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Fine initial alignment is vital to the Inertial Navigation System (INS) before the launching of
a missile. The existing initial alignment methods are mainly performed on a stationary base
after the missile has been erected to the vertical state. However, these methods consume extra
alignment time and some state variables have poor degrees of observability, thus losing the
rapidity of alignment. In order to solve the problem, a fast fine initial self-alignment method of
a missile-borne INS is proposed, which is performed during the erecting process on a stationary
base. The convected Euler angle error is modelled to optimise the erecting manoeuvre which can
prevent large Euler angle errors and improve the system observability. The fine initial alignment
model is established to estimate and correct the initial misalignment. Several experiments verify
that the proposed method is effective for improving the rapidity of the fine initial alignment for
a missile-borne INS.
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1. INTRODUCTION. The Inertial Navigation System (INS) achieves high precision
navigation through continuous integral computation based on angular velocity and accel-
eration, and is an essential component of a long-range missile (Chang et al., 2015; Cheng
and Li, 2013; Liu et al., 2015; Lu et al., 2009). The initial alignment is one of the key
technologies of a missile-borne INS. Its rapidity and precision are the two most important
parameters which determine the launching preparation time and the navigation precision of
the missile, respectively (Wang et al., 2012).

Normally, the initial alignment process is divided into two phases, coarse and fine align-
ment. The purpose of coarse alignment is to provide a desirable initial condition for the
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fine alignment (Li et al., 2012; Chang et al., 2015; Wu et al., 2010). Some fine initial
alignment methods have been investigated in the last few decades. These methods are
mainly performed on a stationary base after the missile has been erected along the X-axis
from the horizontal state to the vertical state with the pitch angle varying by 90° (Lu et al.,
2016; Li et al., 2015). For instance, the most common optical alignment method adopts
some optical instruments to obtain the initial attitude angle, which is the Euler angle of the
INS. However, the optical alignment method is complex and time consuming, and cannot
meet the requirement of rapidity (Li et al., 2015). Usually, a fine self-alignment method
using a Kalman filter is adopted (Wu et al., 2014). It is performed on a stationary base
after the missile has been erected to the vertical state. The extra time is devoted to the fine
self-alignment method, and some unobservable state variables are difficult to accurately
estimate quickly (Gao et al., 2015; Wu et al., 2012). Therefore, the rapidity of fine initial
alignment will be severely influenced (Cho et al., 2013; Wu et al., 2011). How to improve
the rapidity of fine initial alignment has become an urgent problem for missile-borne INS
development.

In order to solve the aforementioned problem, a fast fine initial self-alignment method
for a missile-borne INS is proposed, which is performed during the erecting process on
a stationary base. According to the proposed convected Euler angle error model, the
erecting manoeuvre can be optimised to prevent the large Euler angle errors. The fine ini-
tial alignment model is established to estimate and correct the initial misalignment. The
observability degree analysis indicates that the system observability can be improved. The
proposed method may not only share the erecting manoeuvre, but also improve the system
observability so that the alignment time can be reduced. Several experiments have been
carried out, and verify that the proposed method is effective for improving the rapidity of
the fine initial alignment for a missile-borne INS.

This paper is organised as follows. In Section 2, the convected Euler angle error is
modelled to optimise the erecting manoeuvre. Section 3 presents the fine initial alignment
model. The observability degree is analysed in Section 4. Section 5 introduces the fine
alignment experiment and finally, conclusions are drawn in Section 6.

2. MODELLING CONVECTED EULER ANGLE ERROR TO OPTIMISE ERECTING
MANOEUVER. For the INS, the digital computational platform is theoretically equiva-
lent to the local level navigation frame. Gyroscope outputs are used to maintain the digital
computational platform. Accelerometer outputs are obtained and then integrated to acquire
velocity and position. It is vital to determine the body attitude matrix, which represents a
coordinate system transformation relation of the body frame with respect to the navigation
frame.

