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Abstract

We consider time-inhomogeneous ordinary differential equations (ODEs) whose param-
eters are governed by an underlying ergodic Markov process. When this underlying
process is accelerated by a factor ¢!, an averaging phenomenon occurs and the solu-
tion of the ODE converges to a deterministic ODE as ¢ vanishes. We are interested in
cases where this averaged flow is globally attracted to a point. In that case, the equi-
librium distribution of the solution of the ODE converges to a Dirac mass at this point.
We prove an asymptotic expansion in terms of ¢ for this convergence, with a somewhat
explicit formula for the first-order term. The results are applied in three contexts: linear
Markov-modulated ODEs, randomized splitting schemes, and Lotka—Volterra models in
arandom environment. In particular, as a corollary, we prove the existence of two matri-
ces whose convex combinations are all stable but are such that, for a suitable jump rate,
the top Lyapunov exponent of a Markov-modulated linear ODE switching between these
two matrices is positive.
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1. Introduction

Let M be a d-dimensional compact C*° manifold. Markov-modulated ODEs on M are
dynamical systems (x(7));>0 that are solutions to

X (1) =Fqsq) (x(1)) (1.1)

where (o (1));>0 is a Markov process on some space S and, for all s € S, Fy is a vector field on
M.

We are interested in the high-frequency regime, namely when o (¢) is replaced in (1.1) by
o(t/e) for some small ¢. Provided o is ergodic with respect to some probability measure 7,
the modulated process x(7) is known to converge, as € vanishes, to the solution of the averaged
ODE

X () = F(x(1)), where F(x) = / Fo(x) (ds). (1.2)
S
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2 P. MONMARCHE AND E. STRICKLER

In the case where this averaged ODE has a unique global attractor x, we expect the solution of
(1.1) to be close to x for  large and ¢ small. In other words, the invariant measure of the Markov
process (x(t), o (t/€));>0 converges, as ¢ vanishes, to §z ® 7. The goal of the present work is to
provide an infinitesimal expansion in terms of ¢ for this invariant measure. This is obtained by
combining a similar expansion for the law of the process for a fixed ¢ > 0 (following [24]) with
a long-time convergence result for the limit process. The structure of the proof follows [25],
which established a similar expansion for the invariant measure of Euler—Maruyam schemes
for diffusion processes (the averaging estimates for a fixed ¢ > 0 being in that case replaced by
finite-time discretization error expansions).

One of our main motivations is to get the first-order term in the expansion of the top
Lyapunov exponent of systems of switched linear ODE:s [5, 9, 17], as detailed in Section 3.1.
Our result also has applications, for instance, in some population models [4, 6, 22] or random
splitting numerical schemes [1], cf. Section 3. More generally, Markov-modulated ODEs form
a flexible class of Markov processes which appear in a variety of models, often to describe
systems evolving in a randomly fluctuating environment, as in finance [13], biology [18] or
reliability [20]. It is related to random ODEs; see, e.g., [2, 10] and references within.

In the specific context of piecewise-deterministic Markov processes (namely, when o is a
Markov chain on a finite set), the question of fast averaging has been addressed in [14], where
a large-deviation principle is proved; in [24], where the expansion of the law of the process at
fixed time ¢ is given; or in [8], where the convergence of the invariant measure of the Markov
process (x(1), o(t/€))>0 is proved. In the recent paper [16], the authors deal with the case
where o is not ergodic.

The convergence of the invariant measure of the process in the fast-switching regime has
been studied in some situations where the limit flow has a unique attractive point or cycle
and possibly several unstable equilibria; see, for instance, in [5, 9, 12]. The analysis is then
much more intricate than in our case (simply to get a convergence, without any asymptotic
expansion) as the convergence toward the stable element cannot be uniform over the space.
Some controllability conditions in the vicinity of unstable points are then necessary to ensure
switching Markov process does not get stuck there, leading to some estimates on the exit times
from small balls around these points or to the construction of suitable Lyapunov functions.
Refining these arguments to get an asymptotic expansion in such more general situations is
outside the scope of the present work.

The paper is organized as follows. In the remainder of this introduction we introduce our
general notation and assumptions. Our main result, Theorem 2.1, is stated and proved in
Section 2. Section 3 is devoted to examples of applications. Finally, an appendix gathers the
proofs of some intermediate results.

1.1. Notation and assumptions

To conclude this section, let us clarify our setup. Denote by (Q;);>0 the semigroup
associated with (07);>0, namely Q,f(0) = (f(0;)), and by Q its infinitesimal generator.

Denote by A the set of bounded measurable functions from M x S to R which are C* in
their first variable x and such that all their derivatives in x are bounded over M x S, and which,
moreover, are such that, for all x € M and all multi-index o, s — 92f(x, s) is in the domain of
Q. We consider on A the norms ||| flll; = ZIaISj 102f lloo-
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Assumption 1.1.

(i) Almost surely, the ODE (1.1) is well-defined for all times, with values in M. Moreover,
the coordinates of (x, s) — F(x) are in A.

(ii) The semigroup (Q;);>0 admits a unique invariant probability measure 7. Moreover,
there exist C, y > 0 such that

1Q:f = flloo < Ce™ "'l flloo (1.3)
for all bounded measurable fon S and all t > 0.

The uniform exponential ergodicity (1.3) implies that the operator Q! given by
o0
Q—lf:=/ Q; (mf —f) dt (1.4)
0

is well-defined for all f € A, with Q~!f € A and |||Q_1f|||j < C/y Il flll; for all j € N. Moreover,
using that 8,Q,f = QQ,f = Q,Qf for all t >0, we get that 00~ 'f =0~ 'Of =f — 7f for f €

A, ie. Q7! is the pseudo-inverse of Q.

Example 1.1. A case of interest is given by Of =nf —f, which corresponds to o (¢) =Yy,
where (N;);>0 is a standard Poisson process with intensity 1, Yo =0(0), and (Y)i>1 is an
indpendent and identically distributed sequence of random variables distributed according to
. It is readily checked that, in that case, Q,f =e~'f + (1 — e ")nf, and then 0~' = Q.

Example 1.2. We will be particularly concerned with the case when S is a finite state space
and (07);>0 is an irreducible continuous-time Markov chain on S, with transition rate matrix
Q. In that case, Q! is the group inverse of Q, defined as the unique matrix solution X to

0X0=0, X0X =X, X0 =0X. (1.5)

[Such a matrix exists and is unique since Q has index 1, meaning that Q> and Q have the
same rank, because 0 is a simple eigenvalue of Q; see [3, Chapter 4] for more details.] In the
particular case when the cardinality of S is two, Q can be written as

= <_qp —174>

for some p,q>0. Moreover, we can easily check, using Q?=—(p +¢)Q, that X =
(1/(p + ¢)»)Q satisfies (1.5), and therefore 0~ = (1/(p + ¢)*)Q.

2. High-frequency expansion

The process (X(t), o(t/€))r>0 is a Markov process on M x S with generator L =L, +
(1/8)Q, where Q is seen as an operator on functions on M x § acting only on the second
variable, and L.f(x, s) = F(x) - Vif(x, s) for all f € A. For t > 0, denote by P7 the associated
Markov semigroup, namely Pif(x, s) = E, ; (f(X(?), o (t/¢))).

We start by stating an expansion in ¢ of P{ for a fixed ¢ (the proof is postponed to the
Appendix). This is essentially the result (and proof) of [24] but written in a dual form and with
more explicit functional settings. Moreover, [24] only considers the case where S is a finite
set, but it allows the jump rates of o to depend on x.

