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Abstract

A new time reversal (TR) method for target imaging is proposed in this paper. Through single
measurement by the antenna array, the received signals are utilized to form the space–
frequency–frequency multistatic data matrix (MDM). Singular value decomposition is applied
to the matrix to obtain the left singular vectors which span the signal subspace. The obtained
vectors are divided into multiple subvectors by two different schemes and used to provide tar-
get signatures in the form of coarse frequency dependence and relative phase shifts that can be
exploited to construct the imaging function. The performance of the proposed method is
investigated through numerical simulations for both single and multiple targets, and the
results are compared with the traditional TR method using the frequency–frequency MDM.
It turned out that the proposed method is able to achieve high resolution with limited
array aperture and shows satisfactory robustness in noise environment. Furthermore, experi-
mental results are provided to show the availability of the method in practical applications.

Introduction

Time reversal (TR) techniques [1] involve physical or synthetic retransmission of signals
recorded by an antenna array in a time reversed fashion. They exploit the invariance of the
wave equation in lossless and time-invariant media and enable the retransmitted signals to
focus around the original source or target location. First proposed in acoustics [1] and intro-
duced in electromagnetics later [2], TR has drawn much attention in the past decade due to its
useful properties such as temporal and spatial focusing, super-resolution, and statistical stabil-
ity. TR has a wide range of applications including biomedical imaging [3], power combining
[4], wireless communication [5], etc.

The time reversal mirror (TRM) [6] is a basic TR method that directly back-propagates the
time reversed signals to image the target. The process of TRM is time consuming and it
requires additional strategy to determine the focusing time. Moreover, in multi-target cases
the weaker targets can be hardly detected due to the near-far problem [7]. The TR operator
(TRO) formed by the scattering multistatic data matrix (MDM) lays the foundation of two
other important TR imaging methods: the decomposition of the TR operator (DORT) [8]
and the TR multiple signal classification (TR-MUSIC) [9]. For well-resolved point-like scat-
terers, the signal subspace eigenvectors of the TRO carry partial information about locations
and strengths of the targets. The DORT employs the signal subspace eigenvectors to synthesize
the set of back-propagating pulses and achieves selective focusing for different targets. The
TR-MUSIC employs the noise subspace eigenvectors and achieves multi-target simultaneous
focusing. Both DORT and TR-MUSIC exploit the MDMs at a single frequency, and the com-
bination of the same MDMs at multiple frequencies forms the ultrawideband (UWB) exten-
sions of the two methods, i.e. the time domain DORT (TD-DORT) [10] and the
UWB-MUSIC [11] which can provide statistically stable images. However, the eigenvectors
carry arbitrary and frequency dependent phases at each frequency, thus a preprocessing step
is required to obtain coherent eigenvectors in the time domain to prevent degeneration of
the imaging quality. Besides, in order to acquire the MDM, each antenna should transmit sig-
nal in sequence and all the antennas record the returns after each transmission, making it dif-
ficult to detect the moving targets in real time.

To overcome these problems, some alternative methods have been developed. Instead of the
traditional space-space MDM, the space–frequency MDM (SF-MDM) whose columns and
rows correspond to the space and frequency components of the received signals respectively
is considered in the SF-TR [12, 13]. Applying the singular value decomposition (SVD) to
the SF-MDM yields the left singular vectors where the information of the target location is
encoded. Then, the left singular vectors are utilized to construct the retransmitted pulses to
image the target, forming the fundamental of the SF-DORT. It has been proved that the
SF-DORT has similar performance to the TD-DORT. However, the preprocessing step can
be left out and only single measurement is required in the SF-DORT. Recently, a TR imaging
approach based on the utilization of UWB frequency data has been proposed in [14]. It applies
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the SVD to the new frequency–frequency MDM (FF-MDM)
where each element corresponds to a received signal at fine and
coarse frequencies. The obtained left singular vectors encode
the coarse frequency dependence of the received signals and are
used to form the imaging function of the FF-DORT. The data col-
lection is implemented with the monostatic synthetic aperture
radar (SAR), and the resulting image is constructed by overlap-
ping the snapshots from different transceiver locations to get a
higher resolution. However, the imaging quality is highly depend-
ent on the frequency bandwidth of the received signal and the
synthetic aperture size [14, 15], limiting the applications of the
method. In practical cases of target detection, the requirement
of large array aperture (compared with the target distance) is
not always satisfied. Besides, the data collection of the
FF-DORT is time consuming, making it hardly used for moving
targets tracking.

