in a robust manner.
Finally, the simulation results show the effectiveness of the proposed controller for two practical
examples and a numerical example.
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