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Abstract. We refine the recent local rigidity result for the marked length spectrum
obtained by the first and third author in [GL19] and give an alternative proof using the
geodesic stretch between two Anosov flows and some uniform estimate on the variance
appearing in the central limit theorem for Anosov geodesic flows. In turn, we also
introduce a new pressure metric on the space of isometry classes, which reduces to
the Weil-Petersson metric in the case of Teichmiiller space and is related to the works
[BCLS15, MMOS].
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1. Introduction

Let M be a smooth closed n-dimensional manifold. We denote by M the Fréchet manifold
consisting of smooth metrics on M. We denote by MK the set of metrics with regularity
Ck keNae (0, 1). We fix a smooth metric gy € M with Anosov geodesic flow <p§°
and define the unit tangent bundle by S;0M := {(x,v) € TM | |v|g, = 1}. Recall that
being Anosov means that there exists a flow-invariant continuous splitting

T(SgOM) =RX ® Es ® Eu,

o
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such that
ldef® (w)|| < Ce ™ |w| forall w e Eg, forallt > 0,

ldef® (w)| < Ce ™™ w| forallw € E,, forallr <0,

where the constants C, A > 0 are uniform and the norm here is the one induced by the
Sasaki metric of gg. Such a property is satisfied in negative curvature.

1.1. Geodesic stretch and marked length spectrum rigidity. The set of primitive free
homotopy classes C of M is in one-to-one correspondence with the primitive conjugacy
classes of w1 (M, xo) (Where xo € M is arbitrary). When g is Anosov, there exists a unique
closed geodesic yg,(c) in each primitive free homotopy class ¢ € C (see [KIi74]). This
allows us to define the marked length spectrum of the metric gg by

Loy :C— Ry, Lg(c) =4Lg(Ye(c)),

where £g,(y) denotes the go-length of a curve y C M computed with respect to go. The
marked length spectrum can alternatively be defined for the whole set of free homotopy
classes, but it is obviously an equivalent definition. Given ¢ € C, we will write 84, (c) to
denote the probability Dirac measure carried by the unique go-geodesic y,,(c) € c.

It was conjectured by Burns and Katok [BKS85] that the marked length spectrum of
negatively curved manifolds determines the metric up to isometry in the sense that two
negatively curved metrics g and go with the same marked length spectrum (namely L, =
Lyg,) should be isometric. Although the conjecture was proved for surfaces by Croke and
Otal [Cro90, Ota90]) and in some particular cases in higher dimension (for conformal
metrics by Katok [Kat88] and when (M, go) is a locally symmetric space by the work
of Hamenstéddt and of Besson, Courtois and Gallot [BCG95, Ham99)), it is still open in
dimension higher than or equal to 3 and open even in dimension 2 in the more general
setting of Riemannian metrics with Anosov geodesic flows. The same type of problems
can also be posed for billiards, and we mention recent results on this problem by Avila, De
Simoi and Kaloshin [ADSK16] and De Simoi, Kaloshin and Wei [DSKW17] for convex
domains close to ellipses (although the Anosov case would rather correspond to the case
of hyperbolic billiards). Recently, the first and last author obtained the following result on
the Burns—Katok conjecture.

THEOREM L.1. (Guillarmou and Lefeuvre [GLL19]) Let (M, go) be a smooth Riemannian
manifold with Anosov geodesic flow, and further assume that its curvature is non-positive
if dim M > 3. Then there exists k € N depending only on dim M and ¢ > 0 small enough
depending on gy such that the following statement holds: if g € M is such that ||g —
gollck < € and Ly = Ly, then g is isometric to go.

One of the aims of this paper is to further investigate this result from different
perspectives: new stability estimates and a refined characterization of the condition under
which the isometry may hold. More precisely, we can relax the assumption that the two
marked length spectra of g and gp exactly coincide to the weaker assumption that they
‘coincide at infinity” and still obtain the isometry. In what follows, we say that L, /Lg, — 1
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when

Lg(cj) _
j—=+o0 Lg,(cj)

1, (1.1)

for any sequence (c;) jen of primitive free homotopy classes such that lim; o Lg,(cj) =
+oo, or equivalently lim; .o, Lg(cj)/Lg (cj) =1, if C=(cj)jen is ordered by the
increasing lengths Lg,(c;). We prove in Appendix A that Lg/Lg, — 1 is actually
equivalent to Ly = Lg,. As a consequence, by [GL19], if (1.1) holds and if ||g — gollcx <
¢ for some small enough ¢ > 0, then g is isometric to g¢. If we restrict ourselves to metrics
with the same topological entropy, the knowledge of Ly (c;)/Lg,(c;) for a subsequence so
that the geodesic y,,(c;) equidistributes is even sufficient; see Theorem 2.9.

We develop a new proof strategy, different from [GL19], which relies on the intro-
duction of the geodesic stretch between two metrics. This quantity was first introduced
by Croke and Fathi [CF90] and further studied by the second author [Kni95]. If g is
close enough to go, then by Anosov structural stability, the geodesic flows @89 and @8
are orbit equivalent via a homeomorphism ¥, that is, they are conjugate up to a time
reparametrization

ey ey W5 (@)) = (9 (2)

for some time rescaling «,4(z,t). The infinitesimal stretch is the infinitesimal func-
tion of time reparametrization agz(z) = 0skg(z, t)|;=0: it satisfies dirg(2) X4, (2) =
ag(2) X ¢ (Yg(z)) where z € Sg0M and X, (respectively, X, ) denotes the geodesic vector
field of go (respectively, g). The geodesic stretch between g and gy with respect to the
Liowville (normalized with total mass 1) measure ui;o of go is then defined by

Lt (80 8) = /SmM ag dpg,.
The function a is uniquely defined up to a coboundary [dILMMS86] so that the geodesic
stretch is well defined. (Although this is only used in §5.2, we also point out that the
existence of the conjugacy v, and of the reparametrization a, is actually global and one
need not assume that the two metrics are close. This is a very particular feature of the
geodesic structure. We refer to Appendix B for a proof of this fact.)
Since obviously (8, (c;), ag) = Lg(cj)/Lg,(cj), we have

. Lg(c j )
Ty, (80.8) = jll>nolo Lg,(cj)’
if (cj)jen CC is a sequence so that the uniform probability measures (8g,(c;))jeN
supported on the closed geodesics of gp in the class c¢; converge to ,uéo in the weak
sense of measures. (The existence of the sequence c; follows from [Sig72, Theorem 1].)
In particular, L, = Lg, implies that / nk (g0, &) =1 (alternatively, L, = L, implies that
ag is cohomologous to 1 by Livsic’s theorem). While being of interest in its own right, it
turns out that this method involving the geodesic stretch provides a new estimate which
quantifies locally the distance between isometry classes in terms of this geodesic stretch
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functional (below H~Y2(M) denotes the L2-based Sobolev space of order —1/2 and
a € (0, 1) is any fixed exponent).

THEOREM 1.2. Let (M, go) be a smooth Riemannian n-dimensional manifold with Anosov
geodesic flow and further assume that its curvature is non-positive if n > 3. There exists
k € N large enough depending only on n, some positive constants C, ¢ depending on go
and C, > 0 depending on n such that for all a € (0, 1), the following statement holds:
for each g € M** with ||g — gollcke(pry < &, there exists a 1Y diffeomorphism r
M — M such that

Cly*g - 80”%171/2(1‘,1) < P( — Jgy — dg +/ ag dufgo) + Gz (80, 8) — 1)?

Seo

SILe (@ + 1£-(9)]

where Jgfo is the unstable Jacobian of ¢8°, P denotes the topological pressure for the @8°
flow defined by (2.11), ay is the reparametrization coefficient relating ¢5° and ¢¥ defined
above, and

L,(c; Lo(c:
L4(g) = lim sup €D 4 p = lim inf Leep)
j=oo Lgo(€)) j—oo Lgy(cj)

In particular, if (1.1) holds, then gy and g are isometric.

Note that g need not have non-positive curvature in the theorem. We also remark that
the curvature condition on go can be replaced by the injectivity of the X-ray transform I
on divergence-free symmetric 2-tensors, and similarly for Theorem 1.3 below. From the
proof one sees that the exponent k can be taken to be k = 3n/2 + 17.

Theorem 1.2 is an improvement over the Holder stability result [GL19, Theorem 3]
as it only involves the asymptotic behavior of L,/Lg, or some natural quantity from
thermodynamic formalism. We insist on the fact that the new ingredient here is the stability
estimate in itself (the rigidity result is not new).

We also emphasize that one of the key facts to prove this theorem still boils down to
some elliptic estimate on some variance operator acting on symmetric 2-tensors, denoted
by Hgo in [GL19, Guil7]: indeed, we show that the combination of the Hessians of the
geodesic stretch at gg and of the pressure functional can be expressed in terms of this
variance operator, which enjoys uniform lower bounds Cy || *g — goll y-1/2 for some
Cg, > 0, at least once we have factored out the gauge (the diffeomorphism action by
pullback on metrics).

We also notice that in Theorem 1.2, although the H - 2(M ) norm is a weak norm,
a straightforward interpolation argument using that ||g||cxe < [|gollcte + € is uniformly
bounded shows that an estimate of the form

g — gollew < CULL (D] + 1£-()])°

holds for any k' < k —n/2 and some explicit § € (0, 1/2) depending on k, k" (C >0
depending only on go).
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1.2. Variance and pressure metric. The variance operator appearing in the proof of
Theorem 1.2 can be defined for 1, hy € C®(M; S2°T*M ) satisfying the condition

/ Trg, (h;) dvolg, =0, (1.2)
M

fori =1, 2 (see §2.3 for further details on tensor analysis) by
(M5 k1, o) = / f 73 h1 (@ ()3 ha(2) dik, (2) dr,
R JSM

where z = (x, v) € SM and, given a symmetric 2-tensor h € C®°(M; S>T*M), we define
the pullback operator

yh(x, v) == hye(v, ).

The quadratic form (Hﬁoh, h) corresponds to the variance Var,,, (75 h) for (pfo with respect
to the Liouville measure of the lift 7754 of the tensor & to SM (see §2.5 and (2.5)). Note
that the trace-free condition (1.2) is equivalent to

/ w3 h(x, v) dui;o(x, v) =0;
SM

see §2.3. The integral defining 1'I§0 then converges (in the L! sense) by the rapid
mixing of @8 (proved in [Liv04]). The operator 1'I§0 is a pseudodifferential operator
of order —1 that is elliptic on divergence-free tensors (see [GL, GL19, Guil7]). As a
consequence, it satisfies elliptic estimates on all Sobolev or Holder spaces (see Lemma
2.1). More precisely, there is Cg, > 0 such that, for all & € H_I/Z(M; S2T*M) which is
divergence-free (that is, Trg (V&0h) = 0),

<H§0h’ h> 2 Cg()”h”%{—]/Z(M)a (13)

provided go is Anosov with non-positive curvature (or simply Anosov if dim M = 2).
We show in Proposition 4.1 that g — H§ is continuous with values in W~!(M) and this
implies that for gg a smooth Anosov metric (with non-positive curvature if dim M > 2),
(1.3) holds uniformly if we replace gg by any metric g in a small C*°-neighborhood of gg.
This allows us to obtain a more uniform version of Theorem 1.2.

THEOREM 1.3. Let (M, go) be a smooth Riemannian n-dimensional manifold with Anosov
geodesic flow and further assume that its curvature is non-positive if n > 3. Then there
existk € N, e > 0 and Cy, depending on gy such that for all g, g» € M such that ||g| —
gollcx <&, lg2 — gollck < &, thereis a C*- diffeomorphism  : M — M such that

Y * g2 — gl”i]—l/z(M) < Cgo(IL4(81, 82)| + |L4(82, 81D
with

L .
L4(g1, g2) = lim sup Lot) 1
j—oo Lgl (Cj)

In particular, if Lg, /Lg, — 1, then g; is isometric to g;.
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This result suggests defining a distance on isometry classes of metrics (here we mean
isometries homotopic to the identity) from the marked length spectrum by setting, for two
Ck® metrics g1, 82,

Lg (c))
Lg,(cj)

dr(g1, §2) := lim sup | log .

j—o00

We have the following corollary of Theorem 1.3.

COROLLARY 1.4. The map d; descends to the space of isometry classes of Anosov
non-positively curved metrics and defines a distance near the diagonal.

We also define the Thurston asymmetric distance by

dr (g1, 82) :=lim sup log igz—(CJ)
j=o0 gi(c))
and show that this is a distance on isometry classes of metrics with topological entropy
equal to 1; see Proposition 5.4. This distance was introduced in Teichmiiller theory by
Thurston in [Thu98].

The elliptic estimate (1.3) also allows us to define a pressure metric on the open set
consisting of isometry classes of Anosov non-positively curved metrics (contained in
M /Dy if Dy is the group of smooth diffeomorphisms isotopic to the identity) by setting,
for hy, hy € Tgy(M/Do) C C®(M; S>T*M),

Ggy(hy, ho) := (Hgohl, ha) 24 volgg)*

We show in §3.3.1 that this metric is well defined and restricts to (a multiple of) the
Weil-Petersson metric on Teichmiiller space if dim M = 2: it is related to the construction
of Bridgeman et al [BCLS15, BCS18] and McMullen [MMO08], but with the difference
that we work here in the setting of variable negative curvature and the space of metrics
considered here is infinite-dimensional. In a related but different context with infinite
dimension, we note that the variance is used to define a metric on the space of Holder
potentials by Giulietti et al [GKLM18] and its curvature is studied by Lopes and Ruggiero
[LR18].

We finally notice that, in the study of Katok entropy conjecture near locally
symmetric spaces, the variance was an important tool in the work of Pollicott and
Flaminio [Fla95, Pol94]. In that case, one can use representation theory to analyze this
operator.

2. Preliminaries

2.1. Notation. If H=Ck HS, C~ etc. is a regularity scale and E — M a smooth
bundle over a smooth compact manifold M, we will use the notation H(M; E) for sections
of E with regularity H, while if N is a smooth manifold, we use the notation H (M, N) for
the space of maps from M to N with regularity H.
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2.2. Microlocal calculus. On a closed manifold M, we will denote by W (M; V) the
space of classical pseudo-differential operators of order m € R acting on a vector bundle
V over M (see [GS94]; the operators could map sections of two distinct vector bundles,
but this will not be needed here). We recall that for fixed m € R, this is a Fréchet space:
indeed, using a fixed smooth cutoff function 6 supported in a small neighborhood of
the diagonal, a fixed system of charts, each A € W (M; V) has Schwartz kernel k4
that can be decomposed as 6x4 + (1 — 6)k4. For the (1 —60)k4 part we can use the
C®(M x M; V ® V*) topology, while for xx4 we can use the semi-norms of the full
symbols of x4 using the local charts and the left quantization in the charts. We also
denote by H*(M) the L>-based Sobolev space of order s € R, with norm given by fixing
an arbitrary Riemannian metric go on M. More precisely, denoting by A the non-negative
Laplacian associated to this metric, we define

L sy 2= N+ A2 £l L2 (a1.avoly

and HS(M) is the completion of C°°(M) with respect to this norm. This definition is
naturally extended to sections of vector bundles. What is important is that the spaces and
the norm (up to a scaling factor) do not depend on the choice of metric gg. Fork e N, o €
(0, 1), the spaces Cke (M) are the usual Holder spaces and D’ (M) will denote the space
of distributions dual to C*°(M). We will denote by (-, -);2 the continuous extension of the
pairing

C®(M) x C®(M) > (f, f) — /M f fldvolg,,

to the pairing HS(M) x H= (M) — C for each s € R (and likewise for sections of
bundles).