The angular velocity from the body frame to the navigation frame is denoted in the body
frame, which can be calculated by:

b _ b b — b b
Wy = Wi — an;ln = Wy — Cn(wlr'le + C()Zn) (1)

where a)f;, is an angular velocity vector of the body frame with respect to the inertial frame
denoted in the body frame, and can be directly measured by gyroscopes. o, is the angular

velocity vector of the navigation frame with respect to the inertial frame denoted in the
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Figure 1. Euler angles transformation relation for INS.

navigation frame, which can be written as:

0 —Vn/(Ryg + h)
Wy = W + Wy, = | Wi cos(L) | + Ve/(Ry +h) 2
wje sin(L) Vetan(L)/(Ry + h)

where w?, is the angular velocity vector of the Earth frame with respect to the inertial frame
denoted in the navigation frame. /, is the angular velocity vector of the navigation frame
with respect to the Earth frame denoted in the navigation frame. V' and Vy are the velocity
in east and north directions. Ry, and Ry are the transverse and meridian radii of curvature.
L and & represent latitude and height respectively.

As shown in Figure 1, to accurately derive the Euler angle error differential equation,
the transformation relation between the angular velocity of the body frame with respect
to the navigation frame denoted in the body frame and the Euler angle velocities, can be
expressed as:

WPy cos(y) 0 —sin(y)| |1 0 0 0
Wy | = 0 1 0 0 cos(@) sin@®) | |0
wb |, Lsin(y) 0 cos(y) | |0 —sin(®) cos(®)] ¢,
cos(y) 0 —sin(y)] [ 0
#0010 |lo| +|y
sin(y) 0 cos(y) 0], 0],
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—sin(y)cos(9) cos(y) 0| [ ¢
= sin(0) 0 1|6 3)

cos(y)cos(f) sin(y) O] |y
where a)i’hl. is the angular velocity of the body frame with respect to the navigation frame
denoted in body frame along the i axis. The Euler angle differential equation induced by

the angular velocities of the body frame with respect to the navigation frame denoted in the
body frame can be written as:

@ —sin(y)cos(®) cos(y) 0] ' [l
6= sin(0) 0 1 by,
y cos(y)cos(f) sin(y) 0O by,
—sin(y) 0 cos(y) Dy
= os@) cos(@)cos(y) 0 cos(0)sin(y) | | why,
sin(@)sin(y) cos(@) —sin(@)cos(y) a)flbz b
sin(y) , cos(y)
— +
cos(0) Cnb cos(0) @bz
= . 4
cos(y)a)ﬁbx + sm(y)a)fl’bz @

tan(0) sin(y)w?, + b, — tan(0) cos(y )w?

nbx nby nbz

The differentiation errors of the Euler angle between the azimuth ¢¢, pitch 6¢, roll y¢ with
respect to the computational frame o.x.y.z. and azimuth ¢, pitch 8 and roll y with respect
to the navigation frame o,x,,z,, can be expressed as:

1 [e] [¢
80 | =1pc|— 1|06 (%)
Sy e Y

Using Equations (4) and (5), the differential equations of Euler angle error in azimuth,
pitch and roll can be obtained. The differential equation of pitch angle error is written as:

nbx nbz

80 =6 — 0 = cos(y“)w’, +sin(y)w?, — [cos(yc — (Sy)wﬁbx + sin(y € — 8y)wﬁbz] (6)

By Taylor expansion, we have sin(dy) ~ §y, cos(8y) ~ 1; ignoring the terms as small
as the second order, the differential equation of pitch error can be rewritten as:

80 ~ [cos(y* ), —sin(y“ )l 6y @

The differential equation of roll angle error can be obtained as:
By =y =y = an(@)[ sin(y Yoy, —cos(y )] + oy,
— tan(0¢ — 89)[ sin(y¢ — 8)/)a)f1’bx —cos(y‘© — (Sy)a)ﬁbz] — a)sby (8)

Based on Taylor expansion, we have sin(86) ~ 86, tan(6¢ — 66) = tan(6°) — sec?(9°)86;
ignoring the terms as small as the second order, the differential equation of the roll angle
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error can be rewritten as:

8y = tan(6°)[ cos(y)wh,, + sin(y ), |8y + sec*(0°)[ sin(y)wl,, —cos(y )b, |66
)

The differential equation of azimuth angle error can be written as:

=9 —¢p=— sin(y©)w?,. —cos(y )’
$=¢" —¢ COS(90)[ (¥ ) —C08(y )y, |

1 : c c
+ m[ sin(y< — 8y)wpy, —cos(y® —y)wp,.]  (10)

