Probability in the Engineering and Informational Sciences, 33, 2019, 404-416.
doi:10.1017/S0269964818000219

ANALYSIS OF THE NETWORK WITH MULTIPLE
CLASSES OF POSITIVE CUSTOMERS AND SIGNALS
AT A NON-STATIONARY REGIME

M. MATALYTSKI

Czestochowa University of Technology, Institute of Mathematics, Czestochowa, Poland
E-mail: m.matalytski@gmail.com

D. KopPATs

Faculty of Mathematics and Computer Science, Grodzenskij dzyarzhauny universitat imya Yanki
Kupaly, Grodno, Belarus
E-mail: dk80395@mail.ru

The object of research is G-network with positive customers and signals of multiple classes.
The present paper describes an analysis of this network at a non-stationary regime, also
provided a description of method for finding non-stationary state probabilities.

At the beginning of the article, a description of the network with positive customers
and signals is given. A signal when entering the system destroys a positive customer of its
type or moves the customer of its type to another system. Streams of positive customers
and signals arriving to each of the network systems are independent. Selection of positive
customers of all classes for service — randomly. For non-stationary state probabilities of
the network, the system of Kolmogorov difference-differential equations (DDE) has been
derived. It is solved by a modified method of successive approximations, combined with
the method of series. The convergence of successive approximations with time has been
proved to the stationary distribution of probabilities, the form of which is indicated in the
article, and the sequence of approximations converges to the unique solution of the DDE
system. Any successive approximation is representable in the form of a convergent power
series with an infinite radius of convergence, the coefficients of which satisfy recurrence
relations, which is convenient for computer calculations.

The obtained results can be applied for modeling behavior of computer viruses and
attack in computer systems and networks, for example, as model impact of some file viruses
on server resources.

Keywords: classes, combined with the method of series, g-network, method of successive
approximations, non-stationary regime, positive customers and signals of multiple

1. INTRODUCTION

G-networks were first introduced in an article [1] by Gelenbe in 1991. The transient regime
of this network has been considered in [2]. These networks have wide practical application:
as a model of a neural networks [3], gene regulatory networks [4], models of the behavior of
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computer viruses [5]. The concept of a trigger was introduced in [6]; in contrast to a nega-
tive customer, it does not destroy a positive customer, but it moves it to another queue or
sub-system. Combining the trigger and the negative customer into one object, the “signal”
was introduced in [7], and the transient regime of such systems was first discussed in [§].
The work in [2,8] discusses the non-stationary probabilities of G-network states using the
method of multidimensional generating functions. In [9], G-networks with positive and neg-
ative customers of multiple classes were introduced, where a negative customer of one type
could destroy with a given probability a negative customer of another type, and expres-
sions were obtained for the stationary state probabilities, and they were shown to have
product form. In [10], the same network was considered at a transient regime under the
assumption that a negative customer can destroy a positive customer of only its own type.
Using the modified method of successive approximations, combined with the method of
series, the non-stationary state probabilities were found. In [11], the steady-state probabil-
ities of states for a network with positive customers and signals of multiple types were also
obtained.

This article is devoted to finding the non-stationary probabilities of network states [11],
by the modified method of successive approximations, combined with the method of series.

G-networks with revenues were introduced in [12]. Revenues in a G-network are used
to calculate the losses by the modified method of successive approximations, combined
with the series method in [13] and z-transforms method were used in [14], while revenues
from transitions between states are considered to be random values with first and second
moments. Simulation modeling of this network was carried out in [15]. Expected revenues
for G-networks with signals were found in [16]. Revenues for G-networks with positive and
negative customers of multiple classes were found by the method of successive approxima-
tions, combined with the method of series in information systems and the penetration of
variable computer viruses, for example, DDoS attack [17]. For finding expected revenues,
a method of successive approximations was applied, combined with the method of series
in the assumption that a negative customer can destroy a positive customer of only its
type has been found in paper [18]. We also note that transient response is relevant to the
bioinformatics applications of G-networks [19,20].

