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In this paper, we look for the weight functions (say g) that admit the following
generalized Hardy-Rellich type inequality:

/Qg(x)uz de <C /Q |Au?dz, Vue Dg’Q(Q),

for some constant C' > 0, where € is an open set in RY with N > 1. We find various
classes of such weight functions, depending on the dimension N and the geometry of
Q. Firstly, we use the Muckenhoupt condition for the one-dimensional weighted
Hardy inequalities and a symmetrization inequality to obtain admissible weights in
certain Lorentz-Zygmund spaces. Secondly, using the fundamental theorem of
integration we obtain the weight functions in certain weighted Lebesgue spaces. As a
consequence of our results, we obtain simple proofs for the embeddings of Dg’z(Q)
into certain Lorentz-Zygmund spaces proved by Hansson and later by Brezis and
Wainger.
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1. Introduction and main results

In this paper, we discuss the generalized Hardy-Rellich inequalities. More precisely,
we look for the weight functions g that satisfy the following inequality:

/g(:c)u2 dz < c/ |Aul?dz, VYu e Dg?(Q), (1.1)
Q Q
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where Q2 is an open set in RN with N > 1, g € LL () and D;*(Q) is the completion
of C2°(§2) with respect to [|Aul|z2(q). Depending on the dimension N and on the
geometry of 2, we find various classes of weight function that satisfies (1.1).

The restriction on the dimension is mainly due to the fact that the Beppo-Levi
space DS’Q(Q) may not be a function space for a general unbounded open set 2. For
example, when 1 < N < 4, Hormander-Lions in [24] showed that DS’Q (RN) contains
objects that do not belong to even in the space of distributions. However, when 2 is
an exterior domain we will see that (remark 3.14) D3*(€) is a well-defined function
space for any dimension N. On the other hand, if N > 5 or Q is bounded, then
D(Q)’2(Q) is always a function space and it is embedded into certain Lebesgue spaces.
Thus depending on N, we will be considering various types of () that ensures the
Beppo-Levi space Dg’Q () is a function space:

(i) for N > 5: Q is an open set (bounded or unbounded),
(ii) for 2 < N < 4: Q is a bounded open set or an exterior domain.

Having made the assumptions on NV and €2, we next look for conditions on g so that

(1.1) holds.
First, recall the following classical Hardy-Sobolev inequality:
Ju(@)]” 2 Y’ / > 1
< —=— dz, Vue HM(Q), 1.2
< () [ Ivular vue H©) (12)

where © is an open set in RV (N > 3) containing the origin. Many proofs for (1.2)
are available in the literature. For an excellent review of this topic, we refer to the
book [26]. Hardy-Sobolev inequality has been extended and generalized in several
directions and for different function spaces. The improved Hardy-Sobolev inequal-
ities are the ones that concerns with replacing the Hardy potential 1/|z|?> with
1/]z|? + lower order radial weights, see [3,10,18,19] and the references therein.
On the other hand, many authors are also interested in generalized Hardy- Sobolev
inequalities, that is, more general weight functions in (1.2) in place of 1/|x|?. For
example, weights in certain Lebesgue spaces [5, 28], weak Lebesgue spaces [36]
(N > 3) and Lorentz-Zygmund spaces [6] (N =2 and ©Q is a bounded). In this
article, we study the second order generalization of the Hardy-Sobolev inequality,
namely (1.1). For brevity, we make the following definition:

DEFINITION 1.1. A function g that satisfies (1.1) is called an admissible weight.

Notice that the admissibility of g™ ensures the admissibility of g, henceforth in
this paper, we will be considering nonnegative admissible weight functions. A non-
negative admissible function necessarily belongs to LllOC (©). The following second
order generalization (for N > 5) of the classical Hardy-Sobolev inequality is due to
Rellich [32]:

|u(z)|? 16
o lof S MRV -2

/ |Aul?dz, Yue W>*(RY). (1.3)
Q

Thus 1/|x|* is an admissible weight. The authors used the spherical harmonics in
[32] to obtain the inequality (1.3), (see § 7, chapter 2, page 90-101). Thereafter,
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many improved Rellich inequalities are proved in the literature, for example, see
[2,4, 20,34, 35]. For further readings on the improved Hardy-Sobolev (first order)
and Hardy-Rellich inequalities, we refer to the monograph [21] and the references
therein. The lack of Pélya-Szeg6 type inequality for the second order derivatives is
one of the main difficulties in proving the Hardy-Rellich inequality. In general, the
Schwarz symmetrization of a W22(RY) function does not admit the second order
weak derivatives, even if they do, the second order derivatives may not satisfy the
Pélya-Szegd type inequality, see [12,29] for more discussion on this.

