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ABSTRACT

Compared with algebraic varieties the local monodromy of Drinfeld modules appears
to be hopelessly complex: the image of the wild inertia subgroup under Tate mod-
ule representations is infinite save for the case of potential good reduction. Nonetheless,
we show that Tate modules of Drinfeld modules are ramified in a limited way: the image
of a sufficiently deep ramification subgroup is trivial. This leads to a new invariant, the
local conductor of a Drinfeld module. We establish an upper bound on the conductor
in terms of the volume of the period lattice. As an intermediate step we develop a
theory of normed lattices in function field arithmetic including the notion of volume.
We relate normed lattices to vector bundles on projective curves. With the aid of Castel-
nuovo—Mumford regularity this implies a volume bound on norms of lattice generators,
and the conductor inequality follows. Last but not least we describe the image of iner-
tia for Drinfeld modules with period lattices of rank 1. Just as in the theory of local
{-adic Galois representations this image is commensurable with a commutative unipo-
tent algebraic subgroup. However, in the case of Drinfeld modules such a subgroup can
be a product of several copies of G,.

Introduction

Let K be a local field of positive characteristic and let £ be a Drinfeld module of finite residual
characteristic over Spec K (cf. §2.3 and see §2.4 for the terminology). Pick a separable closure
K?*/K. We investigate the action of the inertia subgroup Ix C Gal(K*/K) on the Tate modules
T, E. This parallels the study of local monodromy in the /-adic cohomology theory.

In the ¢-adic theory one assumes that the prime £ is different from the residual characteristic
of the base field. By way of analogy we suppose that the prime p is different from the residual
characteristic p of the Drinfeld module E. The case p = p belongs to a function field analogue of
Fontaine’s theory, and is the subject of a separate study.

Even under the assumption p # p the local monodromy of Drinfeld modules is much more
complicated than that of algebraic varieties. The good reduction criterion of Takahashi implies
that the image of the wild inertia in GL(T,E) is infinite unless £ has potential good reduction.

However, there is a limit on the ramification. Recall that the inertia subgroup Iy carries
a descending filtration by closed normal subgroups I}, u € Qxg, the ramification filtration in
upper numbering.
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LoCAL MONODROMY OF DRINFELD MODULES

THEOREM 1. Let E be a Drinfeld module of finite residual characteristic p over Spec K. Then
there is a rational number v > 0 such that for every prime p # p the ramification subgroup I}
acts trivially on the Tate module T, E.

The author first deduced this result from a z-adic analogue of Grothendieck’s f-adic
monodromy theorem. The z-adic monodromy theorem applies in the generality of arbitrary
A-motives, and will be published in a forthcoming article. A direct and less technically involved
proof of Theorem 1 was found by Richard Pink after some discussions with the current author.
In this paper, the author would like to present a revision of Pink’s argument (Theorem 3.2.4(1))
together with related results.

Replacing K by a finite separable extension we are free to assume that the Drinfeld module
E has stable reduction. This means that F is an analytic quotient of a Drinfeld module D of
good reduction by a period lattice A C D(K?®), cf. §4.1. Let us further assume that the lattice
A is defined over K, which is to say, A C D(K). Then the action of the inertia group Ix on
T, E factors through the maximal abelian quotient I ?(b . By the Hasse—Arf theorem the induced
ramification filtration of I Ia(b is integrally indexed, so we can make the following definition.

DEFINITION. The local conductor f(E/K) is the least integer m > 0 such that the ramification
subgroup I;b’mﬂ acts trivially on T, E for all p # p.

The conductor is zero if and only if A = 0, i.e. if the Drinfeld module F has good reduction.
Otherwise, the conductor is a positive integer that is prime to p. An important property of the
conductor is its invariance under isogenies.

The conductor is hard to compute, and we can do it only for special period lattices
(Theorem 4.1.13). In general, we can bound the conductor from above by a more amenable
invariant.

In the following, let us denote by A the chosen coefficient ring of our Drinfeld modules,
cf. §2.3. This ring is a Dedekind domain over F, with finite group of units. The period lattice
A carries a natural structure of a finitely generated projective A-module.

Poonen [Po095] introduced the notion of canonical local height. This provides the period
lattice A with a natural norm. Building on the work of Taguchi [Tag93, § 4] we develop a theory
of normed A-lattices in function field arithmetic (§1) and, in particular, define the volume of
such lattices.

THEOREM 2. Let E be a Drinfeld A-module of stable reduction over Spec K with the local
period lattice A defined over K. Let r be the rank of E. Then we have an inequality

HE/K) < vol(4) - C*0),

where vol(A) is the volume of the period lattice, s = r — rank 4(A) and C' is an effective constant
that depends only on A.

To prove this bound we set up a correspondence between normed A-lattices and systems of
vector bundles on the compactification of the curve Spec A. For such bundles one has a classical
criterion of global generation via Castelnuovo-Mumford regularity. Translated to the setting of
lattices this gives a volume bound on norms of generators, and the conductor inequality follows.

The bound of Theorem 2 is effective in the following sense: there is an algorithm which calcu-
lates vol(A) from the 7-polynomials defining the Drinfeld module E. This will be demonstrated
in a forthcoming article.

Asayama and Huang [AH24, Hua24] introduced the notion of a conductor for Drinfeld mod-
ules of rank 2 and proved a version of Szpiro’s conjecture under additional assumptions. It would
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be interesting to know the precise relation between the conductor of Asayama and Huang and
the conductor of this paper.

Last but not least, we study the image of inertia in GL(7,£). The following result can be
seen as a local open image theorem for Drinfeld modules with period lattices of rank 1.

THEOREM 3. Let E be a Drinfeld module of finite residual characteristic p and rank r over
Spec K. Suppose that the local period lattice of E has rank 1. Then for each prime p # p the
image of inertia in GL(T,E) is commensurable with a closed algebraic subgroup U = (G,)*("—1).

Let V be a local f-adic Galois representation. The ¢-adic monodromy theorem of
Grothendieck implies that the image of inertia in GL(V') is commensurable with a closed alge-
braic subgroup U 22 (G4)*¢, but the dimension d can only be 0 or 1. Theorem 3 shows that in
the case of Drinfeld modules the dimension d can be as large as dim(V') — 1.

The situation with Drinfeld modules that have period lattices of rank at least 2 is made
complicated by the presence of nontrivial endomorphisms. Still one expects that a suitable local
open image theorem holds in all cases. This is a subject of current research.

Finally, let us discuss the proofs of Theorems 1, 2 and 3. Replacing K with a finite separable
extension we are free to assume that the Drinfeld module F is an analytic quotient of a Drinfeld
module D of good reduction by a period lattice A C D(K). For each prime p # p we then have
a short exact sequence of G g-modules

with A, the p-adic completion of A. The inertia group I acts trivially on the first and the last
module. Consequently, the action of Ix on T,FE differs from the identity by a homomorphism
Ix — Homy(A, T, D). This homomorphism can be equally seen as a pairing

In the exact same way as in the theory of abelian varieties, this pairing turns out to be the
restriction to A of a certain universal pairing

[, ): D(K) x Ix — TyD,

the p-adic Kummer pairing of D.

The Kummer pairing from the theory of abelian varieties factors through the tame quotient of
the inertia group Ix. This quotient group is procyclic of order prime to the residual characteristic
p of K. By contrast, the Kummer pairing of the Drinfeld module D factors through the maximal
quotient Jx = 3P /(I2P)*P that is abelian of exponent p. Unlike the tame quotient, the induced
ramification filtration on Jg is nontrivial and, in fact, has a break at every positive integer that
is prime to p.

We study how the Kummer pairing of D interacts with the ramification filtration on
Ji. We prove that for each element A € D(K) the homomorphism [, ): Jx — T, D vanishes
on a sufficiently deep ramification subgroup Jj with v bounded from above by the Poonen
height of A, see Theorem 3.2.4. This property of the Kummer pairing implies Theorems 1
and 2.

We also prove that the homomorphism [\, ): Jg — T,D has open image provided that A
is not contained in the subset of integral elements D(Ok), see Theorem 3.3.2. This property
implies Theorem 3.
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The Stacks Project

We will use The Stacks Project [Sta] as a source for algebraic geometry. References to The
Stacks Project have the form [St: wzyz| where ‘wzyz’ is a combination of letters and numbers.
The corresponding item is located at https://stacks.math.columbia.edu/tag/wxyz.

1. Normed lattices

Recall that a lattice in the sense of geometry of numbers is a finitely generated free Z-module L
equipped with a positive-definite quadratic form ¢: L — R>¢. The induced norm || - || = y/q(-)
is homogeneous with respect to the archimedean absolute value: we have ||av|| = |a| - ||v|| for all
integers a € Z and vectors v € L.

We shall transfer the notion of a normed lattice to the setting of function fields. To this end
we draw upon an informal analogy between the pair (Q, c0) consisting of the field of rational
numbers Q and its unique archimedean place, and the pair (F, co0) consisting of a global function
field F' and an arbitrarily chosen place oco.

