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Abstract  The Virasoro algebra £ is an infinite-dimensional Lie algebra with basis {L.,,C' | m € Z} and
relations [Ly, Ln] = (n — M) Lymtn + dmin,0((m® —m)/12)C, [Lym,C] =0 for m,n € Z. Let a be the
subalgebra of £ spanned by L; for ¢ > —1. For any triple (p, A, &) of complex numbers with p # 0, A # 0
and any non-trivial a-module V satisfying the condition: for any v € V' there exists a non-negative
integer m such that L;v =0 for all ¢ > m, non-weight £-modules on the linear tensor product of V'
and C[9], denoted by M(V, i, Q(X, a)) (2(X, ) = C[0] as vector spaces), are constructed in this paper.
We prove that M(V, u, Q(\, «)) is simple if and only if p # 1, X\ # 0, a # 0. We also give necessary and
sufficient conditions for two such simple £-modules being isomorphic. Finally, these simple £-modules
MV, p, Q(\, @) are proved to be new for V not being the highest weight a-module whose highest weight
is non-zero.
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1. Introduction

The most important infinite-dimensional Lie algebra in mathematics and mathemati-
cal physics is the Virasoro algebra £, which has a basis {L,, := t™*1(d/dt),C | m € Z}
subject to the following Lie brackets:
d d d m3 —m
tm+17 tn+17 _ o tm+n+17 5m n O
{ at g T i om0 T

and [t"”'l:;t, C] =0 form,neZ.

The theory of weight modules over £ is well developed (see, e.g. [8]). A weight £-module
whose weight subspaces are all finite dimensional is called a Harish—Chandra module. The
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classification of simple Harish-Chandra modules over £ was obtained in [17]. In fact, any
simple weight module over the Virasoro algebra with a non-zero finite-dimensional weight
space is a Harish-Chandra module (see [19]). After that, the study of weight modules
turns to modules with an infinite-dimensional weight space (see, e.g. [5, 12, 15]). Such a
module was first constructed by taking the tensor product of a highest weight modules
and some intermediate series module (see [24]), whose simplicity was determined in [4].

Non-weight L£-modules, as the other component of the representation theory of the
Virasoro algebra, have drawn much attention in the past few years, such as Whittaker
modules, C[Lg]-free modules, simple module from Weyl modules and a class of non-weight
modules including highest-weight-like modules (see, e.g. [2, 6, 11, 14, 16, 18, 20-23]).
Unfortunately, it is far from classifying all simple non-weight £-modules. So it is important
to construct such modules. In the present paper, we shall study non-weight £-modules.
To be more precise, we are going to construct a family of new simple £-modules from
tensor products of L-modules (A, ) = C[0] (see [14]) and a-modules, where A € C*,
a € C and a =span{L; | i > —1}. And we also give a necessary and sufficient condition
for two of these modules being isomorphic.

Here follows a brief summary of this paper. In §2, we construct a class of non-weight
modules M(V, 1, Q(\, ) :=V @ Q(\,a) associated to a-modules V' and L-modules
Q(A, ), where p € C*. The simplicity of modules in this class is determined in §3. We
show that M(V, u, Q(\, «)) is simple if and only if u # 1 and « # 0. Section 4 is devoted to
giving a necessary and sufficient condition for two simple £-modules M (V1, p1, Q(A1, 1))
and M(Va, pa, (A2, a2)) being isomorphic. In §5, we compare simple £-modules con-
structed in the present paper with the known simple non-weight £-modules and show that
all simple £-modules M(V, pt, Q(\, «)) (V is not a highest weight module with highest
weight in C*) are new.

Throughout this paper, we respectively denote by C,C*,Z, Z, and U(g) the sets of
complex numbers, non-zero complex numbers, integers, non-negative integers and the
universal enveloping algebra of a Lie algebra g. All vector spaces are assumed to be
over C.

2. Non-weight modules

In this section, we shall recall some known results and approach to a class of Virasoro
modules from twisted Heisenberg—Virasoro modules.
Let C[[t]] be the algebra of formal power series in ¢ with coefficients in C. Denote
emt = Z (m ) € C[t]] form e Z.

