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‘We show that, in the two-dimensional case, every objective, isotropic and isochoric
energy function that is rank-one convex on GLT(2) is already polyconvex on GL¥(2).
Thus, we answer in the negative Morrey’s conjecture in the subclass of isochoric
nonlinear energies, since polyconvexity implies quasi-convexity. Our methods are
based on different representation formulae for objective and isotropic functions in
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1. Introduction

We consider different convexity properties of a real-valued function W: GLT(2) —
R on the group GLT(2) = {X € R?*? |det X > 0} of invertible 2 x 2-matrices with
positive determinant. Our work is mainly motivated by the theory of nonlinear
hyperelasticity, where W (V) is interpreted as the energy density of a deformation
@: £2 — R?; here, 2 C R? corresponds to a planar elastic body in its reference
configuration. The elastic energy W is assumed to be objective as well as isotropic,
i.e. assumed to satisfy the equality

W(Q1FQz) = W(F) forall F € GLT(2) and all Q1, Q2 € SO(2),

where SO(2) = {X € R?*? | XTX = 1,det X = 1} denotes the special orthogonal
group.

Different notions of convexity play an important role in elasticity theory. Here,
we focus on the concepts of rank-one convexity, polyconvexity and quasi-convexity.
Following a definition by Ball [7, definition 3.2], we say that W is rank-one convex
on GLT(2) if it is convex on all closed line segments in GL™(2) with end points
differing by a matrix of rank 1, i.e.

W(F+ (1 -0)§@n) <OW(F)+ (1-OW(F+{@n)

for all F € GL*(2), 8 € [0,1] and all £,1 € R? with F + t£ @ n € GL™(2) for all
t € [0, 1], where £ ® np denotes the dyadic product. For sufficiently regular functions
W: GL*(2) — R, rank-one convexity is equivalent to Legendre-Hadamard elliptic-
ity (see [29]) on GL™(2):

DIW(F)(¢@n,E®n) =0 forall &,neR?\ {0}, FeGL*?2).

The rank-one convexity is connected with the study of wave propagation [2, 20,
68, 79] or hyperbolicity of the dynamic problem, and plays an important role in
the existence and uniqueness theory for linear elastostatics and elastodynamics
[32,34,59,73] (cf. [33,45]). It also ensures the correct spatial and temporal behaviour
of the solution to the boundary-value problems for a large class of materials [19,21,
35,36]. Important criteria for the rank-one convexity of functions were established
by Knowles and Sternberg [44] as well as by Silhavy [71] and Dacorogna [26].

The notion of polyconvexity was introduced into the context of nonlinear elas-
ticity theory by Ball [6,7] (see [6,27,65]). In the two-dimensional case, a function
W: GL"(2) — R is called polyconvex if and only if it is expressible in the form

W(F)=P(F,detF), P:R*?xR=~R°— RU{+o0},

where P(-,) is convex. Since the polyconvexity of an energy W already implies the
weak lower semi-continuity of the corresponding energy functional, it is of funda-
mental importance to the direct methods in the calculus of variations. In partic-
ular, this implication is still valid for functions W defined only on GL™ (2), which
do not satisfy polynomial growth conditions; this is generally the case in nonlinear
elasticity.
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Lastly, a function W is called quasi-conver at F' € GL+(n) if the condition

/ W(F + Vd)dz > / W(F)dx = W(F) - (9|
2 2
for every bounded open set 2 C R™ (1.1)

holds for all ¥ € C§°(£2) such that det(F + V) > 0. Note carefully that there
are alternative definitions of quasi-convexity for functions on GLT(n) (see [11]).
Although quasi-convexity of an energy function W is sufficient for the weak lower
semi-continuity of the corresponding energy functional if W: R"*™ — R is contin-
uous and satisfies suitable growth conditions [18,74], it is generally not sufficient in
the case of energy functions defined only on GL™ (n).

It is well known that the implications

polyconvexity = =  quasi-convexity = =  rank-one convexity

hold for arbitrary dimension n. However, it is also known that rank-one convex-
ity does not imply polyconvexity in general (see the Alibert-Dacorogna—Marcellini
example [1]; cf. [27, p. 221] and [4]), and that for n > 2 rank-one convexity does
not imply quasi-convexity [12, 27,64, 75].

The question of whether rank-one convexity implies quasi-convexity in the two-
dimensional case is considered to be one of the major open problems in the calculus
of variations [9, 10, 24, 60, 61]. Morrey conjectured in 1952 that the two are not
equivalent [3,42,43,48,51,63], i.e. that there exists a function W: R?*2 — R that
is rank-one convex but not quasi-convex. A number of possible candidates have
already been proposed: for example [77], the function W#: R?*2 — R with

4 —4det F, VIIF)? —2det F +/|[F||2 +2det F < 1,
)2 [|F||2—2det F — 1, otherwise,
_4Amin>\m X9 Am b'e < la
= * vz (1.2)
2(Amax — Amin) — 1, otherwise

(where Apin and Apax denote the smallest and the largest singular value of F,
respectively) is known to be rank-one convex,! but it is not known whether this
function is quasi-convex at F' = 0.

There are, however, a number of special cases for which the two convexity con-
ditions are, in fact, equivalent: for example, every quasi-convex quadratic form is
polyconvex [47,70,75,76] and, as Miiller [49] has shown, rank-one convexity implies
quasi-convexity in dimension two on diagonal matrices [17,22,23]. Moreover, Ball

1 This follows from the convexity of the function

Amax £ Amin = /| P12 £ 2det F = /(Fi1 + Faz)2(For F Fr2)?