The ring Z is the set of elements x € Q which are regular away from oo and the field R is
the completion of Q at co. In the same way, the pair (F,c0) determines a Dedekind domain A
and a locally compact field Fi.,. One can consider the pair of rings A C F, as a function field
equivalent of the pair Z C R.

Inspired by this observation we define an A-lattice as a finitely generated projective
A-module A equipped with a norm |- ||: A — R3¢ which is homogeneous with respect to a
fixed co-adic absolute value on Fi, and induces the discrete topology on A. The study of normed
lattices in function field arithmetic was initiated by Taguchi [Tag93, § 4]. We develop the theory
further by relating normed lattices to vector bundles on the smooth projective curve X which
has F' as the field of rational functions.

As is the case for Z-lattices the norm of an A-lattice A extends uniquely to a norm on
the ‘real’ vector space Voo = Fio ® 4 A but this result is rather subtle. One then defines the
volume of the lattice A as a normalized volume of its fundamental domain in the locally compact
vector space V4. The relation between lattices and vector bundles leads to a bound on norms of
generators in terms of the volume (Theorem 1.6.4).

In [Tag93, §4] Taguchi defined the discriminant of a lattice. At the moment it is not clear
what is the precise relation between the volume as defined in this paper and the discriminant of
Taguchi.

1.1 Normed vector spaces
As a preparation for the theory of lattices let us review some properties of normed vector spaces
following [BGR84, Ch. 2]. We fix a field F' and an absolute value | - |: F© — R that arises from
a nontrivial discrete valuation. Let R = {x € F,|z| < 1} be the corresponding ring of integers.
We denote its maximal ideal by p.

Let V be a finite-dimensional F-vector space. Recall that a p-adic norm on V is a map
|- |l: V— Ryxo with the following properties:

(V1) |lv]] = 0 if and only if v = 0;
(V) [|lv + v'[| < max{[jof], [[o/[};
(V3) |lzv|| = |z| - ||v]| for all z € F.

We have ||—v|| = ||v|| by the homogeneity property (V3), so the ultrametric inequality (Va)
becomes an equality when ||v]| # ||v/||.
Let m € F be a uniformizer and set ¢ := |r|. Observe that € € (0,1).
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LEMMA 1.1.1. The image of the norm function | - ||: V' — Ry has the form

re U UrpeZ U {0},

where r1,79,...,rm € (g, 1] is a sequence of real numbers, m < dim V.
Proof. The set of values |F*|=¢e% is a subgroup of R, so the claim follows by [BGR84,
Prop. 2.1.4/2]. O

The ultrametric inequality (V2) and the homogeneity property (V3) imply that the balls
B(V,r)y={veV, |v||<r}, reRs,
are R-submodules of V' such that:

(B1) x B(V, r) = B(V, |x|r) for every scalar x € F'*;
(B2) ForB(V,r)=V.

LEMMA 1.1.2. For each pair of real numbers r’ > r > 0 the quotient R-module B(V, r')/B(V, r)
has finite length.

Proof. Tt suffices to prove the claim for r = /" with any integer n > 0. The R-module B(V, ')
is torsion-free by construction and has finite rank by property (Bz2). We also have B(V, r) =
p"B(V, r') by property (B;). Invoking Lemma 3 of [P0095, § 5] we conclude that the R/p"-module
B(V, r")/B(V, r) is finitely generated and, thus, has finite length. O

Fach norm endows the vector space V with a topology by means of the fundamental system
{B(V, r)};>0. Lemma 1.1.1 implies that this system is the same as the system of open balls
{vev, v <r.

It is important to note that, in general, the norm topology on V can be coarser than the
canonical p-adic topology. An explicit construction of such norms is given in Example 1.1.7.
From Lemma 1.1.2 we directly have the following result.

COROLLARY 1.1.3. A norm on V induces the canonical p-adic topology if and only if for each
real number r > 0 the R-module B(V, r) is finitely generated.

To increase flexibility we will need the notion of a seminorm which is a map || - ||: V' — Rxp
satisfying the conditions (V2) and (V). The following claim is easy to check.

LEMMA 1.1.4. For each seminorm || - ||: V' — Ryg the following hold.

(1) The kernel H = {v € V, |jv|| = 0} is an F-vector subspace of V.
(2) The map || - || factors through the quotient homomorphism V' — V/H and induces a norm
onV/H.

Next we give a criterion for the norm on V' to induce the canonical p-adic topology. Let Fj
be the p-adic completion of the field F.

THEOREM 1.1.5. Fach norm on the vector space V extends uniquely to a seminorm on the
p-adic completion V,, = I}, ®p V', and such an extension is a norm if and only if the original
norm induces the p-adic topology on V.

Proof. Tt follows from Proposition 1 of [Bou81, II, § 1, n°1] that every seminorm is continuous
with respect to the p-adic topology on V, and the analytic topology on Rx>g. Since the vector
space V' is p-adically dense in V,, we conclude that the sought extension is unique.

Let V, be the completion of the normed vector space V as in [BGR84, §2.1.3]. This is a
normed Fp-vector space by construction. The proof of [BGR84, Prop. 2.3.3/6] shows that the
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natural morphism V,, — V,, is surjective. Taking the composition of the norm on V, with the
surjection V}, — V), we obtain the desired seminorm on the vector space V.

The seminorm on V,, is a norm if and only if the surjection V},, = V) is an isomorphism.
According to [BGR84, Prop. 2.3.3/6] the latter happens if and only if the norm topology on V'
is the canonical p-adic topology, as claimed. O

COROLLARY 1.1.6. Suppose that the field F' is p-adically complete. Then the norm topology on
V' is the canonical p-adic topology.

The behaviour of p-adic norms in Theorem 1.1.5 resembles the behaviour of real-valued
quadratic forms on a finite-dimensional Q-vector space V. Every such form ¢ extends uniquely
to the real vector space Voo = R ®q V. If the form ¢ takes strictly positive values on V'~ {0} then
it is positive-semidefinite, and the map v — q(v)l/ 2 is an archimedean seminorm on Va. This
seminorm is a norm if and only if the form ¢ is positive-definite. Comparing with Theorem 1.1.5,
we conclude that the property of inducing the p-adic topology can be understood as a form of
positive-definiteness for p-adic norms.

As an offshoot of Theorem 1.1.5 we get a description of all norms that fail to induce the
p-adic topology on V.

Ezxample 1.1.7. Suppose that dim V' > 2, and that the field F' is not p-adically complete. Pick
a nonzero subspace H C V, which is totally irrational in the sense that H NV = {0}. Pick a
norm on the quotient V,/H. The natural morphism V — V,/H is injective by construction, so
we obtain a norm on V' by composition with the chosen norm on V,/H.

Theorem 1.1.5 implies that the norm topology on V' is not p-adic as otherwise the subspace H
will be zero. It follows by Corollary 1.1.3 that the balls B(V, r) are not finitely generated as
R-modules. Theorem 1.1.5 also implies that varying the choices of H and of the norm on V,,/H
one obtains every norm on V that does not induce the p-adic topology.

1.2 The setting
From now on we fix a global function field F' and a place oo of F. We will use the following
notation:

— Kk C F is the ring of elements which are regular at all places;
— A C F is the ring of elements which are regular outside oo;
— OF o C F is the ring of elements which are regular at oo;

— F is the oo-adic completion of F;

— Koo is the residue field of Fiy (and of O «);

— ¢ = |Koo| is the cardinality of this residue field.

Fix an oo-adic absolute value | - |0 : Fso — Rg such that |7|! = ¢ for a uniformizer 7 € Fi.
Although our theory works with any normalization, this particular choice leads to better-looking
formulas.

The ring x is a finite field, called the field of constants of F. The ring A is a Dedekind
domain of finite type over k. We will refer to A as the coefficient ring and it will serve us as
an analogue of the ring of integers Z. The local field F,, will play the role of the field of real
numbers R.

1.3 Lattices
Let A be a finitely generated projective A-module. An co-adic norm on Aisamap || - |[: 4 — R
such that:
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(A1) |IAl =0 if and only if A = 0;
(A2) [|A+ N[ < max{[|A]l, [|A]]};
(A3) |laA]] = |a|oo|[All for all @ € A.

Following the construction in [BGR84, § 2.1.3] every such norm extends uniquely to an co-adic
norm on the rational vector space

V=F®®u A.

We will apply the considerations of §1.1 to the normed vector space V. By analogy with §1.1
we define the following subsets of A:

B(A,r)={xe A |\ <r}, reRso.
This time B(A, r) is merely a k-vector space.

LEMMA 1.3.1. For each pair of real numbers ' > r > 0 the subspace B(A, r) has finite index
in B(A, 7).
Proof. By construction, B(A, s) = AN B(V, s) for all s >0. We thus have an inclusion of
K-vector spaces

B, ) BV, r)

B(A, 1) B(V.r)’

and the claim follows from Lemma 1.1.2. O

We are ready for the main definition of this section.

