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Abstract

In this paper, the effect of a relativistically intense Gaussian laser pulse, on the propagation of electron plasma wave is
studied. The nonlinear effects considered here are the relativistic decrease of the plasma frequency and the pondero-
motive expelling of the electrons. Modified coupled equations for laser and electron plasma wave are derived from fluid
equations. These coupled equations are solved analytically and numerically to study the laser intensity in the plasma and
the variation of amplitude of the excited electron plasma wave. It is seen that the effect of including the ponderomotive
nonlinearity is significant on the excitation of plasma wave. This should affect the number of energetic electrons and
their energy range on account of wave particle interaction.

Keywords: Fluid equations; Intense Gaussian laser pulse; Ponderomotive nonlinearity; Propagation of electron
plasma wave; Wave particle interaction

1. INTRODUCTION

The interaction of very intense laser beam with plasmas
~Kruer, 1988! finds its application in laser-induced fusion
for efficient coupling of laser beam energy to plasmas and
particle acceleration by beat wave process ~Tajima & Dawson,
1979; Esarey et al., 1988; Wurtele, 1994!. In both the
processes electron plasma wave and laser beam interaction
is involved. For example, in laser induced fusion, electron
plasma wave generated by stimulated Raman scattering
process may generate hot electrons0energetic electrons by
wave particle interaction. In beat wave process, the gener-
ated electron plasma wave leads to particle acceleration.
Modena et al. ~1995! and Malka ~2002! investigated that the
longitudinal electric field associated with electron plasma
wave can be extremely large and this can be utilized for high
energy electron acceleration, over very short distances. The
wave breaking mechanism is used for this electron acceler-
ation. This wave breaking occur by the Raman forward
scattering instability induced by short, high intensity laser
pulses, and they got maximum energy up to 44 MeV of

accelerated plasma electrons. But they have not considered
the self focusing of the laser beam. Pukhov and Meyer-ter-
Vehn ~1996! show three-dimensional ~3D! particle-in-cell
simulation of short-pulse laser propagation in near-critical
plasma at relativistic intensities. This work shows that the
incident laser beam creates a single propagation channel
with considerably enhanced concentration of light on the
axis. This beam also propagates through unstable filamen-
tary stages. But Pukhov and Meyer-ter-Vehn ~1996! have
not considered the ponderomotive effects in self focusing
process.

Most of these studies have been done by taking only
relativistic nonlinearity. But ultra intense laser pulse can
create different type of nonlinearities at different time scales,
for example, case 1:

t � tpe ,

and case 2:

tpe � t � tpi ,

t is the laser pulse duration, tpi is the ion plasma period, and
tpe is the electron plasma period. In case ~1!, only relativistic
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nonlinearity is operative and in case ~2!, relativistic and
ponderomotive nonlinearities are operative.

In this paper, we have studied the electron plasma wave
coupling with an ultra intense laser beam and its effect on
electron plasma wave excitation, and particle acceleration
when relativistic and ponderomotive nonlinearities are oper-
ative. This coupling arises on account of the relativistic
change in the electron mass and the modification of the
background electron density due to ponderomotive nonlin-
earity. Therefore, the plasma wave dynamical equation gets
significantly modified. This nonlinear evolution has been
studied by using the paraxial ray approximation and the
plasma wave intensity has been evaluated with and without
coupling. For typical laser plasma parameters chosen here
~please see Section 3!, the maximum intensity in the laser
beam filaments get enhanced by a factor of about 2.5 and the
maximum intensity in the localized electron plasma waves
enhanced by a factor of about 1.8 when compared to the
coupling for relativistic case.

In Section 2, we have derived the expression for the
effective dielectric constant of the plasma in the presence of
a laser beam when relativistic and ponderomotive nonlin-
earities are operative. In Section 3, the solution for laser
beam propagation has been presented and numerical results
are given showing the laser intensity evolution in axial and
transverse directions and the corresponding filamentation of
the laser beam. In Section 4, first, the equation for electron
plasma wave ~in the presence of laser pulse propagation! is
derived and then its solution is obtained in order to study the
evolution0localization of the plasma wave. Using these
results, particle acceleration has been studied in this section.
The last section presents the conclusion drawn from this
investigation and the consequences in laser plasma coupling
and beat wave process.

2. EFFECTIVE DIELECTRIC CONSTANT
OF THE PLASMA

Consider the propagation of a Gaussian laser beam of fre-
quency v0 along the z-direction. The initial intensity distri-
bution of the beam is given by

E.E * � Eo
2 exp��

r 2

ro
2�. ~1!

Where r is the radial coordinate of the cylindrical coordinate
system and ro is the initial beam width. The dielectric
constant of the plasma is given by

«o � 1 �
vpe

2

vo
2

, ~2!