(see [23, lemma 2.2]). In [23, remark 1] it is also noted that any SO(2)-invariant polyconvex
function can be written as the supremum of linear combinations of the functions gozf = Amax =
Amin — (AmaxAmin/c), for ¢ € R\ {0}, Lpat = —AmaxAmin, by writing it first as the supremum of
polyaffine functions and then exploiting SO(2) invariance. Thus, the individual branches of W#
are polyconvex.
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and Murat [12] showed that every energy function W: R?*2 — R of the form
W(F) = ||F||*+ h(det F) with a function h: R — R and 1 < a < 2 is polyconvex if
and only if it is rank-one convex. Iwaniec et al. even conjectured that “continuous
rank-one convex functions W: R?*2 — R are quasi-convex” [3, conjecture 1.1] in
general® (whereas Pedregal found “some evidence in favour” [63] of the hypothesis
that the two conditions are not equivalent [62]).

In this spirit, we present another condition under which rank-one convexity
implies polyconvexity (and thus quasi-convexity), thereby further complicating the
search for a counterexample: we show that any function W: GLT(2) — R that is
isotropic and objective (i.e. bi-SO(2)-invariant) as well as isochoric is rank-one con-
vex if and only if it is polyconvex. A function W: GL™(2) — R is called isochoric?
if

W(aF)=W(F) foralla€R":=(0,00).

Note carefully that we explicitly consider functions that are defined only on GL™(2),
and not on all of R?*2. Such a function W can equivalently be expressed as a
(discontinuous) function W: R?*2 — R U {+o0} with W(F) = +oco for all F ¢
GL™(2). In many fields, these energy functions are more suitable for applications
than finite-valued functions on R?*2. In the theory of nonlinear hyperelasticity,
for example, the requirement W(F) — oo as det F — 0 is commonly assumed
to hold. The left and right SO(2) invariance is also motivated by applications in
nonlinear elasticity and corresponds to the requirements of objectivity and isotropy,
respectively.* While Morrey’s conjecture is usually stated for finite-valued functions
on all of R?*? only, energy functions on GLT(2) have long been a valuable source
of inspiring examples; indeed, for n > 2, an early example of a non-continuous
function mapping R™*™ to R U {+oc0} which is rank-one convex but not quasi-
convex was given by Ball [8], even before Sverdk [75] found a continuous finite-
valued counterexample. Additional conditions for rank-one convexity of objective
and isotropic energy functions on GL ™ (2) have also been considered by Silhavy [72],
Parry and Silhavy [61], Aubert [5] and Davies [28].

Note also that a function W: GLT(2) — R is isotropic, objective and isochoric if
and only if W is (left and right) conformally invariant, i.e. W(AFB) = W (F) for
all A, B € CSO(2), where

CSO(2) =R -S0O(2) = {aQ € GLT(2) | a € R", Q € SO(2)}

2 Interestingly, the related (but not equivalent) question of whether isotropic rank-one convex
sets in R2%2 are already quasi-convex has a positive answer [38,46].

3In elasticity theory, isochoric energy functions measure only the change of form of an elastic
body, not the change of size. For more general elastic energy functions W: GLT(2) — R, an
additive isochoric-volumetric split [50] of the form

F

— iso vol _ iso
W (F) = WS (F) + W¥°!(det F) = W (7((16”)1/2

) + WYol(det F)
into an isochoric part Wis°: GL*(2) — R and a volumetric part W¥°': Rt — R is sometimes
assumed (see §5.2).

4If functions on R?*? are considered, then the isotropy requirement is often assumed to be right
O(2) invariance, whereas right SO(2) invariance is the natural isotropy condition for functions on
GL*(2).
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denotes the conformal special orthogonal group. In the literature, one also encoun-
ters the concept of conformal energies [78], which are functions W such that W (F)
vanishes if and only if F € CSO(2), e.g. W(F) = || F||?> — 2det F. However, as this
example shows, such energies are generally not isochoric (or conformally invariant).
The idea of finding new isochoric functions that are rank-one convex arose from
the search for a function of the isotropic invariants ||devylog U||? and [tr(log U)]?
of the logarithmic strain tensor log U that is rank-one convex or polyconvex (see
[25,54,54,55,58,69]), since the commonly used quadratic Hencky energy

_F
(det F)L/2

is not rank-one convex even in SL(2) := {X € GL*(2) |det X = 1} (see [56]). Here,
p > 0 is the infinitesimal shear modulus, kK = %(2;1 + 3XA) > 0 is the infinitesimal
bulk modulus, A is the first Lamé constant, F' = V is the gradient of deformation,
U = VFTF is the right stretch tensor and logU denotes the principal matrix
logarithm of U. For X € R?*2 we denote by ||X|| the Frobenius tensor norm,
tr(X) is the trace of X, deve X = X — 1 tr(X) - 1 is the deviatoric part of X and
1 denotes the identity tensor on R2*2,

Promising candidates for an appropriate polyconvex formulation in terms of
|[devalog U||? and [tr(logU)]? are the exponentiated Hencky energies previously
considered in the series of papers [37,53,56,57]:

Wu(F) = PIISO( ) + Wi(det F) = pf|deva log U||* + Lx[tr(log U)]?

i F Ve
Wen(F) = ei?((detF)l/?> + Wi (det F)

= % exp(k||deve log U||%) + % exp(k[(log det U)]?), (1.3)

where k, k are additional dimensionless parameters.

2. Preliminaries

In order to establish our main result, i.e. that rank-one convexity and polyconvexity
are equivalent for isochoric energy functions, we first need to recall some conditions
for these convexity properties. In the following, we shall assume W: GLT(2) — R,
F — W(F) to be an objective, isotropic function. It is well known that such
a function can be expressed in terms of the singular values of F': there exists a
uniquely determined function g: RT x RT — R such that

W(F) = g(A1; A2) (2.1)
for all F € GLT(2) with singular values \;, Ay. Note that the isotropy of W also
implies the symmetry condition g(A1, A2) = g(A2, A1).

2.1. A sufficient condition for polyconvexity

A proof of the following lemmas can be found in [37].