DEFINITION 1.3.2. An A-lattice is a finitely generated projective A-module A supplied with an
oo-adic norm || - || that induces the discrete topology on A.

In other words there is a real number € > 0 such that every nonzero lattice vector \ satisfies
IA| = e. By Lemma 1.3.1 this holds if and only if the subsets {\ € A, |A|| < r} are finite for
every r > 0.

A norm can induce a non-discrete topology on A. All such norms are described in
Example 1.1.7 above.

The discreteness condition of Definition 1.3.2 can be seen as a function field analogue
of positive-definiteness. Let ¢ be a real-valued quadratic form on a finitely generated free
Z-module L. Suppose that the form ¢ takes strictly positive values on L ~\ {0}. Then ¢ is
positive-semidefinite as a quadratic form on the real vector space R ®z L, and is positive-definite
if and only if for each real number r > 0 the set {v € L, q(v) < r} is finite, cf. Lemma 9.5 of
[Sil09, VIIL.9].

THEOREM 1.3.3. Let A be a lattice. Then the norm on A extends to a unique oco-adic norm on
the vector space Voo = Foo @4 A.

Proof. We have observed previously that the norm on A extends uniquely to an oco-adic norm
on the rational vector space V = F ®4 A. By Theorem 1.1.5 the norm on V extends to a unique
seminorm on V4. Let H be the kernel of this seminorm and consider the quotient vector space
W =V /H. The seminorm on V4, is the composite of the surjection Vo — W and a norm on W.

The lattice A injects into the quotient vector space W. By assumption, the sets B(A, r)
are finite for all » > 0 so A is discrete in W with respect to the norm topology. As the field
F is oco-adically complete it follows by Corollary 1.1.6 that the norm topology on W is the
canonical oo-adic topology. The fact that A is discrete in W thus implies that rank A < dim W.
As rank A = dim V, we deduce that H = 0. ]
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COROLLARY 1.3.4. Let A be a lattice, and consider the rational vector space V = F ®4 A with
the induced norm. Then for each real number r > 0 the ball B(V, r) is finitely generated as a
module over the ring OF .

Proof. The norm on V extends to a norm on V, by Theorem 1.3.3, so invoking Theorem 1.1.5
we derive that the norm topology on V is the canonical co-adic topology. The claim then follows
by Corollary 1.1.3. O

1.4 Lattices and vector bundles
We shall relate lattices to vector bundles on the smooth projective curve X over Spec k which
compactifies the affine curve Y = Spec A. By construction we have X \'Y = {cco}. Let us denote
by Ox(—o0) the ideal sheaf of the reduced closed subscheme {oco} C X.

Pick a lattice A, set V = F ®4 A, and let £4 be the locally free sheaf on the curve Y induced
by the A-module A. Let » > 0 be a real number.

DEFINITION 1.4.1. The quasi-coherent sheaf £, , on the curve X is constructed by gluing the
locally free sheaf £4 to the Opo-module B(V, r) via the canonical isomorphism
FoiAd =V F®0F700 B(V, r).
THEOREM 1.4.2. The sheaf €4, has the following properties.
(1) The sheaf £, is locally free of finite rank.
(2) HY(X, Eap) ={A €A, [N <7}
(3) For every i € Z we have E4,.(i00) = E i
Proof. Property (1) follows from Corollary 1.3.4 and property (2) is immediate. To show
property (3) note that the locally free sheaf £4 ,(ico) is obtained by gluing the sheaves induced

by the modules A and 7 *B(V, r) with 7 a uniformizer of Op . The claim follows since
77 B(V, r) = B(V, rc). O

Combining Theorem 1.4.2 with Lemma 1.1.1 we obtain a correspondence between lattices
and systems of vector bundles.

COROLLARY 1.4.3. There is a one-to-one correspondence between A-lattices and pairs which
consist of (i) a strictly increasing chain of locally free sheaves

E1C - C &y CE(0)

on the complete curve X such that &y = Ei41|y for alli € {1,...,m — 1}, and (ii) a sequence
of real numbers
{ri < - <y (e
The A-module A = HY(Y, &;) is finitely generated projective and is independent of the choice
of i. It carries a filtration by k-vector spaces H°(X,&;(joo)) with i € {1,...,m} and j € Z.
For each element A € A we set
Al = inf{ric | A € HO(X, &{(joo))}.

It is easy to check that the function || - || is a norm on A. The normed module A is a lattice since
the vector spaces HY(X, &;(joo)) are finite-dimensional.

1.5 The volume
Let A be a lattice, and consider the vector space Vo = Foo ®4 A with the induced norm.
By Corollary 1.1.6 the norm topology on V, is the canonical oo-adic topology. For each real
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number 7 > 0 the ball B(Vy, r) is thus compact and open, and we can make the following
definition.
DEFINITION 1.5.1. The r-normalized volume of A is defined by the formula
vol(4, 1) = p(Vao/A),

where 4 is the unique translation-invariant Haar measure on V,, satisfying u(B(Vx, 7)) = 1.
In the case » = 1 we will use the simplified notation:

vol(A) = vol(A, 1).
Denoting by n the rank of the lattice A4 we have an equality for every integer ¢:
vol(A, rc*) = ¢ ™ vol(A, 7).

This results from the fact that p(B(Vao, r¢')) = ™ u(B(Vao, 7)) for every translation-invariant
Haar measure p.

In the following we denote by x the Euler characteristic of coherent sheaves on the curve X —
Spec k.

LEMMA 1.5.2. We have vol(A, r) = |x| XE4r),

Proof. The cohomology of the locally free sheaf £, is computed by a Cech complex
[/1 @ B(Voo; 7”) difference Voo}

concentrated in degrees 0 and 1. We rewrite this complex as follows:

[B(Vao, 7) Vio/A].

Thus, for every translation-invariant Haar measure p on V. we have an equality:
1(Veo/A) _ |f{1(}(7£;LTN
w(B(Voo, 1)) [HO(X, Exr)|
The claim follows. U

As in the case of Z-lattices we can compute the volume of an A-lattice via the absolute value
of a determinant. In the following formula, we treat the respective wedge products as elements
of one-dimensional Fi.-vector space det(Vs). Their quotient is a well-defined element of F.

LEMMA 1.5.3. Pick a basis v1,...,v, of the free module B(Vy, r) and pick vectors Ai,..., A,
generating a submodule of finite index e in A. Then

M(Q*Uﬂ

MA A
vol(A, r) = AMSEA

VIA Aoy,

)

€ ()

where g is the genus of the coefficient field F.

Proof. The product s = A A--- A\, is a rational section of the invertible sheaf det(€4,). Its
order at the point oo equals

[Foo : H]voo<

where voo: F — Z is the normalized oco-adic valuation. Hence,

MA AN,
mA-Avy )]

o destn _ L[ MA AN
e | A Avp o
The claim then follows from Lemma 1.5.2 and Riemann—Roch formula. OJ
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THEOREM 1.5.4. Let A be a lattice of rank n and let r > 0 be a real number. Then for all
integers i > 0 we have an equality:

ni

[{red M <} =

vol(4, r)’
Moreover, for all integers i we have a lower bound:
) v
{re A Ml <r} = ol(A, 1)

Proof. Let i be a non-negative integer. Consider a natural short exact sequence of sheaves on
the curve X:

0 Enr Epr(ico) —— F —— 0.

The coherent sheaf F is concentrated at the point co and has length ni as an Ox o-module.
We thus have an equality

[H(X, Enr(ioo)] _ i [HI(X, Eay)|

[H'(X, Ea,p(i00))| [HY(X, Ea,)|

By construction we have H(X, £4,(ic0)) = {\ € A, ||\ < rc'}. Hence, Lemma 1.5.2 implies
that
{red M <rey] e
|HY(X,Epr(ico))| — vol(A, 1)’

The cohomology group H'(X, €4,(ic0)) vanishes for i > 0 as the invertible sheaf Ox(c0)
is ample. The first claim of the theorem follows. To prove the second claim note that
™ vol(A, )=t = vol(A, rc?)~! for each integer 4. It is thus enough to treat the case i = 0 which
follows from the displayed formula above. O

COROLLARY 1.5.5. Every lattice A of rank n contains a nonzero vector of norm at most c -
vol(A)Y/™,

1.6 A bound on norms of generators

We would like to find a real number r > 0 such that the subset {\ € A, ||\|| < r} generates the
lattice A. To this end, we will employ the correspondence between lattices and vector bundles.
We will use supplementary notation:

— g is the genus of the smooth projective curve X — Spec x;
— [ =[Koo : K.

The invertible sheaf Ox(c0) has degree f. Let us also pick an auxiliary integer h such that
the twist Ox(hoo) is very ample. We will utilize a classical criterion for global generation of
coherent sheaves on curves.

LEMMA 1.6.1. Let £ be a coherent sheaf on the curve X. If H' (X, £) = 0, then the sheaf £(hoo)
is globally generated.