This paper is also devoted to finding the expected revenues of network systems described
in [11] by the modified method of successive approximations, combined with the method of
series.

2. NETWORK DESCRIPTION

We will consider an open G-network with n single-queue systems (QS). Simple flow of
customers arrives to the network from external environment (QS Sp) with the rate AT
and additional simplest signal flow also arrives with the rate A("). Streams arriving in
all systems of the network are independent. All positive customers arrive the stream of
class ¢ independently of other customers which move in the queue S; with a probability
parw DD D p&c = 1. The service durations of positive customers of class ¢ in i-th QS
are distributed exponentially with the rate p;.. We assume that customers are randomly
selected on service: if in i-th QS are k;s customers of class s, then the probability of select
for service customer of class ¢ is (kic/ > o_; kis), i =1,n, c=1,r.

The positive customer of class ¢ processed by S; moves to QS S; as a positive customer
of class s with a probability pfcjs, moves as a signal of class s with a probability Picjs:
and moves out of the network to the external environment with a probability p;.o =1 —

Z?:l 22:1 (pztjs + p;cjs>-
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The signal of class ¢ arriving to the system, in which there are no positive customers of
class ¢, does not exert any influence on the queueing network and immediately disappears
from it. Otherwise, while in this system arriving to signal of class ¢, the following can occur:
arriving signal moves positive customer of class cfrom this system into queue S; as a positive
customer of class s with a probability g;c;s; in this case, signal is referred to as a trigger;
signal acts as a negative customer of class ¢ with a probability gi.o = 1 — Z?zl S Gicjs
and destroys one positive customer of class c.

The network state at time ¢ is described by the vector (E, t) = (ki1, k12, . -« k1ry ko1,
koo, ... kory .o kn1,kna, ..., knryt), where k;. - number positive customer of i-th QS of
class ¢, which forms a homogeneous Markov process with a countable number of states.
There is a need to find time-dependent state probability in non-stationary mode.

3. FINDING STATE PROBABILITIES

Denoted by I;. vector of dimension n X r, consisting of zeros, with the exception of the
component with a number r(i — 1) 4+ ¢, which is equal to 1, Iopo — n X r zero-vector, and

1, >0
0, <0
transitions of the Markov chain to the state (E, t) during the time At are possible:

P(k, t) — probability of state k(t); u(z) = — the Heaviside function. The following

(1) From the state (k — Ijs,t) in this case in the j-th QS in time At, a positive customer
of class s will arrive with a probability )\+p6rjsu(/€js)At +o(At), j=1,n,s=1,r;

(2) From the state (k + I, t) in this case in the i-th QS in time At, a signal of class s
will arrive and the signal acts as a negative customer of class cand destroys positive
customer this class or positive customer and moves out of the network to the external
environment or moves in j-th QS as a signal of class sand if there were no customers
of this class in it with a probability
(A(l)p&c%co + pic(kic + 1/ 22:1 Kis + 1)pico + ptic(kic +1/ 22:1 kis + 1)pi_cj3
(1 —u(kie)))At + o(At), i =1,n, c=1,r;

(3) From the state (k + L + I js,t) in this case, after the end of the service of the positive
customer of class ¢ in the i-th QS, it is moved to the j-th QS again as a positive
customer of class s or arrived to the i-th QS signal of class ¢ and instantly moves the
positive customer of class ¢ from the i-th QS to the j-th QS as a positive customer
of class swith a probability -

(,Uic(k'ic + 1/ Zzzl kis + 1)pz;js + A(l)pOiCQicjs)u(kjs)At + O(At), 1,j =1,n;

(4) From the state (E—&-Iic—i—fjs,t) in this case, after the end of the customer of
class ¢ service in the i-th QS, it is sent to the j-th QS as a signal of class s
that destroys positive customers of class s; probability of this event is equal to
pric(Kic + 1/ 3701 Kis + 1)D;ej40550AL + o(At);