LEMMA 2.1. If Y: [1,00) — R is non-decreasing and convex and Z: GLT(2) —
[1,00) is polyconvez, then Y o Z is polyconvexr.
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LEMMA 2.2. The function Z: GL*(2) — [1,00) with Z(F) = ||F||2,/det F, where
| Fllop = max{A1, A2} denotes the spectral norm of F € GLT(2) with singular values
A1, A2, is polyconvex on GLT(2). Note that the function Z can be expressed as

Z(F) = g()\l, )\2) with g()\l/\g) = maX{)\%,)\g}//\l)\g.

These two lemmas immediately imply the next proposition [37], which will play a
key role in showing that isochoric, rank-one convex energies are already polyconvex.

PROPOSITION 2.3. If, for given W: GLT(2) — R, there exists a non-decreasing and
convex function h: [1,00) = R such that W = ho Z, where Z(F) = ||F||2,/ det F,
then W is polyconvex.

2.2. A necessary condition for rank-one convexity

We prove the following well-known necessary condition for rank-one convexity.
LEMMA 2.4. Let W : GLT(2) — R be objective, isotropic and rank-one convex, and
let g: RT x R™ — R denote the representation of W in terms of singular values.

Then g is separately convex, i.e. the mapping A1 — g(A1,A2) is convex for fized
X2 € RT and the mapping Ao — g(A1, \2) is convex for fized A\ € RT.

Proof. For a,b € R, we define

diag(a, b) := (3 2) .

Let Ay € R be fixed. Since the matrix diag(1,0) has rank 1, the rank-one convexity
of W implies that the mapping

t — Wi(diag(1, A2) +tdiag(1,0)) = W(diag(1+¢t, A2)) = g(1+¢t,A2), t€ (—1,00),

is convex. Therefore, the function g is convex in the first component and, for sym-
metry reasons, convex in the second component. O

Note that for an energy function W of class C? the separate convexity of g is
equivalent to the tension-extension inequalities (TE inequalities)
%9 0%g

87)\%20 and 8—)\320 for A1, Ay € RT.

3. The equivalence of rank-one convexity and polyconvexity for
isochoric energy functions

3.1. The main result

We now focus on isochoric functions W on GL1(2), i.e. functions that satisfy
W(aF) = W(F) for all F € GL*(2) and all @ > 0. These functions can be uniquely
represented in terms of the ratio A;/Ag of the singular values of F.

LEMMA 3.1. Let W: GLT(2) = R, F s W(F) be an objective, isotropic function
that is additionally isochoric, i.e. it satisfies W (aF) = W(F) for all F € GL™(2)
and all a > 0. Then there exists a unique function h: RY — R with h(t) = h(1/t)
such that W (F) = h(\1/)2) for all F € GLY(2) with singular values A\, \g € R

https://doi.org/10.1017/50308210516000275 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000275

Rank-one convezity implications for elastic energies in the 2D case 577

REMARK 3.2. Note that lemma 3.1 explicitly requires W to be defined on GL™(2)
only: for functions on all of GL(2), the isotropy requirement must be extended from
right SO(2) invariance to right O(2) invariance in order to ensure a representation
in terms of the singular values; if singular matrices are included in the domain of
W, then h is not well defined in the form stated in the lemma.

Proof. Since W is objective and isotropic, there exists a function g: RT x RT — R
with W(F) = g(A1,X2) = g(ha, A1) for all F € GL1(2), where A\;, Ay are the
singular values of F'. Then

wie)=w( s ) =o( o vass) - (ﬁﬁ)

Hence, for h: R* — R with h(t) := g(v/t,1/v/t) we find

() =o(Bmm) (R -

and the symmetry of g (which follows from the isotropy of W) implies

o)) )

Finally, the uniqueness of h follows directly from the equality h(t) = W (diag(¢,1)).
O

We are now ready to prove our main result.

THEOREM 3.3. Let W: GLT(2) — R, F +— W(F) be an objective, isotropic and
isochoric function, and let h: RT — R, g: Rt xRt — R denote uniquely determined

functions with
W(F) =g(A1, X)) =h MY (22
Ao )\1

for all F € GL™(2) with singular values Ay, \a. Then the following are equivalent:
(i) W is polyconvex;

(i

i) W is rank-one convex;
(iii) g is separately conve;
(iv) h is convexr on RT;

(v) h is convex and non-decreasing on [1,00).

Proof. The implication (i) = (ii) is known to hold in general, whereas the implica-
tion (ii) = (iii) is stated in lemma 2.4.

(iii) = (iv). If g is separately convex, then the mapping
A1 = g(A1,1) = h(\)

is convex; thus, h is convex on RT.

https://doi.org/10.1017/50308210516000275 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000275

578 R. J. Martin, I.-D. Ghiba and P. Neff

(iv) = (v). Assume that h is convex on R*. Then, of course, h is also convex on
[1,00), and it remains to show the monotonicity of h. Let 1 < t; < to. Then 1/t5 <
1 < t1 < tg,i.e. ;1 lies in the convex hull of 1/t5 and t5. But then t1 = s/ta+(1—s)t2
for some s € (0,1), and thus the convexity of h on R* implies that
1 1
h(tl) = h<8t+(1—8)t2> < S h(t) +(1—S)h(t2) = Sh(t2)+(1—8) h(tg) = h(tg).
2 2
Hence, h is non-decreasing on [1, 00).

(iv) = (v). Assume that h is convex and non-decreasing on [1,00). Then we can
apply proposition 2.3: since the mapping

IF13, _ max{A}, A3}

F —
= det F A

€ [1,00)

is polyconvex [37] and h is convex and non-decreasing on [1,c0), the mapping

() ) v

is polyconvex as well. O

If the function A is continuously differentiable, then the criteria in theorem 3.3
can be simplified even further.

COROLLARY 3.4. Let W : GLT(2) — R be an objective, isotropic and isochoric
function, and let h: RY — R denote the uniquely determined function with W (F) =
h(A1/X2) for all F € GL™(2) with singular values A1, Ao. If h € C*(RY), then W
is polyconvex if and only if h is convez on [1,00).