Proof. Let t: X — P be the closed embedding defined by global sections of Ox(hoo). The
coherent sheaf 1,(£) is 1-regular in the sense of Castelnuovo-Mumford [St: 08A3]. Hence, the
sheaf ¢, (£)(1) = t«(E(hoo)) is globally generated [St: 08AS]. O
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LEMMA 1.6.2. Let € be a locally free sheaf of rank n on the curve X. Set
—degé& 29 — 2 1
i:[ cg¢ T (29 = 2n+ -‘+h.
f
Suppose that the sheaf £ is an iterated extension of invertible sheaves of degree at most 2g — 2.
Then the sheaf £(ico) is globally generated.

Proof. Write the degrees of invertible sheaves in the form (2g — 2) —e; with e; > 0. We have
deg€ = (29 —2)n — > ej so that

—ej —deg& + (29 —2)n > 0.

Hence, the sheaf &' = £((i — h)oo) is an iterated extension of invertible sheaves of degree at least
2g — 1. Induction on the number of invertible sheaves implies that H'(X, &) = 0 so the sheaf
E'(hoo) is globally generated by Lemma 1.6.1. O

LEMMA 1.6.3. Let £ be a locally free sheaf of rank n on the curve X. Set
— 29 — 2 1
i:{ deg € + (29 — 2)n + -‘Jrhn.
f
Suppose that H°(X, £) = 0. Then the sheaf £(icc) is globally generated.

Proof. Let Q) be the canonical sheaf of the curve X — Speck and set F = £* ® ). Serre duality
shows that H'(X, F) = 0 so the sheaf F(hoo) is globally generated by Lemma 1.6.1. Dualizing
and twisting we get an embedding £(—hoo) — Q9™ m > 0. Hence the sheaf &' = £(—hoo) is
an iterated extension of invertible subsheaves £ C ). Every such subsheaf has degree at most
2g — 2. Lemma 1.6.2 implies that the sheaf £'((i + h)oo) = £(ico) is globally generated with

i [—degé" +(29—-2)n+1
= 7 :
The claim follows since deg &’ = deg & — fhn. g

THEOREM 1.6.4. Let A be a lattice of rank n. Suppose that every nonzero vector of A has norm
at least 1. Then the A-module A is generated by the subset

{A e A, |A]| < vol(A)-C™}
with C' = |g|?9T2 71,
Proof. Consider the locally free sheaf £ = £4,1. We have
HY(X, E(—00)) = {he A, A <™}

Thus H°(X,&(—00)) = 0 by our assumption on the length of nonzero lattice vectors. Invoking
the Riemann—Roch formula, we deduce that

—deg(€(=00)) = =x(&) + (=g + 1+ f)n.
Hence, by Lemma 1.6.3 the sheaf £((i — 1)oo) is globally generated when

i {_X(5)+(9—1f+f+fh)n+1"‘

To ensure that the invertible sheaf Ox(hoo) is very ample it is enough to take any integer h
such that fh > 2g + 1. We thus have an estimate fh < 2g 4 f, and the sheaf £(joo) is globally
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generated for an integer j such that

i< [—X(E)—F(Sg—]th—l)n—i—l—‘ .

In particular, the A-module A = H°(Y, £(joo)) is generated by the subset
{h e ] <} = HUX, £(jo0)).

Since ¢ = ||/, we obtain an estimate

J < |K|*X(5) . |,€’(39+2f*1)n‘

The result follows as ]m\fX('g) = vol(A) by Lemma 1.5.2. O

In the case A = x[t] the estimate of Theorem 1.6.4 is sharp in all ranks. The lattice A®™ with
the supremum norm has volume |x|™", is generated by vectors of norm 1 and has no nonzero
vectors of norm strictly less than 1.

2. Preliminaries concerning Drinfeld modules

Fix a field F, of cardinality ¢ < co. Let K be a field over F,. In the following, we will refer to
K as the base field. Pick a separable closure K*/K and let Gk be the corresponding absolute
Galois group.

2.1 Twisted polynomials
Let K[r] be the twisted polynomial ring. This is the ring of polynomials in a formal variable
7 with coeflicients in K and with the multiplication subject to the rule 7@« = a? 7 for all @ € K.
The elements of K[r] will be referred to as 7-polynomials.

The ring K[7] is the endomorphism ring of the F,-module scheme G, over Spec K with
the element 7 corresponding to the g¢-Frobenius. This interpretation allows us to evaluate
T-polynomials at points of G,.

LEMMA 2.1.1. Let V be a finite-dimensional Galois-stable F,-vector subspace of K® and
let f: V — K?* be a Galois-equivariant Fy-linear map. Set n = dim V' and suppose that n > 0.
Then the following hold.

(1) There is a unique T-polynomial of the form

o=ay+aT+ - +ap 1™, @ €K,

which satisfies p(v) = f(v) for allv € V.
(2) The coefficients a; are determined by the equation

n—1
U1 vg vg ao f(v1)
vy vl e Ug"’l a | f(v2)
n—1
Up VR e vR an—1 f(vn)
where vy, ...,v, Is a basis of V.
Proof. The determinant of the square matrix in part (2) is the Moore determinant M (vy, ..., vy,),
see [Pap23, Definition 3.1.17]. This determinant is nonzero because the elements vy, ..., v, are

Fy-linearly independent. Hence, the solution vector is uniquely determined.
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Consider the polynomial ¢ = ag + a17 + - -+ + a, 17" . By construction, we have o(v;) =
f(v;) for all i € {1,...,n} which implies by linearity that ¢(v) = f(v) for all v € V. It remains
to show that the coefficients of ¢ are Galois-invariant and, thus, belong to the subfield K C K*.

Apply an automorphism g € G to both sides of the matrix equation in part (2). Since the
map f is Galois-equivariant, it follows that the polynomial

n—1

Yo =g(ao) +g(ar) T+ -+ glan-1) 7

satisfies (9¢)(gv;) = f(gv;) for all i. The set gv, ..., gu, is yet another basis of V' so the linearity
implies that (9¢)(v) = f(v) for all v € V. In particular, (Y¢)(v;) = f(v;) for all i. Since the matrix
equation in part (2) has a unique solution, we deduce that 99 = ¢, and the claim follows. ]

2.2 Artin—Schreier theory

Let E be an F,-module scheme over Spec K which is isomorphic to G,. Consider a separable
isogeny ¢: F/ — E, i.e. an F;-linear morphism that induces an isomorphism of the tangent spaces
at zero. Let V be the kernel of ¢ viewed as a morphism of sheaves on the small étale site of Spec K.
The sheaf V' corresponds to the F,-vector space of roots

{y € E(K?), p(y) = 0}

equipped with the natural Galois action. The short exact sequence of sheaves

0 1% E-?2,.F 0

induces a long exact sequence of cohomology that terminates in a surjective boundary

homomorphism
9

B(K) HY(K, V).

The boundary homomorphism 0, sends z € E(K) to the class of the cocycle g — gy —y with
y € E(K?®) any element satisfying ¢(y) = x.

We will refer to 0, as the Artin-Schreier homomorphism of the isogeny ¢. We will use the
shorthand 9, to denote the Artin—Schreier homomorphism of the isogeny 7 — 1: G, — G, with
kernel the constant sheaf F,.

Suppose that the sheaf V' is constant or, equivalently, that the F,-vector space V' is contained
in E(K). Then the cohomology group H'(K, V) coincides with the F,-vector space of contin-
uous homomorphisms Gx — V. In this case, we will often write the Artin—Schreier boundary
homomorphism J, in the form of a pairing

[, )e: E(K) x Gk =V, [z, )p = 0p(x).
We will use the shorthand [, ), for the pairing of the isogeny 7 — 1.

LEMMA 2.2.1. Let ¢: G, — G, be a separable isogeny with kernel V. Then for every Galois-
equivariant epimorphism f: V — F,, there is a scaling factor w € K which makes the following
square commutative.

K T—=ux K
awl laq
1 H(f) 1
H (K7 V) H (K7 Fq)

The factor u is computed via Moore determinants:

u:a_1< M(w1,...,wn))>q.

M(wy, ..., wp,v
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The terms in this formula have the following meaning:

— « is the top coefficient of the T-polynomial ;
— v €V is an element such that f(v) = 1;
— wi,...,wy €V is a basis of the hyperplane ker(f) C V.

The value of u is independent of choices of v and wq, . .., wy.
The factor u of Lemma 2.2.1 is unique provided that H'(K, F,) # 0.

Proof of Lemma 2.2.1. As a first step we shall prolong the morphism f: V' — F; to the following
morphism of short exact sequences of sheaves.