(5) From the state (E—i— Iic + Ijs — Iy, t) in this case, after the end of the service of
the customer of class ¢ in the i-th QS, it is sent to the j-th QS as a signal of
class s, which instantly moves the positive customer of class s from the j-th QS
with a number m as a customer of class [; the probability of this event is equal to
fric(kic + 1/ 32021 kis + 1)Piej@imu(kmi) At + o(At);

(6) From the state (k,t) in this case, in time At no positive customers of all classes
or signals of all classes are received in each, and no positive customers of all
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classes have been served in them for a time; the probability of this event is
1= 3001 Yoema M PGie + A Pgic + pic] At + 0(At); i =T,
(7) From the remaining states with a probability o(At).

Then, using the formula of total probability and taking the limit At — 0, we obtain the
system of difference-differential equations (DDE) for the state probabilities of the network:

det == > [Mdie + Aoie + pic] P(E, 1) +ZZ{/\$C VP(K — L., t)

i=1 c=1 i=1 c=1

kic 1 —
+ Hic r7+]9ico + Apicico
2521 kis +1

zc + 1 — ¢
+ Z Z/J/w (1 - u<kj5))picjs P(k + Iicvt)

o Yoeq kis +1
= kie + 1
+ Z Z l:(:uuwkﬂpzqs + )‘Och“35> (k]b)P(k + Lic — IjS7 t)
j=1s=1 5 17

kic + 1 _ -
c—=r 1 . 2 Ficis4js P k Iic I'svt
eSS Piegs 0 (k + Lic + Ijs, 1)

S kic + 1
+ Z Z,Ufzc ) k. + 1pijleu(kml)P(k + Iic + Ijs - Imlyt)] } . (1)
m=1[=1 5 s

The system of DDE (1) is represented in the form:

dpP(k,t -
# A(k) Z Z (I)sz k + Iw - Ijs’ t)
i,7=1c,s=1
+ Z Z OLr (B)P(R + e + I, 1)
i,j=1c¢,5=1
+ Z Z (pu/jéml k (k+Izp+IJ9 *Iml7t)a (2)
i,7,m=1¢,s,l=1
where
AR) =D [ M + Agie + #ic)
i=1 c=1
o kie +1
+— _ —+ 1cC —
(I)icjs(k) = 00i00c A5 U u(kjs) + 00;00s (Mzcwpwo + AOicquO)

kie +1 _
+Nzc7(1 7u(k'5))pic’s
D kis +1 e

Bietl .
ic=r . 1P Ao icjs k is)s
* <M Zs 1 k'zs‘ + 1 iejs + Oiclic] ) U( ! )
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kic +1

ot (k)= ﬂlcﬁpicjsqjs[)a
s=1 (2

icjs

1, 1=y

7 kzc +1
P k ieer———DicisAmit(kmi).0i; = .
szml( ) H Zs . kis + 1p1(:jsq lU( l) J {0, i 7&]

The solution of the system (2) has the form:

. R t
P(k’t) = E*A(k)t P(k70) +A k Z Z (blcjs I{J + Izc - Ijs,x)

i,j=1c¢,s=1
+ Z Z O (K)P(k + Lic + s, )
i,j=1c,5=1
+ Z Z (I)jc;rsml ]g (k+IiC+Ijs_Iml71'> dx | . (3)

i,5,m=1¢,s,l=1

Let Pq(E, t) — be approximation of P(k,t) at the g-th iteration, P,11(k,t) — the solution of
(2) obtained by successive approximations. Then it follows from (3):

- . t .
Py (k,t) = =MD | P(k,0) + /0 A0 (S @ PR T )
i,j=1c¢,s=1
+ (
+ Z Z O (k) Py(k + Lic + Ijs, )
i,7=1¢c,s=1
+ Z Z (I)j;;rsml E (k+Izc "l‘I’s _Iml,l'> dx | . (4)

i,5,m=1c,s,l=1

As an initial approximation, we take the stationary distribution Py(k,t) = P(k) =
lim; o, P(k,t), which satisfies the relation

A(k)P(k) = Z Z o (k) Py(k + Lic — Is)

i,j=1¢,s=1
£ Y W RIRE Lo+ 1)
i,j=1c,s=1
+ Z Z q);;rsml k (k+IlC+Ijs_Iml). (5)

i,5,m=1c,s,l=1

The following theorems are valid for successive approximations.