The embeddings of Dg’z(ﬂ) provide admissible weights in the dual of a space
associated with the target space in the embedding. Moreover, a finer embedding
(a smaller target space) gives a larger class of admissible weights. For example,
for N > 5, the embedding of Dg”*(RY) into the Lebesgue space L¥ (RN) (2** =
(2N /(N — 4))) ensures that L/*(RN) functions are admissible as obtained in [33].
A finer embedding of Dy*(2) into the Lorentz space L2 -2(Q) C L¥(Q) is also
available, see [29]. The embedding of D3 (€2) into a smaller space L2 2(Q) provides
a bigger class of admissible functions, namely the Lorentz space LN/4°°(€). In this
paper, we present a proof for the admissibility of functions in L/ 400(Q)) without
using the above embedding and then obtain the embedding as a simple consequence
of the admissibility. The following theorem is one of our main results:

THEOREM 1.2. Let Q be an open set in RN with N > 5 and g be a nonnegative
Sfunction.

(i) (A sufficient condition) If g € L'N/D>(Q), then g is admissible.

(ii) (A necessary condition) In addition, let Q2 be a ball centred at the origin or
entire RN and g be radial, radially decreasing. Then g is admissible, only
if g belongs to LIN/4):>0(Q).

Our proofs mainly rely on the Muckenhoupt necessary and sufficient conditions
(theorems 1 and 2 of [30]) for the one-dimensional weighted Hardy inequalities and
a pointwise inequality for the symmetrization that obtained in [13] (see (1.14))
using the rearrangement inequality for the convolution due to O’Neil (see [31]).
We refer to [17], for similar inequalities for the higher order derivatives. Further,
theorem 1.2 provides a simple proof for the embedding of Dg’z (©) into the Lorentz
space L2 2(Q) (see corollary 3.6).

The space LIV/4):>°(Q) does not include all the admissible weights. In the next
theorem, we exhibit another class of admissible weights. The analogous result for
the first order Hardy-Sobolev inequalities is obtained in [14](see lemma 1.1).

THEOREM 1.3. Let Q C RY with N > 5 and let g be a nonnegative function on ).
If there exists a function w € L'((0,00),73) such that g(x) < w(|z|) for all z € Q,
then g is admissible.

The proof of the above theorem is based on the fundamental theorem of integral
calculus. Further, we give examples of admissible weights to show that the classes of
admissible weights given by theorems 1.2 and 1.3 are not contained in one another.

As we mentioned before, when N = 4, the space DS’Z (©2) may not be a function
space for a general unbounded open set 2. However, for a bounded open set §2, the

https://doi.org/10.1017/prm.2018.128 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.128

900 T.V. Anoop, U. Das and A. Sarkar
Beppo-Levi space D(Q)’Q(Q) coincides with the usual Sobolev space H((2). Further,
HA(Q) — LA(Q),

where LA(€2) is the Orlicz space generated by the N-function A(t) = e’’. Using
this embedding, one can show that all the nonnegative functions in the Orlicz
space Llog L(€)) are admissible. In this case, we use a point wise inequality for the
symmetrization and the Muckenhoupt conditions for the one-dimensional weighted
Hardy inequalities to obtain a bigger class of admissible weights. For a mea-
surable function g, we denote its decreasing rearrangement by ¢* and g¢**(t) =

1/t fot g*(s) ds. Now we define
QY
Mlog L(Q) := < g measurable : sup tlog | — | g™ (t) <ooy.
0<t<|Q2| l
Mlog L(€2) is a rearrangement invariant Banach function space with the norm
a1 (1)
l9llatiog () = sup ¢ log ;)9 (1),
0<t<|Q|
for more on Banach function space see [9]. Now we state our next result.

THEOREM 1.4. Let Q be a bounded open set in R* and let g be a nonnegative
function.

(i) (A sufficient condition) If g € Mlog L(2), then g is admissible.

(ii) (A necessary condition) In addition, let Q be a ball centred at the origin and
let g be radial, radially decreasing. Then g is admissible, only if g belongs to
Mlog L(Q).

As a simple consequence of the above theorem we have corollary 3.12, which gives
the embedding of HZ({)) into Lorentz-Zygmund spaces (finer than the embedding
to Orlicz spaces) obtained independently by Brezis and Wainger [11] and Hansson
[23].

Next we consider the exterior domains and annular regions in R with 2 < N < 4.
In this case, we have the following results:

THEOREM 1.5. Let Q = Br\ By CRY with 1 < R < oco. Let g be a nonnegative
function and w be another function such that g(x) < w(|x|) for all x € Q. If

Ll((laoo)vTNJrl)a N:374;R:OO
we S LY((1,00),73logr), N R
LY(1,R), 2< N <4R<oo.

then g is admissible.

This paper is organized as follows. In § 2, we briefly discuss the function spaces
and other prerequisites which are essential for the development of this paper. §3
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deals with the proof of theorems 1.2-1.5. In appendix, we present some results on
Lorentz-Zygmund spaces which we require in this paper.

2. Preliminaries

In this section, we first describe the symmetrization and some of its properties, then
we briefly discuss the rearrangement invariant function spaces which will appear
in this article. In the end, we discuss the Muckenhoupt conditions for the one
dimensional weighted Hardy inequalities.