Proposition 2.1. There exist two families of operators ng), Sgk) indexed by t > 0, k e N and
acting on A, with the following properties:
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e Forallk,jeNand T > 0, there exists C > 0 such that, for all f € A,

PRA|, < s @
t€[0,T]

e Forallk,jeN, there exist C, y > 0 such that, for all t > 0 and all f € A,

< Ce | flllj+2x- (2.2)

e ForallneN, T >0, andj €N, there exists C > 0 such that, for all ¢ > 0 and f € A, the
remainder R;, .f defined by

k k
R f=Pif — ZskP( )f— Ze’fsﬁ/; 2.3)
k=0 k=0
satisfies
IR, Sl < +lI||f|||j+3+2n- (2.4)

o The first operators are given by

POf(x, 5) = mf(@:(x), (2.5)
SOfx, $)= Qf (x, 5) — mf(x),

400 t
POf(x, 5) = byt x. 5) + / A (LeSON) dr + / 2 (Leby)(r, G1r () dr,
0 0

where
bi(t, x, )= 0~ 0P — L.POf)(x, 5). (2.6)

Next, to address the question of the long-time behaviour of the process, we work under the
following condition.

Assumption 2.1. There is a globally attractive X € M for the averaged flow F given in (1.2)
and, for all j € N, there exist C, a > 0 such that, for all t > 0 and f € C*°(M),

Il 0@ = f@I; < Ce™ Il fllj+1,

where @ is the flow associated with F.

Under Assumption 2.1, o = 83 ® m is the unique invariant measure of P§°) given in (2.5).
Our main result is the following expansion in terms of ¢ of any invariant measure of the process
(P})i>0, in the spirit of Talay—Tubaro expansions in terms of the step size for discretization
schemes [25].

Theorem 2.1. Under Assumptions 1.1 and 2.1, for all f € A there exist real sequences (ci)k>1
and (M1 such that, for all n € N and any invariant measure g of (P§);>o,

n
pef — pof =Y cxe®| <Myt 2.7)

k=1
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Moreover,
c1=nLQ" (Leh—f) (%) (2.8)
where, for (x,s) € M x S,

h(x, s) = /0 7 (f(X) — f(er(x)) dr. (2.9)

Remark 2.1. In dimension 1, it is possible to get an alternative expression for the function A
appearing in (2.8). Indeed, for fixed x € R, with the change of variables y = ¢(x) we obtain,
since dg,(x)/dr = F(¢,(x)),

oo - T rf(y) — wf (%)
h(x, s)= - r dr= - ""d
o= [ @ -afoon ar= [
We will use this expression in Section 3.3.

Proof of Theorem 2.1. The proof is divided into two parts. In the first one we prove (2.7),
and we give an expression for ¢; which depends on an arbitrary time ¢ > 0. In the second part,
we obtain the stated expression for ¢ by letting ¢ vanish in this first expression.

Step 1. Fix t > 0, f € A, and let 11, be an invariant measure of (P%),>0. By definition of the
flow ¢,

POV D =] (9" ) = 7f (Pm()

Hence,

(PL)'wof =P, = I @) =7 o gully < Ce=" fllj 1. As a consequence.

the function W, given by W, =Y °° (Pgo) )"(1of — f) is well-defined in A and such that, for
all j = 0, [[|¥]ll; < Gjlll flllj+1 for some C; > 0 independent of f. Moreover,

(P —1d)w, = > (PO) o f =) = > (PO) (o f — ) =f — nof-

n=1 n=0

Then, using this Poisson equation and that . is invariant for P,

pef = nof = pe (P = 1d)W, = e (P — P§) Wy,

To get the convergence of u.f to uqf at zeroth order, we simply bound, thanks to
Proposition 2.1,

e f — o f1 < [ (P = P || < CelllWilla.

To get the higher-order expansion, write
0 k k
pef = nof = pe (P = P{) W = (Z P + Zeksﬁ/; ) Y. (2.10)
From Proposition 2.1 and the bounds on |[|W,|||; for all j € N,

n
k
e (Z s“siy) +R;,> | <
k=0

C’18n+1
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for some C,,. Using that, from the convergence at order O, Mngk) vy, — /,L()ng) \Il,| < Co ke for
all k € N for some Co ; > 0, we get first with (2.10) at order n =1 that

1
e f — nof +enoPV | < Ci oe? 2.11)

for some C1,9 > 0. We can thus apply this first-order expansion with f replaced by P;k)\llt to get
‘;Lngk)\Il, —Cok — clgks‘ < Cl,ksz for some ¢y «, 1.k, C1.k. Hence, considering the expansion
(2.10) at order n =2, we get

2 2 3
lte f — pof —eco,1 —&7c1,1 — e7co 2| < Ca06

for some C o > 0. Again, this can be used with f replaced by ng)\l-'t, and a straightforward
induction on n concludes the proof of (2.7). In particular, from (2.11), we see that, for all # > 0,
c1 can be written as ¢ = —,uoPgl)\Il,.

Step 2. The goal is now to let ¢ vanish in this last expression. For a fixed ¢ > 0, denote by
bf’ the function given by (2.6) but with f replaced by ;. Then

POW,(x, ) =bY (1, x, 5) + a(x) + B(t, X),
with

+o0 !
a(x) = / 7 (LeSOW) ) dr, Bt x)= / 7 (LY )(r, Gr—r(x) dr.
0 0

First, by definition of Q~!, the average of b‘ly with respect to m, hence with respect to p, is

zero. At this stage, we have obtained that ¢y = —uoo — woB. Recalling that Sﬁo)f =9, (f—
f), from

Wi(x, ) =mf(®) — f(x, )+ Y 7 (FE) — Fl@m(x) .

n=1

integrating with respect to 7, we get
ViSOW(E, 8) = Ve Q) (W, — mW)) (X, 8) = Vi Q,(f — f) (X, 9).

AS a Consequence,
po(e) = a(®) = f " A LSOw ) dr = / F®- [ / T V0 — 1) dr] (& 5) 7(ds)
0 S 0

_ f Fy®- V0 (& 5) 7(ds)
S

= L0 f(X).
Also,

t t
wo(B) = / nLbY (r,X)dr =7 [LC / by (r, ~)dri| (X)
0 Oz
- [LC / 0! (arpgohy, —LCP§°>\IJ,) dr:| @)
0

t
— |:LCQ1 / LCP§°>\y,dr} X,
0

where we used that 8rP§O) W, does not depend on s and is thus in the kernel of Q‘l. Hence,
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t t
/ 7LD (s, H)ds = —1 [LCQ‘l / LPO(rw)) dr] G —> —7 [LCQ*‘LC(nh)] @),
0 t Jo t—0

where we used that P(Oo)f = nf and that r¥;, — h. Indeed, thanks to Assumption 2.1,

1 (x) =t f(x) — 1f (x, ) +1 Z 7 (f(X) = f(@m(x)))

n=1
:6/0 7 (f() —f (¢r(x))) dr=h(x),

and the convergence t¥ — h holds in all norms |||-|||;. The proof of (2.8) is concluded by letting
t vanish in the equality ¢; = —poa — pnof (since ¢ is independent of ¢). [l

3. Applications

3.1. Top Lyapunov exponent for cooperative linear Markov-modulated ODEs
In this section, we consider linear Markov-modulated ODEs on R? of the form
Z(t)=A (o(t/e)) z(1) (3.1
where, for all 0 € S, A(0) is a d x d matrix. We work under Assumption 1.1 and write A =

/. 5 A(s) (ds). Moreover, we focus on the setup of [7], given as the following assumptions.

Assumption 3.1

(i) The Markov process (o (1)):>0 is Feller.

(ii) Forall s € S, A(s) is a cooperative matrix, in the sense that its off-diagonal coefficients
are non-negative.

(iii) The averaged matrix A is irreducible in the sense that, for all i, j € [1, d] there exists a
pathi=iy, ..., ig=jwithA;_, ; >0 forallke[1,q].