In this paper, we propose a new TR imaging approach based
on the space–frequency–frequency MDM (SFF-MDM) which is
formed by the received signals through single measurement.
After applying the SVD to the SFF-MDM, the left singular vectors
corresponding to the signal subspace are divided into multiple
subvectors using two schemes where the target signatures are
revealed by the coarse frequency dependence and the relative
phase shifts respectively. The final imaging function is con-
structed by employing the subvectors corresponding to different
antenna locations as well as coarse frequencies. Numerical simu-
lations are carried out to verify the performance of the proposed
method for both single and multiple targets and the results are
compared with the traditional FF-DORT. Furthermore, the
imaging results based on the experimental data are also provided
to show the effectiveness of the proposed SFF-DORT in practical
applications.

TR imaging based on the SFF-MDM

Overview of the FF-DORT

Consider N antenna locations and P scatterers located in the
probed domain. The nth antenna transmits the UWB pulse to
the probed domain and the same antenna records the scattered
signal. The received signals are transformed into the frequency
domain and form the individual FF-MDM

Kn
FF =

kn11(v11) ... kn1M(v1M)
... ... ...

knL1(vL1) ... knLM(vLM)

⎛
⎝

⎞
⎠, (1)

where ωij = ω0 + (i− 1)ωc + ( j− 1)ωf with ω0 being the start fre-
quency, ωc being the coarse frequency, and ωf being the fine fre-
quency, i = 1, …, L, and j = 1, …, M. Here the scatterers are
assumed to be point-like and well-resolved, thus the element knij
can be represented as follows by using the Born approximation:

knij =
∑P
p=1

tp(vij)G2(xn, xp,vij)s(vij), (2)

where τp is the scattering coefficient of the pth target and s(ωij) is
the frequency spectrum of the probed signal. G(xn, xp,vij) is the
Green’s function between the nth transceiver location xn and the
pth target location xp, and the quadratic term is used because of
the forward and backward propagation of waves in the monostatic

mode. The Green’s function can be approximatively decomposed
into two parts corresponding to the coarse and fine frequencies
respectively. Hence the FF-MDM can be expressed as

Kn
FF =

∑P
p=1

xn(xp)gn(xp,vc)gTn (xp,vf ) (3)

where the superscript T denotes the transposition and

gn(xp,vc) = [G2(xn, xp,v11), ...,G2(xn, xp,vL1)]T

gn(xp,vf ) = [G2(xn, xp,v11), ...,G2(xn, xp,v1M)]T
(4)

are the background Green’s function vectors that connect the pth
target location to the nth transceiver location. xn(xp) is the coef-
ficient in accordance with the Green’s function approximation
and the scattering strength of the pth target. Similar with the trad-
itional TRO based algorithms, applying the SVD to the FF-MDM
yields

Kn
FF = Un

FFL
n
FF(Vn

FF)H, (5)

where the superscript H denotes the Hermitian conjugation. Un
FF

is the L × L matrix of left singular vectors, Vn
FF is the M ×M

matrix of right singular vectors, and Ln
FF is the L ×M diagonal

matrix of singular values. The coarse frequency dependence and
fine frequency dependence of the received signals are encoded
by Un

FF and Vn
FF respectively. The imaging function of the

FF-DORT is formed by utilizing the left singular vectors for all
the N monostatic antenna locations