2.1. Symmetrization

Let Q C RY be a Lebesgue measurable set. Let M(£) be the set of all extended
real-valued Lebesgue measurable functions those are finite a.e. in Q. For f € M(Q)
and for s > 0, we define Ef(s) = {z:|f(x)| > s}. Then the distribution function
oy of f is defined as

ag(s) = |Es(s)|, fors>0,

where |A| denotes the Lebesgue measure of a set A C RY. Now we define the one
dimensional decreasing rearrangement f* of f as below:

fr(t) =

ess sup f, t=20
inf{s >0: as(s) <t}, t>0.

The map f — f* is not sub-additive. However, we obtain a sub-additive function
from f*, namely the maximal function f** of f*, defined by

¢
f**(t):%-/of*(T)dT, t>0.

The sub-additivity of f** with respect to f helps us to define norms in certain
function spaces.
The Schwarz symmetrization of f is defined by

(@) = f(wnlz|Y), Ve,

where wy is the measure of the unit ball in RV and Q* is the open ball centred at
the origin with the same measure as 2.

Next, we state an important inequality concerning the Schwarz symmetrization,
see theorem 3.2.10 of [15].

PROPOSITION 2.1 (Hardy-Littlewood inequality). Let @ C RN with N > 1 and f,
g be nonnegative measurable functions. Then

2]

/Qf(l’)g(ﬂf) dz < . fr(@)g" () dz = fr(t)g*(t) dt. (2.1)

0
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2.2. Lorentz spaces

The Lorentz spaces are refinement of usual Lebesgue spaces introduced by
Lorentz himself in [27]. For more details on Lorentz spaces and related results,
we refer to the books [1,15,22] and the article [25].

Let © be an open set in RY. Given a function f € M(Q) and (p,q) € [1,00) x
[1,00] we consider the following quantity:

|f|(p,q) = ||t(1/p)_(1/q)f*(t)HL‘I((O,oo))
0 [4(1/p)—(1 q 1/q
B (fo [L0/P) =0/ (1] dt) 1< q< oo,
sup, st/ f*(t); q = oo.
The Lorentz space LP-9(€) is defined as

Lp’q(Q) = {f S M(Q) : |f‘(p)q) < OO} .

(0.9]

| fl(p,q) is & complete quasi norm on LP-4(€2). For (p,q) € (1,00) x [1,00], let

||f||(p,q) — Ht(l/p)f(l/q)f**(t)”Lq((opo)).

Then || f{|(p,q) is a norm on LP9(Q) and it is equivalent to the quasinorm [f|(, q) (see
lemma 3.4.6 of [15]). For the computational simplicity, we use |f](,q) instead of
|/ l(p,q)- Note that LPP(Q2) = LP(£2) for p € (1,00) and LP>°(Q2) coincides with the

weak-LP space (Marcinkiewicz space) := {f € M(Q) : sup,-, s(as(s))/? < oo}.

2.3. Lorentz-Zygmund space

Now we briefly sketch an overview of Lorentz-Zygmund spaces. For more details
on Lorentz-Zygmund Spaces we refer [8,9,16]. For a bounded open set 2 C RV,
1< p, g < oo, and a € R we define the following quasinorms:

e|Q2 “ _ *
e = | (log (t|) ) tP =D F (1) Lago -
Then the Lorentz-Zygmund space LP:(log L)*(2) is defined as
LP9(log L)*() := {f € M(Q) : | fl(p.g.a) < 0}

For p,q and « as before, let

el a/p)- -
||f||(p7q7a) = || (log (t) ) +(1/p) (1/q)f (t)||L4((0,|Q\))-

For p > 1, || fll(p,q,a) is @ norm on LP4(log L)*(Q2) and it is equivalent to the quasi-
norm | f[(,.4.a) ( see corollary 8.2 of [8]). In appendix (proposition A.3), we provide
a proof for the equivalence in the case p = 00, ¢ =2 and o = —1.

Note that, LP+9(log L)°(£2) coincides with the Lorentz space LP*4(Q2). In appendix,
we show that as a vector space L' *°(log L)?(Q2) and Mlog L(f2) are the same
(proposition A.1). However, the quasinorm |f|(1 «,2) and the norm || f||apf10g L are
not equivalent.
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2.4. Muckenhoupt condition

The following necessary and sufficient conditions (see theorems 1 and 2 of [30])
for the one-dimensional weighted Hardy inequalities play an important role in our
results:

THEOREM 2.2 (Muckenhoupt condition). Let u,v be nonnegative measurable func-
tions such that v > 0. Then for any a € (0, o0],

/0“ /Osf(t)dt

holds for all measurable function f on (0,a) if and only if

a t
Ap := sup </ u(s) ds) (/ v(s)! ds> < 0. (2.3)
o<t<a \J¢ 0
(i) the dual inequality
[ s
0 s
holds for all measurable function f on (0,a) if and only if

Ay = g (/Otu(s)ds> (/tav(s)_lds> < 0. (2.5)

REMARK 2.3. Let C} and C? denote the best constants in (2.2) and (2.4)
respectively. Then we have the following inequality (see [26])

(i) the inequality

u(s)ds < C’/Oa |f(s)[*v(s) ds, (2.2)

2 a
uls S X 82’US S, .
(s)d <0/O 1F(5)2u(s) d (2.4)

A; < CE <24, fori=1,2, (2.6)
where A;’s are defined in (2.3) and (2.5).