Where

vpe
2 � vpo

2 0g,

vpo is the plasma frequency given by

vpo
2 � 4pno e20mo ,

~with e being the charge of an electron, mo is the rest mass
and no is the density of plasma electrons in the absence of
laser beam! and relativistic factor is given by

g � �1 �
e2

c2mo
2vo

2
EE *�102

.

The above expression is valid, when there is no change in
the plasma density. The relativistic ponderomotive force is
given by Borisov et al. ~1992!, Brandi et al. ~1993a, 1993b!,
and Gupta et al. ~2005!

Fp � �mo c2¹~g� 1!. ~3!

Using the electron continuity equation and current density
equation for second order correction in the electron density
equation ~with the help of ponderomotive force! total, the
density is given by Brandi et al. ~1993a, 1993b!

n � no � n2 � no �
c2no

vpo
2 �¹2g�

~¹g!2

g
�.

Now the effective dielectric constant of the plasma at fre-
quency v0 is given by

« � «0 � f~E{E * !, ~4!

where

f~E{E * ! �
vpo

2

vo
2 �1 �

n

nog
�.

Expending dielectric constant in Eq. ~4! around r � 0 by
Taylor expansion, one can write

« � «f � g1 r 2

where

«f � «o �
vpo

2

vo
2 �1 � ��1 �

a

gro
2 fo

4 kp
2��1 �

a

fo
2��102� ,

g1 � �
vpo

2

vo
2 � a

2g3ro
2 fo

4
�

3a

g2kp
2 ro

4 fo
6

�
3a2

g4kp
2 ro

4 fo
8� . ~5!

Here, a � ao Ao
2 is the square of dimensionless vector

potential ~E � �]A0]~ct !!, ao � e20mo
2 c4, fo is the beam

width parameter at z as given by Eq. ~10! in Section 3 and
kp

2 � vpo
2 0c2 .
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3. LASER BEAM PROPAGATION

The wave equation governing the vector potential of the
laser beam in plasma can be written as

]2A

]z 2
�

1

r

]A

]r
�
]2A

]r 2
�
vo

2

c2
«A � 0. ~6!

Following Akhmanov et al. ~1968!, we write

A � A'~r, z!exp@�iSo~r, z!# . ~7!

Using Eq. ~7! into Eq. ~6! and separating the real and
imaginary parts we get

2«f

]So

]z
�

c

vo
� ]So

]r
�2

�
vo

c
g1 r 2 �

c

vo A'
� ]2A'

]r 2
�

1

r

]A'

]r
�,

~8a!

vo

c
«f

]A'2

]z
�
]So

]r

]A'2

]r
� A'2� ]2So

]r
�

1

r

]So

]r
� � 0. ~8b!

The solution of the above-coupled equations can be writ-
ten as

So �
r 2

2
bo~z!� fo , bo~z!�

vo

c

«fo
102

fo

dfo

dz

and the intensity of the laser beam

A'2 �
Ao

2

fo
2

exp��
r 2

ro
2 fo

2�. ~9!

Using Eq. ~9! in Eq. ~8a!, we get

d 2 fo

dz 2
�

c2

«f vo
2 ro

4 fo
3

�
g1 fo

«f

.

The above equation becomes as follows after putting the
value of g1 from Eq. ~5! and using the normalized distance
j� zc0vo ro

2, then we get

d 2 fo

dj 2
�

1

«f fo
3

�
fo

«f
��vpo

2 ro
2

c2 � a

2g3 fo
4

�
3a

g2 fo
6

�
3a2

g4 fo
8�. ~10!

The intensity of the laser beam with relativistic and pondero-
motive nonlinearities is given by Eqs. ~9! and ~10!. In this
paper first, we have studied the variation of laser beam
intensity with distance along the laser beam propagation
direction and radial distance. The results are presented in the
form of Figures 1 and 2. The following set of parameters has
been used in the numerical calculations: we used laser beam
Nd: YAG ~g � 1064 nm!, ro � 15 mm, vpo � 0.03vo, and
vth � 0.1c.

For initial plane wave front of the beam, the initial con-
ditions for fo are fo �1 and dfo0dz � 0 at z � 0. When a laser
beam propagates through the plasma, then density of the
plasma will be varying through the channel due to pondero-
motive force. But the relativistic and ponderomotive non-
linearities introduced in the plasma depend upon the total
intensity of the beam; therefore, the intensity patterns in the
relativistic case are different than the ponderomotive and
relativistic case ~combined! as shown in Figure 1. Here we
have comparatively studied the variation in laser beam
intensity with normalized distance and radial distance, when
in Figure 1a, relativistic and ponderomotive nonlinearities
are operative and in Figure 1b, only relativistic nonlinearity
is operative. It is obvious that the maximum intensity in the
laser beam filaments get enhanced by a factor of about
2.5 when both nonlinearities are present. Similarly, we plot
in Figure 2 for different initial laser intensity and the maxi-
mum intensity in the laser beam filaments get enhanced by a

Fig. 1. ~a! Variation in laser beam intensity with normalized distance ~j!
and radial distance ~r! for a � 1.3, when relativistic and ponderomotive
nonlinearities are operative. ~b! Variation in laser beam intensity with
normalized distance ~j! and radial distance ~r! for a � 1.3, when only
relativistic nonlinearity is operative.
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factor of about 2.2, so when initial intensity is increasing
then enhancement factor decreases.