2.3. Symmetric tensors and X-ray transform. In this subsection, we assume that the
metric g is fixed and that its geodesic flow ¢f is Anosov on the unit tangent bundle
SM of g. We denote by ul the Liouville measure, normalized to be a probability
measure on SM. For the sake of simplicity, we drop the index g in the notation. Given
an integer m € N, we denote by Q"T*M — M, S"T*M — M the respective vector
bundle of m-tensors and symmetric m-tensors on M. Given f € C®(M; S"T*M), we
denote by =, f € C°°(SM) the canonical morphism 7, f : (x, v) = fx(v,...,v). We
also introduce the trace operator Tr : C®°(M; S"T2T*M) — C®(M; S"T*M) defined
pointwise in x € M by

n
Tr(f):Zf(ei7ei>'9"'9')3
i=1
where (eq, . . ., €,) denotes an orthonormal basis of T M in a neighborhood of a fixed point

xo € M. Observe that, for f = er'l,jzl fijef ® e’/k. € C®(M; S2T*M) defined around xo,
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we have

/ 5 f dué :/ </ 7y f(x, v) de(v)>dv01(x)
SM M SxM

= Z / fij(x)</ ViV de(v)>dvol(x)
ij=1 M SxM
=C, i (x)dvol(x) = Cy, T dvol,
; /Mf (x)dvol(x) /M ro(f)dvo

for some constant C,, = fS"—l v%d v depending on n = dim M. This justifies the claim that
the trace-free condition (1.2) was equivalent to the fact that the pullback of the symmetric
tensor to SM was of average 0.

The natural derivation of symmetric tensors is D := o o V, where V is the Levi-Civita
connectionand o : Q" T*M — S§™T*M is the operation of symmetrization. This operator
satisfies the important identity

Xk =t D, @.1)

where X denotes the geodesic vector field on SM. The operator D is elliptic [GL, Lemma
2.4] with trivial kernel when m is odd and one-dimensional kernel when m is even, given
by the Killing tensors co (¢®"/?), ¢ € R (this is a simple consequence of (2.1) combined
with the fact that the geodesic flow is ergodic in the Anosov setting). We denote by (-, )
the scalar product on C*°(M; S T*M) induced by the metric g (see [GL, §2] for further
details). The formal adjoint of D with respect to this scalar product is D* = — Tr oV. We
also denote by the same (-, -) the natural L? scalar product on C*(SM) induced by the
Liouville measure u. The formal adjoint of 7, with respect to these two scalar products
is denoted by

Tms . D'(SM) = D' (M; S"T*M),

where D’ denotes the space of distributions, dual to C™.

We recall that C, the set of free homotopy classes in M, is in one-to-one correspondence
with the set of conjugacy classes of 1 (M, xo) for some arbitrary choice of xo € M (see
[K1i74]) and for each ¢ € C there exists a unique closed geodesic y (¢) € c. We denote its
Riemannian length with respect to g by L(c) = £, (y (c)). The X-ray transform on SM is
the operator defined by

1 L(c)
1:CO%SM) — £2°(0), If(c)=—— / S (2)) dt,
L(c) Jo

where z € y(c) is any point. This is a continuous linear operator when £°°(C) is endowed
with the sup norm on the sequences. Then the X-ray transform 7,, of symmetric m-tensors
is simply defined by [, := I o m,,. Using (2.1), we immediately have

{Dp | p e C®(M; S" 'T*M)} C ker I, N C®(M; S"T*M). (2.2)
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Using the ellipticity of D, any tensor f € C*®°(M; S"T*M) can be decomposed uniquely
as a sum

f=Dp+h, (2.3)

with p € C®°(M; S"~'T*M) and h € C®(M; S"T*M) is such that D*h = 0. We call
Dp the potential part of f and h the solenoidal part. The same decomposition holds
in Sobolev regularity H*(M), s € R, and in cke () regularity, k € N, o € (0, 1). We
will write h = myer p+ f and the solenoidal projection myer p := 1 — DgAngZ is a
pseudodifferential operator of order 0 [GL, Lemma 2.6] (here Ay := D; D, is the
Laplacian on 1-forms). The X-ray transform is said to be solenoidal injective (or s-injective
for short) if (2.2) is an equality. It is conjectured that 7,, is s-injective as long as the metric
is Anosov, but it is only known in the following cases:

e form = 0,1 [DS10];

e forany m € N in dimension 2 [Guil7, PSU14];

e forany m € N, in any dimension in non-positive curvature [CS98].

It is also known that ker I,/ ran D is finite-dimensional for general Anosov geodesic flow
(see [DS03, Theorem 1.5] or [Guil7, Remark 3.7]).

The direct study of the analytic properties of I, is difficult as this operator involves
integrals over the set of closed orbits, which is not a manifold. Nevertheless, in [Guil7],
the second author introduced an operator I, that involves a sort of integration of
tensors over ‘all orbits’, and this space is essentially the manifold SM. The construction
of I, : C®°(M; S"T*M) — D'(M; S"T*M) relies on microlocal tools coming from
[DZ16, FS11], but a simpler definition that uses the fast mixing of the flow ¢; is given by

M, =71+ (-, 1)7*  with

m
T ¥ 2.4)
I1:C®°(SM) — D'(SM), (IIf, f') := Tlim (@ f, f'ydt
—o00 J_T
if (f,1)= fSM f du" =0 and TI(1) := 0. The convergence of the integral as T — oo
is ensured by the exponential decay of correlations [Liv04] (but also follows from the
existence of the variance [KS90]). We can thus write, for (f, 1) = 0,

mf, £ = /R (F o9 N izesan dr.

We note the following useful properties of I, proved in [Guil7, Theorem 1.1]:

o II:H*(SM)— H5(SM) isbounded for all s > 0;

o if f e H'(SM) withs > 0, then XIIf = 0;

e if fand Xf belong to H*(SM) for s > 0, then [1Xf = 0. (In [Guil7], f is assumed
to be in H**1(SM), but one can reduce to the case f € H*(SM) by using a density
argument and [DZ19, Lemma E.45].)

As is well known (see; for example; [KS90, Proof of Proposition 1.2.]), we can make

a link between IT and the variance in the central limit theorem for Anosov geodesic

flows. Let us quickly explain this fact by using the fast mixing of the flow. The variance

of ¢; with respect to the Liouville measure u is defined for u € C*(SM), « € (0, 1)
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real-valued, by

T 2
Var,L(u) := lim 1 / ( f u(p(2)) dt) du*(2), (2.5)
SM 0

T—oo T

under the condition that f sm U d /LL = 0. We observe, since ¢; preserves ,uL, that

T T
Vaga o = fim o [ [0 [ @) didsaut @
SM JO 0

T—oo T

1
= lim / / 1[([—1)T,tT](r)<M o @r, M)Lz dr dt,
0 R

T—00

where the L? pairing is with respect to . By exponential decay of correlations [Liv04],
we have, for |r| large,

w0 grou) 2] < Ce "l
for some @ > 0, v > 0, C > 0 independent of «. Thus, by the Lebesgue theorem,
Var 1 (u) = (Iu, u), (2.6)

if (u, 1) = 0, where 1 denotes the constant function equal to 1, showing that the quadratic
form associated to our operator IT is nothing more than the variance. For a symmetric
2-tensor h satistying (h, g)2 = [y, Trg(h) dvol, = 0, we have [, wyh dul =0 and

(Tah, h) = (s h, w5 h) = Var,w (5 h).

We have the following properties for IT,,.

e [II,, is a positive self-adjoint pseudodifferential operator of order —1, elliptic on
solenoidal tensors; see [Guil7, Theorem 3.5] and [GL, Lemma 4.3].

e [I1,D =0and D*I1, = 0 (by [Guil7, Theorem 3.5] and X7 | = 7,y D).

If I,,, is s-injective, then IT,, is invertible on solenoidal tensors in the sense that there
exists a pseudodifferential operator Q of order 1 such that QTI1,, = myer p*; see [GL,
Theorem 4.7].

e Conversely, if I1,,|kr p+ iS injective, then I, is s-injective. Indeed, by [Guil7,
Corollary 2.8], if ,,h = 0 then m,;h = Xu for some u € C*°(SM) and thus I1,,h =
T 1 Xu = 0.

In particular, using the spectral theorem, there is a bounded self-adjoint operator /TI,, on

L? such that y/TT,,,+/T1,, = I1,,. We add the following property, the use of which will be

crucial in this paper.

LEMMA 2.1. If (M, g) has Anosov geodesic flow and I, is s-injective, there exists a
constant C > 0 such that, for all tensors h € Hfl/z(M; SzT*M),

(Tah, h) = Climer p=hlgy-1/2 03

Proof. In [GL, Theorem 4.4 and Lemma 2.2], the principal symbol of T, was computed
and turned out to be

0y =0 (Ily) : (x, &) > [&]” Tier i A3 Tker i
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for some positive definite diagonal endomorphism A, which is constant on both subspaces
S3T*M := {h € S*T*M| Trg(h) = 0} and Rg = {\g € S>T*M | ) € R}. Here i¢ is the
interior product with the dual vector £¢ € T M of & with respect to the metric. We intro-
duce the symbol b € C®°(T*M) of order —1/2 defined by b : (x, &) — x(x, £)|€|71/?As,
where xy € C®°(T*M) vanishes near the 0 section in 7*M and is equal to 1 for
|€] > 1, and define B := Op(b) € W~1/2(M; S>T*M), where Op is a quantization on
M. Using that the principal symbol of myer p* 1S Tker ie (see [GL, Lemma 2.6]), we
observe that T[Ty = 7yer p* B* Brtger p+ + R, where R € W=2(M; S2T*M). Thus, given
heHY2M,S*T*M),

(Tah, h) > = | Brtker p+hll> + (Rh, h) 2. 2.7)

By ellipticity of B, there exists a pseudodifferential operator Q of order 1/2 such that
QBTer p* = Ter 0 + R’, where R’ € W=°(M; S2T*M) is smoothing. Thus there is
C > 0 such that, for each h € C®(M; S’T*M),

2 2 2 2 2
| 7Tker D*h“H—l/Z < |QBrger D*h”H—l/Z + ||R/h||H71/2 < C||Brger D*h”Lz + ||R/h||H71/2‘

Since Lemma 2.1 is trivial on potential tensors, we can already assume that 4 is solenoidal,
that is, mmxer pxh = h. Recalling (2.7), we obtain that

1ll3 12 < C(Tlah, k)2 — C(RA, ) 12 + R Kl

o (2.8)
< C(Iah, h) 2 + ClIRAl g2 Al g-172 + IR AN 212

Now, assume by contradiction that the statement in Lemma 2.1 does not hold, that is,
we can find a sequence of tensors f, € C(M; S>T*M) such that | fall g—12 = 1 with
D* f, =0and

1 1
VT2 full 3o = (Mo fu, fu) 2 < ;ufnni,_l,z =~ =0

Up to a subsequence, and since R is of order —2, we can assume that Rf,, — v;in H 172 for
some vy, and R’ f,, — v; in H~12, Then, using (2.8), we obtain that (f,),en is a Cauchy
sequence in H !/ 2 which thus converges to an element v3 € H~!/? such that ||v3 || -2 =
1 and D*v3 = 0. By continuity, IT, f, = ITov3 in H'/? and thus (ITpvs, v3) = 0. Since
v3 is solenoidal, we get 1/TIov3 = 0, thus ITov3 = 0. Since we assumed I, s-injective,
[T, is also injective by [GL, Lemma 4.6]. This implies that v3 = 0, thus contradicting
lvsll g-12 = 1. O

We note that the same proof also works for tensors of any order m € N. In fact we can
even get a uniform estimate.

LEMMA 2.2. Let (M, go) be a smooth compact Anosov Riemannian manifold with Izgo
being s-injective. There exist a C* neighborhood Uy, of gy and a constant C > 0 such
that for all g € Uy, and all tensors h € H~YV2(M; S>’T*M),

(§h, h) 2 = Clistker D3 AN 1723

Proof. First, let go be fixed Anosov metric with Ifo s-injective (in particular, it is the case
if it has non-positive curvature). Proposition 4.1 (which will be proved later) shows that
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the operator I1; = l'[g is a continuous family as a map
g €Uy, > T§ € W1 (M; S2°T*M)

where Uy, C C®(M; S>T*M) is a C*°-neighborhood of go and W~1(M; S2T*M) is
equipped with its Fréchet topology as explained before. Let & € ker D;,‘ be a solenoidal
(with respect to g) symmetric 2-tensor, then s = e, D;h. Let Cq4, > 0 be the constant
provided by Lemma 2.1 applied to the metric gg. We choose U, small enough so that
||l'[§ — 1'[1570 | g-1/2_ 172 < Cg,y/3 (this is made possible by the continuity of g — 1'I§ €
W), Then

(A, k) = ((T1§ — TI§")h, h) + (N5, h) = Cyylmier D, Al -1 = Coo/3 X I3y 1po-

But the map Uy, > g > Tier D = 1-— DgAgl D; € WY is continuous: this follows from
the fact that one can construct a full parametrix Q, € W2(M) of A ¢ modulo smoothing
in a continuous way with respect to g (by standard elliptic microlocal analysis), the fact
that Ag is injective since ker D, = 0 for g Anosov (as Dgu = 0 implies X7{u = 0, thus
mu has to be constant, thus 0 since 7{u(x, —v) = —m{u(x, v)) and the continuity of
composition of pseudodifferential operators. This implies that for g in a possibly smaller
neighborhood U, of go, using i = e, D;h,

2C (&
(TM3h, h) = Coyllmer pyhllgy-1p0 = =5 X Wlgm2 = = Ier D312
The proof is complete. ]

We also observe that the generalization of the previous lemma to tensors of any order is
straightforward. As mentioned earlier, an immediate consequence of the previous lemma
is the following proposition.

PROPOSITION 2.3. Let (M, go) be a smooth Riemannian n-dimensional Anosov manifold
with I s-injective. Then there exists a C*-neighborhood Ug, of go in M such that, for
any g € Ug,, for any m € N, I3 is s-injective.