3. Proof of main theorems

In this section, we prove our main theorems. First, we state an inequality (1.14 of
[13]) that plays the role of Pélya-Szeg6 inequality for the second order derivatives.
This inequality is obtained using the rearrangement inequality for the convolution
due to O’Neil [31].

LEMMA 3.1. For u € C=°(RY) with N > 3, let u* be the decreasing rearrangement
of u. Then the following inequality holds:
1

2(N — 2)wi/N

(s [iaarars [T 1A @@ a) vsso
0 S
(3.1)

u*(s) <

https://doi.org/10.1017/prm.2018.128 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.128

904 T.V. Anoop, U. Das and A. Sarkar

The next lemma is a consequence of the Muckenhoupt condition:
LEMMA 3.2. For N >4, let Q be an open set in RN . In addition, let Q be bounded
when N = 4. Then for

¥ {L<N/4>v°°(ﬂ>, N>5,
g c< =

MlogL(Q), N=4.

there exists a constant C' = C'(N) > 0 such that the following two inequalities hold:

1 s 2 e]
| g (/ f(t)dt> as<Clglx [ f(s)ds.  (32)
0 0 0

fo] fo] 2 1|
/ g (s) < flyr e dt) ds < Ollgllx f(s)*ds, (3.3)
0 s 0

for any measurable function f on (0,[9]).
Proof. For proving (3.2), we set a = |[Q|,u(s) = g*(s)s 2t*/N) and v(s) =1 in
(2.2). Thus fot v(s)"tds = fot ds =t and
a 12| 12
/ u(s)ds :/ g*(s)s /N g*(t)/ sT2HA/N) g
¢ ¢ t

4 (4/N) g (t)a N>5a

(%)* N =4.

a t
Ay = sup (/ u(s) ds) (/ U(s)_lds) < Clgllx < o0
0<t<a t 0

and hence (3.2) follows from part (i) of theorem 2.2.
To prove (3 3) we set a = |Q|, u(s) = g*(s) and v(s) = s>~ */N) in (2.4). Now
f u(s) dS—fO s)ds = tg**(t) and

a 2] N—4 (4/N) ; N 2 55
/ v(s)"tds = / s72HAW/N) g
t t =4.

Therefore,

VA
<)
o
‘ 4‘
Q
~—
=
|
e~

Therefore,

¢ a
Ay = sup (/ u(s) ds) (/ v(s)™! dS) < COllgllx < oo
0<t<a \Jo t

Hence (3.3) follows from part (ii) of theorem 2.2. O
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3.1. The higher dimension, N > 5

In this subsection, we give proofs of theorems 1.2 and 1.3.

Proof of theorem 1.2.

905

(i) A sufficient condition. Let u € C2°(€2). Then by the Hardy-Littlewood

inequality (2.1) we have

[ s@u@ras < [ " urras (3.0
Further (3.1) gives
[ roweras<a [T g ([ 1aur dt)2 ds
v [ Yo ([ 18w e dt)2 ds.  (35)

Since g € LWV/9:2°(Q), using lemma 3.2 we can bound the right-hand side of the
. . Q . X
inequality by Clgll(v/a.00 Jy" (1Aul*(©)2 dt. As 1Al [0, = |Au]l 20,

(3.4) and (3.5) yields

/Q g(2)u(@)? dz < Cllgll /a0 /Q AuPdr, Yu e C2(Q).

(3.6)

Thus by density of C2°(Q2) in DS’Q (2), the above inequality holds for all u in DS’Q ()

and hence g is admissible.

(ii) A necessary condition. Let R € (0,00] and let Q = B(0; R) C RY with
N > 5. Let g:Q — [0,00) be a radial and radially decreasing admissible
function. We will show that g € L(N/4):°°(Q). For each r € (0, R), consider

the following function:

() (r—lz)? |zl <,
ur(x) =
" 0; otherwise.