The fact that the matrices are cooperative implies that Ri is fixed by (3.1) for 7 > 0 and that
Assumption 2.1 holds. We decompose solutions of (3.1) on Ri as z(t) = p(1)6(t), where p(t) =
1-z2()>0with 1=(1,...,1)eR? and 0 =z(/p(H e A={xeRL, x| +-- - +x4=1}.
The ODE (3.1) is then equivalent to

') =1-A(a(t/e)) 0(0)p(t), () =Foq/e)(0(1), with Fs(0) =A(5)0 — (1 - A(5)6)6.

It is proved in [7] that, under Assumption 3.1, the Markov process (6(f), o(t/¢));>0 admits a
unique invariant measure u, on A x S and that, for all initial conditions z € R’i \ {0}, almost
surely, lim;_, 5 p()/t = A, where Ag:= f Axs L-A(s)0 11e(d0, ds) is called the top Lyapunov
exponent of the process. Denoting by Amax(A) the principal eigenvalue of A (i.e. with maximal
real part), [7, Proposition 4] entails that lim,_,o A; = Amax(f_\). From Theorem 2.1 applied to
the function f: (0, s) — 1 - A(s)8, we get an expansion of A, for small ¢.

Proposition 3.1. Under Assumptions 1.1 and 3.1, there exists a sequence (cy)i>1 of real
numbers such that, for alln > 1,

n
A= )\max(A) + ; Ckgk + 8_0)0(8”)-

https://doi.org/10.1017/jpr.2024.107 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.107

8 P. MONMARCHE AND E. STRICKLER

Moreover, denoting by X and y, respectively, the right and left eigenvectors of A associated with
Amax(A) and such thatx € A andx -y =1,

c1= fs 5TO AN (T~ 1) AR T(ds).
Proof. First, considering / given by (2.9), we claim that, for all (x, s) € A x S,
h(x,s)=—In( - x). 3.2)
Indeed, note that, for all x € M,

1 ~Ae”_‘x d A
T ) = = (e,

Therefore, using that x = ¢,(X),

/oo (f (%) — f (pr(x))) dr_/‘ooi n 1-e% "
0 Pr = @ ]l'erAx

, 1-e"% )
= lim In = =—In(y-x),

r—>o0 ]l,e}"_x

where we have used the Perron—Frobenius theorem. From (3.2), we deduce that L.A(x, s) =
—F(x)- (/- x)). Now, since Fg(x) = A(s)x — fs(x)x, we get

A(S)x -y

— ’

Loh(x, s) — f(x, ) = —

and then

0T @A)y

y-x

O (Leh—fx, s) =

from which we deduce that
0 ' A)F-F_ [0 AT
E—) y—- p—
»-X y-x
=@ ' A - 7)Y — [0 AT,

where we have used that x - y = 1. As a consequence,

V.0 (Leh — )X, 5) =

Fy(®) - VeQ ™ (Leh — f)(X, 5)
= (AT - (1-AEDD - (@' WEF 77 - 127 W®1T)
= (@' A)®F - NAEX - § — A®X- [0 (AT
—(1-A@DQ AT PE-F + (L - A®DE - [0 (A)®] .

Since x - y = 1, we see that the last line is equal to

—(1-AEDQ AT -+ 1 - AN (A) )X - =0.
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We end up with
Fy(®) - VeQ ' (Leh — )(F, ) = Q7 A)$)X - DAS)F - § — O ANSAS)X -y
=5" 07 W [&" 1] A,

Integrating with respect to & leads to

c1 = / ¥y O A)s) (z‘cyT —1) A(s)% 7(ds).
S

O
Example 3.1. If ¢ is a Markov chain on § = {0, 1} with matrix rates given by
-p p
= , 33
¢ <1—p —(1—p>> G-
we get the following simple expression for c;:
c1=p(1=p)[i (Ao — A% — (T (4o — ADD’]. (3.4)

Indeed, recalling that Q_1 = O (see Example 1.2) and using that w;Q; ¢ = p(1 — p) if s # 5’ and
—p(1 —p)if s=5', we get c; =y ' (AgPAg + A1 PA| — AgPA| — A PAg)x, where P=1 —Xy'.
Now,

5T Aoy TAlx + 5T A1xy T Aok — 3T Aoxy T Aox — 3T A1xy T A1k = —( ' (Ag — A1)
and y'AgA1x + 5 A1Agx — ¥ AgAgx — ¥ A1A1Xx = —y | (Ag — A1)%X, which induces (3.4).

When considering the switching between matrices (A;);cs, the following natural question
arises: if all the matrices are stable (i.e. Amax(A;) <O for all i € S), is the switched system
(3.1) stable, in the sense that A, < 0? It is now known that this is not true. In the case of
random switching between two 2 x 2 matrices, examples of stable matrices giving an unstable
system can be founded in [5] and [21]. In the first reference, for p = %, Amax(A) < 0 so that
fast switching leads to an unstable system. In the second reference it is a bit more complicated,
since Amax(A) > 0 for all p € (0, 1), meaning that both slow and fast switching lead to a stable
system. However, [21] showed that if switching neither too fast nor too slowly, the system is
unstable. Yet, in [21], the matrices are not cooperative in the sense of Assumption 3.1. This is
not surprising, since it is proved in [17] that switching between cooperative matrices of size
2 x 2 such that every matrix in the convex hull of the given matrices is stable, will always
lead to a stable system. However, it is also shown in [17] that it is possible in some higher
dimensions to construct an example where all the matrices in the convex hull are stable, and
for which there exists a periodic switching such that the linear system explodes. Later, an
explicit example in dimension 3 was given in [15]. Precisely, consider the matrices

-1 0 0 ~10 0 10
Ao=(10 =1 o), a=[o0o —10 o]. (3.5)
0 0 -10 0 10 -1

It is shown in [15] that every convex combination of Ay and A is stable, and yet a switch
of period 1 between Ag and A; yields an explosion. In [8], the authors asked the question
whether the same system but with Markovian switching can lead to explosion. Using numerical
simulations, they suggest that this is true and the Lyapunov exponent is positive for neither too
fast nor too slow switching. Now, using (3.4), we rigorously prove the following assertion.

https://doi.org/10.1017/jpr.2024.107 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.107

10 P. MONMARCHE AND E. STRICKLER
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P )\max(p) b= Cl(p)

FIGURE 1. Plots of p from the proof of Proposition 3.2.

Proposition 3.2. There exist two cooperative matrices By and By such that:

e Forallp €0, 1], Amax((1 — p)Bo + pB1) <O.

e Forsome ¢ > 0 and p € (0, 1), the top Lyapunov exponent A of the system (3.1) with o
generated by Q given in (3.3) is positive.

Proof. To emphasize the dependency on p, we write A(p), A.(p), and ¢;(p) for the mean
matrix, the top Lyapunov exponent, and the first-order derivative, respectively, when the
switching rates are given by the matrix Q in (3.3), and the matrices are (3.5). We also write
Amax(p) for Amax(A(p)). Figure 1(a) shows p — Amax(p), and we can see that the maximal
value of this function is attained at some p* € [0.3, 0.5] and is worth A} . €[ —0.5, —0.45].
We can see from Figure 1(b), which shows p — c1(p), that on the interval [0.3, 0.5] we have
c1(p) = 15, so that, in particular, c{(p*) > 15 > 0.

Let 6 >0 and A? =A; 4+ é1. Replacing A; by A? in (3.1), we can easily check that the
Lyapunov exponent of the system is Aﬁ(p) = A¢(p) + 6. Moreover, fl-‘S x)=1-(A; +8D)x,
so that F;S = F;, and the dynamic of the angular part of (3.1) is independent of §. Hence,
Proposition 3.1 entails that Ag(p) > Amax(p) + 8 + c1(p)e — M(p)e? for some constant M(p)
depending on p. Choosing p = p* and € = ¢ (p*)/2M(p™*) > 0 yields

Cl(p*)2

8 (% *
AL 2 Amax(p) 8 4 .