Proof. As mentioned above (before Lemma 2.1), the s-injectivity of I3 is equivalent to
that of IT, on solenoidal tensors and the previous lemma allows us to conclude. O

2.4. The space of Riemannian metrics. We fix a smooth metric gg € M and consider an
integer k > 2 and « € (0, 1). We recall that the space M of all smooth metrics is a Fréchet
manifold. We denote by Dy := Diffy(M) the group of smooth diffeomorphisms on M that
are isotopic to the identity; this is a Fréchet Lie group in the sense of [Ham82, Section
4.6]. The right action

MxDo—> M, (g¥) > ¥g

is smooth and proper [Ebi68, Ebi70]. Moreover, if g is a metric with Anosov geodesic
flow, it is directly seen from ergodicity that there are no Killing vector fields and thus
the isotropy subgroup { € Dy | ¥*g = g} of g is finite. For negatively curved metrics
it is shown in [Fra66] that the action is free, that is, the isotropy group is trivial. One
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cannot apply the usual quotient theorem [Tro92, pp. 20] in the setting of Banach or Hilbert
manifolds but rather smooth Fréchet manifolds instead (using the Nash—-Moser theorem).
Thus, in the setting of the space of smooth metrics with Anosov geodesic flows (the
important fact, to apply Ebin’s slice theorem, is that metrics with Anosov geodesic flows
do not have Killing vector fields, that is, infinitesimal isometries; this is due to the fact
that ker D|ceo(pm,7+m) = {0} as mentioned earlier, which itself follows from the ergodicity
of the geodesic flow), which is an open set of a Fréchet vector space, the slice theorem
says that there exist a neighborhood U of go, a neighborhood V of Id in Dy and a Fréchet
submanifold S containing go so that

SxV—->U, (g¥)—yv'g (2.9)

is a diffeomorphism of Fréchet manifolds and T,,S = {h € Tgy M | Dz,‘oh = 0}; see
[Ebi68, Ebi70]. Moreover, S parametrizes the set of orbits g - Dy for g near gg and
T,SNT(g-Dy) =0.

On the other hand, if one considers M, the space of metrics with C** regularity
and Dgﬂ’a = Difng’“ (M), the group of diffeomorphisms isotopic to the identity with
CK+1. regularity, then both spaces are smooth Banach manifolds. However, the action of
DSH’“ on M¥%® is no longer smooth but only topological, which also prevents us from
applying the quotient theorem.

Nevertheless, recalling that go is smooth, if we consider OF(gg) := go ~Dg+1’°‘ C
MK then this is a smooth submanifold of M*® and

T,05%(g0) = {Dgp | p € C*T1*(M; T*M)).

Notice that (2.3) in C*® regularity exactly says that given g € O%%(gg), we have the
decomposition

Ty M = T,0%%(g0) @ ker D |craur s2740)- (2.10)

Thus, an infinitesimal perturbation of a metric g € O%*(go) by a symmetric 2-tensor that
is solenoidal with respect to g is actually an infinitesimal displacement transversally to the
orbit Ok« (g0)-

We will need a stronger version of the previous decomposition (2.10) which can be
understood as a slice theorem. Knowledge of it goes back to [Ebi68, Ebi70]; see also
[GL19, Lemma 4.1] for a short proof in the CX¢ category.

LEMMA 2.4. Let k be an integer greater than or equal to 2 and o € (0, 1), let gy be a
C*+3% metric with Anosov geodesic flow. There exists a neighborhood U C M** of go in
the Ck_topology such that for any g € U, there exists a unique C*1%_diffeomorphism s
such that Y*g is solenoidal with respect to go. Moreover, the following map is C?:

Ch(M; S2T* M) x C*H3 (M S2T*M) — DET (M), (g, g0) > V.

Remark 2.5. The previous lemma is not stated exactly this way in [GL19, Lemma 4.1].
Indeed, the proof assumes that go is smooth and fixed. However, inspecting the proof, it
readily applies to gg € C¥*3 and the implicit function theorem used in that proof shows
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the regularity of ¢ with respect to go. We do not include the proof of these details in order
not to burden the discussion.

We also see that we need to use to C5* regularity for & # 0, 1 instead of C¥: this is
due to the fact that the pseudodifferential operator inverting the linearization D;O Dy, that
arises naturally in the proof of this lemma (see [GL19, Lemma 4.1]) acts on these spaces
but on C¥, for k € N. Instead, one would have to resort to Zygmund spaces Cif. We refer
to [Tay91, Appendix A] for further details.

2.5. Thermodynamic formalism. Let f be a Holder-continuous function on Sy, M. We
recall that its pressure [Wal82, Theorem 9.10] is defined by

P(f):= sup <hp_((p‘1g0)+/ fdu>, (2.11)
HEMiny SgoM

where M,y denotes the set of invariant (by the flow ¢8°) Borel probability measures and
h, ((pfo) is the metric entropy of the flow (pfo at time 1. It is actually sufficient to restrict
the sup to ergodic measures Minyere [Wal82, Corollary 9.10.1]. Since the flow is Anosov,
the supremum is always achieved for a unique invariant ergodic measure s (by [BR7S,
Theorem 3.3]; see also [HF19, Theorem 9.3.4] and the following discussion therein) called
the equilibrium state of f, and

wr=pp = f—f =Xgu+c forsomeu Holder and ¢ constant; (2.12)

see [HF19, Theorem 9.3.16]. The measure (¢ is also mixing and positive on open sets,
which rules out the possibility of a finite combination of Dirac measures supported on a
finite number of closed orbits. Moreover, u ¢ can be written as an infinite weighted sum of
Dirac masses 8,4, (c;) supported over the geodesics y,,(c;), where ¢; € C are the primitive
classes (see [Par88] for the case P(f) > 0 or [PPS15, Theorem 9.17] for the general case).
For example, when P(f) > 0,

1 1 fyg(mf/

{J|Lgy ¢/ el T T+11) 50 (C5)

where N(T, f):=3_; 1. cpelr.T+1] Lgo(cj)ergO(”f’ 7 ‘When f = 0, this is the measure
of maximal entropy, also called the Bowen—Margulis measure Mg\/l; in that case P(0) =
htop(gz)‘fo) is the topological entropy of the flow. When f = —Jé‘o, where J;O X
0; (| det d(pf (X)|E,(x))]t=0 1s the unstable Jacobian, we obtain the Liouville measure y,]éjo
induced by the metric gop; in that case, P(—J;O) = 0. If we fix an exponent of Holder
regularity v > 0, then the map C"(S,0M) > f +— P(f) is real analytic (see [Rue04,

Corollary 7.10] for discrete systems and [PP90, Proposition 4.7] for flows).

2.6. Geodesic stretch. We refer to [CF90, Kni95] for the original definition of this
notion.

2.6.1. Structural stability and time reparametrization. We fix a smooth metric go € M
with Anosov geodesic flow and we view the geodesic flow and vector fields of any metric
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g close to go as living on the unit tangent bundle Sy, M of go by simply pulling them back
by the diffeomorphism

(x, V) € S M — <x, L) € SM.
|v |g
We fix some constant k > 2 and @ € (0, 1). There exist a regularity parameter v > 0 and a
neighborhood U C MK of gq such that, by the structural stability theorem ([dILMMS6,
Appendix A] or [KKPW89, Proposition 2.2] for the Holder regularity case), for any g € U,
there exists a C” Holder homeomorphism v/, : Sgo M — S,, M, differentiable in the flow
direction, which is an orbit conjugacy that is such that

dYrg(2) X4 (2) = ag(2)Xg(Ye(2)) forall z € SeoM, (2.14)
where ag is in CV(Sg,M). Moreover, the map
U> g (ag, Yrg) € C'(SguM) x C"(SgyM, Sgy M)

is C¥=2 and Y is homotopic to the identity. For the proof of Theorem 1.3, we will also
need the continuity of ag = a,, ¢ and of its g-derivatives of order £ < k — 2 as a function
of the base metric go. This continuity follows essentially from the proof of [KKPW89,
Proposition 2.2]; we give a proof of this fact in Proposition C.1 in the Appendix.

Note that neither ag nor ¥, is unique, but a, is unique up to a coboundary and in all the
following paragraphs; adding a coboundary to a, will not affect the results. From (2.14),
we obtain that for t € R, z € Sy, M, gofag (Z’t)(}[/g(z)) =Y, (9%°(2)) with

t
Kay (2, 1) =/ ag(9§°(2)) ds. (2.15)
0

If ¢ € C is a free homotopy class, then

LgO (c)
Lg(c) = / ag (@5 (2)) ds, (2.16)
0

for any z € yg,(c), the unique go-closed geodesic in c.

2.6.2. Definition of the geodesic stretch. We denote by M the universal cover of M.
Given a metric g € M on M, we denote by g its lift to the universal cover. Given two
metrics g; and g» on M, there exists a constant ¢ > 0 such that ¢~!g; < g» < cg. This
implies that any gi-geodesic is a quasi-geodesic for g3. We now assume that the two
metrics g1, g2 are Anosov on M. The ideal (or visual) boundary 8001\7 is independent
of the choice of g and is naturally endowed with the structure of a topological manifold
(see Appendix B) whose regularity inherits that of the foliation (that is, it is at least
Holder continuous and is C2~¢ for any & > 0 on negatively curved surfaces by [HK90]).
In negative curvature, we refer to [BH99, Ch. H.3] and [Kni(02] for further details. For the
general Anosov case, we refer to [Knil2] and Appendix B of the present paper.

We denote by G, := Sg]\7l / ~ (where z ~ 7’ if and only if there exists a time ¢ € R such
that ¢, (z) = z’) the set of g-geodesics on M: this is a smooth 2n-dimensional manifold.
Moreover, there exists a Holder-continuous homeomorphism ®, : G, — dooM X dooM \
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A, where A is the diagonal in 3001\71 X 8001\7[ . Given a point z € SgZVI , we will denote by
Z4,2— € 8001\7 the points (in the future and in the past, respectively) on the boundary at
infinity of the geodesic generated by z.

We now consider a fixed metric go on M and a metric g in a neighborhood of go.
If ¥, denotes an orbit equivalence between the two geodesic flows, then v, induces a
homeomorphism W, : Goy — G,. The map

Dy oWy 0Dyl 1 9o M X dooM \ A — dooM X oM \ A

is nothing more than the identity.

Given z = (x,v) € SguM, we denote by cg(z) :t+> cgy(z,1) € M the unique
geodesic (for the sake of simplicity, we identify the geodesic and its arc-length
parametrization) such that cg(z, 0) = x, ¢4,(z, 0) = v. We consider ’cvgO (2), alift of cgy(2)
to the universal cover M , and introduce the function

b:SeyM xR —> R, b(z,1):=dz(Cey(z,0), oy (2, 1)),

which computes the g-distance between the endpoints of the go-geodesic joining Cg, (z, 0)
to Ego (z, t). It is an immediate consequence of the triangle inequality that (z, t) — b(z, t)
is a subadditive cocycle for the geodesic flow ¢80, that is,

b(z,t+5) < b(z, 1) + b(@(z),s) forallz € Se,M, forallt,s e R

As a consequence, by the subadditive ergodic theorem (see [Wal82, Theorem 10.1], for
instance), we obtain the following lemma.

LEMMA 2.6. Let u be an invariant probability measure for the flow (p;go. Then the quantity
1, (go, & 2) := z—lfToo b(z, 1)/t

exists for p-almost every z € SgoM, 1,(g0, &, ) € Ll(SgOM, dw), and this function is
invariant by the flow ¢5°.

We define the geodesic stretch of the metric g, relative to the metric gg, with respect to
the measure [ by

I, (go, g) == / 1,,(go, g, 2) du(z).

SegM

When the measure p in the previous definition is ergodic, the function /,(go, g, -) is
thus ( w-almost everywhere) equal to the constant 7, (go, g). We recall that 84, (c) is the
normalized measure supported on yg, (c), that is,

1
Lygy(e)

8go(C) 1 u

Ley(©)
/0 (e (2)) dt.

We can actually describe the stretch using the time reparametrization ag.
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LEMMA 2.7. Let j be an ergodic invariant measure with respect to the flow ¢3°. Then,

1,(go g):/ a, dyu = lim Lg(c))
g My, j=+00 Lgy(cj)’

where (¢j)j>0 € CN is such that (the existence of ¢ ; follows from [Sig72, Theorem 1])
Be0(C}) = j oo M-

Proof. We first prove the left-hand equality. Let M be the universal covering of M and I’
the group of deck transformations. Denote as above by v, : S5, M — SyM the lift of the
conjugacy between the geodesic flow of the metrics g and gy. Then, for all y € T,

B We@) = U@ @) and Je(122) = ydlg ).

If 7:TM — M is the canonical projection the function dg(n(ﬁg(z)),n(z)) is
I"-invariant. This follows since

g (T (Yg (142)), T (142)) = dg(T (v Vg (2)), 7 (142))
= dz(yn (Y (2)), y7(2)) = dg( (Vg (2)), 7 (2)).

Hence, by the compactness of M and the continuity of dg(n(ﬁg (2)), m(2)) there is a
constant C > 0 such that d'g“(n(l/Nfg(z)), m(z)) < C for all z € SM. Using the triangle
inequality, we obtain

b(z. 1) — Ka, (1, 2)| = |dz (7 (@°(2)), 7 (2)) — d (ﬂ(w,( e ,)(%ﬁg(Z))), (Y (2)))

= |dz (1@ (2)), 7(2)) — dg(T (Y (FF°(2))), T (Vg (2)))]
< dz(m (@ (), T (W (@ (2))) + dg(m (Y (2)), 7(2)) < 2C.
This implies, using (2.15), that
. . ) 1 [
Jim b0/t = lim ke @0/t = T - /0 ag (@ (2)) ds = /S e

for p-almost every z € Sg) M, by the Birkhoff ergodic theorem [Wal82, Theorem 1.14]. By
(2.16) we also have

/ agduy = hm (Sgo(c ), ag) = lim Lg(c))
SeoM j—oo L 0(C])

thus the proof is complete. O

As a consequence, we immediately obtain the following corollary.

COROLLARY 2.8. Let g belong to a fixed neighborhood U of gy in M**, and assume that
for any sequence of primitive free homotopy classes (c;) j>o € CN such that L g (cj) — 00,
we have lim; . Lg(cj)/Lg,(c;) = 1. Then, for any equilibrium state 1 y with respect to
@ associated to some Hélder function f, we have I, (80,8) =L

Combining this with the results of [GL19, Theorem 1], namely the local rigidity of the
marked length spectrum, we also easily obtain the following theorem.
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THEOREM 2.9. Let (M, go) be a smooth Riemannian n-dimensional manifold with
Anosov geodesic flow, topological entropy h.p(go) = 1, and assume that its curvature
is non-positive if n > 3. Then there exists k € N large enough, depending only onn, ¢ > 0
small enough such that the following statement holds: there is C > 0 depending on go so
that, for each g € CK(M; S>T*M) with ||g — gollcx < &, if

L .
hiop(g) =1,  lim Lelep) _
Jj—+0oo LgO(Cj)

for some sequence (c;) jeN of primitive free homotopy classes such that 84,(cj) —j— 00
ug(?/[, then g is isometric to go.