THEOREM 1: Sequential approximations Pq(E, t), ¢q=0,1,2,..., converge for t — oo to a
stationary solution of the system of equation (2), and the sequence constructed according to

scheme (4), for any zeroth approximation bounded in {Pq(l;;’7 )}, ¢=0,1,2,..., converges
for ¢ — oo to a unique solution of the system of equation (2).
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Theorem proof is similar to [10] for the network with multiple positive and negative
customers.

THEOREM 2: FEach successive approximation Pq(IZ:, t), q > 1, is represented in the form of
a convergent power series

= i di (k) (6)
1=0

whose coefficients satisfy the recurrence relations:

d+— (E) _ *A(E)l {P(k O) +i(7 u+1u'/A( )u+1D+ (E)} l> 0 d+ (k)
q+1l i ) » g0

= P(k,0),dg,(k) = P(k,0)d10, D ( Z Z o) (K)df (k+ L — 1)
i,j=1s,c=1
+ oL (R)d T (F+ Lo+ L)+ ) Z O )T (B + Lic + 1js — Iny).

i,5,m=1c¢,s,l=1

(7)

PROOF: We show that the coefficients of the power series (6) satisfy the recurrence rela-
tions (7). We substitute the successive approximations (6) in relation (4). Then, given

that
B I+1 o] 1l
e_A(k)t/ A(R)w ldx—[ 1ﬁ] It Z ﬂ7 [=0,1,2,...,
0 A(k) Jj=l+1 J:

we obtain

o0

Sl O NP0 + 3 3 |3 e - 1)

0 =0 14,j=1 Lec,s=1

+ L (B)d S (k + Lie + Ijs)

icjs

+ Z Z (I)zCJsml (k+-[ic+]js_1ml)

i,5,m=1c,s,l=1

Using (7), this series can be written in the form

oo ) +1 0o N
o 1 —A(R)|

S = O+ 3o | o 3 AR

1=0 1=0 A(k) u=l+1
After interchanging summation indices and expanding e~ MR iy 4 series in powers of t, we
have

[ele] oo I+1 [ee) A E m

S = B+ 3D )| | s EAE

1=0 1=0 (k) u=[l+1 '

If we equate the coefficients of t' in expression (8), we obtain the relations (7) for the
coefficients of the series (6).
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To find the radius of convergence of the power series (6), we can use the Cauchy—

Hadamard formula 1/R(k) = lim;_ o 1/ |dq+f(l§)| Similarly, as in [10], it can be shown that
the radius of convergence of the series (10) is equal to +oo. |

4. FINDING EXPECTED REVENUES

Let us introduce vector I;. of dimension n X r, consisting of zeros, with the exception of
the component with a number r(i — 1) 4+ ¢, which is equal to 1, Ipg — n X r zero-vector,
and vi(E, t) — be the expected revenue obtained by the i-th QS in time ¢, if at the initial
1, >0
0, =<0
following transitions of the Markov random process to the state (E, t) during the time At
are possible:

time instant the network is in the state k; u(z) = — the Heaviside function. The

In case (1), the revenue of the system S; in this case will be 7; (k) At 4 v; (k — Lis, t);
if i« = j, s = ¢ then the revenue of the system S; will be Toic(E — L)+ Ul(E — I, t),
where TOiC(E — Ic), the revenue of the i-th system from the given transition.