1!
i=0

Then e™(d/dt) = Y2 (m*/i!)L;_ and for m,n € Z,

d d d
mt nt _ _ (m+n)t
{e at’© dt] (n—m)e dt’

For any p € C*, set g*(m) = (p™e™ — 1)(d/dt) for m € Z. Denote by G* the Lie algebra
(see [11]) with basis {g*(m) | m € Z} and relations

[g"(m), 9" (n)] = mg"(m) — ng"(n) + (n —m)g"(m +n).
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Consider the following two subalgebras of L:
a=span{L; |i>—1}, b=span{L;|i>0}.
The following lemma can be easily checked.

Lemma 2.1. Let V be an a-module such that for any v € V, L,,_1v =0 for all but
finitely many of m (> 0). Then V naturally becomes a G*-module for any p € C*.

Besides the Virasoro algebra, another important infinite-dimensional Lie algebra is
the Heisenberg—Virasoro algebra H, which has a basis {L, I;n,C; | C1 =C,m € Z,
i =1,2,3} subject to the following Lie brackets, for m,n € Z and i = 1,2, 3,

m3—m

[Lm,’ Ln] - (Tl - m)Lm+n + 6m+n,0ch

[Lma In] = nInL+7L + 5m+n,0(m2 + m)CQa
[Ima In] = n(Sern,()CSa [Ha Cz] =0

Let V be a G*-module and W a vector space on which I,,4,, = I,,I,, for m,n € Z hold.
Define an L-action on the vector space M(V, u, W) :=V @ W as follows, for m € Z and
veViweW,

Lp(v®@w)=v® Luw+ gt (m)v® I,w, Cvew)=0. (2.1)

Proposition 2.2. Let V,u and W be as above. Then M(V,u, W) is an L-module
under the actions (2.1).

Proof. We simply write g#(m) as g(m) for any m € Z. Note for any m,n € Z,v € V
and w € W that

(LiLy — LpL) (v @ w)
:Lm(v®an—|—g(n)v®Inw) - L, (U®me+g v®Imw)
=v® Ly Lyw+ g(m)v ® I, Lyw + g(n)v @ Ly, Lyw 4+ g(m)g(n)v @ L, [,w
—v® LyLy,w—gn)v® L, Lyw— glm)v® L, L,w— g(n)g(m)v & L, L,w
=(n—m)v® Lyptnw —mg(m)v @ Iyinw +ng(n)v @ Iyipw
+9(m)g(n)v @ Iynw — g(n)g(m)o @ I nw
=(n—m)Lyin(v®@w).
That is, M(V, u, W) is an L-module. O
Example 2.3. Here we give two explicit examples of M(V, u, W).

(1) Take W as the weight H-module A, 5 (o, 3 € C) (see [9, 10]) of intermediate series,
which has a basis {v; | i € Z} with trivial central actions and

Ly,v, = (a +n+ mﬂ)vm_m, Ly = Uypayn  for m,n € Z.

Then M(V, 1, A ) is a weight £-module, which was studied in [15].
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(2) Take W as the non-weight H-module Q(A, @) := C[9] (A € C*, o € C) (see [3, 14]),
on which the action is given for i = 1,2,3, f(9) € C[0] and m € Z, by

Linf(9) = X"(0 —=ma)f(0 —m), Inf(d)=A"f(0—m), Cif(0)=0. (22)

Then M(V, i, (A, «)) is a non-weight L£-module, which will be studied in this
paper.

A module V over a Lie algebra g is called trivial if 2V = 0 for any « € g, and non-trivial
otherwise.

Remark 2.4. (1) Let M be an a-module for which there exists r € Zy such that
L,;M =0 for all ¢ > 1. Then M(M,1,Q(), «)) is, in fact, the module studied in
[11].

(2) If V is a trivial simple a-module, then M(V, u, Q(\, ) = Q(\, ) as L-modules.

3. Simplicity

From now on, let C denote the class of all non-trivial a-modules V satisfying the following
condition:

for any 0 # v € V there exists r € Z such that L, ;o =0 for all i > 1.