Proof. Given a metric g, we have by [Kni95, Theorem 1.2] (in [Kni95] the metric is
assumed to be negatively curved, but the argument applies also for Anosov flows, as is
shown in [BCLS15, Proposition 3.8]: it corresponds to Proposition 3.10 below in the case
f=1and f" = a,) that

htop (80)

T 2.17)
u2M (80, &)

hiop(g) =

with equality if and only if @8 and ¢ are, up to a scaling, time-preserving conju-
gate, that is, there exists a homeomorphism i such that ¥ o gog(t) = (pi, oY with ¢ :=
htop(g)/htop (g0)-

In particular, restricting to metrics with entropy 1, we obtain that IM?M (g0, 8) =1

0

with equality if and only if the geodesic flows are conjugate, that is, if and only if
Lg = Lg, (by the Livsic theorem). As a consequence, given go, g with entropy 1 such
that Ly (cj)/Lgy(cj) —> j— oo 1 for some sequence dg,(c;) — j— 100 ug\’[, we obtain that
1 uBM (0.8 =1, hence Ly = Lg,. If kK € N was chosen large enough at the beginning,
we can then conclude by the local rigidity of the marked length spectrum [GL19,
Theorem 1]. O

In Theorem 2.9, we assume that g has entropy 1. This is actually a harmless assumption
in so far as the same result holds true on metrics of constant topological entropy heop(g) =
X > 0. Recall that by considering 2%go for some constant \ > 0, the entropy scales as

htop(}\zgo) = hyp(go)/ N [Pat99, Lemma 3.23] and we can thus always reduce to the
previous case hp(go) = 1. We also observe that the previous theorem implies the local
rigidity of the marked length spectrum: if L, = Ly, then hyy,(g0) = hyop(g) because the
topological entropy hyop(g) is the first pole of the Ruelle zeta function [PP90, Theorem 9.1]

Ce(s) = [ (1 = &1,
ceC

We can then apply Theorem 2.9 to deduce that g is isometric to gg. We will provide an
alternative proof of this fact in the next section without using the proof of [GL19].
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3. A functional on the space of metrics
Given a metric g in a Ck%-neighborhood U of gg, we define the potential

Ve i=JL +ag— 1€ C"(SgyM) @3.1)

for some v > 0. We remark thatU > g > V, € C”(Sg, M) is C¥~2 and, for g = go, Vg, =
J;;o' Consider the map v : M*® — R, defined for gg a fixed smooth metric with Anosov
geodesic flow, by

Y(g) := P( — Jz?o —ag + / ag d,ué;o) =P(-Vy) + Iﬂéo (g0, 8) — 1. (3.2)

Seo

We also define the maps
F: MM SR F(g) i=P(=V,), (3.3)
o M SR, D(g) = It (80.8) = 1. (3.4)

satisfying W(g) = F(g) + ®(g). We note that W, &, F are CK=2 by [Con92]. We also
make the following observation: since P(—J,) = 0 and ag, is cohomologous to 1, we
have W(gp) = 0 and

(1= Jg, —ag) dugL(,) > —P(l — Jy —ag) = —F(g)

(3.5)

() = _<hﬂéo (¢f") + f

SgoM

by using the variational definition (2.11) of the pressure. This shows that, for all g € M*®,

W(g) = W(go) =0.

Moreover, W(g) = 0 if and only if the inequality (3.5) becomes an equality, which means
that ,u,gjo is the equilibrium measure of —J;O + 1 —ag. Since yé;o is also the equilibrium
measure associated to —Jé‘o, we conclude by (2.12) that 1 — ag is cohomologous to a
constant, or equivalently a, is cohomologous to a constant. We have thus shown the

following lemma.

LEMMA 3.1. The map V satisfies ¥ (g) > W(go) =0, and ¥ (g) = V(go) = 0ifand only
if ag is cohomologous to a constant, or equivalently L, = \Lg, for some \ > 0.

The proof of Theorem 1.2 will be a consequence of the fact that Taylor expansion of
W at g = go has leading term given by the Hessian, which turns out to be the variance
operator I studied before.

3.1. The proof of Theorem 1.2. In what follows, we will compute the derivatives of the
map ¥, @, F. As mentioned earlier, they are C k=2 by [Con92, Theorem C], and explicit
computations of their derivatives can be found in [PP90, Proposition 4.10] (subshift case)
and [KKPW90, KKW91] (topological entropy case). The first step in the proof is the
following proposition.
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PROPOSITION 3.2. The non-negative functional W : M** — R defined in (3.2) satisfies
the following property: there exist a neighborhood U of go in C3*(M, S>T*M) and a
constant Cyg, depending on gy such that, for all g € U,

W(g) > §((TM5°(g — 80). (8 — 80)) 12 — ((8 — 80)- 80)72) — Cyollg — 0l s

Proof. We shall compute the Taylor expansion of ¥ at g = g¢ to second order. By [PP90),
Proposition 4.10], we have, for & € Tg/\/lk"",

dFg.h =— / dag.h dmg
SgOM

where m is the equilibrium measure of —V,. In particular, observe that for g = go, we
have

dFg).h = — / dag,.h dul, (3.6)
SeoM
since mg, = M{Eo‘ Next, we get, for h € Tgo./\/lk’“,

d®g.h = f dag,.h dpy, = —dFg,.h, 3.7

80

thus dWg,.h = 0 forall h € Ty ME®.
Let us next compute the second derivative d 2 W, (h, h). First, we have

d*®g, = / Mdzago(h,h) dug .

80

Then, by [PP90, Proposition 4.11] we know that
dzP_VgO (dVgy-h, dVgy.h) = Varulgo (dVgy.h — (dVgy.h, 1)) = (TI8d Vg .h, d Vg, .h) 2,

dP_y, (dVg.h) = / dVgyh duly, (3.8)

S0
where Varﬂlg (h) is the variance defined in (2.5), equal to (I180h, h);>» by (2.6) and
0
[1801 = Q. Therefore,

d*Fgy(h, h) = — dP_y, .d*Vy,(h, h) + d* P_y, (dVy.h, dVe,.h)
= —dP_y, d*ag,(h, h) + (1%dag,.h, dag,.h) 2.
All together, we finally get
d* Wy, (h, h) = (TI8dag,.h, dag,.h) ;.
To conclude, we claim in Lemma 3.3 below that dag,.h — %n;h is a coboundary, so that
d* Wy (h, h) = (M%75h, w3h) 2 = F(T5°h, k)2 — (h, g0)7,).

The statement of the proposition is then simply the Taylor expansion of W(g) at g = go,
with i = g — go. (We need the map to be C> for the Taylor expansion, hence the need for
the C>* regularity since we lose two derivatives as mentioned at the beginning of §3.) [
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LEMMA 3.3. Consider a smooth deformation (g))re(-1,1) of o inside M52 Then there
exists a Holder-continuous function f : SqoM — R such that

75 (01.83.1h=0) — 20.ax =0 = Xg,

Proof. Let ¢ be a fixed free homotopy class, and let yy € ¢ be the unique closed
go-geodesic in the class ¢, which we parametrize by unit-speed zg : [0, £4,(y0)] = Sgo M.
We define 7). (s) = ¥ (z0(s)) = (a3 (s), &y (s)) (the dot is the derivative with respect to s),
where iy, is the conjugacy between g and go: this gives a non-unit-speed parametrization
of yy., the unique closed g) -geodesic in c. We recall that & : TM — M is the projection.
Using (2.14), we obtain

Kgo(yo)
/0 &1 (s), oy (s)) ds
Zgo(y())
= ./o 8105 (7T 0 23.(8)), d5(7r 0 23.(5))) ds
ZgO(VO)
= /0 8135 (7w 0 Yy 0 20(s)), d5(7r 0 Yy, 0 20(s))) ds

(N
=/(; a; (z0(s)) &n(dm(Xy, (22.(5))), dmw(Xy, (22.(5)))) ds
=1

Zgo(VO) 2
= /0 ay (zo(s)) ds.

Since s — ap(s) is a unit-speed geodesic for go, it is a critical point of the energy
functional (with respect to gp). Thus, by differentiating the previous identity with respect
to \ and evaluating at A = 0, we obtain

gy (v0) ) ) Lg9(v0)
[ tbotio) oy ds =2 [ danbnototon ds.
0 0

As a consequence, n;(ax grln=0) — 20yay|n=o is a Holder-continuous function in the
kernel of the X-ray transform: by the usual Livsic theorem, there exists a function f (with
the same Holder regularity), differentiable in the flow direction, such that 775 (3 g3 [5.=0) —
200 axh=0 = Xg, f. O

As a corollary, we obtain the following result.

COROLLARY 3.4. For k=5, a€(0,1), there exist a neighborhood U of go in
Cke(M; S*T*M) and constants Cgp> Cg’o > 0 depending on g¢ such that, for all g € U,

CooI7ker D3, (8 = 8017 1124g) < ¥ (&) + 5((8 — 80), 80)72 + Ciy llg — 80l s

There exist a neighborhood U' of go in C**(M; S*T*M) and a constant Cgo >0
depending on go such that, for all g € U', there is a diffeomorphism W € C**1%(M) such
that

CoollV™8 = 80013 1120g) = ¥ (&) + 5 (V78 — 80), 80072 + C V78 — g0l s
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Proof. The first inequality follows from Proposition 3.2 and Lemma 2.2. For the second
inequality, we apply the first inequality to ¥ *g, where v is the diffeomorphism obtained
from Lemma 2.4, and we use that W(y*g) = W(g). O

The next step is to control the term ((¥*g — go), go) ;2 by the geodesic stretch. We will
show the following proposition.

PROPOSITION 3.5. There is k € N large enough, depending only onn = dim M, such that
if go is smooth with Anosov geodesic flow, and non-positive curvature in the case n > 2,
there exist Cgy > 0 and C,, > 0, an open neighborhood U in CR(M; S2T*M) of go, such
that. for each g € U, there is a diffeomorphism  satisfying

Coo Vg = g0l 3112041,

< P(— Jgo — dg +/S ag du’g()) + Cn(l,% (20, 8) — 1)?
80

< P(— J;O —ag +/S ag d,ug,‘o> + Cn(P(—J;O —ag + 1)?
80

< P(— T4 —ag + fs G d,u§0> + (Volg (M) — Volg, (M))>.
80

Here Cg, depends on gy and C,, on n only.

Proof. We write the Taylor expansion of ®(*g) = ®(g) = Iuﬁ (g0, 8) — 1 at g = go:
0
by Lemma 3.6 and Lemma 3.3,

1
d®g,.h = / dagy hdpl = - / myhdug, = Cp(h. 80) 2
M Son M

2
80 80

for some C,, > 0 depending only on n = dim M. Then

D(g) = DY) = Cu(¥*g — 0. 80) 12 + OV *g — gollZs0)-

Combining with Corollary 3.4, we obtain

Caoll¥™g = 2oll-1240) = W(@) +2C,20()* + Cpp I8 — goll s (3.9)

if [Y*g — goll s« is small enough, which is the case if |g — goll¢s5« is small enough by
Lemma 2.4. To obtain the first inequality of Proposition 3.5, we apply Sobolev embedding
and interpolation estimates (the interpolation estimate |ju| gc < ||u||},,, ||u||;1_bt for ¢ =
ta + (1 — t)b is obtained by applying the Hadamard three-line theorem to the holomorphic
function s Zj(l + X)) (u, ej)iz on Re(s) € [a, b], where ¢; is an orthonormal basis
of eigenfunctions of any positive elliptic self-adjoint differential operator of order 2 on
symmetric tensors and '\ ; gives the corresponding eigenvalues) [Tay96, Ch. 4] and get, for
some constants cg, > 0, cgo > 0 depending on g only,

18 — gollzsa < ceollV™*e = 8013 masrar < Cooll¥™g — g0l 312ll¥ ™8 — goll i
ifk > (3/2)n 4+ 16 + 30 and &’ > «. This means that if |*g — go|| g+ is small enough,

: 3
depending on the constants Cg,, C;,/O, Caps Céo’ one can absorb the ||y *g — go||C5,a term of
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(3.9) into the left-hand side and get the first inequality of Proposition 3.5. The smallness
of [|¥*g — goll g« is implied by the smallness of ||g — gollck« by Lemma 2.4. The same
exact argument applies by replacing ®(g) by F(g) using that d Fgy = —d¢g,; this proves
the second inequality of Proposition 3.5. The last inequality is similar since

1 1
Volg (M) = Volg, (M) = - fM Trg, (h) dvolg, + O(|h][%s5.) = 50 gohpa + O(lhl%5.)
for h := g — go. The proof is complete. O

To conclude the proof of Theorem 1.2, we need to estimate ®(g) and F(g) in terms of
L1 (g). Recall that (see [PPS15, Corollary 9.17])

1 - v,
P(-V,) = 1 — lo vgp© 78
( g) Timm T g Z ¢
c€C.Lyy (C)E[T.T+1]
= Tlim % log Z e fvgo(c) T2 eLeo(©—Lg(e)
—00

ceC,LgO(c)e[T,TJr]]

Thus, if we order C = (c;) jen by the lengths (thatis, Lg,(c;) > Lg,(cj—1)), and we define

Le(c; Lo
Lo =timsup 2D 1 £ (o) = timing 75D

15
j—o00 Lgo(cj) J—00 Lgo(cj)

we see that for all § > 0 small, there is Ty > O large so that, for all j with Lg(c;) €
[T, T +1]with T > Ty,

eMI((T+D(=L4(8)=8).T(—L1(8)=8)) « plgg(cj)=Lg(cj) ~ max(T+D(—=L-(g)+8),T(—L-(8)+9))

We deduce, using P(—V,,) = 0, that
—L4(8) =8 <P(=Vy) <L _(g)+34.

Since § > 0 is arbitrarily small, we obtain |F(g)| < max(|]L+(g)|, |L-(g)]). Similarly,
Lemma 2.7 shows that |®(g)| < max(|L4(g)], |[£L-(g)]). So the proof of Theorem 1.2 is
complete by combining these bounds with Proposition 3.5 (the right-hand side in the first
and second inequalities of Proposition 3.5 being F(g) + ©(g) + C,®(g)? and F(g) +
W(g) + CaF ()%

3.2. A submanifold of the space of metrics. 1t is quite natural to describe the stretch
functional & on the space

NE = (g e MM | P(=V,) = 0) (3.10)

and on /\/;];f‘ = N5 N ker D;O. Indeed, as we shall see, this becomes a strictly convex

functional near gg € /\/fof‘ when restricted to ./\/S];l“ It is possible that the map is strictly

ko

convex globally on NV,

length spectrum.

Given g € N5 we denote by mg the unique equilibrium state for the potential
V. We will also write A/ for the case where k = oo. First we check that these are
(infinite-dimensional) manifolds.

in which case that would prove the global rigidity of the marked
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LEMMA 3.6. There exists a neighborhood U C M** of gy such that N** NU is a
codimension-one C*~2-submanifold of U and NYI;?‘ NU is a C*2-submanifold of U.
Similarly, there is U C M an open neighborhood so that N' N U is a Fréchet submanifold
of M.