Based on Taylor expansion, assuming sin(86) ~ 86, sin(éy) ~ §y, cos(60) ~ cos
(8y) = 1, sec(8° — 80) ~ sec(6) — sec(6°) tan(6)36, ignoring the terms as small as the
second order, the differential equation of azimuth angle error can be rewritten as:

[ cos(y)wh,. —sin(y)w?, | tan(6°)36
8@ ~ sec(6) b . b an
—[ cos(y)w,,, + Sln(Vc)wnbz](SV

According to Equations (7), (9) and (11), the differential equation of convected Euler
angle error caused by the erecting manoeuvre can be obtained as:

80 0
. 1 . .
sy | = T sec(6°)(sin(y <)l —cos(y)w?,.)
8¢ sec(6°) sin(0°)( —sin(y )l + cos(y)wl,.)
—cos(0°) sin(y©)w?, +cos(6) cos(y )’ 07 [86
sin(6°¢) cos(yc)wﬁl’bx + sin(6°¢) sin(y")a)ﬁl’bz 0f |8y (12)
—cos(y)wb,  —sin(y)a?, 0] |6

The convected Euler angle error equation can be obtained as:

36 800+ [, 80dt
8y | = | 8yo+ [y Syt (13)
S¢ S¢o + [ S¢dt

where 8¢y , 66, 8yp are errors of initial azimuth, pitch and roll of INS calculated by ana-
lytical coarse alignment, respectively. The convected Euler angle error equation is related
to the motion of the missile-borne INS and aimed to optimise the erecting manoeuvre. It
is distinct from the traditional error equation of INS which is the misalignment angle error
equation and is applied to analyse the error of INS in navigation computation.

In the normal erecting manoeuvre, the missile body is rotated 90° along the X-axis from
the horizontal state to the vertical state. From Equations (12) and (13), it can be found that
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the convected Euler angle errors will gradually increase with the pitch angle. Moreover,
the convected Euler angle errors of a missile-borne INS can be affected by the angular
velocities of the body frame with respect to the navigation frame denoted in the body frame
along X-and Z-axes o}, l,_, except Y-axis o}, . Therefore, the missile-borne INS should
be erected from horizontal to the vertical state along the Y-axis instead of the X-axis. The
optimised erecting manoeuvre can prevent the larger Euler angle errors, and can be shared
with the fine initial alignment. In this way, the rapidity of the fine initial alignment can be
improved.

3. FINE INITIAL ALIGNMENT MODEL.

3.1. State equation modelling of the fine initial alignment. A Kalman filter is
designed to estimate and correct the initial misalignment in real-time. According to the
error equation of INS, the state equation of system is expressed by:

X =FX +GW (14)

where X is the state vector of Kalman filter, that is a fifteen-dimensional state variable.
X =[ ¢E ¢N ¢U 8VE (SVN BVU SL 81 Sh g EN EU VE VN VU ]T
where ¢;, 8V, €; and V; are misalignment, velocity error, gyroscope drift and accelerometer
bias along the i axis in the navigation frame and §L, §A and 84 are the errors of lati-
tude, longitude and altitude. W is system noise, W = [w,, W, We, Wy, Wy, wy,]’
which includes gyroscope random errors and accelerometer random errors. F isa 15 x 15
dimensional state transformation matrix, and can be expressed as:

F F, F3 CZ O3><3_
F4 F5 F() 03><3 CZ
F=|033 F; F3 0343 03,3 (15)

03x3  03x3 03x3 0343 0343

| 0353 0353 03x3 O3x3 033 |

where every submatrix F; is described (Han and Fang, 2013). G is a 15 x 6 dimensional
process noise matrix, and can be expressed as:

Cy 0O3x3
G=|033 () (16)
0953  0O9x3

where C}' is an attitude transformation matrix from the body frame to the navigation frame.

3.2. Measurement and measurement equation modelling of the fine initial alignment.
The missile launching system includes the launching vehicle, missile with INS, and erect-
ing mechanism as shown in Figure 2. The position of the launching location can be obtained
through the Global Navigation Satellite System (GNSS) receiver of the launching vehicle.
After coarse alignment, the missile will be erected from the horizontal to the vertical state.
Since the launching vehicle is static, the measurements including positions and velocities
can be calculated by modelling the lever arm. The lever arm Rﬁ’ =[X; ¥; Z;]7, refers to the
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Figure 2. The missile launching system mainly include launching vehicle, missile with INS and erection
mechanism.

spatial vector between the rotating centre of erecting mechanism O, and the sensing centre
of the missile-borne INS O, in the body frame O, X} Y,Z,. The positions and velocities of
the missile-borne INS sensing centre Op, relative to erecting mechanism rotating centre O,
are time-varying.