The minimal such r is called the order of v, denoted by ord(v). Define ord(v) = 0if v = 0.
Choose s € Z minimal such that the set {v € V' | Lyy;v =0 for all 4 > 1} is non-zero.
Denote this set by V;, and denote s by ord(Vy).

The following lemma can be found in [15, Lemmas 1 and 2].

Lemma 3.1. Suppose that V and W are simple modules in C. Then
(1) Vi is a simple b-module;
(2) V =U(a) Quep) Vo (= C[L_1] ® Vy as vector spaces) as a-modules;

(3) L, acts bijectively on Vy and ord(f(L_1)v) =degf+r if Vy is a non-trivial
b-module, where r = ord(Vy),v € V4 and 0 # f(z) € Clz];

(4) V=W as a-modules if and only if Vi =2 Wy as b-modules.

For any m € Z, we denote

m—+n
Jo=1 and Jp = [] (0—j) forn>o0.
Jj=m+1

Note that {J” |n € Z} forms a basis of Q(\, ) for any m € Z. By (2.2), it is easy to
check for myn € Z and k € Z,

L JF = A™(0 —ma)Jf ..
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Recall from §2 that the £-module structure on M(V, u, Q(\, o)) = V @ C[0] is given for
m e Z,veV,f(9) e C[d] by

L (0@ F(9)) = 0@ X0 m0) [0 —m) + ("e™ 1) S0 @ X" (0~ m)
C(v® f(9)) =0.

(3.1)

Lemma 3.2. Let A € C*,«a € C and let V be an a-module in C. Then M(V,1,Q(\, «))
has a series of L-submodules

(0) (€3] ()
Ve €V, g...ngp C---
where Vb(p) =370 L' Vs, @ C[I].

Proof. We proceed by using induction on n to show that each Vb(n) is an
L-submodule. Tt is easy to check that Vb(o) is a submodule of M(V,1,Q2(A, «)). Sup-
pose that Vb(o), ey Vb(nfl) are all £-submodules. Take L™ v ® J§ + (=D ¢ Vb(n), where
veV,keZy and v ¢ Vb(nfl). Then by (3.1) and the induction hypothesis,

Lon(L™ 0 @ JE +0n=1)

=L" v ®\"(0 —ma)Jk + (emt — 1)%[@11) @ A™J* (mod Vb(n_l))

d
=L" 0@ \"(0—ma)Jk + (L — m)"emtav @A™k
— L™y @ X™J¥ (mod Vb(nfl))
mi

—Li—1 —mn)v®@ A" Jk (mod Vb("fl))

=L" v ®\"(0 —ma)Jk + Lﬁl(z Al

i>1

= 0(mod Vb(")),

where of course we have used the formula:

d i g d

k 7 1k .

e taL_l = (L_l — k) e t& fOI' 1€ Z+7 k; S 7. (32)
This shows that Vb(n) is a submodule of M(V, 1,Q(A, av)). O

Lemma 3.3. Let A\, € C* and let V' be an a-module in C. Then the space
MV, 1, 2N 0) ={L_1w@ J§ —v®dJ§ | ke Zi,veV}

is an L-submodule of M(V, i, 2(\,0)) isomorphic to M(V, p, Q(A, 1)).
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Proof. Without loss of generality, assume A = 1. Note for anyn € Z,k € Z, andv € V
that

Lo(L_1v®Jf —vedJb)

d
=L_1v®@dJF + (u"e™ — 1)aL_1v ® JF
d
—v®9(0 —n)JF — (u"e™ — l)&v ® (0 —n)J"
, d
=L 1w®dJF + (L, —n)ue ”td v J¥ — L2 ve Jk

d d
—v®9(0—n)Jk — (ume™t — 1)&v®8Jk+n(u" et 1)&1;@(]’“

=L 1w®(0—-n)JE—v®0(0—n)JF

D0 e k- (e~ 1) Sv e ask € M(V.p.001,0).