Proof. To prove this lemma, we will use the notion of differential calculus on Banach
manifolds as it is stated in [Zei88, Ch. 73]. Note that M*¢ is a smooth Banach manifold
and N5¢ ¢ MK is defined by the implicit equation F(g) = 0 for

F:gr P(=V,) €R. @3.11)

The map F being C¥~2, we need only prove that d F, o does not vanish by [Zei88, Theorem
73.C]. This will immediately give that Tg N ke — ker dF, go- In order to do so, we need a
deformation lemma. For the sake of simplicity, we write the objects - instead of -g, .

We can now complete the proof of Lemma 3.6. We first prove the first part concerning
Nk Recall formula (3.6) for dFg,. Using Lemma 3.3, we obtain

1
dFg).h = — f dag,.h dpy, = -3 / myhdug, = —Cu(h, go)r2,  (3.12)
SeoM SeoM

for some constant C,, > 0 depending on n. This is obviously surjective and we also obtain
TooN** = ker dFy, = {h € C**(M; S*’T*M) | (h, go);2 = 0} = (Rgo)™,

where the orthogonal is understood with respect to the L2-scalar product.

We now deal with /\/;];1“ First observe that ker D;’,‘O is a closed linear subspace of MK«
and thus a smooth submanifold of MK, By [Zei88, Corollary 73.50], it is sufficient
to prove that ker D;,‘O and N5 are transverse at go. But observe that gg € ker D;O ~

Ty, ker D;O and thus
Tgy ker Dy + Tgu &% = Ty MM,

showing transversality.
The case of A/ follows directly from the Nash-Moser theorem: F is obviously a smooth
tame map from C*®°(M; S2T*M ) to R; moreover, d F; has a right inverse H, since

1 1
dFg.g = — /S N dag.g dmg = —3 /S " agdmg = _Elmg(go’ g)
80 80

where we use the fact that 2dag.g is cohomologous to ag. This can be seen by
differentiating L, (c) = /. Yeo © 2 and applying the Livsic theorem. In particular, the right
inverse is given by Hg.l := —2g/l;,(go, g). The family of right inverses g — H, is
smooth since g > ag and g — my are smooth by [Con92, Theorem C], and it is clearly
also tame, thus we can apply directly [Ham82, Theorem 1.1.3, pp. 172] to deduce that F

has a smooth tame right inverse, which shows that A/ is a Fréchet submanifold. O

We remark thatif L, = Lg,, then a, is cohomologous to 1, s0 P(=V,) = P(=V,) =0
in that case, which means that g € A%, From the second inequality in Proposition 3.5,
we obtain the following corollary.
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COROLLARY 3.7. Let gy be a smooth metric with Anosov geodesic flow, with non-positive
curvature if n > 2. There exist Cg, > 0 and a neighborhood U C N k@ such that, for all
g € U, there is a diffeomorphism € DSH"Y so that

Caoll¥ "8 = 80311241 = Lt (80:8) — 1.

As suggested by this estimate, the functional @ turns out to be strictly convex near gg
when restricted on M];fl . First, we have, for h € Toy V' ko

d®g).h = —dFgy.h =0,

so that ® : N%* — R has a critical point at go. For the second derivative at go, the same
computation as in the previous section easily gives the following result.

LEMMA 3.8. The map @ : J\/’Skoft — R is strictly convex at go, and there is C > 0 such
that

d*®g(h, h) = [(T5h, h) = CllAlG 1y,

k,
forall h € TN}

sol *

Proof. The proof follows exactly that of Proposition 3.2, using Tg,\" ke — (Rgop)t. O

3.3. The pressure metric on the space of negatively curved metrics. The results of this
paragraph are stated in negative curvature, but it is very likely that one could relax the
assumption to the Anosov case. Again, the only obstruction for the moment is that it is
still not known whether the X-ray transform I, (hence the operator I1,) is injective on
solenoidal tensors in the Anosov case when dim(M) > 3.

3.3.1. Definition of the pressure metric using the variance. ~On M~ the cone of smooth
negatively curved metrics, we introduce the non-negative symmetric bilinear form

Gg(hl, hy) = (thla hz)m(M,d volg)» (3.13)

defined for g € M, hj € TyM >~ C®(M; S’T*M). 1t is non-degenerate on Ty M N
ker D;, namely, Gg(h, h) > Cg||h||§_l,l/2 by Lemma 2.2, and the constant C, turns out
to be locally uniform for g near a given metric go. Combining these facts, we obtain the

following proposition.

PROPOSITION 3.9. Let gg € M ™. Then the bilinear form G defined in (3.13) produces a
Riemannian metric on the quotient space M~ /Dy near the class [go], where M~ /Dy is
identified with the slice S passing through gg as in (2.9).

Proof. 1t suffices to show that G is non-degenerate on T'S. Let i € T,S and assume that
Gg(h,h) =0.Wecanwriteh = Ly g + h' where D;h’ = 0 and V is a smooth vector field
and Ly the Lie derivative with respect to V. By Lemma 2.1 we obtain 0 = Gg(h, h) >
C||A' || gg-1/2. Thus h = Ly g, but we also know that T,S N {Lyg |V € C®(M; T*M)} =
{0} since S is a slice. Therefore i = 0. O]
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3.3.2. Definition using the intersection number. We now want to relate the pressure
metric previously introduced to some renormalized intersection numbers involving some
well-chosen potentials. This will be needed to show that the pressure metric coincides
with (a multiple of) the Weil-Petersson metric in the case where M is a surface and
one restricts to hyperbolic metrics. This also makes a relation with recent work of
[BCLS15].

Let us assume that g is in a fixed C2-neighborhood of go. Since Jgo > (0, we obtain
that V, = J , Tdg — 1 > 0 if g is close enough to go. By [Sam14, Lemma 2.4], there
exists a umque constant hy, € R such that P(~hy, Vy) = 0. In particular, N coincides

in a neighborhood of go with the set {g € M | hy, = 1}. One can express the constant
hvg as hvg = hyp ((p, ) where gogo Ve g is a time reparametrization of the geodesic flow
of go (see [BCLSI1S, §3.1.1]). More precisely, given a Holder-continuous positive function
f € C"(SgyM) on Sg M, we introduce the unique real number h ;¢ such that P(=h¢ f) =0

and we set

t
SeoM xR > (z,1) = k£(z, 1) :=f F(@$(2)) ds.
0
For a fixed z € Sg, M, this is a homeomorphism on R and thus allows us to define

ol )@ = @. (3.14)

We now follow the approach of [BCLSI1S5, §3.4.1]. Given two Holder-continuous functions
f, fe C”(SgOM) such that f > 0, one can define an intersection number [BCLS15, Eq.

(13)]

ngOM Jdpon; s
ngOM fdpny

go(f f) =

where du—n, s is the equilibrium measure for the potential —hy f'. We have the following
result, which follows from [BCLS15, Proposition 3.8] stated for Anosov flows on compact
metric spaces:

PROPOSITION 3.10. (Bridgeman, Canary, Labourie and Sambarino [BCLS15]) Let
fo 11 8eoM — Ry be two Holder-continuous positive functions. Then

Joo(f, f) = _go(f MH=z1

with equality if and only if hy f and hy f! are cohomologous for the geodesic flow ¢5° of
go. The quantity J o, (f, f') is called the renormalized intersection number.

We apply the previous proposition with f :=J, (then h = =1) and f':=V,.
Without assuming that g € A (that is, we do not necessarlly assume that hy, = 1), we
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have
L
fngM(Jé'o +ag — 1) duyg,
L
Jsom Tiodig,
hy (o) + 1,1 (80, 8) — 1
2 > 1,
hz (go)

where hy (go) is the entropy of the Liouville measure for go. In the specific case where
gEN, hvg =1 and we find that Iu% (g0, &) = 1 with equality if and only if a, is
0

Joo (2

0°

Vg) = thIgo(Jgo’ Vg) = th

= th

cohomologous to 1, that is, if and only if L, = L, or alternatively if and only if ¢# and
@80 are time-preserving conjugate. This computation holds as long as Jé’o +a;—1>0
(which is true in a C2-neighborhood of go).

In particular, on NV, we have the linear relation

Iuls-“o(g(% g) -1
hy (g0)

In the notations of [BCLS1S5, Proposition 3.11], the second derivative computed for the
family (g))re(—1,1) € NV is

Joo (g

0°

Vg)=1+

1 (T15° 80, o)
hz.(g0) 4 hy (g0)
and is called the pressure form. When considering a slice transverse to the Dy action on
N, it induces a metric called the pressure metric by Lemma 2.1. To summarize, we have
the following lemma.

g0 (J2 . Ve ) lrmo = 031, (80, 81)lhm0 = (3.15)

LEMMA 3.11. Given a smooth metric go, the metric G g, restricted to N can be obtained
from the renormalized intersection number by

Gy (h, h) = 4h1(20)95 g, (Jit . Vi, ) =0

where (83)r.e(—1,1) is any family of metrics such that g, € N and go = h € Ty N.

3.3.3. Link with the Weil—Petersson metric. ~We now assume that M = S is an orientable
surface of genus at least 2. Let 7(S) be the Teichmiiller space of S. We show that the
pressure metric coincides with (a multiple of) the Weil-Petersson metric in restriction
to 7(S). We fix a hyperbolic metric go. Given 1, p € 7(S) and g, g, the associated
hyperbolic metrics, since 7(S) is connected (indeed, a ball in C3€nusM)—Dy there is
topological conjugacy between g;, g, and go and one can defined the time rescaling ag,
and ag, by using a path of hyperbolic metrics relating go to g, or to g,. The intersection

number is defined as

0. p) = L ( ) fngM g, d ity
M, p) = tgollgy, dgy) =

e fngM ag,dibn

where [g,] =7, [gp] = p and ) is the equilibrium state of _h“xn ag, . Note that h“xn =
hlop(go;go’a”) = 1 since @£ is conjugate to the geodesic flow of g,, which in turn has
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constant curvature, and by [Sam14, Lemma 2.4], ag, du,/ [, Sey M ag,d iy is the measure
0

of maximal entropy of the flow gofo’a”, thus also the normalized Liouville measure of g,
(viewed on Sg,M). This number I(n, p) is in fact independent of gy as it can alternatively
be written

I(n, p) = lim Le,(©
s T—o00 NT(T}) ceC.L (©)<T Lgn (C) ’
sgn =

where Ny = i{c € C |Lg, (c) < T} (see [BCSIS8, Proof of Theorem 4.3]). In particular,
taking go = g;, we have

1(777 /0) = Iﬂlélr] (g?’]’ g,O)

As explained in [BCS18, Theorem 4.3], up to a normalization constant ¢y depending on
the genus only, the Weil-Petersson metric on 7 (S) is equal to

11ve = c0d71C1. ) li=0 = €08 1,1, (8- &) n=o. (3.16)

where 179 = h and (gy, )re(—1,1) is a family of hyperbolic metrics such that [g,, ] = 7.,
n = no = [go]. This fact follows from combined works of Thurston, Wolpert [Wol86] and
McMullen [MMO8]: the length of a random geodesic y on (S, go) with respect to g, has
a local minimum at A = 0 and the Hessian is positive definite (Thurston), is equal to the
Weil-Petersson norm squared of ¢ (Wolpert [FF93, Wol86]) and is given by a variance
(McMullen [MMO08]); here random means equidistributed with respect to the Liouville
measure of go. We can check that the metric G also corresponds to this metric.

PROPOSITION 3.12. The metric G on T (S) is a multiple of the Weil—Petersson metric.

Proof. This follows directly from (3.15), (3.16) and the fact that hy (g,) =1 if g, has
curvature —1. O]

Remark 3.13. We notice that the positivity of the metric in the case of Teichmiiller space
follows only from some convexity argument in finite dimension. In the case of general
metrics with negative curvature, the elliptic estimate of Lemma 2.1 on the variance is
much less obvious due to the infinite dimensionality of the space. As it turns out, this is
the key for the local rigidity in our results.

4. Uniform elliptic estimates on Il
In this section we prove that the operator Hg e W~ (M; S>T*M) depends continuously
on g. Let MA™ be the space of smooth Riemannian metrics with Anosov geodesic flow.

PROPOSITION 4.1. The map MA" 5 g > Hg e W~1(M; S’T*M) is continuous when
W= (M; S?°T*M) is equipped with its topology of Fréchet spaces.

Recall that the Fréchet topology was introduced at the beginning of §2.2. We fix a metric
go and we work in a neighborhood U of go in the C* topology. In particular, we will
always assume that this neighborhood ¢/ is small enough that any g € U/ has an Anosov
geodesic flow that is orbit-conjugated to that of go by structural stability. We will also see
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the geodesic flows (¢f );cr as acting on the unit bundle SM := SgoM for go by using the
natural identification S; M — Sg M obtained by scaling in the fibers. The operator 75
associated to g becomes: for (x, v) € Sg M,

(3 h) (x, v) = hy (v, V) V]

4.1. The resolvents of X, and anisotropic spaces. We first recall the construction of
resolvents of X, from Faure and Sjostrand [F'S11] (see also [DZ16]) and, in particular, the
version used in Dang ef al [DGRS20] that deals with the continuity with respect to the
flow X,. Let E, (g) C T*(SM) be the annihilators of E, /s(g) ® Eo(g), that is,

u/s

E;(9)(E.(8) ® Eo(g) =0, EJ(8)(Es(g) ® Eo(g)) =0.

There are two resolvents bounded on L2 for X ¢ defined for Re()\) > 0 by
o0
Ry(\) =+ / e Mt X f dt
0

for f € L2(SM, dulé;). They solve (—X, &+ )\)R;,tO\) =1d on L?. The following results
are proved in [FS11], and we use here the presentation of [DGRS20, Sections 3.2 and 3.3]
due to the need for uniformity with respect to g: there is cp > 0 depending only on g, locally
uniform with respect to g (co depends only on the Anosov exponents of contraction/dilation
of d(pf ), such that for each Ny > 0, N; > 16N, R;,t()\) admits a meromorphic extension
in Re(\) > —coNy as a bounded operator

_ VoM VoM i _ oM _ oM
R, (h) - H™s - H" o, RN HTT — H ™" 4.1
No,N

where #%s" " are Hilbert spaces depending on Ny > 0, N1 > 0 satisfying the properties

No,.N NN
HN SMy c 17 H2Nosyy,  HPNo(sMy c HMe ' ¢ HO2N (s M

and defined by
No,N No.N
HE T = (A v )TILASM), A vy = Op(e™s 8],
g 8

and AmNO,Nl is an invertible pseudo-differential operator with inverse having principal
8

No:Ni : . . . .
symbol ez 1°2/ Here Op denotes a quantization (with a fixed small semi-classical

mhoN log £y ic ; : : No,N1 0 (%
parameter to ensure that Op(e™s ) is invertible), while m, e SUT*(SM)),

f e SNT*(SM), [1, 00)) (the usual classes of symbols) are homogeneous of respective
degree 0 and 1 in |£] > R, for some R > 1 independent of g, and constructed from the
lifted flow d>,g = ((d(ptg )™ acting on T*(SM). The function f can be taken depending
only on go for g in a small enough C* neighborhood U/ of go. Moreover, there are small
conic neighborhoods Cy,(go) and C,(go) of E;f(go) and E}(go) such that, for any smaller
open conic neighborhood C),(go) C Cy(go) of E(go) and C(go) C Cs(go) of E¥(go),
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Ni,N .
mg """ satisfies

m(]gVO,Nl (Z, E) > Nl’ (Z’ %‘) € C;(g0)7
M) 2 NS, (8 ¢ Calgo *2
mg"™M (2. ) < —No.  (z.€) € Cl(s0),

and mg(x, &) € [-2Np, 2N1] for all (z, &) € T*(SM). We note that [DGRS20, Lemma
3.3] shows that mi,vo’Nl is smooth with respect to the metric g and that f can be taken to

No.N
be independent of g for g close enough to go. The spaces #Hme"" are called anisotropic
Sobolev spaces. The pseudodifferential operators AmNOA,Nl belong to the class W2N1(SM)
8

but also to some anisotropic subclass denoted \IJ’"i'v o (SM) admitting composition
formulas; we refer to [FRS08, FS11] for details.