Proof. We need only to show that the stated criterion is sufficient for the polycon-
vexity of W. Assume therefore that h is convex on [1, 00). Taking the derivative on
both sides of the equality h(t) = h(1/t), which holds for all ¢t € R yields

B (t) = —;hC)

In particular, A'(1) = —h/(1) and thus A'(1) = 0. Since the convexity of h implies
the monotonicity of A’ on [1,00), we find h'(t) > 0 for all ¢ € [1, 00). This means that

h is non-decreasing on [1, 00), and applying theorem 3.3(v) yields the polyconvexity

4. Criteria for rank-one convexity and polyconvexity in terms of
different energy representations

4.1. Energy functions in terms of the logarithmic strain

We shall now assume that the function W is of class C2. While the criterion
R"(t) = 0 for all t € [1,00) in corollary 3.4 is easy to state, isochoric elastic energy
functions in nonlinear hyperelasticity are typically not immediately given in terms of
the quantity A1 /2. We therefore consider different representations of such functions
in our search for easily verifiable polyconvexity criteria.
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LEMMA 4.1. Let W: GL+~(2) — R be objective, isotropic and isochoric. Then there
exist unique functions f, f: [0,00) = R such that

(i) W(F) = f(log2 i)

(i) W(F) = f(|devzlogU|*)

for all F € GLT(2), where A1, \o denote the singular values of F, U = VFTF
1s the positive definite symmetric polar factor in the right polar decomposition of
F,devo X = X — %tr(X) -1 is the deviatoric part of X € R?*2, log denotes the
principal matriz logarithm on PSym(2) and || - || s the Frobenius matriz norm.

Proof.

(i) Let us first recall from lemma 3.1 that there exists a unique function h: Rt — RT
such that W (F) = h(\;/)2) for all F € GLT(2) with singular values A1, \o. Let
f(0) = h(exp(v/9)) for 6 > 0. Since

/ A A
2 AL AL
log " ’10g )\2
f<10g2 Al) h( exp ( log? 4t ))
A2

(v (1o b 2a) )

(
(=
(max{)\l, Ao })
(%

max{)\l, )\2}

=1
8 min{Ay, Ao}’

we find

I
=

min{\;, Ao}

)

for all F € GL1(2) with singular values A, A. To show the uniqueness of f, we
simply note that

Il
>

W (F)

7(0) = f<10g2 (f)) — W (diag(e¥?, 1))

for all 6 > 0.

(ii) It was shown in [56] that
A
|devalog U||* = 1 log? /\—1
2

The equality W(F) = f(lldevalogU||?) is therefore satisfied for all F € GLT(2) if
and only if f(t) = f(2t), where f is given by (i). O
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Note carefully that, for n > 2, not every objective, isotropic and isochoric energy
W: GL"(n) — R can be written in terms of ||dev,, log Ul* in the way lemma 4.1
states for n = 2. However, there always exists a function w: Sym(n) — R such
that W (F) = W (dev,, log U) for all F € GL"(n) with U = VFTF.

We can now state theorem 3.3 in terms of the functions f, f as defined in
lemma 4.1.

PROPOSITION 4.2. Let W: GL™(2) — >
and isochoric function and let f, f: [0, ) — R
functions with

W(F) be an objective, isotropic
denote the uniquely determined

W(F) = f(ldevatog ) = £ (1og? 3 )

for all F € GLT(2) with singular values A1, Ag. If f.fe C?([0,00)), then the
following are equivalent:

(i) W is polyconver,

(ii) W is rank-one convez,

(iii) 26 f”(6) + (1 = V8)f'(6) = 0 for all § € (0, 00),
(iv) 21 f"(n) + (1 = v2) f'(n) = 0 for all n € (0,00).
Proof. For h: Rt — R with h(t) = f(log?t) we find

h(ii) = f(log2 i;) = W(F)

for all F € GL™(2) with singular values \j, Xo. If f € C2([0,00)), then h € C2(RY).
Thus, we can apply corollary 3.4 to find that W is polyconvex (and, equivalently,
rank-one convex) if and only if A is convex on [1,00). Since A" is continuous on R,
this convexity of h is equivalent to h”(t) > 0 for all ¢ € (1,00). We compute

B (t) = 2f (log? t) —— (4.1)

as well as

log?t logt 1
R (t) = 4f" (log*t) 5 2 f'(log® )= +2 £ (log?t)—

t
- %(2(1og2 t) f"(logt) + (1 — logt) f'(log? t)).

Writing ¢t > 1 as t = eV? with 6 > 0 we find

W' (t) = 75 (207" (6) + (1= VB)F'(0).

Vo

Since the mapping 6 — eV’ is bijective from (0, 00) to (1, 00), the condition

h'(t) >0 for all t € (1, 00) (4.2)
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is therefore equivalent to
20f"(0) 4+ (1 —VO)f'(8) =0 for all § € (0, 00), (4.3)
which is exactly criterion (iii).

It remains to show that (iii) and (iv) are equivalent. Since f(1) = f(2n) (see
lemma 4.1), we find

20f"(n) + (1= /20 f'(n)) = 2[22n) f"(2n) + (1 — \/(2n)) £ (2n))].

Thus, (iv) is satisfied for all n € RT if and only if (iii) is satisfied for all § = 2 € R*.
O

In addition to proposition 4.2(iii), the polyconvexity of W also implies the mono-
tonicity of f.

COROLLARY 4.3. Under the assumptions of proposition 4.2, if W is polyconvez (or,
equivalently, rank-one convex), then f'(0) = 0 for all 6 > 0.

Proof. According to theorem 3.3, the polyconvexity of W implies that h = f olog?
is non-decreasing on [1, 00). Then

logt
0 < K (1) = 2f (log2 t) 2~

for all ¢ > 1, and thus 0 < f’(log?t) for all + > 1, which immediately implies
/() =0 for all 6 > 0. O

4.2. Energy functions in terms of the distortion function

We now consider the representation of an isochoric energy W (F') in terms of

1 JF)?
K(F) = -
(F) 2det F’
where || - || denotes the Frobenius matrix norm; the mapping K is also known as the

(planar) distortion function [40] or outer distortion [41, eq. (14)]. Note that K > 1
and that, for F' € GL™(2), K(F) = 1 if and only if F is conformal, i.e. if F =a- R
with a € RT and R € SO(2). In the two-dimensional case, every objective, isotropic
and isochoric (i.e. conformally invariant) energy can be written in terms of K.