DV
p (xs) =

∏N
n=1

〈gn(xs,vc), unFFp〉 (6)

with p = 1, …, P, where 〈, 〉 denotes the standard inner product, Ω
is the sampling bandwidth, xs is the location of arbitrary pixel in
the probed domain, and unFFp is the pth left singular vector of Un

FF.
The defined imaging function peaks at xp as the inner product
approximates the integrand given by

〈gn(xs,vc),unFFp〉 ≈
∫
V

(G2(xn, xs,v))
∗
G2(xn, xp,v)dv. (7)

The proposed TR method

The traditional FF-DORT multiplies the functions for N locations
to enhance the cross-range resolution which is highly dependent
on the frequency bandwidth of the received signal and the syn-
thetic aperture size. As a result, the imaging resolution deterio-
rates when the size of the array aperture is limited even though
UWB frequency is adopted. In order to achieve satisfactory
imaging quality on the condition of limited array aperture, we
introduce an approach based on the new SFF-MDM.

Different from the monostatic SAR strategy, here we consider
an antenna array consisting of N elements and P scatterers located
in the probed domain. The UWB pulse is transmitted from one
antenna and the scattered signals are recorded by the whole
array only once. The signal received by the nth antenna is used
to form the individual FF-MDM described in (1). Then, all the
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N individual FF-MDMs are combined together, forming the new
SFF-MDM

KSFF =
K1
FF
...

KN
FF

⎛
⎝

⎞
⎠ =

k111(v11) ... k11M(v1M)
... ... ...

k1L1(vL1) ... k1LM(vLM)
... ... ...

kN11(v11) ... kN1M(v1M)
... ... ...

kNL1(vL1) ... kNLM(vLM)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (8)

Each element of KSFF is a frequency domain sample of the
received signal and corresponds to a specific coarse frequency,
fine frequency and antenna location. By applying the SVD directly
to KSFF we obtain

KSFF = USFFLSFFV
H
SFF, (9)

where USFF is the (N × L) × (N × L) matrix of left singular vectors,
VSFF is the M ×M matrix of right singular vectors and LSFF is the
(N × L) ×M diagonal matrix of singular values. Each column of
USFF is an individual left singular vector, and the first P left sin-
gular vectors correspond to the P scatterers and span the signal
subspace. The residual left singular vectors span the noise sub-
space which is orthogonal to the signal subspace.

Let us focus on the signal subspace and divide the pth left sin-
gular vector into N subvectors as follows:

uSFFp = [(uSFFp,sub1 )T , ..., (uSFFp,subN )T ]T . (10)

Each subvector of a specific left singular vector comprises L
elements encoding the coarse frequency dependence of the
received signals and corresponds to the same specific scatterer.
Similar to (6), the subfunction for imaging the pth target based
on the nth subvector is defined as

IVp,n(xs) = 〈gn(xs,vc),uSFFp,subn〉 (11)

with p = 1, …, P and n = 1, …, N, where

gn(xs,vc) = [G(xt, xs,v11)G(xs, xn,v11), ...,
G(xt, xs,vL1)G(xs, xn,vL1)]T

(12)

is the L × 1 background Green’s function vector and xt is the
transmitter location. Forming the target image requires knowl-
edge of the background Green’s function vector at each pixel in
the probed domain. In this paper the background Green’s func-
tion of homogeneous medium is utilized as the target detection
in free space is investigated.