0 1% G, 2> G, 0
lf i Yo i P1
\ 1 \
0 F, G, — G, 0

By Lemma 2.1.1(1) there is a unique polynomial ¢y € K[7] of degree strictly less than dim V' =
n+ 1 which makes the left square commutative. The composite (7 — 1)y vanishes on the
F,-vector subspace V C K*, and is thus divisible by the polynomial ¢ on the right [Pap23,
Corollary 3.1.16]. We get the existence of the polynomial ¢;. By construction, degiy < n and
deg ¢ = n + 1 so the relation

Yip = (1 — 1o
implies that the polynomial ¥; = u is constant, and that
ua = (4,

where the element [ is the top coefficient of the polynomial vy. This coefficient is computed by
Lemma 2.1.1(2) which yields the Moore determinant formula for w. u

2.3 Drinfeld modules

Fix a global function field F' over F, and a place oo of F. As in § 1.2 this determines a coefficient
ring A, i.e. the subring of F' consisting of elements which are regular outside co. We will freely
use the notation and the terminology of § 1.2 with respect to coefficient rings and related objects.

For us a Drinfeld A-module over Spec K is an A-module scheme FE such that the underlying
F,-module scheme is isomorphic to G, and the multiplication morphism a: £ — FE is an isogeny
of degree strictly greater than 1 for at least one element a € A.

Subject to a choice of an Fy-linear isomorphism £ =% G, the data of an A-module structure
on E amounts to a morphism of Fy-algebras ¢: A — K|[7], and one recovers the more common
definition of a Drinfeld module.

Let Lieg be the tangent space of E at zero. This is a vector space of dimension 1 over the
base field K. The action of A on Lieg determines a morphism tg: A — K, the characteristic
homomorphism of the Drinfeld module E. The characteristic of E is the ideal ker(tg) C A.

Let n C A be a proper ideal which is not divisible by the characteristic of E. The n-torsion
of F is most naturally represented by the A/n-module

E[n] = Homa(A/n, E(K?)).
We will use a modified definition which makes it easier to form inverse systems.

DEFINITION 2.3.1. We have E[n) = Homy(n"!/A, E(K?)).
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The A/n-module E[n) inherits an action of the absolute Galois group Gk from E(K®). As
the A/n-module n=1/A is free of rank 1 a choice of its generator gives rise to a G x-equivariant
isomorphism of A/n-modules:

E[n) = En].
An inclusion of ideals n” C n induces a surjection E[n’) — E[n), and the resulting morphism
A/M @y En') 2 E[n) is an isomorphism.
LEMMA 2.3.2. We have a Galois-equivariant short exact sequence of A-modules which is natural
in the ideal n and the Drinfeld module E:
0 —— En) —— Homu(n™!, B(K®)) —— E(K®) —— 0.
The first arrow is given by the composition with the quotient map n= — n~! /A and the second

arrow is the evaluation at 1 € n=1.

Proof. We only need to prove the exactness on the right. Suppose that n = (a) for some a € A.
The isogeny a: E — E is separable since the ideal n is not divisible by the characteristic of FE.
Hence, the morphism a: E(K?®) — E(K?) is surjective, and we get the claim.

In the general case the ideal n’ is principal for all sufficiently divisible integers i > 0 since
the Picard group of the scheme Spec A is finite. The claim results from the naturality of our
sequence with respect to the ideal n. ]

DEFINITION 2.3.3. The Kummer boundary homomorphism
On: B(K) — HY(K, En))

is the boundary homomorphism arising from the sequence of Lemma 2.3.2. When the n-torsion
of F is rational we will write it in the form of a pairing:

[, Jn: E(K) x Gg — Eln).

The map 0, can be also called the Artin—Schreier homomorphism but this name is less common
in the literature.

LEMMA 2.3.4. The homomorphism 0, has the following description:

(1) For each x € E(K) there is an A-module homomorphism f: n~! — E(K?) such that f(1) =
x.

(2) The cohomology class Oy(x) is represented by a cocycle given by the formula g — go f — f
where the right-hand side is seen as a morphism from the quotient n=1/A.

Proof. This follows from Lemma 2.3.2 by elementary properties of group cohomology. O

LEMMA 2.3.5. For each proper principal ideal (a) = a of the ring A which is not divisible by
the characteristic of E we have a commutative diagram

B(K)

HY(K, Ela)) —— ) H(K, Ela))

—~

where 0, is the Artin—Schreier boundary homomorphism of the separable isogeny a: F — FE,
and ev,: Ela) =% FEla] is an isomorphism defined by the formula x — x(a™ ).
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Proof. We have the following commutative diagram.
0 —— E[a) —— Homy(a™ !, B(K®)) — E(K%) —— 0
eva | H
0 —— Ela E(K?) 2 E(K®) —— 0

The claim follows by naturality of boundary homomorphisms. O

2.4 Drinfeld modules over local fields
In this section our base field K is assumed to be local. We denote by Ok the ring of integers
of K and by px the maximal ideal of Of.

Pick a coefficient ring A over F;,. Let E be a Drinfeld A-module over Spec K and let tg: A —
K be its characteristic homomorphism.

DEFINITION 2.4.1. The Drinfeld module E has finite residual characteristic when 1g(A) C Ok.
The residual characteristic p of E is the ideal

pi=1p (0K).
This ideal is maximal because the residue field Ok /pg is finite.

The analogous situation for abelian varieties is when the base field K is a non-archimedean
local field. The residual characteristic of an abelian variety is just the residual characteristic of
the field K.

From now on we suppose that the Drinfeld module F has finite residual characteristic.
It will be convenient for us to assemble the p-adic Tate modules T, F, p # p, into a single object.

DEFINITION 2.4.2. The ring of restricted integral adeles is defined by the formula
Augy =lim Afn,
where n C A runs over proper ideals that are prime to p.

We have a natural isomorphism A,q5 = Hp 25 Ap where Ay is the p-adic completion of A.
Compared with the ring of integral adeles of the function field F', the ring A,q does not include
the factors at the places p and oco.

DEFINITION 2.4.3. The restricted adelic Tate module T,q ;E is defined by the formula
Ta‘dzﬁE = ]{iﬂlnE[n>7

where n C A runs over proper ideals that are prime to p and the transition maps are induced by
inclusions of the ideals.

The Tate module T4 5 F is a free module over the ring A,q 5 and its rank coincides with the
rank of the Drinfeld module E. The Galois action on T,q 3 E is Aaq g-linear. We have a natural
Agua p-linear Galois-equivariant isomorphism:

Toa; E ~> Hp# T,E.

LEMMA 2.4.4. Consider the inclusion-ordered family F of proper principal ideals a C A that
are prime to the residual characteristic p. Then the natural homomorphism

is an isomorphism.
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Proof. For each proper ideal n ¢ p there is a non-constant element a € n \ p. Then (a) € F, and
as (a) C n we conclude that the family F is initial in the family of all proper ideals not contained
in p. The claim follows. O

3. The local Kummer pairing

Fix a finite field F, of cardinality ¢ and characteristic p. In this section our base field K/F; is
assumed to be local. We denote by O C K the ring of integers and by px C Ok the maximal
ideal. As usual we fix a separable closure K*/K and denote by G the corresponding absolute
Galois group.

3.1 Ramification subgroups
Let Ix be the inertia subgroup of the absolute Galois group G, and let Pg be the wild inertia
subgroup.

DEFINITION 3.1.1. We denote by Jx the maximal quotient of I that is abelian of exponent p:
Tic = I/ (I) ™.

The quotient group [x /P is procyclic of order prime to p, so the fact that Pg is a pro-p
group implies that the surjection Ix — Ix /P is split. As the group Jg is abelian p-torsion we
conclude that the canonical morphism Px — Jg is surjective.

The inertia subgroup I carries a decreasing separated exhaustive filtration by closed normal
subgroups I}, u € Qx>o, the ramification filtration in upper numbering [Ser68, Chapitre IV, § 3,
Remarque 1, p. 83]. The wild inertia subgroup Py is the closure of the subgroup (J,~ o /j-

The ramification filtration of Ix induces a filtration of Jg. As the group Jg is abelian the
Hasse—Arf theorem implies that the induced filtration is integrally indexed: for each u > 0 the
subgroup Jj- coincides with Ji?, m = [u].

LEMMA 3.1.2. For every integer m > 0 such that m =0 (mod p) we have
TR =T

Proof. Let L C K*® be a finite Galois extension of K with Galois group G and upper index
ramification filtration {G"},>0. Suppose that the inertia group GO is abelian p-torsion. We need
to show that GP! = GP'*+1 for each i > 0.

We are free to assume that G° = G. The group G is abelian, so we have the reciprocity
morphism w: K* — G of local class field theory. This morphism transforms the n-unit filtration
{U](é1 )}n>0 to the ramification filtration. For each ¢ > 0 the pth power map induces a morphism

0 U

This is surjective since the residue field of K is perfect. Our claim follows. g

3.2 Local pairing

Fix a Drinfeld A-module D over Spec O . By this we mean not only that D can be defined by a
homomorphism ¢: A — Ok|[7] but also that the reduction of ¢ modulo px is a Drinfeld module
of the same rank as over K.