The missile can be erected from the horizontal to the vertical state as shown in Figure 2.
The position measurement of the missile-borne INS centre can be calculated by modelling
of the lever arm. Compared with the rotating centre of the erecting mechanism O,, the
relative position vector calculated by the lever arm can be expressed as:

AP} = CIRS (17)

Using the lever arm model, the position measurement vector in the sensing centre of the
missile-borne INS can be calculated in real-time:

P: =P}, + AP} = P}, + IIC/R} (18)

where P}, represents the position vector in the rotating centre of the erecting mechanism
O, in the navigation frame, Py, = [L, A, ho]”. 11 represents a matrix which can transform
a position vector from the navigation frame to the Earth frame. The position measurement
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of fine alignment in the erecting process can be further expressed as:

1
Ly L, Ry +h 0 Ol o ) [x
As | = | Ao |+ sec L ol T2 T T |1 (19)
Ry +h
h h, v Ty Tz T3z || 4
0 0 1

where T}; is an element of attitude transformation matrix C;' with i, j =1,2,3.

When the launching vehicle stops at the launching location, the velocity of the rotating
centre of the erecting mechanism, V7, can be assumed as V& =[0 0 0]”. The velocity
measurement in the sensing centre of the missile-borne INS can be calculated in real-time:

Vi=Vh+ AV} = Vi + Ciwh, x R)) = Ci(wh, x RY) (20)

where w?, is an angular velocity vector of the missile-borne INS body frame with respect
to the navigation frame denoted in the missile-borne INS body frame, and has been given
in Equation (1). The angular velocity vector @’, can be further expressed as:

_ Vy -
D Wy Tnw T T RM+hV
E
C‘)Zby = wtl?by — | T T Tn wiecosL+RN+h 21)
wly, Wb T3 T3 T3z ) Vi tanL
Wje SIN L + ——
L Ry +h |

where Vg, Vy, Vy are the velocities in east, north and up directions, which can
be updated in real-time by fine alignment. Ry, = Ro(1 — €?)/(1 — *sin® L)*/?, Ry = Ry/
(1 — e*sin® L)!/? with Ry is the radius of the Earth. e is the flat ratio of the navigation
system. w;, is the Earth angular rate. The velocity measurement of the missile-borne INS
sensing centre can be further expressed as:

Vg Thw Toy Ty 0 —f,, wﬁby X;
Viv | = | T2 T2 Tx by 0 —ap ||V (22)
Vsu T3 Tos T3 —wsby b, 0 Zr

where Ve, V¢, and VY, are the velocity measurements of the fine initial alignment along
east, north and up directions respectively. These measurements can be obtained by the
modelling of the lever arm, which are independent of external equipment, ensuring the
accuracy of measurement for fine alignment.

Taking the difference in the measurements obtained by the modelling of the lever arm
and the positions and velocities of the INS as measurement quantities of fine alignment Z,
the measurement equation of the filter can be written as:

Z=HX+v (23)

where v =[vs, vsi Vs Uy, Uy, vVU]T i1s the measurement noise matrix. H is a
measurement matrix which represents the transformation relationship between the state
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quantities and the measurement quantities. According to Equations (16) and (19), the
measurement quantities Z can be further calculated by:

[V ] Vi Vig Vi
8Vy Vy Vy Vn
§Vy Vu Veu Vu
ls T ol e | T e
53 A Ag A—2,
| 6 | | A ] | hs | |7 —ho |
[ T1i(@hy, 21 — @}, Yi) + Tor(@hy, Xy — @y, Zi) + Tsi(@hy, Y — ol X) |
T lz(wnby — @by Y1) + T}, X1 — 0}y, Z) + Taa(why, Y nbel )
Tis(@ly, Zr — @iy, Y1) + Tos(@, Xr — @l Zp) + Ta3(w)y, Vi — @)y, X1)
_ TuXp+ T Y + 1317 (24)
Ry + i
sec L(T2X; + T Yy + T3aZy)
Ry +h
i T13X; + T3 Y + T537; N

where L, A and / are latitude, longitude and altitude calculated by the missile-borne INS in
real-time. The measurement matrix H can be expressed as:

H=[Hy Hy|' (25)
Hp = [03y6 diag (Rys +h, (Ry +h)cosL, 1) 03xe] (26)
H, =[03x; diag(l, 1, 1) 03x9] (27)

Using these models, the fine initial alignment of the missile-borne INS can be realised
through the Kalman filter.