However, the imaging function given in (11) only exploits par-
tial information of the SFF-MDM to image the target, i.e. the tar-
get signatures contained by the coarse frequency dependence
which can be regarded as the information provided by the abso-
lute time delay of the received signals. Meanwhile, the SFF-MDM
also reveals the target information in the form of relative phase
shifts among different antennas which can be regarded as the
information provided by the relative time delay of the received
signals. To exploit the second part of information for target

imaging, we rearrange the pth left singular vector uSFFp as follows:

uSFFp = [uSFFp,sub′1, ..., uSFFp,sub′L ]T , (13)

where

uSFFp,sub′l = [ulSFFp,sub1, ..., ulSFFp,subN ] (14)

where ulSFFp,subn is the lth element of the nth “old” subvector
uSFFp,subn with l = 1, …, L. By this way, the rearranged uSFFp will
comprise L “new” subvectors, and each subvector of a specific
left singular vector comprises N elements encoding the target sig-
natures in the form of relative phase shifts and corresponds to the
same specific scatterer. Hence, the subfunction for imaging the
pth target can be constructed by employing the lth “new”
subvector

I′Vp,l(xs) = 〈g(xs,v), uSFFp,sub′l 〉 (15)

with p = 1, …, P and l = 1, …, L, where

g(xs,v) = [G(xs, x1,v), ...,G(xs, xn,v), ...,G(xs, xN ,v)]T (16)

is the N × 1 background Green’s function vector at each pixel in
the probed domain.

For acquiring high imaging resolution, the subfunctions given
in (11) and (15) are combined together and overlapped with all
the subvectors from N antenna locations and L coarse frequencies
respectively. The final imaging function is defined as

FVp (xs) =
∏N
n=1

〈gn(xs,vc),uSFFp,subn〉
∏L
l=1

〈g(xs,v),uSFFp,sub′l 〉 (17)

with p = 1, …, P, and the proposed method is called the
SFF-DORT.

In the new scheme the left singular vectors corresponding to
dominant singular values, i.e. the signal subspace vectors are uti-
lized for target imaging. However, it is difficult to extract the sig-
nal subspace when the number of targets is unavailable. Here we
introduce a criterion based on [13] to determine the number of
targets in the probed domain. It is assumed that the scatterers
are located in the far-field region from the antenna array so the
received signals from a single scatterer can be approximately con-
sidered as parallel. The phase difference between the signals
received by the nth and the (n + 1)th antennas can be represented
by the phase difference between unSFFp,sub′l

and un+1
SFFp,sub′l

, denoted as

Δwn here. Then the accumulated fluctuation of the phase differ-
ences corresponding to the lth subvector uSFFp,sub′l is calculated as

DFl =
∑N
n=1

|Dwn| −
∑N−1

i=1 |Dwi|
N − 1

∣∣∣∣∣
∣∣∣∣∣. (18)

By adding together the accumulated fluctuations correspond-
ing to all the L subvectors, we obtain

DF =
∑L
l=1

DFl

L
. (19)
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ΔΦ is calculated for each left singular vector: if the obtained value
is small the signal comes from a real target and the corresponding
left singular vector belongs to the signal subspace, otherwise it
belongs to the noise subspace.

Results and discussion

In this section the performance of the proposed SFF-DORT is
examined through different experiments. The finite-different
time-domain method is used for the data collection in numerical
simulations [16]. The probed domain is composed of 200 × 200
grids with grid size Δx = Δy = 1 cm and the perfectly matched
layer is employed as the boundary condition to provide reflection-
less truncation of the probed domain. Only the TMz case is con-
sidered here to provide isotropic scattering. The sinusoidal
modulated Gaussian pulse with frequency ranging from 1 to

Fig. 1. (a) Singular values distribution. (b) Accumulated
values of the phase difference.

Fig. 2. Imaging results for the single target. (a) SFF-DORT
image. (b) FF-DORT image.

Fig. 3. Imaging results for the single target in the noise
environment. (a) SFF-DORT image. (b) FF-DORT image.

Fig. 4. Comparison of the cross-range resolution.
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5 GHz is chosen as the probed signal. A uniform linear array
(ULA) consisting of N = 10 antennas is placed parallel to the
y-axis of the probed domain to accomplish the space–frequency
measurement. The antenna elements are separated by half the
center wavelength of the probed signal to reduce mutual coupling,
and the size of the limited array aperture equals to D = 0.36 m.