In case (2), the revenue of the system S; in this case will be r;(k) At + v;(k + I, t), if
1 = j, s = c then the revenue of the system S; will be —Rico(/g + L) + vl(E + L, t),
while RZ'C()(E + I;.) the revenue of the i-th system from the given transition.

In case (3), the revenue of the system S; in this case will be r;(k)At + v;(k +
Ly — Igp,t); if m=j, l=s, i =d, ¢ =h, then the revenue of the system S; will
be —rjsic(l;:—&— Iis — 1) + ’l}i(E—F Lis — L, t); if k=1, l=c¢, j=d, s=h, then the
revenue of the system .S; will be ricjs(E — Lo+ Iic) + vl(l; — Ijs + Lic, t);

In case (4), the revenue of the system S; in this case will be r;(F)At 4 v; (K + L +
Igp,t);ifm = j,1 = s,i = d, c = h, then the revenue of the system S; will be Ticjs(lz; +
Lis + L) + Ui(/;-l- Lis + Iic, t);

In case (5), the revenue of the system S; in this case will be ri(l_g'—l—Iml + gy —
Ing,t)At + vi(lZ+ Iy + gy, — Inp, t); if m =1, | = ¢, the revenue of the system S;
will be _Tdha(];‘" Lic + Lap — Iaﬁ,t) + 7)2‘(];-‘1- Lic+ Igy — Ia,@,t), if« =1i,8 = ¢, then
the revenue of the system S; in this case will be —rdha(E + Lot + Lap — Lic, t) + vl(l_c’ +
It + L — Lieyt), otherwise rane (K + It + Lic — Top, t) 4+ 0i(k + Lt + Lic — Tnp, t),
In case (6), the revenue of the system S; in this case will be r;(k)At 4 v; (k, t).

Then, using the formula of total probability and taking the limit At — 0, we obtain a
system of DDE for the expected revenues of the network:

-

d’l)i (k, t)

— (L + - 7
dt =ri(k) — [AT+ A +ZZujsu(kjs) v (k,t)

j=1s=1

+ N pdulks)vi(k — Iis, 1)

J

n T

1s=1
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kis+1
+ >\ po Qjso + Hjs—=r—— J Pjso
le ; 7 D ey kjsr 1

+ZZ /“LJSJS—H Zzpﬂml —u(k ))>vi(E+Ij57t)
m=1 =1

j=1s=1 5*1
r

e — kic + 1
+ ) S N P ulkic)vi(k = Lie,t) + | A pgiogico + ic S

—————Dic0
s*=1 kis* + 1 h

n

ki + 1 . _ -
+ #zcm Z Zpicml(l - U(’%nl))) vi(k + Lic, )

m=1 =1

kie + 1 -
+ (,Uiczf*_zlckml Picjs + )\ pOszqa> (kjé)vl(k + Lie — Ij87t)

kmi +1 1

+ Z Z (N’ml L pmldh+)\( )pOmlqmldh>

m,d=11,h—1 2otemt Rt +1
X w(kan)vi(k + i — Ian, t)

ml +1 P
+ § § Hml Z et + 1pmlthdh0Ui(k + Iy + Lan, t)
1r=1

- kie +1 -
Z ﬁpiqu‘covi(lﬂ + Lic + Ljs, t)
j=1c,s=1 1*=1 ki«

n T
ki + 1 _ -

Z mlﬁpmlthdhaﬁu(kdh)Ui(k + I + Lan — Iop, t)

m,d,a=11,h,B= l=1"m

n T

kie +1 _ -
+ Z Micﬁpicthdhuﬁu(kdh)W(k + Lic + Ian — Inp, t)