LEMMA 4.4. Let W: GLT(2) — R be objective, isotropic and isochoric. Then there
exists a unique function z: [1,00) — R with

W(F) = 2(K(F)) = z(éﬂ)

for all F € GL*(2).

Proof. Tt can easily be seen that the function p: [1,00) — [1,00) with

p(t) = ;(t+ 1)
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is bijective, and that its inverse is given by

as)=p ) =y+ V2 — 1.

1
q(i(t—&- t)) =t forallte[l,00),

while for ¢ € (0,1) we find >1

D) o(T ) -
q(; <t+ 1)) = max{t,i} for all t € RT = (0,00).

According to lemma 3.1, there exists a unique function h: R* — R* such that
W(F) = h(A/X2) = h(Mg/\1) for all F € GLT(2) with singular values A1, Ao.
Then the function z:=h o g has the desired property: since

TIFI? 1A 4A 1M A
2detF_2 )\1)\2 _2 )\2 )\1 ’

() ()
(o)
s(mef 2 2)

= W(F).

The uniqueness follows directly from the observation that

z(r) = W(diag(r + vr2 —1,1))
for all r € [1, 0). O

Then

Therefore,

we find

By means of this representation formula, we can easily show that every objec-
tive, isotropic and isochoric function on GL™(2) satisfies the tension—compression
symmetry condition W (F~1) = W (F): since

. 1 Fyy —Fip Fii Fio
Fl= for F =
detF(—F21 Fiy o Fy Fy)’

we find
K(F~) = 1P detF| 1 P —Fp\ |
© 2det(F-1) 2 ||det F \—Fx Fix
_ # Fry  —Fyo ? _ lw — K(F)
2detF —F21 F11 2detF
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and thus W(F) = 2(K(F)) = 2(K(F~1)) = W(F~!) for all F € GL"(2). Note that
this implication is restricted to the two-dimensional case: isochoric energy functions
on GL™(n) are generally not tension—compression symmetric for n > 2.

Criteria for the polyconvexity of W can now be established in terms of the func-
tion z corresponding to W.

PROPOSITION 4.5. Let W: GLT(2) = R, F s W(F) be an objective, isotropic and
isochoric function and let z: [1,00) — R denote the uniquely determined function
with

1||F|J?
W(F) = 2(K(F)) = Z(Qﬂet”F)
for all F € GLT(2). If z € C%([0,00)), then the following are equivalent:
(i) W is polyconvex;
(ii) W is rank-one convex;
(iii) (r2 = 1)(r +vr2 =1)2"(r) + 2'(r) = 0 for all r € (1,00).

Proof. As indicated in the proof of lemma 4.4, the unique function h with W(F) =
h(A1/X2) = h(Aa/A1) for all F € GLT(2) with singular values A;, \g is given by

t 1
= - 4+ — > 1.
h(t) z<2 + 2t) forallt > 1

By corollary 3.4, we only need to show that condition (iii) is equivalent to the
convexity of h on [1,00), i.e. equivalent to h”(t) > 0 for all ¢ > 1. For ¢ > 1, we find

o-3-2)e(ir3)

and
2
1 1 t 1 1/t 1
Mty=>(1-= 2"+ = 2=
®) 4( tQ)Z 2+2t>+t3z(2+2t)
11tt12,,t+1+,t+1
=—|= =2 z+= 2l =+ =
t3 |4 t 2 2 2 2t
AT (AN S (Y (L
B 2 2t 2 2t 2 2)|
Thus,

t 1Y t 1 t 1
1 > g - 7 _1 1 e 7 ! e . .
M'(it)>20 = 0 t(<2+2t> )z <2+2t>+z<2+2t>

Recall from the proof of lemma 4.4 that the mapping r — ¢(r) = r + vr?2 —1
bijectively maps (1,00) onto itself and that

2 2q(r)

=r forallr>1.
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Therefore, by writing ¢t = ¢(r), we find that the inequality h”(t) > 0 holds for all
t > 1 if and only if

0< q(?‘)((q(gr) + 2ql(r)>2 - 1) 2//<q(2T) * 2q1(1")) * Z/(Q(;) - 2q1(7“)>

= q(?’)(?"2 -1 Z”(?“) + Z’(T)

(r++vr (r)+2'(r) forallr > 1.

O

An example of the application of proposition 4.5 can be found in Appendix B.

5. Applications

5.1. The quadratic and the exponentiated isochoric Hencky energy

Proposition 4.2 can be applied directly to isochoric energy functions given in
terms of ||devy log U||2.

COROLLARY 5.1.

(i) The isochoric Hencky energy ||devalog U||? = §log®(A1/A2) is not polyconvex
and not rank-one convex on GLT(2).

(ii) The exponentiated isochoric Hencky energy

2
k 2)\1
1 = 1
og ) exp(2 og /\>

is rank-one convex (and therefore polyconvex) on GL™(2) if and only if k > %.

exp(k||devy log U||?) = exp (kz

det U1/2

Proof.
(i) In the case of the isochoric Hencky energy

2 A1

W(F) = ||devylogU||* = 1 og N

the function f is defined by f (n) = n. This function does not satisfy proposi-
tion 4.2(iv); since

20" () + (1= /20) f'(n) = 1 — /2, (5-1)

the inequality is not satisfied for n > %

(ii) For the exponentiated isochoric Hencky energy

2
log ) = exp (k log? il>

the functions f, f: [0,00) — R are given by f(0) = e¥%/2 and f(n) = e¥7. We find
20f" () + (1 = v/20) f'(n) = 20k%e™ + (1 — /2n)ke"".