Eventually, [DGRS20, Proposition 6.1] shows that there is a small open neighborhood
W; of the circle {\ € C | |\| = §} for some small § > 0 so that

UxWs3 (g0 > A xox Ry (A wow) ™" € LIH(SM), LA(SM))  (4.3)

is continuous. (In [DGRS20, Proposition 6.1], a small semi-classical parameter & > 0
appears: we can just fix this parameter small enough. It does not play any role here except
in the quantization procedure Op. We also add that in [DGRS20, Proposition 6.1], Nj is
chosen to be equal to 20Ny for notational convenience, but the proof does not use that
fact.)

4.2. The operator 1'[§ in terms of resolvents. Following [Guil7], the link between I8
and the resolvent is given by the Laurent expansion

¢ = R, (0) — R (0),
where R;()\) has a pole of order 1, ngt (0) is defined by
Ry(\) =071, 1) + RS (0) + OO,
and R, (0) = —(R;(O))* where the adjoint is with respect to the Liouville measure.

LEMMA 4.2. Let x € CX(R) be even and equal to 1 in [-T, T] and supported in the
interval (=T — 1, T + 1). Then

+0o0
ne = / x(®e'Xs dt — RF(0) f x'(e'™s dt
R 0

400
+ R, (0) / x e Xe dr — (., 1) / X- 4.4)
0 R
Proof. For Re(\) > 0, we can write, by integration by parts,

o 00
R;,t()\.) = :I:/ X(l)e—l(X:FXg)dt :t/ a- X(t))e—t(}\ZFXg)dt
0 0

o0 o0
=:|:/ xO)e ' OFXI gr — R;f(x)/ x' (e FXeM gy,
0 0
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Then taking the limit as A — 0, we obtain

o0 o o0
REO) =% [ x@etdr - kEO) [0 sdrE [ it 1,
0 0 0
and summing gives the result. O
Next, we remark that, using that (pf (x, —v) = —¢% ,(x, v) (where multiplication by —1

is the symmetry in the fibers of SM), it is straightforward to check that, for all € R,
nz*etxgﬂf = nz*eftxgnf,

which also implies that 772, R} (0)e'Xs 7} = —m2, R, (0)e ™' Xs7} and thus
o0
I"I§ =270, / x (e ' Xs dtmy
0

+00
+ 2712*Rg_(0) / x/(1)e 1 Xs diny + (1 —/ x)(~, 1). 4.5)
0 R

We will prove that these three terms depend continuously on g. Note that

_ — _ L
(1 /RX)U”J)—(l /Rx> - (@) dpg(2)

and thus the g-continuity of this term is immediate. Now, we claim the following result.

LEMMA 4.3. There exist T > 0 large enough and a neighborhood U' C U of go in MA"
so that for all x € M and all g € U’ the exponential map of g in the universal cover M,

exp;g; {v e Tx]\71; vlg <T}— M,

is a diffeomorphism onto its image and ®F(V* Nkerix,) C C,(go) for all t > T, if
®f = ((dp?)™"T is the symplectic lift of ¢f, V* C T*(SM) is the annihilator of
the vertical bundle V = kerdmng C T(SM) and 1x : T*(SM) — R is the contraction
1x, (8) = E(X,).

We also mention here as it is used in the following proof that, as a consequence of
hyperbolicity,

V*NES=V*NE*={0}.

This can be found in [Pat99, Theorem 2.50], for instance (formulated for the tangent
bundle 7 (SM) but the adaptation to T*(SM) is straightforward). The T in Lemma 4.2
will be chosen accordingly so that Lemma 4.3 is satisfied.

Proof. By [DGRS20, Lemma 3.1], the cone C;,(go) can be chosen so that there exist 7 > 0
and U’ such that, for all > T and all g € U/, ®(C),(g0)) C C.(g0). We also know that
CD%))(V* Nkertx,) C C/ (go) for some Tp > T by hyperbolicity of go (that is, the stable
bundle E{ only intersects trivially the vertical bundle V* Nker:x,), but by continuity
of g —> CDgO, the same holds for all g in some possibly smaller neighborhood 4" C U/,
thus for all # > Ty and all g € U”, ®F(V* Nker tx,) C C/ (o). Now, we claim that, up to
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choosing " even smaller, the exponential map is a diffeomorphism on {|v|g < T} in the
universal cover: indeed, Anosov geodesic flows have no pair of conjugate points. [

4.3. Proof or Proposition 4.1.  Let us define

o0 +o0o
Qf = 712*/0 x (e "Xe dins, Q5 = ﬂz*Rg_(O)/o X' (e~ e drm}.
Proposition 4.1 is a consequence of the following two lemmas.
LEMMA 4.4. Foreach g € U/, Qf e W (M; S2T*M) with principal symbol

o () (x, &) = cul€] Ter i A3 Tier ic

for some ¢, > 0 depending only on n = dim M and A, some positive definite endomor-
phism defined in Lemma 2.1, and the map g — Q‘f is continuous with respect to the smooth
topology on U' and the usual Fréchet topology on W~ (M; S>T*M).

Proof. The fact that, for each g € MA", the operator Qf € W~!(M; S?T*M) is proved
in [Guil7, Theorem 3.5]. The computation of the principal symbol follows from the
computation [SSU05, SU04] and is done in detail in our setting in [GL, Theorem 4.4].
We need to check the continuity with respect to g in the W~ (M; S2T*M) topology and
we can proceed as in [SU04, Propositions 1 and 2]. For h € C®(M; S*°T*M ) we can
write explicitly in (x;); coordinates in the universal cover M near a point p € M,

(@h()ij = /S . /0 X O 70y @ expl(tv), 3, expf (10)) pij (x, v) ded S, (),

where p;;(x,v) are homogeneous polynomials of order 2 in the v variable, he
C OO(M S2T*M) is the lift of A to the universal cover M and d S, is the natural measure
on the sphere Sy M. Using Lemma 4.3, we can perform the change of coordinates
(t v) € (0, T) x Sy M y 1= expi(tv) € M, and we get the distance t = dg(x, y) in
M, and

JE ()
(dz(x, y)r~!

for some J¢ (y) smooth in x, y, g. We claim that this implies that

dtdv = dvoly(y), v= —Vﬁdg(x, y), 9 exps(tv) = (Vfdg(x, ),

@) = [ Kyx, () dvol, )

for some K, (x, y) which is smooth in (g, x, y) outside the diagonal x = y and, near the
diagonal, has the form (for some L < 00)

Ko(x,y) =) ce(g, X, e g (x — )
=1

with ¢¢ a matrix valued function, smooth in all its variables and wy ¢« (v) a vector-valued
function smooth in g, x, homogeneous of degree —(n — 1) in v € R". Indeed, one can
work in the universal cover M where x; are globally defined coordinates, so that, writing

https://doi.org/10.1017/etds.2021.75 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.75

1006 C. Guillarmou et al

h(x) = Zi,j hij(x)dx;dxj and p = Zij pij(x)dx;dx;, we get that K¢ (x, y) is a matrix
with coefficients
JE(y)

(K (e, y))ijirjr = x(dg(x, y)) pij ) FE (x, ) F (6, )G (6, MG (6, y) o
I dg(-x7 y)n

where F£(x, y) = —dx;(V3dz(x, y)) and G¥ (x, y) = dx; (V3dz(x, y)). Now we can use
the standard fact (see, for example, [SU04, Lemma 1]) that

di(x, ) =) Hj(g, x & = yilx = )j,
ij

Zij H,'lzl'(gvxv y)(x - Y)]
dg’(x’ y)

dx;(Vidg(x, y)) =

(and likewise for dx,-(Vﬁdg (x, ¥)) by symmetry) where Hl.];. (g, x, y) are smooth in all
variables and positive definite for x = y. The kernel K, is thus smooth outside the diagonal
(as a function of g, x, y), and can be written near the diagonal as a sum of terms of the form
c(g, x, y)wg x(x — y) where ¢ is smooth in all its variables and wg , (v) is a homogeneous
distribution of degree —(n — 1) in the variable v, smooth in g, x. The off-diagonal term
for the Fréchet topology is then clearly smooth in g, while the near-diagonal term has full
local symbols that are Fourier transforms of c(g, x, x — v)wg  (v):

o(g;x,8) =/ eic(g, x, x — v)wg . (v) dv.
R

It is then a standard and easy exercise to check that this provides uniform bounds
on semi-norms of the symbol. (Alternatively, the semi-norms on the full symbol are
equivalent to semi-norms in the space of distributions on M x M that are conormal to
the diagonal, defined through differentiations of K, (x, y) with respect to smooth fields
tangent to diag(M x M); see [Mel, Ch. 5, Proposition 6.1.1 and its proof]. Such norms for
K, are clearly uniformly bounded in terms of g.) We deduce the continuity (and indeed,
smoothness) of Q‘f as an element of W1 (M; S2T*M) with respect to the metric g. O

LEMMA 4.5. The operator Q§ has a smooth Schwartz kernel for each g € U', and the map
gel > Q5 e C¥(M x M; S*T*M & (S*T*M)*)
is continuous if we identify Qz, with its Schwartz kernel.

Proof. First we observe thatif B € \IJO(S M) is chosen, independently of g, so that B* = B
and B is microsupported in a small conic neighborhood of V* not intersecting C, (go) and
equal microlocally to the identity in a slightly smaller conic neighborhood of V*, then

my = By +Sg,  mu =m,B + S,

with S, a continuous family of smoothing operators. This decomposition is a consequence
of the fact that ;' maps C~*°(M; S2T*M) to the space C°(SM) of distributions with
wavefront set contained in V* (ni‘ being essentially a pullback, this follows, for instance,
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from [Ho6r03, Theorem 8.2.4]). We will show that the operator
T+1
Qf = 72 BR, (0) -/; x' (e Xe B} dt

is a continuous family (with respect to g) of smoothing operators. We need to show that
foreach N > 0, Q3 : H~N(SM) — H"(SM) is a continuous family with respect to g of
bounded operators. To study R, (0), it suffices to write it in the form

1 Ry (1)

R, (0) = —
g() 2mi |n|=8 A

dn (4.6)

with § small enough so that the only pole of R, (M) in [\] < 3§ is A = O (this is possible
for g close enough to go by continuity of g — R, () as proved in [DGRS20]; note
that the spectrum (the Pollicott—Ruelle resonances) depends continuously on the metric,
as was shown by [Bon20]), so that this amounts to analyzing R, () on {|x| = 8}. We
decompose B = B! + B? with B! € WO(SM), where WE(B') is contained in a conic
neighborhood of ker LX,, hot intersecting the annihilator Eg(go)* of E,(go) ® E;s(go)
(the neutral direction) and WF(B?) N ker Xy = % (B? is microsupported in the elliptic
region). For i =1, 2 we let B} € WO(SM) be microsupported in a conic neighborhood
of U, e[T.T+1) ®f (WF(B')), so that by Egorov (or simply the formula of composition of
wO(SM) with diffeomorphisms of SM),

forallz € [T, T +1], e "B = Bjpe "X¢B' + 5, (1),

for some continuous family (g, t) Sé,’ ; (¢) of smoothing operators (for g close enough to
20). We note that by taking ¢/’ small enough and WF(B!) close enough to V* N ker Xg)»

Lemma 4.3 ensures that we can choose B} depending only on T (thus uniform in g € U")
so that WF(B1) C C, (go). Thus

T+1 T+1
/ x'()e X B dr = B, / x' (e " Xs B dr + Se
T T

for some continuous family g +— Sg,”l of smoothing operators. Next we use (4.1) with the
choice Ng = N + 1 and N;/16 = N + 2. Since, by (4.2),

mg(z,6) < —N —1 forall (z, &) € WF(B}),

we obtain, using the composition properties in [FRS08, Theorem 8] that AmNO,N] B} €
8

W—N=1(SM) is uniformly bounded with respect to g and continuous as a map g € U’
AmNO‘Nl B} e L(HN(SM), H'(SM)). In particular,
4

T+1
U'sg— A / x' e ' XsB dr e L(HN (SM), H' (SM)) 4.7
8 T
is continuous. Next, we deal with the ‘elliptic region’ term, that is, the term B 2 The idea is

to show it is smoothing, since it is a Schwartz function of X, microlocalized in the elliptic
region of X, . First, WF(B%) does not intersect ker tx, for g € U’ after possibly reducing

https://doi.org/10.1017/etds.2021.75 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.75

1008 C. Guillarmou et al

U’ since it does not intersect ker ¢ x - Moreover, we have

T+1 T+1
XEN f X/(t)e—thBZdt — f X(1+2N)(t)e_thB2dt,
T T

and since WF(B%) does not intersect kertx, for g € U’', there exist by microlocal
ellipticity [DZ19, Proposition E.32] a family Q, € \IJ_2N(SM) and Z, € Y=®(SM),
both continuous with respect to g, so that

2N 2
Qng = BT +Zg

We write
T+1 T+1
B%/ x' (e XeB* dt = ngng X (e ' XeB*dt + Z,,
T T
T+1
= Qg/ K0 Xe Bt + 74,
T

where Z;, e L(HN(SM), HY (SM)) continuously in g. Since fTT+1 x' (e " Xs B2 dt is
continuous in g as a bounded map L(H —N(SM)) and Qg is continuous in g as a bounded
map L(H N (SM), HN (SM)), we get

T+1
B2 / x' (e Xe B2 dr e LHN (SM), HN (SM))
T
continuously in g € I4’. Combine these facts with (4.7), (4.3) and (4.6), we deduce that
1 T+1 X
Usgr— Amévo,Nl R(;(O)(Amévo,Nl )~ Ami,VO’Nl /T X/(t)eit §B dt

is continuous as a map with values in L(HN(SM), L2 (SM)). Finally, using that

WE(B) N C,(g0) = @ and —m "' < —2N — 4 outside C,(go) by (4.2), we have that

B(AmNO,Nl)_l e W2N=4(sM) uniformly in g (again using [FRS08, Theorem 8] and
8

[DGRS20, Lemma 3.2]) and the following map is continuous:

U 5 g+ BA nony) e LWLASM), HY (SM)).
mg

This shows that /' > g — Q§ e L(HN(M; S T*M), HN (M; S*T*M)) is continuous.
The terms involving the smoothing remainders S, appearing in the difference between
Qg and SZ§ can be dealt with using the same argument, and indeed are even simpler to
consider. The proof is then complete. U

The proof of Proposition 4.1 is simply the combination of Lemmas 4.4 and 4.5.
As a corollary we prove Theorem 1.3.