d,a=1h,B=1 e

Ky + 1 _ -
Hml Zr nk L+ 1pmlicqwaﬁu(kdh)vi(k‘ + Ly + Lie — Ia67 t)
1 m

+
NE
-

1

B
Q
I
L
¥

- ki +1 B
+ Z /Jmlﬁpmldh%ihicu(kdh)vi(k + It + Lan — Iic, t)
mod=11,h=1 mi
kis+1
|:>\ p()]sq]sO +M]SZ jék + 1pj50
=1 vjs*
kjs + 1 _ -
s—r 1-— km Ric k — Iicat
+ /”L] ZS* 1]{/,]3* + 1p]9ml( 'LL( l)):| 0( )

lC + 1 7
+ Z Z Mzc—*lpw]s + )\ pOszcgs (k'ic)ricjs(k' - Iic + I_]S? )
Zl* 1 Kire +

j=1c=1
J#i

kis+1 -
- § § MJS J sic + )‘( )pOjsq]szc (kjs)ricjs(k - Ijs + Iim t)
j=1c=1 Yooy ke +1 ]

J#i
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kic +1
er*:l ki +1

kic + 1 -
+ E E sz [ lpwthdha,Bu(kdh)rida(k + Lic + Ign — Lo, t)
d,a=1h,B=1 =1

+ N pgieukic)roic(k — Lic,t) + pic p;cjsqjsovi(]; + Lic + Ijs, 1)

ml +1 7
+ E E Hmi Zl Eol + 1pmlicqwaﬁu(kdh)rmia(k + L + Lic — Iaﬁa t)
m,a=11,8=1 =

ml + 1 7
+ Z Z Mol e . 1P Do ddhict(kan)rmdi(k 4 L + Ian — Lic, t).
m,d=11h=1 Zl 1 Fml

(8)

Let VT(E, t) = (v1(k,t),v2(k,t),. .. ,vn(E,t)). Then (8) is represented in the form

Wk @G Z Z 0D (B (% + Le — Ijs, 1)

w]s
i,7,m=0 ¢,s,l=1

RV (E+ L + L, t) + 00 (R (E + Lic + Ijs — Lt t) + B(F), (9)

icjsml

+ 39

icjs

where

—

ET(E) = (Ev(K), Bo(K), ..., En(K)), Bs(K) = ri(k) + M o u(Kic)roie(k — Lic)

kis+1
)‘ pojquso + Hijs Z i

—pjso
*=1 kJ@* +1

kjs + 1 _
s T i 1- km
+ IU’J Zs*fl kjs* + 1pjsml( u( l)):|
- kic +1
Rico(k — Lig, t) + Z Z Kﬂzck*“pwﬂs + A(l)pOicqicjs)
j=1lc=1 l* 1 il
J#i

X U(kic)ricjs(lg - Iic + Ij57 t)

.79 + 1
- ZZ U]sm sz + /\ pOys(IJszc

j=1lc=1
i
kzc+1

SR 1Pt 4 T+ D)

X u(kjs)ricjs(l_é - Ijs + Iim t) + Hic

£y

d,a=1h,p=1

- kic +1
H'wﬁpwthdhaﬁu(kdh)Tzda(k + Lic + Ign — Inp, t)
1=1

T

n S, 1 .
ml—~r 7., 1 icHica k mio k Im Iic - Ia 7t
+ > ZIM lZl o 1 Pmticticanti(Kan)Tmia (k + Tmi + 8:t)