4. OBSERVABILITY DEGREE ANALYSIS. Observability is important to the fine ini-
tial alignment, which requires careful investigation. Since the system is a time-varying
system, its observability can be analysed according to the observability analysis of a Piece-
wise Linear Constant System (PWCS) theory (Ma et al., 2014). The PWCS theory can
determine whether the system is completely observable or not, but it cannot analyse the
observability degree. The observability degree for every state can be computed by means
of the Singular Value Decomposition (SVD) method (Pei et al., 2014).

According to the PWCS theory, the matrix H and F are constant for every time segment
7, but they may vary from segment to segment. Stripped Observability Matrix (SOM) is
defined as the following equation:

o =[H)" HF) - HF] (28)
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Table 1. Observability degree corresponding to misalignment angles in different time segments.

State variable j=1 j=45 =90 j=100

o 13.9459 93.5955 132.2353 139-2000
oN 13-9459 93-6309 132.0633 139-3861
ou 2:6185 x 10719 0-1017 0-1508 0-1516

According to the SVD theorem, each @; of every segment is decomposed through
singular value decomposition:

Ar><r O T
0= Uusy’ = [u1 u --- um] 0 0 [vl vy .- vr] (29)
where A =diag(cy, o, --- 0,). 0 >0y > -+ >0, >0 are singular values of the

matrix. Every state variable has a corresponding singular value in each time segment. The
greater the singular value, the higher the observability degree of state variable.

The erecting manoeuvre is performed within 100s. According to PWCS theory, the
erecting process is divided into 100 segments. Each time segment lasts for 1s. Table 1
shows the observability degree corresponding to misalignment angles in different time
segments.

The misalignment angles ¢z and ¢y are totally observed through the whole process. In
the first time segment, the observability degree of ¢y is less than 1, which is unobservable,
and its degree of observability is very low; in the 100th time segment, the observability
degree of ¢y improvement has been obviously improved, increasing from 2-6185 x 10~
to 0-116. The results of observability degree analysis show that the erecting manoeuvre
is conducive to enhancing the observability degree of some state variables, especially ¢y.
The results of observability degree analysis show that the erecting manoeuvre is conducive
to improving the system observability.

5. FINE ALIGNMENT EXPERIMENT.

5.1.  Experiment equipment and operation. To validate the proposed fine initial align-
ment method, three erecting experiments of a missile-borne INS were carried out. A high
precision INS is developed with gyroscope drift and accelerometer bias which is better than
0-01°/h and 50 pg, respectively (Li et al., 2014). The missile-borne INS is installed in a
simulated missile with its Y-axis as the rotation axis of the erecting mechanism. When the
launching vehicle arrived at the known launching location, it was stopped and attempted
to be kept horizontal. The position vector of the rotating centre of the erecting mechanism
O, in the navigation frame can be obtained through the GNSS receiver of the launching
vehicle, whichis P? = [L, A, h,]7 =[39:797810° 116-410779° 46-426m]".

According to Equations (16) and (19), the lever arm vector is used to calculate the
position and velocity measurements, and must be obtained before erecting alignment.
The lever arm vector R? is measured by the laser total station instrument, and R? =
[9-16lm —0-317m 0-700m]”. The lever arm is considered as a rigid lever arm and
the length of the lever arm is unchanged during the whole experiment.

First, the initial attitude matrix of the missile-borne INS can be calculated by an ana-
lytical coarse alignment for ten seconds. Then, the fine alignment is performed during the
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Figure 3. The measurement of position.
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Figure 4. The measurement of velocity.

erecting process. Using the erecting mechanism, the missile-borne INS is rotated 90° clock-
wise to the vertical state along the Y-axis within 100 s. The existing fine initial alignment
method is performed on a stationary base after the missile-borne INS has been erected to
the vertical state along the X-axis. The two alignment methods can be compared with each
other. A set of optical measurement equipment including a laser tracker and a theodolite
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Table 2. Parameters of Kalman filter used in the fine initial alignment.