Letting § = —(c1(p*)?/8M(p*)) — Amax(p*) concludes the proof, since

o AXp*) = 3(p*)/8M(p*) > 0;

o forall p € [0, 1], Amax(A)) < Amax(A0:) = Amax(p*) + 8 = —c{(p*)/8M(p*) <0. O
Example 3.2. Assume as in Example 1.1 that Of =Q 'f=nf—f. Then we have

O '(A)(s)=A — A(s). Using y'A=1(A)y" and y x=1, we get y'A(xy' —I)=0, which
yields c; = f S joAz(s)X — G}TA(S)J"C)2 m(ds). Notice that, from Jensen’s inequality,
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2
/ G AT 7 (ds) = ( / fA(s)fm(ds)) = Amax(4)?,
S S

so that

c1< fs 7T AT T(AS) — hman () =FTAZE — dan (X)) =T (A2 = A7)

For further considerations and examples on the monotonicity of Lyapunov exponents in
terms of the switching rate, we refer the interested reader to the follow-up work [23].

3.2. Richardson extrapolation for randomized splitting schemes
In [1], in order to approximate the solution of an ODE of the form

(1) = F(y(1)), (3.6)

the vector field F is split into F(x)= Ziv: 1 Fr(x), where each flow x = Fy(x) can be solved
exactly. More precisely, the two main examples of interest in [1] (to which we refer for details
and motivation) are the so-called Lorenz-96 model and a finite-dimensional Galerkin projec-
tion of the vorticity formulation of two-dimensional Navier—Stokes. The trajectory y is then
approximated by a discrete-time scheme of the form

5 sl N 5
Xpr1 = cDr]/s O---0 q)tN/s(xn)’

where CDf is the flow associated to F; at time ¢ and 71, . . . , Ty are independent random variables
distributed according to the standard exponential law. More precisely, for a fixed # > 0, y(¢) is
approximated by x;, with ne =1, for a small . Notice that this does not enter directly our
framework. However, consider the Markov-modulated ODE X, (¢) = F(ni/¢)(x:(2)), Where o is
a cyclic chain on [1, N] with rate 1 (i.e. it is a standard Poisson process modulo N). We can
take the times 7; to define the jump times of o, and thus x/, is exactly x,(eS,/N), where S}, is the
(nN)th jump time of o. In particular, if ne = ¢, assuming that the vector fields Fj are bounded,

[xe (1) — x| = |xe () — X (eSp/N) | < max ||FllooleSn/N — 1],
ke[[1,N]
E|(eS,/N) — t|> = ne*/N = te/N.

In other words, (x¢(#));>0 (which can be sampled exactly if (x}),en can) can be seen as an
alternative variation of the scheme of [1].

The convergence of x°, to y(f) as ¢ — 0 for a fixed = ne, or more precisely of the corre-
sponding Markov transition operators, is stated in [1, Theorem 4.1], which is thus similar to our
Proposition 2.1 at order n = 0. Notice that, a priori, the ODE (3.6) is in R4 but [1, Theorem 4.1]
is proved by restricting the study on the orbit of the process, which is assumed to be bounded
(this is [1, Assumption 1]), so that our results apply in this context.

The higher-order expansion in Proposition 2.1 enables the use of a Richardson extrapolation
to get better convergence rates.

Indeed, we get that, for any fixed xp € R? > 0and f € A,setting ¢; = P;l)f (x0), there exists
C > 0 such that, for all € € (0, 1], |E (f (¢:(x0)) —f(xc(2))) — cre] < Ce?. As a consequence,
for any r > 1, taking @ = r/(r — 1) so that 6 + (1 — 8)r =0, we get

f (@:(x0)) — [0E (f(xe(1) + (1 — O)E (f(xer(0))] | < (20 — 1) ClIf l1362,
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L basic
10 - gxtrapolation

error

—2

10 10

FIGURE 2. Weak error for the conservative Lorenz-96 model for the basic estimator X.(f) and the
extrapolation yg (7).

providing an approximation of f(¢;(xp)) with a second-order weak error in terms of ¢, at a
numerical cost less than twice the simulation of x.(¢) (since r > 1, there are on average fewer
jumps for x.(2)).

As a simple illustration, we consider the conservative Lorenz-96 model from [1], which is
(3.6) with, denoting by e the kth vector of the canonical basis of ]Rd,

Fi(x) = (Xk186 — Xk€p1)Xk—1,

where the indexes are periodized in the sense that x4+ = x1, X, = X0, and x_| = x;,—1. Along
the flow x = Fy(x), all coordinates but x; and x;| are preserved, and

( X () ) _ ( cos(xx—1(0)2) Sin(xk—l(o)t)> < x(0) >
Xpe+1(7) — sin(xg—1(0)1)  cos(xk—1(0)1) ) \xx+1(0) )

We run a trajectory up to time 7= 10 starting from x(0) =(1, ..., 1), which is a fixed point
of F but not of any Fi. We compute X¢(), the average of x.(r) over m =10’ independent

experiments for each value of ¢ € {(%)k, k € [0, 20]}. Taking r = (%)5 ~42land O =r/(r —
1) we define the extrapolation . (f) = 0x.(t) + (1 — 0)X,(¢) for ¢ € {(%)k, kels, 20]]}. The
errors |x(¢) — x(0)| and |y(f) — x(0)| in terms of ¢ are plotted (in log-log scale) in Figure 2,
where the speed-up of the extrapolation is clear.

https://doi.org/10.1017/jpr.2024.107 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.107

Asymptotic expansion of invariant measure 13

3.3. Species invasion rate in a two-species Lotka—Volterra model in a random
environment

We consider a model of two species in interaction, in a random environment, described by
the following system of Lotka—Volterra equations:

—d);i’) =X0)(a(” — a]\"X(0) + a3 Y (1),
dr() 3-7)
A = Y(0)(a3" + a5"X(0) — a3V Y (1)).

We assume that aj,, @, > 0 (intraspecific competition); the other parameters can be positive
or negative. The coefficients aj,, and a3, represent the growth rates of species 1 and 2 respec-
tively, while the coefficients a}, and @3, model the interaction between the two species. If, for
example, aj,, a3, > 0 while @}, aj, <0, we get a prey—predator system (species 1 being the
prey, and species 2 the predator). Assumption 1.1 is also enforced in this whole section.

In the absence of species 2 and after accelerating the dynamics of o by a factor 1/, species
1 evolves according to a logistic equation in a random environment:

dX(t)
Sdr
We prove the following result in the Appendix.

= x(0(a"” — a7 x(0)). (3.8)

Lemma 3.1. Assume  that po:=infics ajy/aj, >0, pii=sup,gaj,/aj, <+oo, and
infses all > 0. Then the process (X(1), o(t/€))>0 with X given by (3.8) and X(0)# 0
will ultimately lie in E:= [pg, p1] X S and admits a unique stationary distribution p, on E.
Moreover, (X(¢), o(t/€)) converges in law to e when t goes to infinity.

The stationary distribution p. represents the population of species 1 at equilibrium in the
absence of species 2. The invasion growth rate of species 2 when species 1 is at equilibrium is
then given by Ay(¢) = f MxS (a5 + a3,x) pe(dx, ds). Intuitively, we are interested in the sign
of this quantity, since when the abundance of the second species is close to 0 we have, roughly,

1 1 o(u/e u/e
—ln(Y(t)):—/[ SO 1 a3 X ()] du
t t Jo

where X solves (3.8) and the right-hand side converges to Ay(¢) when  goes to infinity, thanks
to Lemma 3.1 and the ergodic theorem. It is made rigorous in [4] that, indeed, the sign of A ()
gives information on the local behaviour of (3.7) near the boundary {y = 0}. We illustrate this
in Figure 3, considering two cases with two environments (i.e. o € {1, 2}), with the parame-
ters detailed in Table 1. These parameters are chosen so that Ay is increasing in Case 1 and
decreasing in Case 2, and changes sign at some point in both cases.