The Drinfeld module D has finite residual characteristic, denoted by p as usual. Let K*" C K*
be the maximal unramified extension and let n C A be a proper ideal not divisible by p. Since
D is a Drinfeld module over Spec O the n-torsion of D is contained in D(K""). Hence, by §2.3
we have the Kummer pairing [, )n: D(K") X Iy — D[n).
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DEFINITION 3.2.1. The local restricted adelic Kummer pairing
[ , )ad: D(K“T) X IK — Tad,ﬁD

is the limit of the Kummer pairings [ , ), over the inclusion-ordered system of proper ideals n
not divisible by the residual characteristic p.

Since the Tate module Tyoq 5D is p-torsion the pairing [ , )aq factors through the maximal
quotient Jy = 120 /(I2>)*P that is abelian of exponent p.

Let v: K — Z U {oo} be the normalized valuation of the base field K. Every isomorphism of
F,-module schemes D =% G, over Spec Ok induces a valuation function on D(K) by transport
of structure from G,(K) = K. The result is independent of choices because the choices differ by
multiplication by an integral unit on the side of G,. We denote the resulting valuation function
by v as well.

DEFINITION 3.2.2. For every A € D(K) we set
[All = max{0, —v(A)}.

Poonen [Po095] introduced the notion of canonical local height on the A-module D(K). Since
the Drinfeld module D has good reduction, Proposition 4(4) of [Po095, §3] implies that the
map || - ||: D(K) — Zxo is exactly the canonical local height. This map satisfies the ultrametric
inequality:

A+ N < max{[|A[], [N}
However, ||[A|| =0 for every A € D(Ok) so the height || - || is only a seminorm on D(K). This
seminorm is oco-adic in the following sense.
LEMMA 3.2.3. For each A € D(K) and each a € A we have an equality
laAll = falZ 1A,
where s is the rank of the Drinfeld module D.

The map x — |z|%, is an co-adic absolute value on the local field Fi, albeit its normalization
differs from the one of § 1.2 when s > 1.

Proof of Lemma 3.2.3. This follows from Proposition 2 and Proposition 4(4) of [Po095]. For the
reader’s convenience let us give a direct argument. The claim is clear when ¢ = 0 and holds when
|Al| = 0 since D(Ok) is an A-submodule of D(K). We are thus free to assume that a # 0 and
Il > 0.

We identify the F,-module scheme D with G, over Spec Ok . The induced A-module scheme
structure is described by a homomorphism ¢: A — Og|[7]. Write p(a) = g + 17+ -+ + a, 7"
with o, # 0. The top coefficient o, is a unit since D is a Drinfeld module over Spec Ok.
Hence, v(a,A?") = ¢"v()\). Combining this with the estimates v(a;A9") > ¢'v(\), i < n, and the
assumption v(\) < 0 we deduce an equality

v(a ) = q¢"v(A).
The degree n of the polynomial ¢(a) is expressed by a formula
n=—5keo : Fglvo(a),

where vy is the normalized valuation of the local field Fo,. The absolute value of §1.2 is given
by the formula

oo = o] =),
As |Koo| = ¢i*=Fal we deduce that ¢" = |a|3, and the claim follows. O
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THEOREM 3.2.4. Let A\ € D(K) be an element, and consider the homomorphism
(A, Jad: Jx — TaaD.
Then the following hold.

(1) This homomorphism vanishes on the ramification subgroup J }\{/\IIH_ In particular, it vanishes
altogether when ||| = 0.
(2) If the height ||A| is prime to p, then the homomorphism [\, ).q maps the ramification

subgroup JI”(’\” surjectively onto T,q 5D.

Proof. By Lemmas 2.4.4 and 2.3.5 it is enough to prove the claims for every homomorphism
[A, )a: Jk — DJa] where a € A runs over non-constant elements that are prime to the residual
characteristic p of D.

The height ||A||, the group Jx and the homomorphism [\, ), remain unchanged when we
replace the base field K by an unramified extension. As the Drinfeld module D has good reduction
and the element a is prime to p we are free to assume that the torsion module Dla] is contained
in D(K), and consequently in D(Ok).

An F,-vector subspace V' C Dia] is zero if and only if f(V') = 0 for each nonzero linear form
f: Dla] — F,. Likewise V' = DJa] if and only if f(V') = F,, for every such form f. It is thus enough
to prove our claims after composing the homomorphism [\, ), with every f.

From now on we identify the F,-module scheme D with G, over Spec O. The resulting
A-module scheme structure on G, is given by a homomorphism ¢: A — Ok]|r].

Let f: D[a] - F, be a nonzero linear form. According to Lemma 2.2.1 there is an element
u € G4(K) such that

folA )cp(a) = [uA, )P'

This element is given by a formula with Moore determinants M (—):

u:a_1< M(wh...,wn)))p'

M(wr, ..., wnp,v

Here « is the top coefficient of the polynomial ¢(a) and w,...,wy,,v is a suitable Fy-basis of
Dia].

By our assumption D is a Drinfeld module over Spec O . This implies that the top coefficient
« is an integral unit. Since a is prime to the residual characteristic the torsion module D[a] C
D(Ok) maps injectively to D(k) where k is the residue field of Og. In particular, the image
of the basis wi,...,wp,v in D(k) remains F,-linearly independent. Hence, the corresponding
Moore determinants are nonzero. We conclude that the element w is an integral unit. It follows
that v(u)) = v(A).

Consider the Artin—Schreier polynomial X? — X = uA. The Galois group G of its split-
ting field is the image of the absolute Galois group under the homomorphism [u), ).
The upper index ramification filtration of G is given by images of absolute ramification
subgroups:

G = [u), I),.
This filtration was calculated by Hasse (see Thomas [Tho05], Proposition 2.1 and the follow-
ing paragraph). Set b = max{0, —v(u))}. Then the subgroups G* vanish for i > b, and if the

integer b is prime to p, then G® = G = F,. Our theorem follows since v(u\) = v()\) as shown
previously. O

2674

https://doi.org/10.1112/S0010437X24007450 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007450

LoCAL MONODROMY OF DRINFELD MODULES

3.3 Open image theorem
The following arguments involve passage from the base field K to a finite separable extension L.
On account of this we have to fix a few conventions. First, it will be more convenient for us to
view the homomorphism [\, ),q as a morphism from the inertia subgroup [x rather than its
quotient Jg.

Second, we need to be careful with the canonical local height on the A-module D(L). This
involves the normalized valuation of L and so differs from the height on the submodule D(K) by
an integer factor, the ramification index of L/K. We will denote the height on D(L) by || - ||z

LEMMA 3.3.1. Let A € D(K) ~\ D(Ok) be an element, and suppose that the homomorphism
(A, Dad: Ik — Taq D is not surjective. Then there are:

— a non-constant element a € A prime to the residual characteristic p of D;
— a finite separable extension L/K; and
— an element \' € D(L) ~ D(Or);

such that
aX' =X, v(INlz) < vp(Mx)-

Here v,: Q - Z U {oo} denotes the normalized p-adic valuation.

Proof. Lemmas 2.4.4 and 2.3.5 imply that there is a non-constant element a ¢ p such that the
homomorphism [\, ),: Ix — D[a] is not surjective.

The height ||A||, the inertia group Ix and the homomorphism [\, ), remain unchanged when
we replace the base field K by an unramified extension. We are thus free to assume that the
torsion scheme Dla| is constant or, in other words, that all the K*-points of Dla] are defined
over the field K. Under this assumption the homomorphism [\, ), is defined on the absolute
Galois group G, see §2.2. Its kernel determines a finite abelian p-torsion extension L/K.

Let I C D[a] be the image of the inertia subgroup Ix. The ramification index e of the
extension L/K equals the cardinality of I. By our choice of the absolute value |- |o in §1.2 we
have an equality |A/(a)| = |a|co. Thus, the torsion module D|a] has cardinality |a|5_, and the
assumption I # D[a] implies that e < |a|%,.

By construction there is an element A’ € D(L) such that a\ = A. We have [|\||L = e ||\||x
so Lemma 3.2.3 shows that

S
(oo}

lalS IV = e l[A]| k-
The integers e and |a|~ are powers of p so the strict inequality e < |a|5, implies a strict inequality
of p-adic valuations v,(||X||1) < vp(|| A x) as claimed. O

THEOREM 3.3.2. For each element X\ € D(K)~ D(Og) the homomorphism [A\, )aq: Ix —
Tha,5D has open image.