4. PROPAGATION OF PLASMA WAVE

On account of the change in the background density due to
ponderomotive force and the relativistic effects, the laser
beam gets filamented as discussed above. In these filaments,
the laser beam intensity is very intense and plasma density is
also changed due to ponderomotive force. Therefore, the
plasma wave amplitude, which depends upon the back-
ground density, gets strongly coupled to the laser beam in
the filaments where the intensity is very large. In order to
study the effect of this coupling on plasma wave excitation,
we have first set up the equation of the plasma wave and
then this nonlinear equation has been solved. Following
standard procedure, the equation governing the electron
plasma wave is given by

]2ne

]t 2
� 2Ge

]ne

]t
� Vth

2¹2ne �
vp0

2

g

nne

no

� 0. ~11!

Where 2Ge is the Landau damping factor, Vth
2 is the square of

the electron thermal speed. Writing:

ne � neo~r, z!exp~i ~vt � kz!!,

in Eq. ~11!, one gets

�v2neo � 2ivGe neo � Vth
2� ]2

]r 2
�

1

r

]

]r
�neo

� 2ikVth
2
]neo

]z
� k 2Vth

2 neo � � n

no
� vpo

2

g
neo � 0. ~12!

Further substituting neo � neoo exp~�ikS~r, z!! in Eq. ~12!
and equating real and imaginary parts, we obtain:

2
]S

]z
� � ]S
]r
�2

�
1

k 2neo
� ]2neoo

]r 2
�

1

r

]neoo

]r
��

vpo
2

gk 2Vth
2

n2

no

, ~13!

]neoo
2

]z
�
]S

]r

]neoo
2

]r
� neoo

2 � ]2S

]r 2
�

1

r

]S

]r
��

2Gevneoo
2

kVth
2

� 0. ~14!

We assume initial density variation at z � 0 to be

neoo
2 6z�0 � ~neoo

o !2 exp~�r 20ao
2!.

Here ao is the initial beam width of the plasma wave.
Following Akhmanov et al. ~1968!, solution of Eqs. ~13!
and ~14! can be written as,

S �
r 2

2
b~z!� f~z!, b~z!�

1

f ~z!

df ~z!

dz
,

neoo �
neoo

o

f
exp��

r 2

2ao
2 f 2�exp~�ki z! ~15!

where

ki �
Gev

kVth
2
.

Using Eq. ~15! in Eq. ~13! and equating the coefficients of
r 2 on both sides, we obtain

d 2 f

dj 2
�

ro
4

ao
4 f 3

� f � c2

vth
2 ���vpo

2 ro
2

c2 � a

2g3 fo
4

�
3a

g2 fo
6

�
3a2

g4 fo
8� .

~16!

It is interesting to compare Eq. ~16!with Eq. ~10! of the laser
beam. In the absence of coupling between the pump wave

Fig. 2. ~a! Variation in laser beam intensity with normalized distance ~j!
and radial distance ~r! for a � 2.0, when relativistic and ponderomotive
nonlinearities are operative. ~b! Variation in laser beam intensity with
normalized distance ~j! and radial distance ~r! for a � 2.0, when only
relativistic nonlinearity is operative.
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and the plasma wave, the second term in Eq. ~16! is zero and
f is given by:

f 2 � �1 � j 2� ro

ao
�4�.

From Eq. ~16!, it is obvious that f depends on fo, hence an
analytical solution for f cannot in general, be obtained. We
can, however, obtain an analytical solution of Eq. ~16! in a
special case, viz., the diffraction term ~i.e., the first term on
the right-hand side! balances the nonlinear term in Eq. ~10!;
this happens when the laser beam has critical power for
self-focusing. Under such conditions ~ fo � 1!, the main
beam propagates without convergence or divergence. There-
fore the solution for f is given by

f 2 �
A � B

2B
�

A � B

2B
cos~2MBz!, ~17!

where

A �
ro

4

ao
4

and

B �
c2

Vth
2��vpo

2 ro
2

c2 � a

2g3
�

3a

g2
�

3a2

g4 � .