In Figure 3(a), Ay(¢) is estimated by Monte Carlo with a long simulation of (3.8). We see
that the Lyapunov exponent decreases (resp. increases) when the switching rate e ~! increases
in Case 1 (resp. Case 2). In Figure 3(b), (¢), and (d), (3.7) is simulated with initial condition
(X0, Yo) = (1, 1072). In Case 1 in Figure 3(b), the second species is persistent (i.e. invasion
occurs) for ¢ = 1 (where Ay(¢) > 0), but as the switching rate increases, extinction occurs (for
& = 1073, the trajectory is close to the deterministic averaged flow, for which y, vanishes expo-
nentially fast). Conversely, in Figure 3(c) and (d) with the parameters of Case 2, slow switching
(e € {1, 10}) gives Ay(&) < 0 and extinction, while fast switching leads to persistence/invasion
(as in the deterministic averaged flow, close to the ¢ = 1073 case).
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TABLE 1. Values of the parameters of (3.7) in the two cases of Figure 3.

g a a a
0] ap ap a0 a a

oq
N

o %
Case 1 1 2 1 0 -6 5 1

2 1 1 0 —6 3 1
Case 2 1 3 1 0 -8 2 1

2 2 1 0 -9 5 1

0z

10° ) ‘111‘ 107 o 2500 sr:rm 7500 10000
€7l > Ay(e) (x-axis in log-scale) t — Y, (y-axis in log-scale)
in cases 1 (blue) and 2 (red). in case 1 with e € {1077, j € [0, 3]}
(c) (d)
1" 1°

TS M

Y(t)
¥()

30

10729

0 25 50 7 100 0 250 500 750 1000
t t

t — Y; (y-axis in log-scale) Same as (c¢) but longer simulation time.

in case 2 with € € {1073,0.1, 1, 10}.

FIGURE 3. Simulation of Lotka—Volterra models with the parameters of Table 1.

Denoting by & = |, s @’ m(ds) the mean with respect to 7 of a function « defined on S, it is
proved in [6], in the specific case when o is a two-state Markov chain, that Ay(¢) converges as
& goes to 0 to axp + az1x. The following proposition extends this result to the general case of a
process o satisfying Assumption 1.1 and with a first-order expansion.

Proposition 3.3. Assume that infyecs aj, > 0 and supycs aj, < +o0c. Then, for any invariant
probability measure (e of (X;, 0(t/€))>0,
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- =2 s s
_ - - aia a a _1 (a1 a
Ay(e)=ano +anx+e—=> 10/ (—_10 ——_“>Q 1(—_ -= )(s)n(ds)~|— o (o).
ap S \adi0 ail aip a1 e—0

Proof. First, note that the unique equilibrium of F(x)=x(a10 — anx) is x:=apo /a1, and
Assumption 2.1 holds (since, thanks to Lemma 3.1, it is sufficient to consider initial conditions
in the compact set [pg, p1]). By Theorem 2.1, and since the marginal of 1, in s is independent
of & (so that u.(azo) = azg), we have

Ay(e) =ax +anx+eci + 00(8),
e—

with ¢; = 7L.Q~ " (Lh — f) (%) for f(x, 5) = a3, x. Using the formula for / derived in Remark
2.1, we have

*Fy) — @) /x _ y—X a1 (x)
hix, s)= —————dy= ——————dy==—"—In(-],
() /x F(y) Y 3 a21y(alo—ally) Y a "X

which yields L h(x, s) = —(aio — ailx)c_lm/c_ln. Then, Vi (L:h — f) =ai1az1/ar — azy, so that

LO7 (Leh—f) (&, $) =Xa}y — a}, DO C_%au - azl) (5),

and finally, integrating this with respect to 7 and using that x = ao/ai1,

~ =2 S s
214y / <a10 a11> ~1 <d11 a21)
a=——7 ——-—1]0 — — =— ) (s) m(ds), (3.9)
air Js \aw ai ailr  az
which concludes the proof. O

Let us discuss the sign of the expression (3.9) in some particular cases.

e If @}, =ai and aj, = ajo for all s, then A;(O) = 0. This is expected, since in that case,
the process X that is the solution to (3.8) is deterministic and does not depend on &,
and pg = 85,0/a,, ® 7 for all &. More interestingly, if a}; = a1 and a3, = az1 but ajg is
varying, we still have A;(O) =0.

o If @}, =ajo and @}, = ay) for all s, using that 70 '=0"11=0, we get
= =2 K
arla a _ ail
¢ = —_—10/ i (—) () 7(ds)
ain Js an arn
512151%0

_ /s(“i‘ —a0" (an —an) () 7(ds).

_3
ar
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This is always non-negative, as it can be interpreted as an asymptotic variance. Indeed,
considering g € A with tg =0, forr > 0,

2
E,

2 t t
= ;Eﬂ/o / g(o(u))g(o(s))dsdu

2 t t
=- / / 7 (gQu—s8) dsdu
tJo Js

2 t t
_2 / f Lyeros (gQyg) dsdv
t Jo Jo

2 t
1 [t=vm @) &v — 27 (s07'%).

1 t
- / g(o(s))ds
t Jo

where we used that fot 0, g converges to —Q’] g, and

t
'/ v (gQ,g) dv
0

o0
< / Cve"V|gl12, dv.
0

Example 3.3. We consider the case described in Example 1.1, where Of = Q™ 'f =nf —f. In

that case, we get
S S
—1{an a2 a a
Q 1(_— - _—)(S)Z_A - _i,
air  az a1 an

which entails

JE— 2 _ N
__ajpaz| ar, ajpdil  aiazl

ajpazi  (an)* awan  anan

Example 3.4. We now consider the two-state case, i.e. o is a Markov chain on § = {0, 1}, with

matrix rates given by
_( P p
0= <1 —p —p))

for some p € (0, 1). The behaviour of the solutions to (3.7) was studied in [6] through the signs
of the invasion growth rates of species 1 and 2 in the competitive case (i.e. when a3, and a},
are negative). That study was complemented by [22], which proposed an alternative formula
for the invasion growth rate that made it possible for them to understand the monotonicity
of & = Ay(¢). In particular, it is a consequence of the proof of [22, Lemma 4.1] that ¢ —
Ay(e) is increasing if A> > 0 while it is decreasing if A < 0, where A; is the coefficient of the
second-order term of the polynomial

1 1 0 0 0 1 1,1 0 /0
a a a a a a ay /a;n—ay,/a
Peoy=|20(14 L (1= Gn) m Doy D (g - Gy 1/%0 ~ 41/%0
al al a? a° ad al lal, jal, —a% /a% |
10 20 10 10 20 10 117710 117710
thatis, Ay = (ahag1 — a?laél)/(a?oaio), if we assume without loss of generality that a}la}O >

a(l) 1a(l)o. Let us prove that our results are in accordance with the results of [22] by studying the
sign of the first-order term of the expansion of & — Ay(¢) when ¢ — 0. Using Example 1.2,
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wehaver =(1 —p, p), 0~ =Q, and Qs =p(l —p)ifs# s"and —p(1 — p)if s =, from
which we compute ’

/ /

= =2 s s s s
aa a a a a
¢ . 10 2 : ”xQS Ky <_10 _ 11) 11 _ ™21
arl ’