Thus, M(V, 1, (1,0)) does form an £-submodule of M(V, 11, Q(1,0)).
Let 7 : M(V, 1, (1,1)) — M(V, 11,€2(1,0)) be a linear isomorphism given by

+ L_I(Mnent

TWwRJIH =L 1v@JF —v®dJ§ forkeZ,,veV.

Then a direct computation

T(Ly(v® J§)) =7 (U@(@—n)]ﬁ+(u"e”t—l)cciltv®Jk)

=L 1v® (@ —-n)JF—v®dd—n)J

d d
nont k n_nt _ k
+L_1(p )—dtv@)J (u"e 1)—dtv®6J

=L,7(v® J})
shows that 7 is a homomorphism and therefore an isomorphism of £-modules. O

The following result is useful, which will be frequently used in this paper.

Proposition 3.4 ([15, Proposition 7]). Let P be a vector space over C and P
a subspace of P. Assume that pi,us,...,us € C* are pairwise distinct, v; ; € P and
fi,j(t) S (C[t] with degfi,j(t) =jfori=1,2,...,5j=0,1,2,.... k. If

Z Z,u;»”fi,j(m)vi,j €P for K<meZ (K isany fixred element in Z U {—o0}),
i=1 j=0

then v; ; € Py for all i, j.

Remark 3.5. Though the statement of Proposition 3.4 is slightly different from [15,
Proposition 7] (in which K is taken to be —o00), it follows from the proof there that the
proposition above also holds.
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Lemma 3.6. Let \,a,1 # € C*, and let V' be a simple a-module in C and W an
L-submodule of M(V, u, (A, «)). Suppose 0 # u ® f(0) € W for someu € V and f(9) €
C[0]. Then W = M(V, u, Q(\, ).

Proof. Let r > —1 be the maximal integer such that L,u # 0. Note for any m € Z
that

W3 Ly (u® f(9))

:Am<u®(6—ma)f(8—m)+ (2“?7%_1 —L_1>u®f(8—m)).

Applying Proposition 3.4 here one has 0 # L,u® 1 € W. Then by using Li(v® 1) =
v® 9 for all veV and i € Z, we see that L,u® Q(\,a) CW. Set M ={weV |
w® QN a) C W}. Replacing u by w in the above procedure and using Proposition 3.4
again we have L,w ® Q(\, o) CW for any ¢ > —1 and w € M. Thus, M is a non-
zero a-submodule of V. Then the simplicity of V implies M =V and therefore W =
MV, 1, QN @)). O

Now we are ready to state the first main result of this paper.

Theorem 3.7. Let A\, € C*,« € C and let V be a simple a-module in C. Then the
L-module M(V, pn, Q(\, «)) is simple if and only if o # 0 and p # 1.

Proof. By Lemmas 3.2 and 3.3, M(V,1,Q()\, «)) and M(V, u, Q(A,0)) are not simple.
Consider now o # 0 and p # 1. Let W be a non-zero submodule of M(V, u, Q(\, @)).
Take a non-zero element w=73, aijrllqu; ® 08 € W C C[L_1]V, ® C[0] (see
Lemma 3.1(2)) such that all a;j; are non-zero complex numbers and that these u;’s
are linearly independent in Vj, where I is a finite subset of Z%. Then by (3.2),

L (u) =A™ Z Qijk (Li_luj ® (0 — ma)(d —m)*

(i,5,k)eI
4r+1 mP )
# (= S B L - 2 a8 0 m) ).
p=0 "

which together with Lemma 3.1(3) and Proposition 3.4 gives 07 (3, J royer Qiojko
Lyuj)®@1eW, where ig=max{i| (¢,j,k) € I}, ko =max{k| (¢,j,k) €I} and r=
ord(Vp). Then by Lemma 3.6, W = M(V, u, Q(\, @)). O
4. Isomorphism classes

The second main result of this paper is to give the isomorphisms between modules of the
forms M(V, u, Q(\, @)).

https://doi.org/10.1017/50013091520000279 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000279

A class of simple non-weight virasoro modules 963

Lemma 4.1. Let A\ aj,as,1# pu€ C* and let Vi,V, be simple highest weight
a-modules with highest weights —aso, —ay, respectively. Then the linear map

(b : M(Vlalj'a Q()‘val)) - M(‘/Q7/’L_17 Q(M)HOQ)))
Lo @ f(0) = Y (—1) (;) LP vy @ 0P (D)
p=0
for f(0) € C[0] and i€ Z;,

is an isomorphism of L-modules, where v; is the highest weight vector of V; for j =1, 2.