m,a=11,3
n s
kmi + 1 _ -
+ ol %pmlthdhicu(kdh)rrndi(k + It + Lan — Lic, t).
mad=11,h=1 2ot Kot +
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d) i\ kic +1
(I)zCJs<k)_ ZCZZ* . zc_~_1p1¢]550m50l7
0 7 Fic + 1 — G
gc;sml(k) ZCZ + 1pzcjsqjsmlu( JS) A(a)( ) + + A + ZZMicu(kic)7
1=1 Kt j=1s=1
. ko + 1
@(6 k)=29¢ ‘65 )\(1) giclic ic “ ic
ijs( ) 05¢0 ( Poicdico + 1 ZT*—l Kise + lp 0
ic +1
+ Wic c pwm u ml
s I @
kic +1
0, 26 c)\+ o k’s zcw— )\ b icHicys k‘s .
=+ 00i00 pOJSu( J )+ (lu’ Zl*—l e+ 1 zcgs+ Poiclicj ( J )
The solution of the system (9) has the form:
- oo t - L.
V(i t)=e 27 B V(E,0) +/ A7 (R Z Z O (R (K + L. — Ljs,x)
0 i,5.m=0 ¢,s,l=1
+ 00 (VK + Lic + Ljs, ) + D0 ()W (K + Lic + Ljs — L, z) p da
L B, [1 - e*A‘a)(E”] : (10)
AO) (k)
— the solution

Let ‘7;(1%, t) — be the approximation of V(E, t) at the g-th iteration, Vq+1(k, t)
of (9) obtained by successive approximations. Then it follows from (3):

- SN t - RN
Vo (B, t) = e 270 [ V(5 0) + / A (k) Z z 0 (K)Vy(K + Lc — Iy, z)
0 1,5.m=0 ¢,s,l=1
(I)Efjs(lg)‘z](lg_‘_ IiC + 1]57 ) + (szJsml(E)VQ(E + Iic + Ijs - Iml’ J)) du
L Bk [1 Ol (11)

AO) (k)
As an initial approximation, we take the stationary distribution Vo(k,t) =V (k) =
limy oo V (K, t), which satisfies the relation

AP YV (k) = Z Z O (R)V (K + Lic — Ljs) + @) (K)V (K + Lic + I,)
4,7=0c¢,s=1

ik (12)

+ @) (R)Vy (R + Lic + Iy — Int) + E(F).
The following theorems are valid for successive approximations
THEOREM 3: Sequential approrimations 1% (E, t), ¢q=0,1,2,..., converge for t — oo to a
stationary solution of the system of equation (2), and the sequence constructed according to
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scheme (4), for any zeroth approzimation bounded by {V( O} ¢=0,1,2,..., converges
for ¢ — oo to a unique solution of the system of equation (2).

THEOREM 4: FEach successive approzimation ‘_/;1(%’ t), q > 1 is represented in the form of a
convergent power series:

[e’e) o) -
=> gy (R, (13)
1=0
whose coefficients satisfy the recurrence relations:
CA@) (! "’ - 1)utly
~0) iy _ —AYE) |5 a0
dyn(F) = === V(£.0) - (@)( Z Fo Cov(®)

zzoﬁqzna:m 0), 35 (K) = V (K, 010,
GO(k) = Z
=1le¢,s,l=

+@5?}g<k>g*§?><k+fw+fgs>+<I><3> (B)GS (F + Lie + Lis = )| - (14)

icjsml

-

|:@(8 k gql (k + Izc - Ijs)

icjs
1

Theorems 3 and 4 are proofed similarly as in [18] for the network with batch removal
of positive customers.

5. MODEL EXAMPLE

Let n =05 and r =3 be types of positive customers and signal. Let the probabilities of
arriving of positive customers and signals to the i-th system of types ¢ be equal respec-
tively pdy; = 0,15; plis = 0,15 plis = 0,05; pla; = 0,05; piag = 0,03; Py = 0,02; pls; =
Pon = Pos1 = 0,13 Pz = Piaz = Posa = 0,06; Pz = Pias = Poss = 0,04; poyy = 0,1, pgp =
0,06, ;5 = 0,04, i =T1,5;and 320, 5% ph =1;520_ 572 pgi. = 1. Let also the inten-
sities of incoming streams of positive customers and signals are equal respectively AT = 100
and @) = 90.