U
F)= log U[|*) = det U172
W(F) = exp(k||dev2 log U[|) = exp (k det U'1/2
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Thus, proposition 4.2(iv) is equivalent to

V2n—1

k>
2n

for all n > 0.

This inequality is satisfied if and only if k > i. Therefore, the requirement k > i is
necessary and sufficient for the rank-one convexity as well as for the polyconvexity
of the isochoric exponentiated Hencky energy exp(k||devq log U||?). O

5.2. The isochoric-volumetric split

Our results can also be applied to non-isochoric energy functions possessing an
additive isochoric-volumetric split,® i.e. energy functions W of the form

W: GLT(2) = R,
F

F) = isoF vol F) = isof -~
W (F) = W (F) + WY (det F) = W ((detp)m

) + W°l(det F)

with an isochoric function Wi°: GL*(2) — R and a function W"°': R* — R.
In this case, theorem 3.3 and propositions 4.2 and 4.5 provide sufficient criteria
for the polyconvexity of W: if W' is convex on R, then the polyconvexity of
Wise ig sufficient for W to be polyconvex as well. For example, since the mapping
t > (r/2k) exp(k[(logt)]?) is convex on RT for k > &, it follows from corollary 5.1
that the exponentiated Hencky energy Wep: GLT(2) — R with

Wen(F) = WE(F) + W5 (det F)

e

= % exp(k||devy log U||?) + % exp(k[(log det U7)]?)

is polyconvex for k > = and k > %, as indicated in § 1.

1
4

5.3. Growth conditions for polyconvex isochoric energies

By integrating the polyconvexity criteria given in proposition 4.2, we obtain an
exponential growth condition for the function f that is necessarily satisfied if W is
rank-one convex (i.e. polyconvex).

COROLLARY 5.2. Let

~ A
W:GLY(2) = R with W(F) = f(||devalogU||*) = f(log2 )\1)
2
be a polyconver energy function with f € C?([0,00)). If f(8) # 0 for all § > 0,
then the function [ satisfies the inequality

F(0) = (eV? — 1)£f’(5) + f(0) for all 6, > 0. (5.2)

5 In nonlinear elasticity theory, the assumption that an elastic energy function takes this specific
form is due to the physically plausible requirement that the mean pressure should depend only on
the determinant of the deformation gradient F, i.e. that there exists a function F: Rt — R such
that (1/n)tro = F(det F'), where o denotes the Cauchy stress tensor (cf. [16,66,67]).
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Proof. According to proposition 4.2 and corollary 4.3, if the energy W is polyconvex,
then

20f"(0) + (1 —VO)f'(0) >0 and f'(§) =0 forall §> 0. (5.3)

Under our assumption f’(0) # 0, we therefore find f'(¢) > 0 for all § > 0 and
deduce

/o) Vi1
> . .
O forall 8 >0 (5.4)
By integration from € > 0 to 6, it follows that
log f'(0) > log f' () + 1(2v0 — log§) — 1(2y/c —loge) forall §,e >0. (5.5)
Thus, we obtain
f'(8) > exp(log f'(¢) + 5(2V0 —log ) — §(2VE — loge))
= f'(e) exp(—v/e + % loge) exp(V — 1logd)
Ve eV?

=f — 5.6
el (56)

for all 6, > 0. By another integration on the interval [4, 6], § > 0, we obtain
£(6) > f/(s)ﬁe‘/g + £(6) — f’(e)ﬁeﬁ for all 0,¢,5 > 0. (5.7)

eve eve
Taking the limit case § — 0 and using the continuity of the function f, we finally
obtain
f(0) > f'(s)ﬁe‘/g + £(0) — f’(e)ﬁ for all 0, > 0, (5.8)
eve eve

and the proof is complete. O

REMARK 5.3. Since f/(0) > 0 for all > 0, a necessary condition is that

F(0) = CreV? + Oy for all 6 > 0, (5.9)

for C1 = (1/e)f'(1) > 0 and C2 = f(0) — (1/e)f'(1) € R. In terms of the function
h with W(F) = h(A1/)\2), inequality (5.9) also implies

h(t) = Cit+Cy for allt > 1,
since h(t) = f(log?t).

Sendova and Walton [69] derive similar necessary growth conditions for the three-
dimensional case. Growth conditions for polyconvex functions were also considered
by Yan [78], who showed that non-constant polyconvex conformal energy functions
defined on all of R™*™ must grow at least with power n.
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Appendix A. Additional examples and applications

The criteria given in §§3 and 4 can be applied to a number of isochoric energy
functions in order to determine whether or not they are polyconvex or, equivalently,
rank-one convex.

COROLLARY A.1. The following functions W: GLT(2) — R are rank-one convex
and polyconvex:

0 v = | g~ (o )

IF)* .
det F’

(iii) W (F) = cosh(||devlogU||?) = cosh(||devlog vV FTF|?).

2

’

(ii) W(F) = exp(||devs log U||2)

The following functions W: GLT(2) — R are neither rank-one convex nor polycon-
vew:

(iv) W(F) = ||devalogU||® for B > 0;
(v) W(F) = exp(||devy log U||? + sin(||devy log U||?)).

Proof.
(i) The squared Frobenius norm of a symmetric matrix X is the squared sum of its
eigenvalues, and thus for F' € GL+(2) with singular values A1, Ao, we find

W) = <\/)/\\11)\2 B \/)\);1)\2‘1)2+ (%212& \/A D% ) (\/g \/i?)

Therefore, the function h: RT — R with h(t) = h(1/t) with W (F A1/A2)
for all F' € GLT(2) with singular values A1, )y is given by

h(t) 2<\/E \2)2 2<t+1) — 4,

1 4
h'(t) = 2(1 — ﬁ) and R'(t)=—= >0

t3

and we find

for all t € R™. Thus, according to theorem 3.3, W is polyconvex.

(ii) Again, we write W (F') in terms of the singular values Ay, Ay of F:

|F|?