Proof. It suffices to show that ¢ is a homomorphism. Assume A = 1. On the one hand,

LnQS(Li_ﬂ/l & J(?)

=L, (Zi:(—np (;) LP jve ® ai—PJ(Q“)

p=0

=3 (=P (;) (u”Lplvg ® (0 — naz)(0 —n)" " PJk

d
+ (e — ")

P il n)ipJ*lf)

=0 () 00 0 00— 0yt 1 0
p=0 p
—naoL? v @ (0 —n)"PIM) + (L1 —n)PL_jvy ® (0 —n)" " PJ"
—nog(L_1 —n)Pug @ (0 —n)'"PJF),
and on the other hand,
. _ d .
(L (L0 @ ) = ¢ (U_Nh ® (0 —nay)Jy + (u"e™ — Ngplhwm® Jff)

= ¢(L" 01 ® (0 — nay)JY
+ p"(Lo1 —n)(Loq — nag)vy @ JF — L'y @ J))

= ¢(u”((L_1 —n)'L_1v; ® J¥ —nas(L_; —n)lv; @ Jﬁ)

+ Lo ® 0JF — Loy @ JF — nag L vy @ J,’j).
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The following four formulae will be good enough to make ¢(L, (L' v; ® J¥)) =
L,o(Lt jv1 @ J¥) hold:

i

(Lo = n)or 0 78) = Y0P () 2 v 0 - )2 (11)

p=0

S(L" vy @ JF) =) (-1)P (Z) (L1 —n)Pua @ (0 —n)"PJF  (4.2)

p=0 p

d((L_y —n)'L_1v; @ JF) = Z(A)P (;) (LP 1vo ® B(0 — n) ~PJF — LP 1w,

p=0
® (0 — n)i‘pJ,’f),
S(LL 0 @ ATF — Loy @ JF) = > (=1)P (’) (L_y —n)’L_qv;

p=0 p

® (0 —n) 7Pk,
We only prove (4.1) and (4.2) as the other two follow these ones.
Note that M (Va, p=1, Q(u, as)) carries a natural module structure over C[L_1,d] (the

polynomial algebra on variables L_1,0), since it is linearly isomorphic to C[L_1,d]. By
this action, we have

i

> (=1 (;) (Lo =n)Pva @ (0 —n) PIk) => (;) (n—L_1)Pv2a® (0 —n)"PJr

p=0

—(n=La)+(@—-n) (02a®J5) = (0—L_1) (v JF)
-y (—1)P (;) LP 10s @ 0P IF = ¢(L1 v ® JF),
0

p=

proving (4.2). And (4.1) also follows from a direct computation, completing the proof. O

Theorem 4.2. Let \;, a;, 1 # p; € C* and let V; be a simple a-module in C fori = 1, 2.
Then

M(Vlvljflv Q(Ala al)) = M(V27M27 Q()‘27a2))

as L-modules if and only if one of the following conditions holds
(a) (1,1, a1) = (2, A2, 2) and Vi = Vy as a-modules;

(b) w1 = ,ugl = Xa/A1; Vi and V; are highest weight a-module with highest weights
—ao and —aq, respectively.