Proof. Suppose that the homomorphism is not surjective. Invoking Lemma 3.3.1 we obtain a
non-constant element a € A\ p, a finite separable extension L/K and an element X € D(L)
such that a)’ = X. As the pairing [, ).q is A-linear in the first argument we deduce that

CL[)\/, IL)ad = [)\7 IL)ad~

The right-hand side has finite index in [\, Ik ).q. Hence, it is enough to prove the theorem with
A replaced by X and K replaced by L.
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Lemma 3.3.1 also shows that we have a strict inequality of p-adic valuations:

up(IN1l2) < vp ([l x)-

The height | - ||, takes only integer values, so the valuation v, (||A'||z) is bounded below by zero.
Hence, after repeating our argument finitely many times we arrive at a situation where the
homomorphism [\, ).q is onto. O

4. Applications

We retain the notation and the conventions of § 3. In particular, our base field K is a local field
over a finite field F, of cardinality ¢ and characteristic p. We fix a separable closure K*/K,
denote by Gk the corresponding absolute Galois group, by Ix the inertia subgroup and by Jx
the maximal quotient of Ix that is abelian of exponent p; see § 3.1

4.1 The conductor of a Drinfeld module

Let A be a coefficient ring over F, and let ' be a Drinfeld A-module of stable reduction over
Spec K. Drinfeld’s theory of Tate uniformization [Dri74, § 7] represents F as an analytic quo-
tient of a Drinfeld module D over Spec Ok by a Galois-invariant lattice A C D(K?®), a finitely
generated projective A-submodule which is discrete with respect to the adic topology. We thus
have an analytic morphism e, : D — F extending to a short exact sequence:

0 A D-“,.E 0.

This sequence is determined functorially by the Drinfeld module E. We will refer to A as
the period lattice of E and to es as the exponential map of A. A detailed exposition of Tate
uniformization theory can be found in a recent book by Papikian [Pap23, §6.2].

Throughout this section we make an additional assumption: the lattice A is defined over K,
which is to say, A C D(K). We will study the action of inertia on the Tate modules of E.

LEMMA 4.1.1. The Drinfeld modules D and E have the same characteristic homomorphism.

Proof. The proof follows since the exponential e, induces an isomorphism of tangent spaces
Lie D =4 Lie E- O
LEMMA 4.1.2. For each proper ideal n C A that is not divisible by the characteristic of E we
have a Galois-equivariant short exact sequence of A/n-modules:

€AC— On

0 Din) E[n) A/nA 0.

The homomorphism 0, has the following description.

(1) For each x € E[n) there is an A-module morphism &: n=' — D(K?) which lifts x in the
sense that ey o & equals the composite of x and the quotient morphism n= — n=! /A,

(2) The residue class () is represented by the element (1) € A where & is a lift of x.

(3) Given a representative A of the residue class dy(z) one can pick a lift & such that (1) = .

Proof. Consider a commutative diagram

0 nA n@a DK —24, wou B(K®) —— 0
0 A D(K?) “ E(K*) 0
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with the vertical arrows given by A-module multiplication. The bottom row of this diagram is
exact by construction and the top row is exact since the A-module n is flat.

Consider the natural isomorphism n ®4 M =% Hom4(n~!, M). Under this isomorphism the
multiplication map n®4 M — M is transformed to the evaluation map f + f(1). Hence, the
middle vertical arrow in the diagram above is surjective by Lemma 2.3.2, and our claims follow
from the snake lemma. O

Lemma 4.1.1 implies that Drinfeld modules D and F have the same residual characteristic.
As usual, we denote this characteristic by p. Consider the restricted adelic Tate module T,q 5 E
and let GL(T,q,3F) be the group of its automorphisms as an A,q g-module. The action of the
inertia subgroup I gives rise to the (local) restricted adelic monodromy representation

p: IK — GL(Tad’ﬁE).

Similarly, for each prime p # p we have the p-adic monodromy representation py: Ix — GL(T,E).
The representation py is the composite of p and the projection GL(Toq3E) — GL(T,E).

Taking the limit of sequences of Lemma 4.1.2 we obtain a short exact sequence of Galois
representations:

Tad,ﬁ (eA) 6ad

0 0.

Tha gD

Tha s

a

Apdp ®a A

As the Drinfeld module D has good reduction we have at our disposal the local adelic Kummer
pairing
[ s )ad: D(K) X IK e Tade.

LEMMA 4.1.3. The monodromy representation p factors as a composition

IK g=1[59)ad HomA(/l, Tad,;'zD) > GL(Tad,ﬁE>

where the second arrow is given by the formula f +— 1+ Thq5(ea) o f 0 daq.

Proof. Let n C A be a proper ideal not divisible by p and let € E[n) be an element. Pick a
representative A of the residue class d,(x). We need to show that for each automorphism g € Ik
one has

goz=z+e10[\ g

Let #: n=! — D(K?) be a lift of x. By Lemma 4.1.2(3) we are free to assume that #(1) = \.
Lemma 2.3.4 shows that

N gn=goz -1
Hence, e4 0 [\, g)n = g o x — x, and we are done. O

COROLLARY 4.1.4. The monodromy representation p factors through the maximal quotient
Ji = I8 /(I3)*P that is abelian of exponent p.

Remark 4.1.5. Similar reasoning applies to abelian varieties over a non-archimedean local field K.
Raynaud proved that:

— every abelian variety over K has potentially semistable reduction [GR72, § 3];
— an abelian variety F of semistable reduction is a rigid analytic quotient of a semiabelian
variety D of good reduction by a lattice A (see [GR72, § 14]).

The Galois action on the lattice A is always unramified [GR72, §3, Cor. 3.8]. Consequently,
for each prime ¢ different from the residual characteristic the ¢-adic monodromy representation
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pe: Ix — GL(T,E) is expressed in terms of the Kummer pairing of D in the same way as in our
Lemma 4.1.3. One deduces that py is unipotent of level at most 2, and that py(Px) = {1}.

Let us return to the setting of Drinfeld modules. Following § 3.2 we consider Poonen’s canon-
ical local height || - || on the A-module D(K). We have seen that with a suitable normalization
of the absolute value this height is an oo-adic seminorm. Remarkably, this restricts to a proper
norm on every period lattice A.

LEMMA 4.1.6. The induced height || - ||: A — Z>o has the following properties:

(1) ||All =0 if and only if A = 0;

(2) [|A+ N[ < max{[|A]l, [|A]]};

(3) laAl| = laf3, |I\] for all a € 4;

(4) the subset {\ € A, ||A|| < b} is finite for every b > 0.

The exponent s in property (3) is the rank of the Drinfeld module D.

Proof. Properties (2) and (3) hold for the ambient seminorm and property (4) follows since
the lattice A is discrete in D(K). We only need to check the first property. Note that ||[A|| = 0 if
and only if A € D(Ok). The A-module A" = AN D(Ok) is finite since A is discrete in D(K).
Hence, A’ is torsion, and thus zero as the enclosing module A is torsion-free. ]

This fits to our definition of a normed lattice (Definition 1.3.2) with a caveat: the homogeneity
property (3) holds for a differently normalized oo-adic absolute value. When necessary we will
correct for this discrepancy by considering the norm || - ||1/5.

THEOREM 4.1.7. Let E be a Drinfeld module of stable reduction over Spec K with period lattice
A defined over K. Then there is an integer m > 0 such that the monodromy representation
p: Jk — GL(Thq,3 E) maps the ramification subgroup Jj} to 1. Explicitly, if the period lattice A
is generated by elements A1, ..., \,, then one can take

m = max || A;]| + 1.

Proof. By Theorem 3.2.4(1) each homomorphism [)\;, )aq vanishes on the subgroup Jj*. Since
the Kummer pairing is A-linear in the first argument it follows that the homomorphism [A, )aq
vanishes on Ji* for all A € A. Lemma 4.1.3 implies the result. O

In view of Theorem 4.1.7 the following definition makes sense.
DEFINITION 4.1.8. The conductor f(E/K) is the least integer m > 0 such that p(Jp*) = 1.
LEMMA 4.1.9. We have f(E/K) = 0 if and only if the Drinfeld module E has good reduction.

Proof. We have JY% = J} by Lemma 3.1.2 so f(E/K) = 0 if and only if the inertia group I acts
trivially on T, F for all p # p. The claim thus follows from Takahashi’s good reduction criterion
[Tak82]. O

The invariant f(F/K) relates to conductors of torsion point extensions in the following way.
For each proper ideal n that is prime to p consider the extension K, C K® generated by the
n-torsion points of E, which is to say, the group Gal(K*/K,) is the kernel of the torsion points
representation G — GL(E[n]). Let K C K, be the maximal unramified subextension.

LEMMA 4.1.10. The extensions K,/Ky are abelian and their conductors are related to f(E/K)
as follows. If {(E/K) # 0, then we have an equality

(B/K) + 1 = max Ko/ KD)
Iff(E/K) =0, then f(K,/Ky) = 0 for all n.
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Proof. The Galois representation E[n] and E[n) are non-canonically isomorphic, cf. §2.3. Thus,
the Galois group of the extension K, /Ky is the image of the absolute inertia subgroup Ix under
the torsion points representation Gx — GL(E[n)). The latter is obtained from the adelic Tate
module representation by reduction modulo the ideal nA,q ;. Hence, the extension K,/Kjy is
abelian by Corollary 4.1.4. When this extension is nontrivial its conductor and its highest break
in upper numbering b(K,/Ky) are related in the following way:

f(Kn/Kr) = b(Kn/Kz) + 1;
see [Ser67, §4.2, Proposition 1]. In view of this formula our claim is immediate. O

The normalization of the conductor f(E/K) thus differs by 1 from the one of local class field
theory. In our case this choice leads to better-looking formulas.