4.4. Proof of Theorem 1.3. Let gog € M”™ and assume go has non-positive curvature if
n > 3. Using Lemma 2.4, for g1, g2 € M close enough to go in C¥*3% norm, we can find
/S DSH’“ (with k > 5 to be chosen later), depending in a C? fashion on (g1, g2) such
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that Dy (¥*g2) = 0. Moreover, g, = Y* g satisfies

g5 — gillcke < C(lIg1 — gollcka + 182 — goll cka)

for some C depending only on go. We can then rewrite the proof of Theorem 1.2,
replacing go by g1. Let W, (g2) = P(—Jy — dg, ¢, + ngOM ag,.a a’pé;l) be the map (3.2)
with (g1, g2) replacing (go, g), and @ (g2) = IM1§1 (g1, &2), where ag, ¢, is the time
reparametrization coefficient (2.14) in the conjugacy between the flows ¢S8! and 82, and
the pressure and the stretch are taken with respect to the flow ¢8!. Combining [Con92,
Theorem C] and Proposition C.1, the maps (g1, g2) = W, (g1) and (g1, g2) = Py, (g2)
are C3in g2 if k is chosen large enough, and each g»-derivative of order £ < 3 is continuous
with respect to (g1, g2) € C¥T3 x C¥*3 (again k is fixed large enough). Following the
proof of Proposition 3.5, this gives that for g{, g smooth but close enough to g¢ in ME+3e

Ca (D, (82) — 17 + Wy, (g2) = §(T15' (85 — 1), (g5 — 81)) — Cp g2 — 811219

where C,, depends only on n = dim M, and Cél depends on || g1l ok« for some fixed ko.

Combining Proposition 4.1 and Lemma 2.2, we deduce that there exist Cg,, C;,O >0
depending only on g so that for g1, g2 € M in a small enough neighborhood of g¢ in the
C*3 topology (for k > ko),

Cn(Pg,(82) — 1)* + Wy, (82) = Cyollgh — gill =120 — Coollg2 — 81115

This means that there exists ¢ > 0 depending on go and k large enough so that, for all
g1, 82 € M smooth satisfying [|g; — gollcr+3a(pr) < €, the estimates of Proposition 3.5
with (g1, g2) replacing (go, g) hold uniformly with respect to (g1, g2). This proves the
theorem.

5. Distances from the marked length spectrum

In this section we discuss different notions of distances involving the marked length
spectrum on the space of isometry classes of negatively curved metrics. Again, if the X-ray
transform I, were known to be injective, it is likely that one could only assume the Anosov
property for the metrics in this paragraph.

5.1. Length distance. ~We define the following map.

Definition 5.1 Let k be as in Theorem 1.3. We define the marked length distance map
dp : MR x M — RY by

Lg (c))

log
L, (cj)

dr (g1, g2) := lim sup

j—o00

This is indeed well defined. If gi, go are two such metrics, then there exists a
constant C = C(g1, g2) > 1 such that for all (x,v) € TM, (1/C) x |v]g,x) < [V]gy(x) =
C X |vlg,(x)- As a consequence, using that a geodesic is a minimizer of the length among
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a free homotopy class, we obtain
Ly, (c)) _ g1 (Vg (¢))) < g1 (Ve (cj)) <2 e, (Vg (cj) —cl\»
Lgy(cj) Lo (Vgr(cj)) — £y (vg(c)) — ey (Vg (cj))
and the lower bound follows from a similar computation. We obtain the following corollary
of Theorem 1.3.

)

COROLLARY 5.2. The map dj, descends to the set of isometry classes near go and defines
a distance in a small C**-neighborhood of the isometry class of go.

Proof. 1t is clear that d; is invariant by action of diffeomorphisms homotopic to the
identity since Ly = Ly g for such diffeomorphisms . Now let g1, g2, g3 three metrics.

‘We have
L ) L 3L .
lim sup | log —$—2 ) = lim sup | log —$—= (¢)) Ln(e))
]—)00 ng(cj) J—)OO LgK(CJ) LgZ(C/)
L ; L j
<lim sup | log M + lim sup | log M )
j—o00 g3\Cj j—o00 Lg,(cj)

thus dj, satisfies the triangle inequality. Finally, by Theorem 1.3, if dr (g1, g2) = 0 with
g1, &2 in the C** neighborhood Upg, of Theorem 1.3, we have g; isometric to g>, showing
that dy, produces a distance on the quotient of U, by diffeomorphisms. O

We also note that Theorem 1.3 states that there is Cy, > 0 such that for each g1, g2 €
Cko(M; S2T*M) close to go there is a diffeomorphism such that

dr(g1, 8% > Colv* a1 — g2lly-112.

5.2. Thurston’s distance. We also introduce the Thurston distance on metrics with
topological entropy 1, generalizing the distance introduced by Thurston in [Thu98] for
surfaces on Teichmiiller space (all hyperbolic metrics on surface have topological entropy
equal to 1). We denote by £ (respectively, £%) the space of negatively curved metrics in
M (respectively, in M*®) with topological entropy hy,(g) = 1. (Let us also recall here
for the sake of clarity that htop()\z g) = hyp(g) /N, for k. > 0.) With the same arguments as
in Lemma 3.6, this is a codimension-one submanifold of M and if g9 € £ ke we have

Ty EF = {h e CH(M; S’T*M) | f myh dug = 0}. (5.1)
SeoM
Definition 5.3 We define the Thurston non-symmetric distance map dy : 6% x ¢ —
R* by
. Lg,(c))
dr (g1, g2) = lim sup log 82
j—o00 Lgl (Cj)

Note that the finiteness of the previous quantity also follows from the same argument as
the one justifying the finiteness of Definition 5.1. Its non-negativity will be a consequence
of Lemma 5.5, where it is proved that this can be expressed in terms of the geodesic stretch.
We will prove the following proposition.
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PROPOSITION 5.4. The map dy descends to the set of isometry classes of metrics in E&¢
(for k € N large enough, a € (0, 1)) with topological entropy equal to 1 and defines a
non-symmetric distance in a small C**-neighborhood of the diagonal.

Moreover, this distance is non-symmetric in the pair (g1, g2) which is also the case of
the original distance introduced by Thurston [Thu98], but this is just an artificial limitation
(Thurston [Thu98]): ‘It would be easy to replace L (in Thurston’s notation, L(g, h) =
lim SUP;_, oo log(Lg(cj)/Ln(cj))) by its symmetrization %(L(g, h) + L(h, g)), but it
seems that, because of its direct geometric interpretations, L is more useful just as it is.” In
order to justify that this is a distance, we start with the following lemma.

LEMMA 5.5. Let g1, g2 € M be negatively curved. Then

lim sup ng—(cj) = sup I,(g1,8)>0.
j=oo Lei(€j) memMipen

Note that there is no need to assume g1 and g» are close in this lemma: this follows from
Appendix B, where we discuss the fact that the stretch (and the time reparametrization)
is well defined despite the fact that the metrics may not be close. Here m is seen as an
invariant ergodic measure for the flow ¢;' living on S¢, M. However, writing M = F\]VI
with T >~ (M, xo) for xg € M, it can also be identified with a geodesic current on
8001\71 X 8001\7 \ A, thatis, a ["-invariant Borel measure, also invariant by the flip (¢, n) —
(n, &) on 8001\7 X BOOM \ A. This point of view has the advantage of being independent
of g1 (see [STar]).

Proof. First of all, we claim that (as pointed out to us by one of the referees, the map
Miny 2 m — I,,(g1, g2) is continuous and linear on a compact convex set; it thus achieves
its maximum on the extremal points of the convex sets (the ergodic measures) so the
argument could be shortened)

sup  In(g1,82) = sup In(g1,82).

meimim,,erg meimim,

Of course, it is clear that sup,, con, ... Im (81 82) < SUPeon,,, Im (g1, 82) and thus we are
left to prove the reverse inequality. By compactness, we can consider a measure mg € Miny
realizing sup,,con, = Im (81, §2). By the Choquet representation theorem (see [Wal82, pp.
153]), there exists a (unique) probability measure T on Minyerg such that mo admits the
ergodic decomposition my = fm m dt(m). Thus

inv,erg

Iy (81, 82) =/ dgy.g, dmo
M

Sgl
= / ag,.g, dm dt(m)
inv,erg Sgl M

< sup / ag.g dm/ dt(m) = sup 1I,(g1, &),
M

m ei)jtinv,erg 21 EIninv,erg m EEDtinv,erg

which eventually proves the claim.
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Let (c;) jen be a subsequence such thatlim; , ;oo Lg,(cj)/Lyg, (c;) realizes the lim sup.
Then, by compactness, we can extract a subsequence such that §;, (c;) — m € Mjpy. Thus:

ng(cj)/Lgl(Cj) = <5g1(cj), agl,g2> —> j—+o00 (m, agl,gz) = I (g1, 82)»

which proves, using our preliminary remark, that

limsup Ly, (cj)/Lg (c;) < sup  ILy(gi, g2)-

Jj—+oo meNMiny,erg

To prove the reverse inequality, we consider a measure mg € Minyerg such that
Iy (g1, &2) = SUD 1 €My 1,,(g1, g2) (which is always possible by compactness). Since
my is invariant and ergodic, there exists a sequence of free homotopy classes (c;) jen such
that 84, (c;) — mg (by [Sig72]). Then, as previously, we have

Imo (g1, 82) = /Er-ir—loo ng (cj)/Lgl (Cj) < lim sup ng(cj)/Lgl(cj)y

Jj—+oo

which provides the reverse inequality. O
We can now prove Proposition 5.4.

Proof of Proposition 5.4.. By (2.17), for g1, g» € £5%, we have that Iﬂ?{w (g1, g2) > land
thus, by Lemma 5.5, we obtain that dr (g1, g2) > 0 (note that g; and g> do not need to
be close for this property to hold). Moreover, the triangle inequality is immediate for this
distance. Eventually, if d7 (g1, g2) = 0, then 0 < log IH?%\/I (g1, &) <dr(g1, g2) =0, that
is, 1 uBM (g1, g2) = 1 and, by Theorem 2.9, it implies that g; is isometric to g; if g is close

enough to g; in the C** topology (note that this neighborhood depends on g1). [

We now investigate in more detail the structure of the distance dr. A consequence of
Lemma 5.5 is the following expression of the Thurston Finsler norm.

LEMMA 5.6. Let go € E* and (81)ief0,6) be a smooth family of metrics and let f :=
0:&tlt=0. Then

d 1
Iflr = drog)| =3 sw [ xifam (52)
dt t=0 2 MmeMiny,erg SgOM
The norm || - |1 is a Finsler norm on Tgoé’k"" N ker D;O

Proof. We introduce

u() i= e = sup - Ly(g0. 1)
meminv,erg

and write a; := ag, 4, for the time reparametrization (as in (2.14)). Then

ou®) —u©) a; — 1 )
lim ——— =1lim sup dm = sup aop dm
1—0 t 1—0 meﬁﬁmv,e,g SgOM t memmv,ﬂg SKOM
1 N , d
=5 sup my fdm =u(0) = —dr(go. &)| -
MEMiny erg + Sgg M dt 1=0
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since dag = 0;a;|;—¢ and n; f are cohomologous by Lemma 3.3. This also shows that
the derivative exists. The inversion of the limit and the sup follows from the fact that,
writing F;(m) := ngOM(a, — 1)/t dm, we have sup,,con, ... |Fi(m) — Fo(m)| =0 0.
Note that, up to taking a large k € N and iterating the same computation for higher-order
derivatives, this shows that r — u() (thus ¢ — d7 (g0, g;)) is at least C2.

‘We now prove that this is a Finsler norm in a neighborhood of the diagonal. We fix go €
£R® By Lemma 2.4, isometry classes near go can be represented by solenoidal tensors,
namely, there exists a CK¥-neighborhood U of gg such that for any g € U, there exists a
(unique) ¥ € DSH’“ such that D3 y*g = 0. Moreover, if g € R then y*g € 6. As
a consequence, using (5.1), the statement now boils down to proving that (5.2) is a norm
for solenoidal tensors f € C*%(M; S2T*M) such that ng RV du?&w = 0. Since the
triangle inequality, R -scaling and non-negativity are immgdiate, we simply need to show
that || f||7 = O implies f = 0. Now, for such a tensor f, we have

P(5f)= sup hy(pf) +/ 7y fdm

mEeMinyera SeoM

< sup hu"+ sup / 7} fdm = hp(pf®) + 0,
meminv,erg meminv,erg 80 \qfl_/

and this supremum is achieved for m = u?é\’[ and P(r5 f) = 1. As a consequence, the
equilibrium state associated to the potential 77} f is the Bowen-Margulis measure ,ug;v[ (the
equilibrium state associated to the potential 0) and thus 7} f is cohomologous to a constant
¢ € R (see [HF19, Theorem 9.3.16]) which has to be ¢ = 0 since the average of 7} f with
respect to Bowen—Margulis is equal to 0, that is, there exists a Holder-continuous function

u such that 75 f = Xu. Since f € ker DZ,‘O, the s-injectivity of the X-ray transform Ié”o

implies that f = 0. O
The asymmetric Finsler norm || - ||7 induces a distance dr between isometry classes,
namely,
1
dr(g1, &) = inf / ly@llr dt.
y:0,11=&.y (0)=g1.y (V=82 Jo

It is easy to prove that dr (g1, g2) < dr(g1, g2), which shows that dF is indeed a distance
in a neighborhood of the diagonal, just like dr. Indeed, consider a C'-path y : [0, 1] — &
such that y(0) = g1, y(1) = g2. Then, considering N € N, #; :=i/N, we have, by the
triangle inequality,

N-1
dr(g1.82) < Y dr(y (). y(ti41))
i=0
N—1 1
= Iy )7 it — 1) + Otig1 — 115 = N too /0 ly®lr dt,
i=0
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which proves the claim (note that we here use the fact that 7 — d7(go, g;) is at least C?H.In
[Thu98], Thurston proves that, on restriction to Teichmiiller space, the asymmetric Finsler
norm induces the distance dr, that is, dr = dr. We make the following conjecture.

CONIJECTURE 5.7. The distances dr coincide with df for isometry classes of negatively
curved metrics with topological entropy equal to 1.