Let the rates of customers of type ¢ in the network systems are equal:

p11 = 950; 12 = 30; 13 = 20; pio1 = 505 oo = 405 oz = 205 uz1 = 50; 32 = 40; us3 = 20;
51 = 50; 5o = 30; fra1 = 50; pan = 40; jaz = 20, 53 = 20. Suppose also that the probabili-
ties of the transitions of positive customers and signals between the QS are equal

Pian = 0,01, pf115 = 0,012,p1 15 = 0,011, pfy;, = 0,01, pYy;5 = 0,012, 55 = 0,011,
pir?,n =0, 01,p1+312 = 07012717;%13 = 0,012, py3q; = 0,01, piyp = 0,012, pi; = 0,03;
p;r122 =0, 036;P1~_123 =0,033;p1113 = 0,011, p1oyy = 0,01, p1515 = 0,012, py9y5 = 0,011,
Pizir = 0,01, piz15 = 0,012, p1515 = 0,012, piog; = 0,03; piagy = 0,036; plogs = 0,033;
p-1i_321 =0, 03;pf322 = 07036§p;r323 = 0,036;p119; = 0,01, p1199 = 0,012, p1y53 = 0,011,
Pr221 = 0,01, p1990 = 0,012, 1393 = 0,011, pyg9; = 0,01, prgey = 0,012, py595 = 0,012,
Pioin = 0,005, pian = 0,006, plh;s = 0,0055, ply;; = 0,005, piss = 0,006, ply. = 0,006,
Di141 = 0,005, p17,0 = 0,006, p17,;5 = 0,0055, p1y;; = 0,005, p1a;e = 0,006, piy,5 = 0,0055,
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P13 = 0,005, pla.0 = 0,006, pis;5 = 0,006,i = 3,5, p110 = 0,05; p12g = 0,03; p129 = 0, 02;
p;:sn =0, 01#’3_312 = 07012,]9;313 =0, 0127193—111 = 0,0l,p;u =0, 012727;113 = 0,011,
szn =0, 017P3_212 = 07012»17;_213 =0, 0117293_311 = 0,017173_321 =0, O2vp;_322 = 0,024,
Pasoz = 0,024, pozoy = 0,012, ooy = 0,012, pyzas = 0,01, pgy01 = 0,02, pyy9 = 0,024,
p;123 =0, 02217;_222 =0, 024717;223 = 07022&;321 = 0,02, py19; = 0,01, py195 = 0,012,
Pai2s = 0,011, poyyy = 0,01, p11;1 = Pl = 0,005, piys = 0,006, pyyyy = 0,012,
Pazoz = 0,011, pyzoy = 0,01, poyiy = Pasy = 0,005, oy = Paogp = 0,006,
Pa2iz = p;_2i2 =0,0055,py3,1 = p;_:}il = 0,005, py3,0 = p;SiZ =0, 006727;11'1 = P11 = 0,01,
Pazi1 = pé%u = 0,005, py3,0 = p;:m =0, 006719;1@2 = P12 =0, 012779;113 =Pz = 0,011,
p?{;jQ = Pizjo = 070127p;§j3 = Pi3;30,012,4,§ = 3,5,pi10 = 0, 1;piao = 0,07; pizo = 0,03,

i =2,5.qicjs = 0,02,7 # j, 4,5 > 0, Gicis = 0,02; gico = 1/30.

Let 7’2(];}) = 27T0ic(E) = 27Ric0 = 4,7”‘1‘st(];) = 4, Tija = 3

Pli.r) )
210
1,510
1-10°13

5-10°1

0 | B 3 4 5 6 7

FIGURE 1. State probability & at [0; 7].

0

FIGURE 2. Revenues of the second QS at [0; 5].
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Find the state probability k= (1,1,1,2,2,2,3,3,3,4,4,4,5,5,5) and expected revenues
of the second QS, if the state ko = (1,1,1,1,1,1,2,2,2,3,3,3,2,2,2) under the initial condi-
tion vg(EO, 0) = 0. Solving the problem using the programming language C # on the interval
[0,7] with e = 10~%, we obtain the dependence presented in Figures 1 and 2.
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