W(F) = devy log U
(F) = exp(devs log U[?) 10 1
Lo oM\ M+ A3

= 71 e
eXp(z 8 Ag) Mo

A\ AL A2
= log® =)
eXp( % A)(AzUl)
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Then W (F) = h(\1/A2), where
17,2 1
h(t) = exp(5 log”t) (t + t)’
and we compute

1 logt/ 1 1 1
B (t) = exp(3 log” t) {1— ——l—— (t—l— t)} = exp(3 log?t) [1 - tZ—Hogt(l—l—tZ)}

as well as

h//(t)
[log t 1 1 2 1 1 2logt
—eXp( log t)- r (1—+logt<1—|— >)+(t3+t<1+t2>_t3)]
logt logt 1 1 2 1 1 2logt
= exp(3 log® t)_t_t?’—'_(t >log t—|— +* ?3_ 3

~—

(1 3 1 3 1
= exp(3 log? t t+t3+(t tS)lo t—l—( t3> logz(t)}

Therefore, theorem 3.3 states that W is polyconvex if and only if

3 3 1
(ﬂ—l)logtgl—i—ﬁ—l—(l—i—ﬂ)log%f (A1)

for all t > 0. For t < 1 or t > /3, the left-hand side is negative and the inequality
is therefore satisfied. If 1 <t < \/3, then 0 <logt < 1 and 3/t2 — 1 > 0; thus,

3 3 3 1
(152 )1ogt —1<1+= +<1+t2)log2t.

Hence, inequality (A 1) is satisfied in this case as well.
(iii) The function f:10,00) = R with W(F) = f(]|devqlog U||?) for all F € GLT(2)
is given by f(n) = cosh(n). For n € R* we find

20f" () + (1 = /2n) f'(n) = 2ncosh(n) + (1 — \/2n) sinh(n)

(27 + 1 — /2) sinh(n)
0.

VoWV

Thus, W is polyconvex according to proposition 4.2.
(iv) Let a:= (3. Then W(F) = f(ldevalog U||?) for f(n) =n®. Since
20" (n) + (1= v/20) ' (n) = 2na(a — 1)y =2 + (1 — /2n)an !
=an® 20 -1 - /21,
we use proposition 4.2 to find that W is polyconvex if and only if
O<2a—1—\/% foralln€R+,

which is obviously not the case for any 8 = 2a > 0. This result was also hinted at
by Hutchinson and Neale [39].
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(v) We apply proposition 4.2 to the function f with f(n) = exp(n + sinn). Since

f'(n) = exp(n+sinn)(1+cosn) and f"(n) = exp(n+sinn)((1+cosn)? —sinn),

we find

2nf"(n) + (1 = v/2n) f'(n) = 2nexp(n + sinn)((1 + cosn)* — sinn)
+ (1= /2n) exp(n + sinn) (1 + cos ).

Thus, W is polyconvex if and only if
2n((1 4 cosn)? —sinn) + (1 — /2n)(1 +cosn) =0 for all n € (0, 00).

This inequality is not satisfied for n = %w. Note that f is monotone on R* with
exponential growth, but is not convex. O

Appendix B. On dist?(F/(det F)'/2,S0(2))

For F € GL™(2), we consider the squared distance from F/(det F)'/? € SL(2) to the
special orthogonal group SO(2) with respect to different distance measures. Such
distances are closely connected to a number of elastic energy functions, including
the isochoric quadratic Hencky energy [58], and they provide an important class
of examples for isochoric energy functions on GLT(2). In this appendix, we collect
some related results which are scattered throughout the literature.

B.1. The Euclidean distance of F € R?2%? to SO(2)

We first consider the Euclidean distance

dist? . (F.SO(2)):= inf ||F — R|?
istgycia (F,50(2)) R61§10(2>” l

of F € R?*2? to SO(2), where || - || denotes the Frobenius matrix norm. In the
two-dimensional case, this distance can be calculated explicitly: since

. 2
COs «x Sin o«

F— . ,
—Smo Cos«

dist? . (F.SO(2)) = inf |[F—R|*= inf
istiyeia (£, SO(2)) e o) | | in

a€[—m,7]|

we find

. 2
Fi1 —cosa  Fiy —sina
Fy1 +sina Fyy — cosa

= (F1; —cosa)? + (Fia —sina)? 4 (Fy1 + sina)? + (Fyy — cos ).
Taking the derivative with respect to « yields the stationarity condition

(Fll + FQQ) sin a + (F21 - Flg) cosa =0

sin o F11+F22 _
= < (COSO[) ’ <F21 —F12) > o O,
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which implies

(sina) _ 4 1 <—(F21 — F12)>
cosa [FI2+2detF \ Fui+Fe /

The minimum is easily seen to be realized by

(sina) _ 1 (—(Fm - F12)>
cos o VIFIZ+2det F \ Fu+Fn )’
and thus

|F —R|)? = ||F|> = 2\/||F||?> + 2det F + 2

dist? .(F,SO(2)) = inf
1S Euchd( ) ( )) RElsnO(2)|

for arbitrary F' € R?*2. Let us recall the Biot energy term
Waiot(F) = |U = 1| = [U* - 2t2(U) + 2.
For F € GL™(2), we find

U1 = [tx(U))*> +2det U = 0

N
— tr(U) = V[UIZ +2det U "< @ J[F]Z + 2det F.

Hence,

Woo (F) = | FI|* ~ 2/ TFP+ 20 F+ 2
=(/[F|Z+2det F —1)2 +1—2det F
PO 2 — 2 /[UTE F 2det U +2
and we observe that
distBuepa(F,SO(2)) = I~ 12 = Wi (F) for all F € GL*(2),

while in general

dist3epiq (F, SO(2)) = Waiot (F)

for FF € R?*2. Note that Wpgje is not rank-one convex [13].