This conjecture would imply the marked length spectrum rigidity conjecture. Indeed,
as mentioned just after Theorem 2.9, two metrics with the same marked length spectrum
have the same topological entropy and there is no harm (up to a scaling of the metrics)
in assuming that this topological entropy is equal to 1. Then, if the previous conjecture is
true, using that their Thurston distance dr is zero, we obtain that their Finsler distance dr
is zero. But this implies that the metrics are isometric.
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A. Appendix. Asymptotic marked length spectrum
In this appendix, we show the following lemma (the proof was communicated to us by one
of the referees).

LEMMA A.l. Let g and go be two metrics with Anosov geodesic flows on a fixed manifold
M and assume that g is close to go in C*% norm. Assume that for all sequences (¢cj)j=0in
C, Lg(cj)/Lgy(cj) = js400 1. Then Ly = Lyg,.

Proof. By Sigmund [Sig72, Theorem 1], the set ® := {8,4,(c) | ¢ € C} is dense in NMjpy
(the set of invariant measures by the go-geodesic flow on Sy, M). If 1 € Mipy \ D, we
can therefore find a sequence such that 8¢, (c;) — 100 i and Lgy(c;) — +00. (Indeed,
if Lg,(cj) < C for some C > 0, then the sequence (4,(c;)) ;>0 only achieves a finite
number of measures, which would imply that p is a Dirac mass on a closed orbit and this
is excluded since ¢ ©.) Then, the condition L, /Ly, — 1 immediately implies that

1,(80, 8) = / ag(z) du(z) = 1.

Seo

Now, for ¢ € C and ¢ > 0 small, the linear combination fu + (1 — 1)84,(c) ¢ D. Indeed,
if not, we would have ti1 + (1 — #)84,(c) = 84, (c;) but by continuity, ¢, = ¢g for ¢ small,
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which contradicts u ¢ ©. Therefore

Lg (c)
I/ ag(z) du(z) + (1 —1) / ' ag (¢’ (2)) ds = 1,
M 0

Se Lgy(©)

that is,

Ly (©) % Lo
~/O ag (@5 (2)) ds = m = 1. O

L,y (c)

B. Appendix. Global conjugacy for Riemannian Anosov flows

Let (M, g) be a closed Riemannian manifold whose geodesic flow is Anosov. As has been
shown by Klingenberg [Kli74] the geodesic flow has no conjugate points. Let (1\71 , 8) be the
universal cover of M where for simplicity the lifted metric is also denoted by g. Let I" be the
group of deck transformations. As has been remarked in [Knil2], the universal cover M is
Gromov hyperbolic (see [BH99, Section III.H.1] for a definition of Gromov hyperbolicity).
Denote by 8001\71 the Gromov boundary which is equipped with the visibility topology (see,
for example, [Kni02] for more details). For & € 800A7I and xg € M , the Busemann function
X > bg(xo, x) is defined by

bg(xo, X) = 211_1)12_ dg(x0, 2) — dg(x, 2). (B.1)
It has the following properties:
bg (x0, x) = b§ (x0, x1) + bg (x1,x) (cocycle property) (B.2)
and

bﬁ(s)(y(xo), y(x)) = b§ (x0, x) (T-equivariance) (B.3)

for all y € I'. We introduce the gradient of the Busemann function B¥(x,§) :=
Vi l,’ﬁ (x0, x) which is independent of xy by property (B.2). Also observe that B8(x, &) €
S¢M by the very d definition (B.1). Here, S, M is the unit tangent bundle on the universal
cover and 7 : S, M — M denotes the projection. Given z = (x, v) € S, M, we introduce
cg (z,1) := n(go, (x, v)), where (go, )rer is the (lift of) the geodesic flow on M. We set
Zi = cg(z, £00) € doo M.

For &=z% the submanifolds W% (z) = {(x, —B8(x, £)) € SgM | bg (x0, X) =
bf(x0, m2)} and W' (z) = {(x, BE(x, §)) € SM | bf (x0, ) = bf (xo, n2)} are the
lifts of the leafs of strong stable and unstable foliations through z € S, M. Since the
leafs are smooth and the foliations are Holder continuous, the Busemann functions
(x, &) — b? (xp, x) are smooth with respect to x and Holder continuous with respect
to £. The following lemma was proved in [STar] (see also [Gro00]) in negative curvature.

LEMMA B.l. Let M = M/ I' be a closed manifold, and let g1, g» be two Riemannian
metrics with Anosov geodesic flow. Consider the map Wghgz Sg1 M — ngM defined by

V1.0, (2) = w where w € S82M is the unique vector with w$? = z8' and w** = z*' and
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bg§1 (7w (2), m(w)) = 0. Then Vg, ¢, is a Holder-continuous surjective map with
it

‘zf%z,t)l//gl,gz () = 1/fgl gz(Ngl(Z)),

where
t
(2, t)—b 1(7T(Z) (@5 (2))) =/ (B2 (m (g5 (2)), 25, 85" (2)) ds
0

Jorall z € S8! M. Furthermore, forall y € T we have

YeVe1.e,(2) = Vgy.g0 (¥42)

and t(yxz,t) = 1(z, t) and therefore Vg, 4, descends to a map between the quotients
Se. M.
8i

Proof. We show first that for each (z, 1) € Sg, M x R we have

af%z t)wgl,gz(z) Ve gz(~gl(Z))*

where t(z,t) = b o ((2), n(~g '(2)). From the cocycle property (B.2) of the Busemann

function we obtaln
bl T @ @) 7@ Visr2 (20))
= b5 (@ (@) 7 (Wi 02(2)) + 05 (7 (Vi 22 7@y Vi (20))
bgél (@} (), 7 (Yrgy 0, (D)) + T (2, 1)
= bgzl (T @ (), 7 (@) + b5 (12, 7 (Vg2 (D) + 7@ 1)

bgzl ((2), 7@ (2)) + T(z, 1) = 0.

By the definition of g, ,, this yields @' wr(z t)‘”gl,gz (2) = Yy, g2(~g1 (z)). The regularity of
the Busemann function shows that v/, ¢, is Holder continuous. The remaining assertions
follow from the I"-equivariance (B.3) of the Busemann function. O]

Remark B.2. Note that ¥g, o) : Sgy M — Sg, M maps orbits of the geodesic flow of g;
surjectively onto orbits of the geodesic flow of g but is not necessarily injective. To obtain
a injective map the following modification due to Gromov [Gro00] (see also [Kni02]) can
be made. Choose ry > 0 such that 7(z, 7o) > 0 for all z € S,, M. Define

1 7o
r(z) = — / t(z,5)ds
ro Jo

and consider Yy, . (2) = @57, 0 Vg, ¢,(2) Then

, _ 8
‘/fgl,gz(‘/’ @) = S @)

Vg1, (2)-

Since

1 T
T(z, 1) :==r (g (2) + (2, 1) = % /0 ’ t(z,t +s)ds
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and

N 1 1
—T(z, 1) = —((z, t +10) — T(z,10)) = —(¢¥' (2), r0) > O,
dt ro ro

the map 7 > 7(z, #) is strictly monotone increasing and therefore ¥, . is injective and
yields a conjugacy between the geodesic flows.

C. Appendix. Anosov stability

The proof of the Anosov stability theorem is given using the implicit function theorem in
[dILMMS86] in the C° category; the extension to the Holder setting (with the same method)
appears in [KKPW89]. We need the continuity with respect to the two metrics here; the
proof of [dILMM86, KKPW89] indeed shows this, as we explain below. Let v € (0, 1).
Then if X is a C* vector field for k > 4 with flow <th , we will denote by C} (M, M) the
space of CV maps ¥ on a closed manifold M so that dvy.X := 9,;(¢ o gotx)|t=0 exists and
belongs to CV(M; T M). This is a Banach manifold [KKPW89, Proposition 2.2].

PROPOSITION C.1. Let gy be a smooth metric, and assume that X, its geodesic vector
field on M := Sq M is Anosov. We view all geodesic vector fields X ; associated to g near
go as vector fields on M (by pulling back from SeM to SgyM). For k > 4, there exist
v > 0 and two open neighborhoods Uy C U of X in CKH1(M; T M) such that, for each
Y € U and each g € Ck+2(M; S2T*M) so that Xg € Uy, there exist a homeomorphism
Ve € C;g (M, M) and agy € C¥(M,R") such that

forallx € M, dyrey(x)Xg(x) = agy(x)Y (Ygy(x)),

where X, is the geodesic vector field of g. Moreover, Y € U +— agy € C'(M,R") and
Y= Yoy € C}’(g (M, M) are C*, and each derivative of order € < k with respect to Y is
continuous with respect to (g, Y) with values in C".

Proof. The proof is essentially contained in [KKPW89, Proposition 2.2], except for
the statement about the continuity with respect to X,. Consider, for v € (0, 1) and E :=

CH1(M; TM) x CY(M, T M), the map
FXe: O N M TM) x Cy (M, M) x C* (M) — E
defined by
FXs(Y,u,y) = (Y,ydu.Xg — Y ou).

This is a C* map between Banach manifolds. The differential of F' Xg at (Xg,Id, 1) is given
(as in [KKPW89]) by

X
dF(ng,Id’])(Y, Viy)=(,-Y + EXgV + ng)’ (CD
where V € C;g(./\/l; TM):={VeC"M;TM)|Lx,V € C"}. Let ag be the contact
form of g, so that ker o, = E,(g) ® E;(g) is the smooth bundle of stable or unstable
vectors for g. By [KKPW89, Proposition 2.2. and Lemma 2.3], the operator Lx, : V >
Lx,V is invertible from C;g (M ker ag) — CV(M; ker ag) for some v depending on the
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maximal/minimal expansion rates of the flow ¢, *. The inverse is given by

+o0
E;;:V:Vu+Vsr—>£)—(;V:—/

+o0
d(ptVMO(plgdt—f—/ do gVogo,dt
0

where the integrals converge due to the contraction of the differential: for all ¢+ > O,
X X
Cle™! < ldg; *|g, gl = Ce™™ ", C7le™ < |ldp g, @l < Ce™™'. (C2)

This operator maps continuously C"(M; ker a,) to C}’(g (M ker o) if v > 0 is small

enough, depending on i and ||(p7)fg||cz for T > 0 large (see below). Moreover, by
continuity of the bundles E(g), E, (g) with respect to g [HP68, Theorem 3.2], for g close
enough to gg in C k+5 E,(g) and E4(g) are contained in a small conic neighborhood
of E,(go) and E(go) respectively, and the contraction exponents hi(g) are also close
to A+ (go) (see, for example, [Bon20, Lemma 3]), so this will give the boundedness of
E;l in CV for some fixed v > 0 for g close enough to g in C¥*3. From the expression
of L Xl, and the fact that (C.2) holds uniformly for g close to gp for some 0 < A_ < h4
(and 51m11ar1y on E,(g)), we claim that, if w : TM — ker a4 is the projection given by
(V) =V —ag(V)X,, then

Lyimg 1 C"(M; TM) — C'(M; TM)

is continuous with respect to g (in C**>) for v > 0 small enough. To prove this, we rewrite
-1
L x,7Tg

o o0
ﬁ;lrrg :fo e_tﬁxgng dt _/0 etﬁxgn;,‘ dt (C.3)

where n :CY(M; TM) — CY(M; T M) is the projection on E,, parallel to E; and JT

cv (/\/l TM) — CY(M; TM) is the projection on E; parallel to E,, and Xy =
dgo fY o (p, is the propagator. Here v is chosen small so that £, and E are C” bundles
(see [HP68]), and by [Con92] the maps g JT;; and g — JTg are continuous (actually
C” for some r depending on the smoothness of g). Next, there exist C > 0 and A > 0

such that, for all ¢, ||<th & lc2 <C M for all gnear goin C k+5 which implies that, for all
VeC(M;TM),

forall 7, [e“X Vet < CEMNV o, e Vo < CeM V]| co,
thus if vg € (0, 1) is such that E, € C*, we have by interpolation that ||et£Xg lcery <
CeIHAl for each v < vy. Since || “¥¢ gl gcoy + lle "5 7ol g0y < Ce ! forall

t > 0, we obtain by interpolating C¥ between the spaces C° and C* with v =6 x 0+

(1 —8) x vy (for 6 € (0, 1)) that, for all > 0,
le"“Xe | pcvy + lle ™ EXemS || oy < Cel~OH=FU=O0 M,

We can now fix v small enough (that is, 6 close enough to 1) to guarantee

—On_ + (1 —0)(1+vp)A <O,
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which implies that (C.3) is uniformly converging with respect to g near go in C*+>,
Since g — e FXe mg and g — eT1EXg m, are continuous for each 7 > 0, we can apply
the Lebesgue theorem to deduce the continuity of g — L ; g € L(CV) for v > 0 small
enough.

Next, we consider the map FXs . E — E defined by

FXe(y, V) := FXe(y, expgo(ﬂ;(;ng(Y + V), ap(Y + V)
=, a,(Y + V)d(expgo(ﬁ)_(;ng(Y +V)).X;—Yo expgo(ﬁ)_(;ng(Y + V),

where we recall that E = C*1(M; TM) x CY(M, TM) and exp,, is the exponential
map of go. This map satisfies FXe (Xg,0) = (Xg,0). We want to apply the inverse
function theorem to find a pre-image to each (Y, 0) close to (X, 0). As in [KKPW89,
Proposition 2.2] (see also [dILMMS86, Appendix A]), the map FXe is Ck , and moreover
it depends continuously on g € CK3(M; S?T* M), with all its derivatives of order £ < k
being also continuous with respect to g, due to the continuity of g L}; e as a map

CH5(M; S2T*M) — L(CY(M; T M)). Now we have
dF¥s(X,, 0) = 1d,

by using (C.1) and 74 (X ) = 0. In particular, there is ¢ > 0 such thatif ||g — gollcx+s < &,
Y — Xgllck+1 < €and ||V]cv < €, then
ldEySy, —1dllcier vy < 1/4.

For each Y close to X, we can then apply the fixed point theorem (as in the proof of
the inverse function theorem) to the map (Z, V) e E+— (Z+7Y,V) — FXs (Z,V) and
obtain that there is a unique (Y, V(Y)) such that (Y, 0) = FXK(Y, V()),and V(Y) €
CV(M; T M) depends in a C* fashion on Y and is continuous with respect to g. Moreover,
the usual argument in the inverse function theorem used to prove the C¥ property of ¥
V (Y) also shows that the derivatives of order £ < k are continuous with respect to (Xg, ¥),
by using the continuity of FX¢ and its derivatives with respect to g. This shows that for
each Y close to X in C*+1 norm and g close to gg in C¥*> norm, there is a

U= expy, (Ly mg(Y +V)) € Cx (M, M),y =ag(Y +V) € C"(M)
so that ydu.Xy =Y ou, with
CKTT M TM) 3 Y B (u,y) € C'(M x M) x C*(M),
and where C* and all the derivatives of order £ < k are continuous in (g, Y) (with values
in CY(M, M) x C¥(M)). O
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