By differentiating twice, we get

2N — (2N = 2)&; x| <y

]

Au,.(z) = {
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2
/IAurlzdx:/ \Aurﬁdx:/ [2N(2N2)7"} dz
Q B, B, ||

1
<2 {4N2WNTN + (2N —2)?%r? / P dx}
B, |T

Now

<O [TN + 7“2/ V3 ds] < Cor?, (3.7)
0

where C1, Cy are constants that depend only on N. Thus for each r € (0, R),
Uy € Dg’z(Q). Furthermore, by the admissibility of g, we have

/g(:z:)u% dz < C’/ |Au,|*dz, Vre (0,R). (3.8)
Q Q

Since g is radial and radially decreasing, the left-hand side of the above
inequality can be estimated as below:

[ s> [ gahuiar (r=5)" [ (o) da

r

= (g)4 /BT g*(z)dz = (;)4/OMN(T/2)N g*(s)ds.  (3.9)
From (3.7), (3.8) and (3.9), we obtain

4 pon(r/2)¥
(g) / g*(s)ds < CCyr™.
0

Now by setting wx (r/2)" =t and since 0 < r < R is arbitrary, we conclude
that

sup YN g™ (t) < Cs.
1(0.5%)

As t*N g™ (t) is bounded on (|Q|/2",]Q]), g must belong to LN/4:22(Q).

O

REMARK 3.3. Let Cg be the best constant in (1.1). Then from (3.1), (2.6) and
lemma 3.2 one can deduce that

N
(N —4)(N -2)

N

Cr Sy 191l ((v/4),00)-
Wy
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EXAMPLE 3.4. For « € (0, N) and R € (0, 0] let g(x) = 1/(|z]|*),z € B(0; R). It is
easy to calculate

w a/N N
. =N 0<t<wnyRY, -
g(t):{(t) g(t) =

A ()N <t <wyRN,
0 t>wyRY.

0 t>wyRY
Therefore,

R < ifand only if o <4
g € LN/ (B(0; R)) with Y
R = oo if and only if « = 4.

REMARK 3.5. From the above example, it is clear that g(x) = 1/|z|* belongs to
LN/%(RN) and lgll(n/a,00) = (Nw?\,/N)/(N — 4). Thus the Hardy-Rellich inequal-
ity (1.3) follows easily from part (i) of theorem 1.2. Further, the best con-
stant in (1.3) equals to 16/((N —4)2N?) which is bounded by the constant
N2/((N —4)*(N — 2)?) given by remark 3.3.

As a consequence of the sufficiency part of theorem 1.2, we have a simple proof for
the following Lorentz-Sobolev embedding:

COROLLARY 3.6. Let Q C RY be an open set and N > 5. Then we have the following
embedding:

. 2N
D32(Q) — L2 2(0 here 2% = -~
0 (Q) = (), where 1

Proof. Without loss of generality we may assume 2 = R (for a general domain €,
the result will follow by considering the zero extension to RY). By (3.6), for each
g € LN/ (RN) we have

/ g (&) (w*(t))* dt < CIIQII((N/4),O<>)/ |Aul*de, VueDy*(RY).
0 RN

)4/N

In particular, if we choose g(x) = 1/|z|*, then ¢g*(t) = (wn /t and ||g|((n/4),00) =
4/N

(Nwy " )/(N —4). Now by substituting in the above inequality, we get
/ =) (4 (1)2 dt < cl/ AuPde, Vue DEARY),
0 RN

where Cj is a constant that depends only on N. Since [~ ¢~ 4/N)(u*(t))?dt =
|u|?2 5) is equivalent to Hu||%2* 5y, We obtain the required embedding

[l|ger 2y < Co /RN |Au?dz, Yue Dy*(RY).

The following lemma is needed for the proofs of theorems 1.3 and 1.5.
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LEMMA 3.7. For u € C(RYN), the following inequality holds:

Lo

Proof. Observe that

(r w) dSwdrg/ |Au|? da
RN

ou 0%u il
i . d — i
an Vu-n an an? =V(Vu-n) Z::z:: BT 8xj77 ;.

Further, we have the following inequality for an N x N real matrix A = (a;;) and
r € RV :

N N § N N N N
[(Az, ) ZZaijxixj < ZZa?j (Z a:f) fo . (3.10)
i=1 j=1 j=1

i=1j=1

Now by writing z = (r,w) € (0,00) x SV~ for x € RV \ {0}, and using (3.10), we

obtain
= u ’ N-1
/O /‘SN?1 w( r dSwd'I"
2
u? Y& 2u a
= — | dx= 220 d
/RN arz| 7 /RN ;;axiaxj o[ |
2
= Aul?d
<[ 22 () e [ e
and this concludes the proof. O

Next, we prove theorem 1.3.

Proof of theorem 1.3. For & € RV \ {0}, using the polar coordinates, we write z =
(r,w) € (0,00) x SN~1. Thus for u € C°(RY),

2

2 0u ou < 0%u
u(r,w) = f/r a(t,w) dt = ra(r,w) +/T ¥l (t,w)dt

:/oo(t—r)??g( w) dt. (3.11)

Hence

< 19%u 0%u
< oru _ (1-N)/24(N—-1)/2
|U(T’W)|\/r t‘ 2 (t,w)‘dt—/r ti t 2

2, w)‘ dt.
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Now by Holder inequality, we get

2 21N > no1|0Pu ’
lu(r, w)|” < t°t de t ﬁ(t,w) dt
1 > 2 :
:mr‘**N/ -1 %(t,w) dt. (3.12)