Single target imaging

At first, we investigate the case for single target detection where a
perfect electric conductor (PEC) point-like scatterer with radius
r = 3 cm is located at (1.2 m, 0.75 m) in the probed domain.
The seventh element of the antenna array which is located at
(0.06 m, 1.01 m) serves as the transmitter and all the antennas
record the signals only once. The received signals are used to con-
stitute the SFF-MDM with coarse and fine frequencies being ωc =
120 MHz and ωf = 60 MHz over the frequency band, respectively.

The corresponding singular values of the SFF-MDM are shown in
Fig. 1(a) where we can see that the first singular value is much lar-
ger than the others. To further confirm the number of targets,
accumulated values of the phase difference for the first fifteen
left singular vectors are calculated according to (19) and plotted
in Fig. 1(b). It shows that the first value is obviously smaller
than the others so the target number equals to one, and the signal
subspace is spanned by the first left singular vector.

The target image obtained by the SFF-DORT is shown in
Fig. 2(a). The maximum of pixel intensities is normalized to
one, and locations of the antenna array and the actual target
are both marked in the figure. It can be seen that the image
peaks right at the target position and possesses satisfactory reso-
lution despite of the limited array aperture. The imaging result
given by the traditional FF-DORT is provided in Fig. 2(b) for a
comparison. We can observe that the FF-DORT also achieves
accurate positioning of the target, and the range resolution is

Fig. 5. (a) Singular values distribution. (b) Accumulated
values of the phase difference.

Fig. 6. Imaging results for multiple targets. (a) SFF-DORT
image for the nearer scatterer. (b) FF-DORT image for the
nearer scatterer. (c) SFF-DORT image for the further scat-
terer. (d) FF-DORT image for the further scatterer.
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fine thanks to the adopted wide bandwidth and the multiplying
process in the algorithm. However, the cross-range resolution is
relatively poor due to the limited array aperture.

In order to evaluate the imaging performance in the strong
noise environment, the white Gaussian noise with SNR =−5 dB
is added to the received signals. The imaging results are demon-
strated in Figs 3(a) and 3(b) where we can see that the SFF-DORT
image maintains nearly as the image in the noise-free case, while
decline of imaging quality and clutters in other non-target regions
appear in the FF-DORT image. The results indicate that the
SFF-DORT is more robust with the noise as more target signa-
tures can be extracted from the SFF-MDM and the new imaging
function is contributed by multiple subvectors, leading to the stat-
istical stability in the noise environment. For a more straightfor-
ward comparison of the imaging performance, the normalized
cross-range resolution of the SFF-DORT and the FF-DORT are
depicted in Fig. 4 where “N” and “NF” represent noise and noise-
free cases, respectively.

Multiple targets imaging

Next, we investigate the case for multiple targets detection. Two
PEC point-like scatterers with radius r = 3 cm are located at
(0.8 m, 0.8 m) and (1.4 m, 1.3 m) in the probed domain, standing
for the nearer and further targets, respectively. The simulation
setup remains the same as the case of single target. The corre-
sponding singular values of the SFF-MDM and accumulated
values of the phase difference are depicted in Figs 5(a) and 5(b)
respectively. From Fig. 5(b) we can see that the first two values
are obviously smaller than the others so the target number equals
to two, and the signal subspace is spanned by the first and second
left singular vectors.

Selective imaging for different scatterers can be achieved by
choosing different left singular vectors. The imaging results
given by the SFF-DORT and the FF-DORT are shown in Fig. 6.
As for the nearer target, both the two methods achieve accurate
detecting and the SFF-DORT provides better cross-resolution.

Fig. 7. Imaging results for multiple targets in the noise envir-
onment. (a) SFF-DORT image for the nearer scatterer. (b)
FF-DORT image for the nearer scatterer. (c) SFF-DORT
image for the further scatterer. (d) FF-DORT image for the
further scatterer.