; aijo ai/) \an az
s,s €0,1
2 0 0 1 1 1 1 0 0
2147 ajp 491y a4y aip 4 a4y
= P(l—P)|: - - — — |t |\ - -
aii ajpp an aylr  az ajp ai ay;y  az
0 0 0 0 1 1 1 1
Do ) (9 _ %) _ (%o _ %) (% _ % }
ayp a ap  as aypp a apy  asn
_— 0 0 1 1 1 1 0 0
Q1dyg djg 4y dig 4y a4 a4y
aii ajpp ai ajpp ai aip  ang ajil  an
) 0 1 0 1 1 0 1 0
@1dyy ajo — 410 95 — 4y ajp — a4y —ay
=——p(1-p) = - — = — ===
ao ai a a1
0 1 - 1 0
_ P —plajyapdio (ay;  aj; ( 1 0 0 1 )
- -3 1 o J\@ndy; —apay)-
@) 4o 4o

Since we have assumed that a%l /a%O > a(l)l /a(l)o, the sign of A;(O) is indeed the same as that of
1.0 0 1

11431 — 411921

In Example 3.4 we see that the sign of ¢; only depends on the coefficients of the vector
fields, through the sign of a} 1“31 - a?l a;] . The proof in [22] of the monotonicity of € > A (€)
relies on an explicit formula for p.. Such an explicit formula is, however, in general only
computable in the case of two environments. In contrast, our formula can provide some insights
on the local behaviour of & = Ay(&) near O for any number of environmental states. We now
give an example where, contrary to the previous situation, the sign of ¢; depends also on the
switching rates of .

Example 3.5. Let ¢ be an irreducible Markov chain on & ={1, 2, 3}. We consider two
different rate matrices for o:

1 1 1 1

—(z+9) 3 8 -1 2 3

Q0= 3 -G+8 s |, o=]s -G+9 3
3 ;0 -l 5 L+

for some small § > 0. Intuitively, if the rates matrix is Q, then o will spend most of the time in
states 1 and 2, while if the rates matrix is Q’, then o will spend most of the time in states 2 and 3.
Hence, we can expect that in the first case, for small 8, c¢; will be close to (1, 2), given by

1.2 = 2 1

a;nadinadlo ([ a a

10410 11 11 2 1 1 2

c1(1,2)= W(T - T)(allaZI —ayay),
11 @0 Y0

which is the expression derived in Example 3.4 when o is a Markov chain on {1, 2} withp = %

In the second case, ¢ should be close to
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4any \aj, ai,

2 3 - 3 2
c1(2,3)= fio%o10 (ai - ai)(“?l“%l —a}ya3)),
the expression when o is a Markov chain on {2, 3} withp = % In particular, we can choose the
coefficients (ajs.k)j,kﬁs in such a way that c;(1, 2) <0 and ¢{(2, 3) > 0, meaning that, with the
same environmental states, different switching mechanisms can lead to opposite signs for the
derivative at O of the growth rate. In other words, it can be as beneficial as it is detrimental for
species y to increase the switching rates, depending on the switching structure.

Using (3.9) with @, =1 forall s and a}, =3, a}; =2, a}y=1,a}, =2,d3, =5, a3, =3,
and § = 0.0005, we compute in the first case ¢; >~ —1.871 6289 < 0 and in the second case
c1~0.7473772 > 0. As expected, these two values are respectively close to ci(1,2)~
—1.874437 8 and ¢1(2, 3) ~0.750374 8.

Notice that, for the two-environment processes, these parameters are those used in Table 1,
and thus we get that the sign of ¢ in each case is consistent with the monotonicity displayed
in Figure 3(a).

Appendix A. Proof of Proposition 2.1

Proof. This is essentially the proof from [24], in dual form since we work with P;f rather
than the law of the process. It is organized in three steps. First, assuming formally that (2.3)
gives an expansion in ¢ of P;, we deduce the expressions for Pﬁk) and ka). With these defini-

tions, in the second step we establish the bounds in (2.1) and (2.2) on P;k) and S;k) . Finally,
from this, we obtain the bound in (2.4) on Ry, ,.

Step 1. Fix f e C°(M x S). Forall t > 0,

9,Pf =L°PCf. (A.1)

Bearing in mind the ansatz that (2.3) gives an expansion in ¢ of P{f, developing each side of

the above equality in ¢, and equating terms of the same order (treating the terms P;k) f and S;k)f
separately), we end up with the following equations for all £ > 0:

oP"f =0, (A2)
aPf = L (PPF) + 0P Vf, (A3)
S = 08f, (A4)
0,1°f = 08 + Le(s* VP (A5)

To shorten the notation, for k € N we write u(t, x, s) = ng)f (x, ). Moreover, for a function
g(t, x, s) we use the notation w g(¢, x) = f s 8(1, x, 5) w(ds). Equation (A.2) is equivalent to say
that there exists 6y(z, x) such that, for all s € S, uy(t, x, s) = 6y(¢, x). Now, if we want (A.3) for
k=0 to have a solution uy, this will induce a constraint, fixing the value of 6y. Indeed, this
equation can be rewritten as Qu = d;up — L.up. The left-hand side averages to 0 with respect
to 7 (for all fixed x € Mt > 0), and thus we have to impose that 7 (3,19 — Lcug) = 0. This is
equivalent to

3o(t, x) — F(x) - VO(t, x) =0, (A.6)
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which is a transport equation with solution given by 6y(t, x) = 6o(0, ¢,(x)). In order to identify
a suitable initial condition 6y(0, x) = mup(0, x), we formally let ¢ and then 7 go to 0 in

t
T Pif(x) =mf(x) + / L Pof(x) dr,
0

which is obtained by integrating (A.1) and using that 7 Q = 0. This yields 6y(0, x) = 7f(x) and,

as stated,
POf(x, 5) = uo(t, x, 5) = Tf (y(x)). (A7)
Now, reasoning by induction, we assume that for some k£ > 1 we have constructed uy_1
satisfying  (d;ug—1 — Leug—1) =0, from which we want to define uy. Recalling the definition

in (1.4) of the pseudo-inverse 071, (A.3) is then equivalent to the existence of a function
6r: Ry x RY — R such that

(2, x, 8) = Q" Bup—1 — Leug—1)(t, X, 8) + O4(2, X). (A.8)

Once again, to find a suitable 6; we use (A.3) at order k + 1, which we rewrite as Qui4| =
d;uy — Leug. As before, for fixed (¢, x), since the left-hand side averages to 0 with respect to 7,
we impose

7 (O;uy — Leug)(t, x) = 0. (A9)

Notice that 7Q~! =0, so that, averaging (A.8) with respect to 7 and differentiating with
respect to time,

7T 01ty = 00k (A.10)
Injecting (A.10) and (A.8) into (A.9) yields
8:0(t, x) — F(x) - VOi(t, x) = wLcby(t, x), (A.11)

where we set by, = Q‘l(atuk_l — Leoug—1). This is again a transport equation, similar to (A.6),
but with a source term. The solution is given by

t
O(t, x) = 60, ¢ (%)) + /0 7 Lebi(r, 9r—r(x)) dr. (A.12)