Multiply both sides of (3.12) by w(r) and integrate over S¥~! to obtain

1 o0
2 dSw < 4—N / / thl
L ure)Putryas, < et Vue [ f

1
< 4-N 2 .
<Sy—41" w(r) (/}RN |Aul dx) , (3.13)

where the last inequality follows from lemma 3.7. Finally, multiplying both the sides
of (3.13) by »V~1 and integrating over (0, 00) with respect to r yields:

N (o)
/ w(|z))u? dr < wN / w(r)rs dr / |Aul? d.
RN N - 4 0 RN

In particular, as g(z) < w(|x|) we have

/g(x)quxé Now (/ w(r)r3dr>/ |Au|?dz, Y uelX(Q).
Q N =4 \Jo Q

Now by density of C2°(Q), the above inequality holds for all u € Dg?(2) and hence
g is admissible. U

2

2
Oy )| as, at

ot?

Observe that, we have two different set of conditions for the admissibility
from theorems 1.2 and 1.3. Next examples show that these two conditions are
independent, that is, one does not imply the other.

EXAMPLE 3.8. Let Q = RY with N > 5 and let 3 € ((4/N), 1). Consider
(|5L" - 1)_’67 1< |1‘| < 27
gi1(z) = .
0, otherwise.

We can compute the distribution function «,, and the one dimensional decreasing
rearrangement gj as below:

wn2N —wp, 0<s<1,
ag, (s) = . N
wN<s 5—}—1) —wn, Ss=1,
0, t>wy (2N —1),
g1(t) = (1/N) -5
((JN+1) —1) . t<wn(@N 1)
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Hence, for t < wy (2N — 1),

(1/N) —B B
tYNgr(t) = tVN ((tﬂ) —1) > 4N ((t+1> - 1)
WN WN
— t4/N L 7
WN '

Since 3> 4/N, sup, ¢ o0y /" gi (t) = 00 and hence g ¢ LN/4:-20(RN).
Let w(r) = (r — 1) 7Px(1,2)(r). Clearly, g1(2) < w(|z|), Vo € RY and since 3 < 1,

0o 2 1
/ w(r)r® dr = / (r=1)7"r’dr < 8/ s ds < oo,
0 1 0
Thus ¢; is admissible by theorem 1.3.

EXAMPLE 3.9. Let go(z) = 1/|z|*, 2z € RN with N >5. By example 3.4, g2 €
LN/4):20(RN) and hence admissible by theorem 1.2. Let w be a function on (0, 00)
such that g(x) < w(|z]). Then

o0 oo
/ w(r)rd > / r~ x 3 dr = oco.
0 0

Thus g does not satisfy the assumptions of theorem 1.3.

REMARK 3.10. The above examples show that the sufficient conditions given by
theorems 1.2 and 1.3 are independent. The question whether these conditions
exhaust all the admissible weights or not is open.

REMARK 3.11. There are admissible weights whose Schwarz symmetrization are
not admissible. For example, the Schwarz symmetrization g7 of g1 does not belong
to LIN/4:2(Q*) and hence by part of (ii) of theorem 1.2, g* cannot be an admissible
weight.

3.2. The critical dimension (IN = 4) and the lower dimensions
(N =1,2 and 3)

Now we consider the case €2 is a bounded open set or an exterior domain. In either
case, the space Dg’z(ﬂ) is a well-defined function space. First, we give a proof of
theorem 1.4.

Proof of theorem 1.4.

(i) A sufficient condition. The proof follows in the same line as in the proof
of theorem 1.2.
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Let u € C°(£2). Then by the Hardy-Littlewood inequality (2.1) we have

o]
/ g(x)u(z)? dz < / g*(s)u*(s)? ds. (3.14)
Q 0

Further, using (3.1) we have

/O'Q' o (s)u ()2 ds < 2/0|Q g (s)s ™" </0 |Aul*(1) dzt)2 ds

12 00 2
+2/ g*(s) (/ |Au|*(t)t1/2dt> ds
0 s
19] )
< Cllgllatrog £ / (1Auf*(£))? dt, (3.15)
0

where the last inequality follows from lemma 3.2, as g € Mlog L(£2). From (3.14)
and (3.15), we get

2]
[ st as < [ g 692 ds < Clglaniog ey [ [0l d,
Q 0 Q

Thus by density, the above inequality holds for all u in D(Q)’Z(Q) and hence g is
admissible.