Proof. It suffices to show the ‘only if’ part, as the ‘if’ part follows from Lemma 4.1.
Let r; = ord(V;p) for i = 1,2. Without loss of generality, assume that ro > r; and that
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Vap is non-trivial if one of Vi, and Vs is a non-trivial b-module. Assume that

(b : M(Vlaﬂhs-z()\laal)) - M(‘/27,U/27Q()‘27a2))

is an isomorphism of £-modules. Take any 0 # w € Vjp and assume ¢p(w @ 1) = >0 ju; ®

9" € M(Va, pa, Q(A2, a2)) with uy, # 0. Then we have ¢p(w @ f(9)) = >0 _ju; @ f(9)0"
for f(9) € C[J] by repeatedly using the action of Lg. It follows from this and ¢(L,,
(w®1)) = Lyu¢(w®1) that

. Al i
Zui ® (0 — may)0" + ¢<(u§” Z %Lj_l - L_1>w ® 1>

Jj=0

_ <§?)mz (s © (2~ ma) (2 — m)’

%

41 j
+ (;/2” Z %Lj_l - L_1>u,» ® (0 — m)l), (4.3)

J=0

where (V) = ord(u;) (recall that the order of the zero element is defined as zero). By
the definition of 79 we see that ) > ro. Now by Proposition 3.4, we see that p =0
and 7, = 1o = r(®, This allows us to define an injective linear map ¢ : Vip — Vap via
P(w®1) =p(w)®1 for w e Vip. Then (4.3) is simplified as

ri+1 i
o(w) @ (0 —maq) + ,l/l"(p( Z T;L:Ljuz)) @1+ " —1)o¢(Lqw®l)
j=1 7
)\2 m ri+1 mj
— ()q) (go(u)) ® (0 — mag) + pb? Z TLijSO(w) @14 (uy" — 1) L_1p(w) ® 1)-
=1

(4.4)

Consider first that V5 is a trivial b-module, then so is Vi by our assumption at the
beginning of this proof. In particular, Vi, = Vs by Lemma 3.1 (1), and the second terms
on both sides of (4.4) vanish. It then follows immediately from Proposition 3.4 that

(1, A1, 1) = (p2; Az, @)
Assume that Vap is non-trivial. Using Lemma 3.1 (3) and comparing the maximal order
of the first factors of elements in (4.4) give

A9t (gt = 1) = AT (7" — 1)cw,
where ¢,, € C* satisfies

H(Lqw®l)=cyL_1p(w)®1 (mod Vo ® C[]).

https://doi.org/10.1017/50013091520000279 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000279

966 H. B. Chen and J. Z. Han

Then by Proposition 3.4 we can conclude the following two cases:
Case 1. ([1,2,)\2) = ([147)\1) and Cy = 1.

Inserting (g2, A2) = (1, A1) into (4.4) and using Proposition 3.4 yield as = a; and
o(L;w) = Lyp(w) for all i > 0. Thus,

(11, A1, 1) = (p2, A2, a2) and ¢ is a homomorphism of b-modules.

Then the injectivity of ¢ and the simplicity of Vip, Vap (see Lemma 3.1 (1)) imply that ¢
is an isomorphism. This and Lemma 3.1 (4) imply Vi = V5. This is (a).

Case 2. \y = 1A\ and ¢, = —1.

Inserting Ao = p1 A1 into (4.4) and using Proposition 3.4 yield that A\; = pus A and that
Vie, Vap are highest weight b-module with highest weights —aqa, —a, respectively. That
is, we have (b).

5. New simple modules

We shall show that simple modules in Theorem 3.7 are new in the sense that they are not
isomorphic to any other known non-weight £-module. Let us first recall simple non-weight
L-modules from [7, 12-14, 20, 22].

For any A\, € C* and h(t) € C[t] such that degh(t) = 1, recall from [2] that the poly-
nomial algebra C|[s, t] in two variables s and t carries the structure of a simple £-module:
L f(s,t) = 3272 A (—m)3S7 f(s,t) and Cf(s,t) = 0 (see also [7]). Here for j € Z,,

i_Sg_ L s !
where n = ((h(t) — h(a))/(t — a)) € C*, 0, = 0/0t, 0% = (0/0s)* if k € Z, and 9¥ =0
if £ < 0, and we have used the convention that k! = 1 for £ < 0. In the following, we will
also use the convention that (;) =0forj>iorj<O0.