Fig. 8. Comparison of the cross-range resolution for
(a) the nearer scatterer and (b) the further scatterer.
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As for the further target, the imaging quality of the two methods
both degenerate due to a greater distance of the target, however,
the result given by the SFF-DORT is still satisfactory considering
the contrast between the array aperture and the target distance.

In addition, multiple targets imaging in the noise environment
with SNR =−5 dB are studied, as shown in Fig. 7. From Figs 7(a)
and 7(b) we can observe that for the nearer target the noise has
little effect to the SFF-DORT image while it causes mild degener-
ation to the FF-DORT image. It is observed from Figs 7(c) and 7(d)
that for the further target only a slight deviation from the actual
target position appears in the SFF-DORT image while the imaging
quality of the FF-DORT declines a lot, making it difficult to iden-
tify the target from the resulting image. The reason is that for the
antenna array the further target is a relatively weaker scatterer
which is affected by the noise more severely. The comparisons of
the normalized cross-range resolution between the two methods
are shown in Fig. 8 where the superiority of the SFF-DORT is
demonstrated more clearly.

Experimental verification

At last, the effectiveness of the proposed method is evaluated
through a practical experiment. The PulsOn 440 (P440), a
UWB radio transceiver operating between 3.1 and 4.8 GHz
which is provided by the Time Domain Corporation, is adopted
to configure the multistatic radar system. A pair of P440 modules
are used for the synthesis of a ULA consisting of N = 6 elements
with array aperture D = 0.75 m. The UWB pulse is emitted by the
transceiver fixed at the third element and the other transceiver

moves along the ULA to record the signals. The probed domain
is 3 m × 3 m and a metal rocket model with radius r = 3.2 cm is
located at (2 m, 1.5 m). The omni-directional antenna supporting
a frequency range of 3.1–5.3 GHz is connected to the P440 for the
radiation and reception of waveforms. The received waveforms
can be displayed and saved to the host computer in real time
by using the matched Channel Analysis Tool.

The experimental setup and one of the captured waveforms are
demonstrated in Figs 9(a) and 9(b) respectively. The time win-
dowing process is applied to the raw signals to remove the direct
arrival and extract the target response due to the utilization of the
omni-directional antenna. The imaging results given by the
SFF-DORT and the FF-DORT are shown in Figs 10(a) and 10(b)
respectively. It indicates that the proposed method achieves suc-
cessful detecting with enhanced imaging quality based on the
experimental data.

Conclusion

In this paper, a novel TR imaging method is proposed where the
target signatures can be extracted from coarse frequency depend-
ence as well as relative phase shifts by applying the SVD to the
new SFF-MDM. The imaging function which is contributed by
multiple subvectors of the left singular vectors achieves selective
imaging for different targets. The effectiveness of the SFF-DORT
is demonstrated by applying it to imaging single and multiple
PEC scatterers through numerical simulations. The comparisons
with the FF-DORT show the superiority of the SFF-DORT in
imaging resolution and robustness to the noise. Imaging results

Fig. 9. (a) Experimental setup. (b) Received waveform.

Fig. 10. Imaging results based on the experimental data.
(a) SFF-DORT image. (b) FF-DORT image.
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obtained by the experimental data preliminarily verify the avail-
ability of the method in practical applications. Moreover, the
SFF-DORT requires only single space–frequency measurement
by the antenna array thus it is applicable to moving targets detect-
ing. The proposed SFF-DORT has potential applications in
various areas including microwave breast cancer detecting,
through-the-wall imaging, nondestructive testing, etc.

Furthermore, the proposed SFF-MDM can be also extended to
the MUSIC methods to acquire better imaging resolution even for
the case where scatterers are not well-resolved. However, the
MUSIC methods are not as robust as the DORT methods
under high-level clutter or noise. In future research, applying
the SFF-MDM to the MUSIC methods as well as dealing with
the noise will be investigated.
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