(ii) A necessary condition. Let R € (0,00) and let Q = B(0; R) C R%. Let g be
a nonnegative, radial and radially decreasing admissible function on 2. To show
g € Mlog L, for each r € (0, R), we consider the following test function:

Hog ()" el <

e <log (%))2®T(x), r<lz| <R

where @, (z) = exp (—[(2log(R/|x|))/(log(R/r))]). In our computations we use the
notation D; = 9/dx; and D;; = 9*/0x2. For r < |z| < R, noting that D;®,.(z) =
2z;/(|z|? log(R/r))®,(x) and D;log(R/|z|) = —(x;/|z|?), we compute the deriva-
tives of u, as below:

Furthermore,

) (AR (2 1R 2
Dhote) = oo ey +2 (5 + ) oo ()~ )
log(R/lz)) T g (1 25 log(R/lz])
. [ log(R/r) 1} 22O 2 Tog(Rr)
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Thus for r < |z| < R,

Mog(R/)) 4 o 2 ) [log(R/la])
{xmog @) e e~ e Hlog(R/r) 1}

1 log(R/|z|)

22 L Tog(R/r)

Observe that ®,.(x) <1, log(R/|x|) <log(R/r) and 1 <log(R/r) for r < R/e.
Hence

16 R 4 2 R 18 R 4
|[Au,(z)| < 75 log < )++l ( ) lo (>+
|z[? jz ) 2?0 faf? e[ )~ Jaf? z[)  |=[?

Thus for r < R/e, we have

foswewr<an [ Lereie () g
cofjos(B)] swe(B)} < e (B)] . oa

where O] is a positive constant independent of r. Notice that u, is a C'* function
such that u, and Vu, vanish when |z| = R, hence u, € HZ(Q). Further, as g is
radial, radially decreasing, we easily obtain the following estimate:

[ s> [ o) e = [ log (Rﬂ 4 / e ds (37)

Now the admissibility of g together with (3.16) and (3.17) yields

log (R> / g (s)ds < C, Vre (0, R> .
r 0 e

By taking t = wyr?, we get

1 | b |
- - < — .
410g<t>/0g(s)ds\C, We(O, o

Since tg**(t) log(|Q|/t) is bounded on |Q|/e* <t < |Q|, from the above inequality
we conclude that

dx

sup tg**(t)log (Ktzl) < 00.
)

t€(0,|Q]
Hence g € Mlog L(2). O
As a corollary of the sufficiency part of our previous theorem, we give a sim-
ple alternate proof for the embedding of HZ(f2) into the Lorentz-Zygmund space

L>2(log L)~1(Q2) obtained independently by Brezis and Wainger [11] and Hansson
[23].
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COROLLARY 3.12. Let Q C R* is an open bounded set. Then we have the following
embedding:

HG(Q) — L>?(log L) ().

Proof. First, assume that 2 is a ball of radius R with centre at the origin. Let
X = Mlog L(Q2). For each g € X, (3.15) gives,

€2
| s ora<clls [ s, e m@)
0 Q

Let g1(z) = [|z|* log((R/|z])*e)] 72, = € Q. We calculate,

Wy W4

50 = g ey D= fog ey 1O

Therefore, g1 € X and ||¢g1]|x = wa. Thus by the above inequality we have

|92 (u*(t))2 . 2
/0 mdt < C1/Q|AU| dz, Yue H5(Q).

The left-hand side of the above inequality is equivalent to ||u\|im,2(logL),1(Q)
(proposition A.3). Therefore,

ol 20 1)1 () < C2 /Q A de, Ve H(Q).

Now for a general bounded set €2, there exists R > 0 such that Q C B(0, R). In this
case, we obtain the required embedding by considering the above inequality for the

zero extension to B(0, R).
U

REMARK 3.13. For a bounded open set, we have the following continuous inclusions:
L2 (log L) (Q) = L ,(Q) = L"(Q), 1<p < ox.

Thus the above embedding gives the classical Sobolev embedding and Adams’
embedding:

HZ(Q) — LP(Q), 1< p<oo; HZN) — L. (9).
Next we give a proof of theorem 1.5 for the cases N = 2,3, 4.

Proof of theorem 1.5 for the cases N=2,3,4. As before, for © € Bg \ By, we write
= (r,w) € (1,R) x S¥~1. For u € C(Q), we use the fundamental theorem of
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calculus to get

" Ou
1 Ot

As in the proof of theorem 1.3, we deduce

u(r,w) = — (t,w) dt.

r 2 T
u(r7w) = /1 (r )(3 g(t w) dt = /1 (7" _ t)t—((N—l)/Q)t(N )/2 gtu (t w) dt.

Now Hoélder inequality yields

lu(r, w)[? <r2</ (V=1 dt) (/ V-1 07u
1 1

ot

2 (tw)

2
dt) .

Multiply the above inequality by »¥~'w(r) and integrate over S¥~! x (1, R) and
use lemma 3.7 to obtain

/BR\BI w(|z))u? de < (/R U =N dt} N (r) dr)
S [l

(t,w)| dtdsS,
<Ix </ Auzdx), (3.18)
BR\Bl

where I = fR NFL[ [T ¢4~ dtJw(r) dr). Notice that

I N () dr, N=3,4 R=o0
I<q [rogr)yw(r)dr, N=2; R=o0 (3.19)
flRw(r) dr, 2< N <4, R< .