Let V be a simple L£-module for which there exists Ry € Z, such that L,, for
all m > Ry are locally nilpotent on V. In fact, such kind of simple L-modules
were classified in [20]. It was, respectively, shown in [7, 13, 22] that the tensor
products L-modules @ | D(\;, i, hi (1) @V, Qi P( i, iy hi(t)) @ @iy iy i) @
V and @~ 2\, ;) @ V are simple if A\q,..., A\p, f11, ..., fly, are pairwise distinct.

Let b € C and let A be a simple module over the associative algebra K = C[t*1,¢(d/dt)].
The action of £ on A := A is given for n € Z and v € A as

82‘2a(n — 04),

L,v= (t"“(;it + nbt”) v, Cv=0.
It was proved in [14] that A, is a simple £-module if and only if one of the following
conditions holds: (1) b# 0 or 1; (2.2) b =1 and t(d/dt)A = A; (3.1) b= 0 and A is not
isomorphic to the natural K-module C[t, ¢~ 1].

For any r € Z, let b, be the quotient algebra of b by b1 =span{L; | i > r 4 1}.
The classification of simple modules over b; for i = 1,2 were, respectively, obtained in [1]
and [20], and remains unsolved for ¢ > 3. Let V be a b,-module. For any a € C,~(t) =
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>, citt € C[t,t71], define the action of £ on V ® C[t,t71] as follows: for m,n € Z and
vevV,

T omitl ,
Ln(v®t") = (a +n+ Z (i“‘l)'Li>U ® Mt 4 Zciv @t"t Clvet") =0.
i=0 ’ i

Then V ® CJt,t~!] carries the structure of an £-module under the above given actions,
which is denoted by M(V,~(t)). Note from [12] that M(V,~(t)) is a weight £-module if
and only if v(¢) € C and that M(V,~(¢)) is simple if and only if V' is simple.

Proposition 5.1. Let 1 # p,a, A\, a4, \; € C* for i =1,...,n with A\1,...,\, being
pairwise distinct. Let V' be a simple a-module in C and M a simple L-module for which
there exists Ry; € Zy such that L,, for all m > Ry; are locally nilpotent on M. Then

MV, 1, QN @) = éQ(/\i, o) @ M

i=1

if and only if M is a trivial L-module, V}, is a highest weight b-module with highest weight
G and

(ny A, Ay o, B) = (2, Mo1, Ao2, Qo1, —Qpa) for some o € Sa,

where Sy is the symmetric group on two letters.

Proof. Let r > —1 be the maximal integer such that L, is injective on V;. Assume
A = 1 for convenience. Let

o MV, Q1L ) — Q) Qi i) © M
i=1

be an isomorphism of £-modules. Take any 0 # v € V}, and assume

sl = Y  Me--0dou (5.1)

for some finite subset I of Z7 such that {0"' ® - ® 0" @ vy | k € I} is linearly inde-
pendent. Choose p large enough so that L,,vx =0 for all m > p and k € I. It follows
from ¢(Lp(v®1)) = Ly > pee; O @ -+ ® 0% ® vk that

r+1
m-]
10) v®(a—ma)+Mm27Lj,1v®1—L,1v®l
=0V’

=3 > M@ @dF o @AM0 — ma;)(0 — m)k

kel i=1

Q@ * 1 @ @ 0% @ vy for m > p. (5.2)

By Proposition 3.4, we know that (n, Ap1, Ap2, @o1) = (2,1, u, ) for some o € Sy. With-
out loss of generality, we assume o = 1, namely, (A1, A2, 1) = (1, 4, ). Note also from
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(5.2) on the one hand that r # —1, since otherwise u™m? for some i > 1 would only be
the coefficient of some non-zero term on the right-hand side; and on the other hand that
k1 =0,ky <r for all k = (k1,k2) € I and ko = r holds only for one k. Thus (5.1) turns
out to be p(v®@1)=>"_11® 0 @ v;.