LEMMA 4.1.11. The conductor f(E/K) is either zero or a positive integer that is prime to p.
Proof. If m > 0 is an integer that is divisible by p, then we have J7?' = JIT("Jrl by Lemma 3.1.2. 0O
LEMMA 4.1.12. The conductor is an isogeny invariant.

Proof. We have to be careful as we do not fix the characteristic homomorphism of our Drinfeld
modules. In addition, in this proof it will be more convenient to represent Drinfeld modules by
homomorphisms A — K[r].

Let ¢,9: A — K][r] be Drinfeld modules and let f: ¢ — 1 be an isogeny, i.e. a nonzero
element of K|[7] satisfying fy(a) = (a)f for all a € A. Write f = g7" with g € K[r] having
nonzero constant coefficient. We have a well-defined homomorphism

—n

o' A— K], aw— 17"0(a)T

One checks easily that ¢’ is a Drinfeld module. The identity f ¢(a) = 1(a)f implies that g¢'(a) =
(a)g so g is an isogeny from ¢’ to 1. Likewise 7™ is an isogeny from ¢ to ¢'.

As the constant coefficient of g is nonzero it follows that the characteristic homomorphisms
of ¢’ and 1 are the same. The characteristic homomorphisms x, and x, are related by the
formula

Xg' = 0" ° X,
where 0: K — K is the gth power map. In particular, if ¢ has finite residual characteristic, then
so do ¢’ and 1, and the residual characteristics of ¢, ¢’ and 1) coincide. We will denote these
residual characteristics by p as usual.

Next, suppose that ¢ has stable reduction. It then follows by Lemma 6.1.5(1) of [Pap23] that
¢’ also has stable reduction. Suppose further that 1) also has stable reduction. By Theorem 6.2.12
of [Pap23] the isogeny ¢ induces a Galois-equivariant injective morphism of period lattices
g: Ay — Ay. Assuming that Ay, C K we thus conclude that A, C K.

It therefore suffices to prove our lemma in two cases: (1) f = 7" and (2) the constant coeffi-
cient of f is nonzero. In the case f = 7" the map ¢” defines a Galois-equivariant isomorphism of
torsion modules pla] == ¢[a] for all @ € A. Invoking Lemma 2.4.4 we obtain a Galois-equivariant
isomorphism Tyq 5(¢) == Taq,5(¢), and the claim follows.

Finally, we consider the case when the constant coefficient of f is not zero. We observed
above that in this case the characteristic homomorphisms of ¢ and v coincide. As a consequence
there is an isogeny f’: ¢ — ¢ which is dual to f in the sense that f’'f = ¢(a) for some nonzero
a € A. Since the multiplication by a is injective on T,q5(y) the isogeny f induces a Galois-
equivariant injective morphism T,q 5(¢) — Tad,5(%). By definition of the conductor this implies

that f(o/K) < §(¢/K).
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The identity ff'f = fp(a) =1(a)f implies that ff' =1(a) because the ring KI[7] is a
domain. Repeating the argument above we deduce an inequality f(¢/K) < f(¢/K), and the
lemma follows. O

The ramification filtration of the group Jx changes in a nontrivial way when one passes
to a finite separable extension L/K. It is not generally true that J;* maps into Ji?, cf. the
proof of Theorem 4.2.1 for a precise statement. The conductor thus depends on the choice of
the field K which we reflect in the notation f(EF/K). Note that we only consider conductors
of Drinfeld modules of stable reduction under the extra assumption that the period lattice is
defined over K.

Calculating the conductor is a hard problem in general. However, we have a full answer for
a class of period lattices A.

THEOREM 4.1.13. Let E be a Drinfeld module of stable reduction over Spec K with period
lattice A defined over K. Suppose that elements A1, ..., \, generate an A-submodule of finite
index in A. We then have an inequality

f(E/K) < max||A].
If, in addition, the maximum b = max||\;|| is prime to p then the following hold.

(1) The adelic monodromy representation p: Jx — GL(T,q 3E) maps the ramification subgroup
J}’( to an infinite subgroup. In particular,

f(E/K) = max||Ail|.

(2) For every prime p different from the residual characteristic p the p-adic monodromy
representation py: Jx — GL(T,E) maps the subgroup J;’( to an infinite subgroup.

Proof. Since the conductor is invariant under isogenies we are free to assume that the period
lattice A is generated by the vectors Aq, ..., A,. The inequality f(£/K) < max||A;|| then follows
from Theorem 4.1.7.

Next assume that the maximum b = max||\;|| is prime to p and let A; be a vector on which the
maximum is achieved. Theorem 3.2.4(2) shows that the homomorphism [);, )aq maps the rami-
fication subgroup J}’( surjectively onto T,q5D. Claim (1) is then a consequence of Lemma 4.1.3
and claim (2) follows since the natural projection T,q 3D — T, D is surjective. O

One important consequence of this theorem is that all the values of the conductor not
forbidden by Lemma 4.1.11 do actually occur.

COROLLARY 4.1.14. For every integer m > 1, pt m, there exists a Drinfeld module over Spec K
of rank 2 and conductor m. In particular, the conductor of a Drinfeld module can be arbitrarily
large.

By analogy with the classical theory of lattices one defines the ith successive minimum p;(A)
as the minimal real number b > 0 such that the set of vectors {A € A, ||| < b} generates an
A-submodule of rank at least i. Theorem 4.1.13 implies that

f(E/K) < pn(4),

where g, (A) is the last successive minimum, n = rank A.
Finally, let us bring the lattice theory of §1 to bear on the problem of estimating the
conductor.
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THEOREM 4.1.15. Let E be a Drinfeld module of stable reduction over Spec K with period
lattice A defined over K. Let r be the rank of E and set s :=r —rank A. Then we have an
inequality,

H(E/K) < vol(A)* U=,

where:

— vol(A) is the volume of the normed lattice (A, || - ||/*);
- C = |H’3g+2f—1’.

— Kk is the field of constants of the coefficient field F’;

— ¢ is the genus of the coefficient field F';

— f is the degree of the place co over k.

Proof. Every nonzero period A € A satisfies the inequality ||A||*/* > 1. Hence, Theorem 1.6.4
implies that the A-module A is generated by the subset

{Xe A, [\ < vol(A) CT#Y.
In view of this fact, the bound on the conductor follows from Theorem 4.1.7. U

Whenever vol(A) - C"~% # 1 one can tighten the bound in Theorem 4.1.15 by 1 by appealing
to Lemma 4.1.11.

4.2 General results

THEOREM 4.2.1. Let E be a Drinfeld module of finite residual characteristic p over Spec K and
let p: Gg — GL(T,a3E) be its restricted adelic Tate module representation. Then there is a
rational number v > 0 such that p(I}.) = 1.

Proof. Let L C K*® be a finite Galois extension of K such that F has stable reduction over Spec L
and the local period lattice of E' is defined over L. Theorem 4.1.7 shows that p(I}) =1 for all
rational numbers u > 0. We have a short exact sequence of groups

1 I 17— Gal(L/K)?® —— 1

where ¢ is the lower-to-upper reindexing function of the extension L/K (see [Ser68, Chapitre IV,
§3]). Taking a sufficiently large rational number u we ensure that Gal(L/K)?™) =1, and the
claim follows. 0

THEOREM 4.2.2. Let E be a Drinfeld module of finite residual characteristic p and rank r
over Spec K. Suppose that the local period lattice of ¥ has rank 1. Then the group scheme
GL(Taq,5E) contains a closed subgroup scheme U = (Ga)*"=Y such that the image of inertia is
commensurable with U(Auq )

Proof. Since we are free to replace the field K by a finite separable extension we assume that F
has stable reduction and that its local period lattice A is defined over K. As in §4.1 we have a
short exact sequence of Galois representations in finitely generated free A,q 5-modules:

0 —— TaqsD —— Toqj B —— Aug ®a 4 —— 0.
This defines an A,q3-module flag on the middle term. Let U be the corresponding unipo-

tent subgroup scheme of GL(T,q5E). By our assumption the period lattice A is an invertible
A-module. Hence, the group scheme U is isomorphic to (G,)*? where

d =rank(Tpa3 D) =r— 1.

The image of inertia I" is contained in the subgroup U(Aa.q;) since the representations T,q ;D
and A are unramified.
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Pick a nonzero period A € A. As the period lattice A has rank 1 the evaluation at A\ defines

an open embedding;:
HOmA(A,Tad’ﬁD) — ad,ED-

By Theorem 3.3.2 the homomorphism [A, ).q has open image. Lemma 4.1.3 implies that the
subgroup I" is open in U(Aaq,5) == Homy (A, Thq 3 D). Consequently, the index of I" in U(Aaqd,5)
is finite. (]
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