B.2. The polyconvexity of F + disty, ., (F/(det F)'/2,S0(2))
In order to show that the mapping

. F
F v distiyeia ((det}7)1/2’80(2))
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is polyconvex on GL™(2), we apply (B1) to F/(det F)'/? and find

2 F
disti,clid <(detF)1/2’ SO(2)

- (V] 200 () ) 120 (o)

2
_ (IR )y
det F '

Since the function

t (VE+2-1)2 - 1.

is convex and monotone, we only need to prove that the mapping F + || F||?/ det I’
is polyconvex. This is shown (in a slightly generalized version) in the following
lemma, using the criteria developed in §4.

LEMMA B.1. Let 8 > 0. Then the function

&
W:GL*(2) » R, W(F) = <(Li”;>

is polyconvex (and, equivalently, rank-one convex) if and only if 8 > 1.
Proof. The unique function z: [1,— c0) — R with

1|F|P?
2det I

W (F) = z( ) for all F € GL*(2)

is given by z(r) = 2°r. Then
Z(r)=206rP"1 and 2’(r) =2°B(8 — 1)r"72
Thus, according to proposition 4.5, the function W is polyconvex if and only if
0< (X2 = )(r+r2—=1)2"(r) + 2'(r)
=208rP=2[(B — 1)(r® = 1)(r + \/7T—I) +7r] forall r > 1.
Since 2°6r8~2 > 0 for all # > 0 and r > 1, this inequality is equivalent to

0<B-1=Dr+Vr2—1)+r

—pf-1=>-

for all » > 1.

(r2=1)(r+vr2—-1)

The right-hand side in the above equality is always negative, so the polyconvexity
condition is satisfied for all § > 1. Furthermore, the right-hand expression tends to
0 as 7 tends to oo, and hence the condition cannot be satisfied for g < 1. O

Note that in the three-dimensional case the mapping F ~ (||F||*/det F)? is
polyconvex if and only if 3 > %, as shown in [16, proposition 6].
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B.3. The quasi-convex hull of distZ ;4 (F,SO(2))

In contrast to the isochoric function F +— dist?, iq(F/(det F)1/2,8S0(2)), the
squared Euclidean distance of F' to SO(2) is not polyconvex and not even rank-one
convex. However, the quasi-convex hull of the function can be computed explicitly
using the Brighi—-Theorem, adapted to the two-dimensional case.

THEOREM B.2 (Bousselsal and Brighi [14, theorem 3.2]). Let ¢: R**2 — R, be a
non-negative quadratic form. For a function p: RY — [0,00), define W: R?*? — R
by

Let p*, o0 € R be such that

Then
RIW(F)] = QIW(F)] = PIW(F)| = CIW(F)| = u* for all F € B>, ¢(F) < a,

where RW (+)], QW (-)], PIW(-)] and C[W (-)] denote the rank-one convex hull, the
quasi-convez hull, the polyconver hull and the convex hull of W, respectively.

We apply this theorem to q: R?*? — R, with
q(F) = ||F||* + 2det F.

Note that ¢ is indeed a non-negative quadratic form due to the arithmetic—geometric
mean inequality. Consider the function ¢: Ry — R4 with

ot)=(Vt—1? = inf =0=¢p(1) = pu*=0, a=1,
teR,

and let
W(F) = ¢(q(F)) = (VIIF|? + 2det F — 1),

From theorem B.2 we conclude that

RIW(F)] = Q[W(F)] = P[W(F)] = CIW(F)] =0 forall F € R**? ¢(F)<1.

Now set
. 0, F) <1,
) ::{ 2 q(F)
(Va(F) =1)%, q(F)>1,
/o, |F||?2+2det F < 1,
O\ WIFP +2det F —1)2, ||F|% +2det F > 1.

Then W is convex (and therefore quasi-convex) as the composition W = poqof
the (convex) quadratic form ¢ and the non-decreasing convex function ¢: RT — R
with

L,

1

U t<
QD()* (\/i—l)g, t> )
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We observe that

W(F)=0=Q[W(F)] forall FeR*?with ¢(F) <1

and that
W(F)=W(F) > Q[W(F)] forall F € R>? with q(F) > 1.
Thus, Wis a quasi-convex function with

W(F) > QW(F) and W(F)<W(F) forall F € R?*2.

Hence, W is the quasi-convex hull of W:

— 0, |F||?+2det F < 1,
(VIIF|2+2det F — 1), ||F|> +2det F > 1.
Taking the representation

diSt%uclid(Fa SO(Q))

(VI[F|?+2det F —1)2+ 1 —2det F

— W(F)+1—2detF,

it is easy to see that

Q[distEuciia(F, SO(2))] = QW (F)] + 1 — 2det F = W (F) + 1 — 2det F,

since F'— 1 — 2det F' is a null Lagrangian. We therefore find

Q[distf,eq(F, SO(2))]

1 —2det F, |F||?> +2det F < 1,
) (VIFIP T 2det F —1)2 +1—2det F, ||F|?> + 2det F > 1,
1 —2det F, |F||?+2det F < 1,

diStIQEuclid(F7SO(2))> HF”Q +2det F > 17

593

for I € R?*2. The same result has been given by Dolzmann [30,31] with an alter-
native proof. The quasi-convex hull of the mapping F > distp,;q(F, SO(3)) is not

yet known.

B.4. A comparison of distance functions on GL(2)

Let distgeod (F, SO(2)) = |[log U||* denote the geodesic distance [54,55,58] of F to
SO(2). Then we can list the following convexity properties of (modified) distance
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functions to SO(2):
dlStEuchd(F SO 2))

U — ]l||2 is mot rank-one convex [13];
2

: F ‘
dist g ((d ) 1/27 > H et )12 1|| is polyconvex (§B.2);
dlbtgeod(F SO(2)) = ||llog U||? is not rank-one convex [15,52];
F
dlStgeod <(d v 1/2, > = ||dev log U||? is not rank-one convex [52];
exp(dlstgeod(F SO(2))) = exp(||log U||?) is not rank-one convex [56];
F
exp (dlstgeod ((d tF)1/2’ )> = exp(||devy log U||?) is polyconvex [37].
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