Consider first r > 1. It follows from ¢(LZ (v ® 1)) = L2, Y7 (1 ® &' ® v;) that

¢<v® (0 —ma)(0 —ma —m) + (u"e™ — 1)%1}@ (0 — ma—m)

d d d
m, mt o m, mt m, mt
+ (u"e 1)dtv ® (0 —ma) + (e 1)dt (u™e 1) T ® 1>

3

= ((3 —ma)(0 —ma—m) ®0" @v; + 2(0 — ma) @ "™ (0 — maz)(d —m)" @v;
i=0

+1® p@*™(0 — mag) (0 — mag —m) (0 — 2m)’ ®vi),

which gives ¢(L2v ® 1) = 0 by comparing the coefficient of >™m? *+2. This contradicts
the injectivity of ¢, since L2v ® 1 # 0. Thus, M(V, 1, Q(\, ) 2 Qi LN, ;) @ M in
this case.

The remaining case is V;, being a highest weight module. Assume that its highest
weight is § € C*. Now it is not hard to deduce from ¢(L,,(v ® 1)) = L,,(1 ® 1 ® vg) that
(8 = —ag and that M is a trivial £-module.

Conversely, suppose that M is a trivial £-module, V; is a highest weight module with
highest weight —aq and (n, 1, i, @) = (2, A1, A2, 1) (this is the case 0 = 1). Then follow-
ing the proof of Lemma 4.1 one can check that the linear map ¢ : M(V, u, (1, ) —
Q1,0) ® Au, —3) ® C sending L' v @ 07 to 37 _ ()07 P @ 0P @ 1 for any i,j € Z
is an isomorphism of £-modules, where v is the highest weight vector of V5. (]

Proposition 5.2. Let \,a,1 # p € C* and let V' be a simple a-module in C. Then
MV, 1, Q(A, «)) is not isomorphic to any of the following simple L-modules:

m

M, ®q)(>\i, g, hz(t» & M, ® ‘I)(/\l, (679 hz(t)) ® ®Q(,ui70éi) & ]\47 Ab,M(VV, ’Y(t)),

i=1 i=1

wherem,n > 1, \;,; € C* b € C,~(t), hi(t) € C[t] withdeg h;(t) = 1, A1, ..., Apy fi1y -+ - s
L being pairwise distinct, M is a simple L-module for which there exists Ry; € Z, such
that L., is locally nilpotent on M for all m > Ry, and W is a simple b-module.

Proof. Assume A =1 for convenience. Since for any large enough m, L, is locally
nilpotent on M but not on M(V, u, Q(\, «)), M 2 M(V, p, Q(A\, @)). Suppose that

o : M(V,,u,Q(l,oz)) — ®<I>(/\i,ozi,hi(t)) QM

is an isomorphism of £-modules. Take 0 # u € V and assume ¢(u ® 1) = >,/ f1i ® fo; @
<+ ® frni ® u;. Choose m to be large enough so that L,,u; = 0 for all i € I. Then it follows
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from ¢(Ly,(u® 1)) = L,,¢p(u® 1) that

0] (u ® (0 — ma) + (u™e™ — 1)%u ® 1)

:ZZZ)\Z%_m)jfli®"'®ijki®"'®ui

iel k=1j=0 e

Then in view of Proposition 3.4 we have n =2 and may assume A\; =1 and Ay = p;
moreover, » . ; ST f1; ® fa; ®u; = 0 for all j > 2. But we see that Dier S2f1i ® foi ®
u; # 0 by choosing f1; to be of the form ¢ for i € I, a contradiction. This shows
MV, 1, Q(1, ) 2 @iy D(Ni, i, hi(t)) ® M. Similarly, one has

m

M(V, 1, 9(1, ) 2 Q) (A, i, hi(t)) @ Q) N, o) @ M.

i=1 i=1

And the non-isomorphisms M(V, sz, (1, @) 2 A, and M(V, 1, Q(1, o)) & M(W,4(t))
follow immediately by using Proposition 3.4, completing the proof. (I

Now we can conclude this section with the following corollary.

Corollary 5.3. Let \,a,1 # p € C* and let V' be a simple a-module in C such that V
is not a highest weight a-module whose highest weight is non-zero. Then M(V, i, Q(\, «))
is not isomorphic to any simple L-module in [7, 13, 14, 20, 22].
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