The existing The proposed
Parameters method method
Latitude (m) 0-05 0-10
Longitude (m) 0-05 0-10
R matrix Height (m) 0-05 0-10
(Measurement precision) East Velocity (m/s) 0-005 0-01
North Velocity (m/s) 0-005 0-01
Up Velocity (m/s) 0-005 0-01
X Gyroscope (°/h) 0-01 0-01
Y Gyroscope (°/h) 0-01 0-01
Q matrix Z Gyroscope (°/h) 0-01 0-01
(Measuring precision) X Accelerometer (ug) 50 50
Y Accelerometer (ug) 50 50
Z Accelerometer (ug) 50 50
Latitude (m) 0-05 0-10
Longitude (m) 0-05 0-10
Height(m) 0-05 0-01
East Velocity (m/s) 0-005 0-01
North Velocity (m/s) 0-005 0-01
Up Velocity (m/s) 0-005 0-01
Azimuth (°) 0-2 1
P matrix Pitch (°) 1/120 0-06
(Initial precision) Roll (°) 1/120 0-06
X Gyro bias (°/h) 0-02 0-02
Y Gyro bias (°/h) 0-02 0-02
Z Gyro bias (°/h) 0-02 0-02
X Accelerometer bias (ug) 100 100
X Accelerometer bias (ug) 100 100
X Accelerometer bias (ug) 100 100

are used to measure the azimuth of the missile-borne INS in real time, and the result can be
regarded as a reference for fine alignment.

5.2. Experiment results and analysis. The measurement equation of the proposed
dynamic model is established through modelling and compensation of the lever arm effect.
The position and velocity measurements are obtained in real time. According to Equations
(18) and (20), measurements of the missile-borne INS can be calculated by three gyroscope
outputs, the lever arm vector R? and the attitude matrix of INS C7, which is independent of
external equipment. The velocity and position measurements are given in Figures 3 and 4.
The measurement equation of the existing method is available from the model of traditional
self-alignment on a stationary base, and the measurements are constant.

For the fine initial alignment, the Kalman filter parameters must be determined. Accord-
ing to the specifications of the missile-borne INS, the filter parameters can be obtained, as
shown in Table 2.

Based on these filter parameters, three group fine initial alignment experiments have
been carried out. Taking the azimuth measured by optical instruments as a reference, the
azimuth errors obtained by the proposed method and the existing alignment method are
given in Figure 5. Both alignment methods can obviously reduce the azimuth errors by a
Kalman filter estimation to the requirement of precision which is §¢ = 0-05°.
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Figure 5. Azimuth errors operated by the proposed method and the existing method compared with the
reference obtained by optical instruments.

Table 3. Times consumed by two alignment methods (unit: s).

Number of experiment 1 2 3 Mean value
The existing method 270 282 315 289
The proposed method 102 120 122 115

Compared with existing methods, the proposed method may not only share the erect-
ing manoeuvre, but also improve the system observability. Therefore, the rapidity of the
proposed alignment method is significantly better than the existing alignment method.
Time consumption of the two fine initial alignment methods is given in Table 3. When
the azimuth accuracy is better than 0-05°, time consumed by using the proposed alignment
method is 115 s for three experiments, which is far less than 289 s consumed in the existing
method. The experiment results prove that the proposed alignment method is faster and
provides a valid solution.

6. CONCLUSIONS. In this paper, a fast fine initial self-alignment method of a missile
INS is proposed, which is performed during the erecting process on a stationary base. The
convected Euler angle error is modelled to optimise the erecting manoeuvre scheme which
can prevent the large Euler angle error. Then, the fine alignment model is established to
estimate and correct the initial misalignment. The observability degree was analysed by
PWCS theory and SVD theory, which indicates the improvement of system observability.
The proposed method may not only share the erecting manoeuvre, but also improves the
system observability so that the alignment time can be reduced. The fine initial alignment
experiments show that the rapidity of the proposed alignment method is significantly better
than the existing alignment method, and proves the validity of the proposed method. It can
contribute to the fast fine initial alignment of a missile-borne INS.
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