For now, by construction, for any choice of the function 6x(0, -), the function u; defined by
(A.8) where 6y is given by (A.12) satisfies (A.3) and (A.9). It remains to specify a suitable ini-
tial condition 6x(0, x). To do so, we need to first look at the so-called boundary layer correction
terms SO,
Set vi(t, x, 5) = SPF(x, 5). Then, (A.4) and (A.5) read
dvo = Qvo, (A.13)
vk = Qv + Leve—1. (A.14)
Equation (A.13) is simply solved as vy(t, x, s) = Q;vo(0, x, s). Moreover, taking t =0 and
letting £ — 0 in (2.3) yields vo(0, x, s) 4+ uo(0, x, s) = f(x, s), and hence we set

vo(t, x, 8) = Q,f (x, ) — wf (x), (A.15)

which indeed solves (A.13). Next, assuming by induction that v;_1 has been defined for some
k > 1, we can solve (A.14) to find

t
vi(t, x, ) = Qpvi(0, x, 5) + / Qi rLevi—1(r, x, 5)dr.
0
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It remains to choose a suitable initial condition vi(0, x), which will be determined by the
requirement of the long-time decay (2.2). Indeed, since lim; oo Oy =7, (2.2) can only
hold if

o0
0= (vk(O, 0+ / O Levi 1(r, x) dr) ,
0
and therefore

(0, x) = — /
0

Also, from (2.3) applied with =0, we get that v(0, x, 5) + ux(0, x, s) =0 for all k > 1 and,
integrating (A.8) at t =0 with respect to m, 6¢(0, x) = mu (0, x). Hence, the only choice of
0x(0, -) that is compatible with (2.2) is

oo

o0
7O, Levi_1(r, x)dr=— / wLevi_1(r, x)dr. (A.16)
0

o0
0k(0, x) = / piLevi—1(r, x) dr.
0

Finally, v(0, x, s) = —ux(0, x, 5) is determined, again using (A.8) at r=0. At this point, we
have completely determined a definition of ng) and Sgk), which is the one that we use in the
rest of the proof. It is such that (A.2), (A.3), (A.4), and (A.5) hold.

Step 2. We prove that the bounds (2.1) and (2.2) on ng) and Sgk) hold. We work by
induction on k, starting with £k =0. By compactness, recalling the definition of ug in (A.7),
it is straightforward that for all 7' > O there exists Co(7, j, p) such that, for all j > 0 and all
fECPM X S),

sup 197 uolll; < Co(T, j, P Nlj+p-
te[0,7T]

Let j >0, a €[1,N}, and p e N. Then, by (A.15), 0%vg = Q0% f — mw(92f)). Using the
ergodicity condition in (1.3), we get, forall f € C*°, 1> 0, and j € N, ||lvo(z, -)Illj < Ce |l f1ll;.

For k > 1, reasoning by induction, we assume that there exist constants Cx_1(7, j, p) and
Ck—1(j) such that

sup 17 ue—1(t, Il < Cee1 (T, j, P FMljp+206—1)
1€[0,T}

and, forall ¢t > 0,

k=1, Il < Com1(De™7 (A +E"DIFll+20-1)-

Since s, x — Fy(x) and its derivatives in x are uniformly bounded over M x S, it is straight-
forward to check that that, for any j, p € N and T > 0, there exist C(j) and C(T, j, p) such that,
for any g € C*°(M),

ILeglly < COlgllj+1 sup 137 (g 0 @o)lll; < C(T, j, p)llgllj+p»
1€[0.7]

which we use extensively in the rest of this step. In the following, T, p, j, k are fixed, and we
denote by C a constant which may change from line to line and depends only on 7, p, j, k.

https://doi.org/10.1017/jpr.2024.107 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.107

Asymptotic expansion of invariant measure 21

First, forall 1 < T,
(1187 (6k(0, ) 0 @) Ill; < CllIBK(O, Hllj4p

o0
<c f WLevier(r, My dr
0
o0
<C / ket (s Mipat dr < ClLA it 12661y
0

by induction. Next, using that 8"b; = Q_l(afﬂuk_l — L(8Pux_1)), we get that, for all r < T,

1
137 bl < (Y™ Il + ML (Of a1l
1
Ca7 el + 37 ur—1ll1) < CILfMipt1426-1)

by induction. Now, from (A.12), forall t < T,

NN

t
162, ;i < N6k C0, ) o ¢yl +/0 ILcbi(s, <) 0 @r—slllj ds

t
< CJl16k (0, Il + C/o Ibx (s, llj+1 ds < Clll flljs-2+2%;—1D-

To bound the derivatives in the time of 6, instead of using (A.12) it is simpler to work with
(A.11), which gives, forp > 1,

—1 -1
187 6k (t, Iy < MwLedl ™ Ox(t, Il + NlwLed? ™ bi(e, Il
—1 —1
<A Okt 1 + CNIBE™ br(t, lllj+1
—1
L CNBE™ 0kt i1 + ClF Ml p+-1420—1)-

Reasoning by induction on p yields |[|3 0x(t, )lll; < CIll flllj+p-+2+2k—1). Gathering the previous
bounds in (A.8) yields

187 wx (2, Il < W37 Oz, L0 + 113 bice, Hlll; < CILFMjp-+2x-

This concludes the study of u; by induction. We now turn to the study of v. Using (A.16) and
omitting the dependency on x, s to alleviate the notation, we decompose v as

t
Vet = Qi) + [ QrrLevie1(r) dr
0

t o0
— Q1 (0) — e(0)) + /0 O r(Levir () — 7 Loviy () dr — f 7 Levi 1 () dr.
t

We have [|Q;(vi(0) — v (O)ll; < Ce™|I[vi(O)Ill; < Ce | flllj+2, where we used that
vi(0) = —ux(0) and the previous bound on ux(0). Similarly,

t
/0 O (Levie1(r) — wLev_1 (7)) dr

t
<C / e DLy (P dr
j 0

t
<cC / Dy (D1 dr
0

< Ce™ " A+ OV Fllj+1420- 1),
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where we have used the induction hypothesis on v_1. Finally,
oo o
f Levi—1(MI]j dr < Cf Ivi—1()llj+1 dr
t t

o0
<c / (L A e 7 drll flljs oty
t
< C(1+ 2" Ne 1 Flllj+1420—1)-

This proves the desired bounds on vi. In particular, at this stage we have proved (2.1) and (2.2).

Step 3. We now bound the remainder Ry, , given by (2.3) for a given n > 1. Introducing
N = (0 — LS)RZJf for a given f € C*°, we see that, thanks to (A.2), (A.3), (A.4), and (A.5), all
the low-order terms in ¢ vanish (as designed) so that

nt_(a[ Ls <Pé‘f ZSkP(k)f-f- ngsgl/fi ) ( P(n)f 3,P(n)f—i—L S(n)f)
k=0 k=0

The bounds obtained in the previous step yield sup,cjo 71llln:lll; < Ce" Il flllj+1+2x for some C
depending only on 7, j, n. Interpreting R;, , f as the solution of the equation ;Ry;, ,f = LR}, ,f +
n; with R?  f = 0 yields the Feynman—Kac representation

t
Roif (3, 5) = E( | mxo. oo dr>,
see [11, Theorem 6.3]. The bounds on 1, immediately yield

sup IR}, f lloo < C&"|Ifll142n
1€[0,T]

for some C depending only on T, n.
Now, to get similar bounds for the derivatives in space of Ry, f, we work by induction on j,
assuming that we have already obtained that

sup (IR, f1l, < Ce"Ilfll 1 (A.17)
t€[0,T]

for allj/ < j for somej > 1 and some C > 0. Indeed, then, considering a multi-index « € [1, d]}/,
differentiating the equation d;R;, , = L¢R;, ,f + n; yields
& £ ! &
0URE f =LoOSR, f+0%n+ Y B oY RE f. (A.18)
le|<j

where, for all multi-index o/, Ba/(x, s) is a matrix whose coefficients are some derivatives in x
of F. In other words, considering a vector G; whose coefficients are all the partial derivatives
inx of R, J of order j, then G, solves an equation of the form