We have, however, solved Eq. ~15! with the help of Eq. ~16!
numerically to obtain the amplitude of the density perturba-
tion at finite j ~when the laser beam power is more than its
critical power and a � 1.3!. The results are displayed in
Figures 3, 4, and 5 for typical laser plasma parameters. The
electron plasma wave excited due to nonlinear coupling by
high power laser beam because of ponderomotive and
relativistic effects, transfer its energy to electrons and accel-
erate them. In Figure 3, we have comparatively studied the
variation in the intensity of electron plasma wave with

Fig. 3. ~a! Variation in electron plasma wave intensity with normalized
distance ~j! and radial distance ~r! for a � 1.3, when relativistic and
ponderomotive nonlinearities are operative. ~b!Variation in electron plasma
wave intensity with normalized distance ~j! and radial distance ~r! for
a � 1.3, when only relativistic nonlinearity is operative.

Fig. 4. ~a!. Variation in electron plasma wave intensity with normalized
distance ~j! and radial distance ~r! for a � 2.0, when relativistic and
ponderomotive nonlinearities are operative. ~b!Variation in electron plasma
wave intensity with normalized distance ~j! and radial distance ~r! for
a � 2.0, when only relativistic nonlinearity is operative.
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normalized distance and radial distance, when relativistic
and ponderomotive nonlinearities are operative ~Fig. 3a!
and only relativistic nonlinearity is operative ~Fig. 3b!. The
maximum intensity of electron plasma wave filaments gets
enhanced by a factor of about 1.8 in comparison to relativ-
istic case. Similarly, we plot Figure 4 for different laser
intensity. Here the maximum intensity of the electron plasma
wave filaments get enhanced by a factor of about 1.9 in
comparison to relativistic case. Figure 5 shows the variation
in the plasma wave density with distance.

The electron plasma wave excited due to nonlinear cou-
pling by high power laser beam because of ponderomotive
and relativistic effects ~last term on the left-hand side of the
Eq. ~11!! transfer its energy to electrons and accelerate
them. The energy gain ~energy per unit rest mass energy of
electron! by the electron is given by

g � �1 �
v 2

c2��102

.

Differentiating and putting d~mv!0dt � ikmo c2f1, then we
get

dg

dt
� �ikv{f1. ~18!

Heref1~� ef0moc2! is the dimensionless electrostatic poten-
tial of the electron plasma wave and we get

f1 �
ivpo

2

c2k 2 f
~exp~�ki z!!sin~kz!,

by using Poisson equation. This first order differential Eq. ~18!
has been solved numerically, where we have used f by
Eq. ~16!. Figure 6 represents the variation of energy gain
with the normalized distance ~j!. Here, solid line represents
energy gain by electron when only relativistic nonlinearity
is operative and semi-dotted line represent the gain when
both relativistic and ponderomotive nonlinearities are oper-
ative. These results show that the maximum energy gain by
electrons is significantly increased by the inclusion of pon-
deromotive nonlinearity. This is on account of the enhance-
ment of plasma wave intensity in comparison to relativistic
case. The following set of parameters has been used in
the numerical calculations: we used laser beam Nd: YAG
~l�1064 nm!, ro �15mm, ao �10mm,vpo �0.03vo, Vth �
0.1c, and initially we take g� 1.

5. RESULTS AND DISCUSSION

Here we have developed a model for electron plasma wave
excitation by ultra intense laser beam. The excitation is on
account of nonlinear coupling between the laser beam and
the plasma wave. This coupling arises on account of pon-
deromotive and relativistic effects by the laser beam. The
coupling is so strong that the initial plasma wave becomes
highly localized as shown here. We investigated here the
intensity variation of laser beam as well as electron plasma
wave with normalized distance and radial distance, when
only relativistic and both relativistic and ponderomotive
nonlinearities are operative. In fact, the intensity of plasma
wave exhibits oscillatory behavior. The oscillatory behavior
may be understood as follows: Because of redistribution of
charges, plasma frequency minimum is on the axis. Accord-

Fig. 5. Variation in normalized density with normalized
distance ~j! for a � 1.3, solid line represent only relativ-
istic nonlinearity and semi-dotted line represents both
relativistic and ponderomotive nonlinearities case.
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ing to the dispersion relation of plasma wave, the phase
velocity of electron plasma wave minimum is on the axis
and increases away from the axis. If we consider an initial
plane wave front of electron plasma wave, then as the wave
front advances in the plasma, focusing occurs and amplitude
of density perturbation increases. When the spot size is
considerably reduced, diffraction effects become important,
and amplitude of density perturbation starts decreasing.
Thus, we get oscillatory behavior with the distance of prop-
agation. In these localized structures, the wave particle
interaction should lead to particle acceleration. A crude
estimate can also be made as presented here. In fact, these
studies should be done by using Fokker Planck equation and
using the velocity space diffusion coefficient in the local-
ized structures of the electron plasmas wave packets. These
rigorous estimates are in progress and will be a part of future
publication. Such studies should be useful in hot electron
generation by stimulated Raman scattering in laser plasma
interaction and particle acceleration by beat wave process.
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