3G, =L:G,+ B'G; +n,, (A.19)

where L, acts coefficient-wise on Gy, the coefficients of the matrix B'(x, s) are derivatives in
x of Fy, and n; gathers 9yn, and all the terms in (A.18) involving derivatives of Ry, ,f of order
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la’| <. In particular, thanks to the bounds in (2.1) and (2.2) established in Step 2 and to the
induction assumption, we have Supte[O,T]HM;”lOO < Ce"||| flllj+142n for some C > 0 depending
on T, n, j. We again use the Feynman—Kac formula for G; based on (A.19), which reads

t
Gilx, $) = E( / Eyfl_ (X(). 0(r) dr),
0

where (E});>0 is the solution of the matrix-valued ODE 9,E; = E;B'(X(1), o (1)) (for complete-
ness, we provide a proof of this formula in Appendix B). Since B’ is uniformly bounded, so is
E; over r € [0, T], and thus sup,¢(o. 71| Gtlllcc < Ce" Il flllj+1+2x for some C > 0 depending on
T, n, j. Since this holds for all & € [1, dVV, this concludes the proof by induction of (A.17) for
all j/. To conclude, using that

T

we get that, for all j > 0,
1 1
RS, Il < WRE g £l + &P £l + &S £l < Ce I fllja 420,

where we used (2.1), (2.2), and (A.17) (for n 4 1). This concludes the proof of (2.4), and thus
the proof of Proposition 2.1. t

Appendix B. Feynman—Kac formula

Lemma B.1. Let L be a Markov generator on a set S'. For n>1, consider fi(z)=
(f1.6@),s - - - s fut(@) €R" for z€ S, t 20, a solution of

3fi(2) = Lfi(2) + Ai@fi(2) + c1(2), z€ S, 120,
where (t, z) — A is a bounded n x n matrix field, (t, z) — c is a bounded vector field, and Lf;

is to be understood component-wise. Then, forallt >0and 7€ S',

t
[ =EERZ) + fo E(Eyer_y(Z,)) dr,

where (Z;);>0 is a Markov process associated to L with Zy =z, and (E}),¢[0,7 is the solution
of the n x n matrix-valued random ODE 0,E, = E,A;_(Z,) with Ey = I,, provided this is well-
defined almost surely.

Proof. Fix t >0, z€ §'. Then (Z,, E,),>0 given in the statement of the lemma is a time-
inhomogeneous Markov process with generator

L,8(z, €) = eAr—r(2) - Veg(z, €) + Lg(z, €),
and thus, considering the vector-valued function A(r, z, €) = ef;—(z), we end up with

O, E(Evfi—r(Zy)) = 0, E(h(r, Zy, E}))
=K@+ L)) h(r, Z,, E}))
=E(Es(—0, +Ar—r + L) fi—r(Z))
= —E(E,ci—1(Z))) .
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Using that Ey =/, the conclusion follows from

1
Ji(@) = E (Eofi(Z0)) = E (Eifo(Zr)) — /0 O (Erfi—r(Zy)) dr. O

Appendix C. Proof of Lemma 3.1

Proof. We can write 0¢(¢) = o (t/¢), and then drop the superscript ¢ to alleviate the notation;
in other words, without loss of generality it is sufficient to treat the case € = 1 (up to replacing
y by y /e in Assumption 1.1).

For s € S, let Fy(x) :x(aio - asllx). By the definition of py and p; we have that, for all
s€ S, Fy(x) > 0 for x € (0, pg) and Fs(x) < O for x > p;, which implies that for all Xy 7~ O there
exists a time T such that, for all > Ty, X; € [po, p1]- Now, on the state space E = [pg, p1] X S,
we introduce the metric

/ |x —yl
=S p1—po’

d((x, s), (y, s") = ls#s/ +1

and we consider on the space of probability measures on E the associated Wasserstein distance
defined for all u, v by

Wa(, v) = inf / d((x, 5), (v, ) dT((x, 5), (x, 5),

where the infimum runs over all the coupling measures of 1 and v. We will show that there
exist C, § > 0 such that, for all (x, s), (v, s’) € Eand all r > 0,

WaS(x.5)Pt 8(y.5)Pr) < Ce™d((x, 5), (v, 5)), (C.1

where P; stands for Ptl, the semigroup of (X, o) at time . The above inequality implies
Lemma 3.1 by classical arguments, since the space of probability measures on E endowed
with the Wasserstein metric W, is complete.

We first prove (C.1) for points (x, s) and (y, s") such that s’ = s. In that case, a coupling of
8(x.5)Pr and 8y 5P, is given by the random variables (X;**, o), (X;"*, o)) where, forall T > 0,

T T
X)ZCJA =x+ /0 ng(u)(Xj’s) du, X;’S =y+ /0 FGS(M)(XZ’S) du.

In other words, X;"* and X;™* denote the solution to (3.8) with respective initial conditions x
and y and constructed with the same realisation of the process (o (1), >0 starting from s.

Lemma C.1. Almost surely, for all x,y € [po, p1], s€S, and t > 0,
X =X ) < ey —y), (C2)
Po
where 1 = pg infses aj; > 0. This immediately yields

P _
Wa(8x,5)P5 , 8(y,5)P;) < p_oe "d((x, s), (v, 9)).
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Proof. Let s € S and write o; = a‘175<t), B = a‘]’: ® Let ¢,(z) be the solution of the differential
equation
= — P, =z (C.3)

Then, for all z, 7/ > In (pg), and all £ > 0, we have

t

|0:(2) — ()] < exp {—Po /O Bu du} lz—2I. (C4)

Indeed, the associated variational equation is

d
5 (002 = —Bu(3,0:(2))e” ),

t t
0;¢:(2) = exp (— / Bue?@ du) <exp (—po / Bu du>,
0 0

where the inequality comes from the fact that z > In (pg) implies ¢;(z) > In (pg) for all > 0.
Now, consider the differential equation

and thus

X =x/(0p — Bixr), Xo=1x, (C.5)

and set z; =In (x;). Then, z; solves (C.3) with initial condition In(x). Denoting by v,(x) the
solution to (C.5), using (C.4), we have, for all x, y € [pg, p1] and all > 0,

[Ye(x) — Y ()] = | — e MOD| < 11 (x) — @, (v)

t
<prexp {—po /0 B du}| In(x) — In(y)

t
<Plexp {—PO/ Bu du}|x—y|.
Po 0

This entails the result since X;"* and X;"* solve (C.5) with the respective initial conditions x
and y. O

We now tackle the case where the initial conditions of ¢ in the two chains are distinct: s #

s' € S. Let r > 0. Thanks to Assumption 1.1, there exists a coupling (azx/z’ 0;//2) of 8,92 and

/
5‘2/ Q.,/z with ]P’(crts/.2 £ af/z) < Ce’}”.. Fn% X,y e.[po, pl], and let Xf/s be sgch that (crts/z, Xf/é) is
distributed according to 3x,SPf 1 (which is possible since the regular version of the conditional
7

laws exists in Polish spaces; see, e.g., [19, Theorem 5.3]), and similarly for Xty /; . Then, we

/ /

s X, K Vs S
define (o7, X%, 07 . X0 ) 5,
Markov process associated to (Q,),>0 with initial condition ats/z, andweseto} =0 forallr >
t/2; otherwise, we define these processes as two independent processes associated to (Q,),>0

as follows: under the event {ats/z = af//z}, we let (07),>,/2 be a

with respective initial conditions Gf/z and af//z. In both cases, we define (Xf’s X0 )
solutions to

=2 88

r , r ,
X=X + //2 Fosy(Xy") du, X" =Xy + //2 F oy (Xar™) du.
t 13
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Then (o7, X;*, o7, Xf"v,) is a coupling of & »P¢ and & ,P¢ with, using (C.2) and that
X, S

| 2~ Xf/§| < p1 — po almost surely,

E(d((X;c,s’ O'S), (X?z,s” O'X/))) :]P’(O’S #O’S/ ) + E(Ml s § )
t t t/2 t/2 1 — Do 0=00

<Ce V%4 P1 —ni/2

Po
< (C + ’ﬂ)e—W"”/zd ((x, 5), 0, 5)) -
Po
As a conclusion, we have obtained that (C.1) holds for all (x, s), (y, s') € [po, p1] x S for some
constants C, § > 0, which completes the proof. O
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