Therefore, the assumptions on ¢ together with (3.18) and (3.19) gives the
admissibility of g. O

REMARK 3.14. Let f € L*(1,00) and f > 0. Then by theorem 1.5, we have the
following embeddings:

£(lz)
o o L2(Q, |a:|N+1)’ N = 3, 4;
Do (BTN By) = £(lz)
Ll( 77)7 27
23 log((a])

For example, one can take f(r) = 1/r2. Thus Dy* (RN \ B)) is always a well-defined
function space.

REMARK 3.15. For an annular region Q C R?*, let g be a nonnegative radial func-
tion such that g € L'(Q) and g ¢ M log L(Q). Then g is admissible by the above
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theorem, however ¢g* is not admissible on 2* by part (ii) of theorem 1.4. An example
of such weight is g(z) = 1/((|=|* — 1)(log(16¢/(|z|* — 1)))?>/2) on B(0;2) \ B(0;1).

THEOREM 3.16. Let Q be a bounded open set in RN with N =1,2 or 3. Then
g € LY(Q) with g > 0 is admissible.

Proof. For N =1,2,3, H3(Q) is continuously embedded into L°(£2). Hence, for
g € L'(Q),

[ v dz < glhlull < Clall [ 18ufde. vue m3@),
where C' is the embedding constant. O
REMARK 3.17. Let Q2 and X be as in lemma 3.2 and let
Fx =C>*(Q) C X.
Then for g € Fx, the best constant in inequality (1.1) is attained. This will follow
as the map G : D3%(Q) — R defined by G(u) = J gu? dz is compact. The com-

pactness of G can be proved using a similar set of arguments as in the proofs of
lemma 15 of [6] and lemma 5.1 [7].

Appendix A.

First, we see that as a vector space L *°(log L)?(Q2) and M log L()) are same.

PROPOSITION A.1. Let Q C RY be a bounded open set. Then L' *°(log L)%(Q)) =
Mlog L(€2).

Proof. First, we show that || f|smiegr < [f](1,00,2) For f € M(2) and t € (0, [Q]),

we have
/f dS*/f [1og<| |>rs[10g(19|/5)]2d5

<0 s (][ st

= D log (J0]78)°

This yields || fl|am1ogz < |fl(1,00,2) and hence
LY (log L)*(Q) € Mlog L(R).

If the above inclusion is strict, then 3f € Mlog L(Q) \ L* *°(log L)?(Q2), that is,

sup f*(t) ¢ {log (mlﬂ < 003 sup fr(t)t [log <€|Q|>} =00
0<t<|Q| t 0<t< || t
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Now consider the function

g(t) = f*(t)t [log (e|tQ>r, 0<t<|9

Claim: lim;_.o g(t) = oo.

If the claim is not true, then o >0 such that sup,., g(t) = co. Since
t[log(e|©|/t)]? is bounded, we must have f*(t) = oo for t <tg. A contradiction
as [ € Mlog L(€2) hence claim must be true.

Now by the claim, there exists a decreasing sequence (¢,,) in (0, |€2]) such that
(t,,) converging to 0 and g(t) > n, for t € (0,t,). Consequently,

ok _ tn& n " 1 -
tnf (t")_/o t[log(e\Q|/t)]2dt> /0 t[log(e\QI/t)]Zdt> log (e]Q/tn)

Therefore,

lim t, f**(t,)log [ 220 ) > 1 OB\ )
At f( )Og(tn oo log (e]Q/tn) -

A contradiction as f € MlogL(f2). Hence we must have L *°(logL)?(Q2) =

Mlog L(92).
O

REMARK A.2. The quasinorm |f|(1 2y and the norm || f||s110g . defines the same
vector space, however, they are not equivalent. To see this, let Q = B(0; R) C RN
and for each n € N, consider the function {f,} on Q defined as

1
fn(x) - |$|N[log((R/|$|)N€)]n+2 '

Thus we have fi(t) = wn/(t[log(e|Q|/t)]"?) and f*(t) =wn/((n+ 1)t
[log(e|$2]/t)]**1). Therefore,

elQ\1? 1
fol(,002) = sup {log ()} i) =wy sup ———p,
| |(1 2 0<t<|Q| 3 ( ) 0<t<|9| [log (€|Q|/t)]
fullMiog = sup t{lo ( () < sup —————————.
[ frllMiog L S g( n (1) nt 10, Tlog (210

Hence (n+ 1| fullmiog £ < [ful(1,00,2)-

The next proposition provides the equivalence of the quasinorm |u(1,—2) and the
norm ||ul|(sc,1,—2)- We adapt the proof of theorem 6.4 of [8] to our case.

PROPOSITION A.3. Let Q be a bounded subset of RY and u :  — R be a measurable
function. Then there exist a constant C' > 0 such that

/oﬂl(m)Q?scA'SZ(bgagm)??
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Proof. Choose 0 <4 <1 and write u*(s) = [s°u*(s)][s'"%]s~!. Using Holder’s

inequality we obtain,
t
< G2 ( / [s5u*(s)]2(18>. (A1)
0

(o) :

Multiplying by (1/(t*(log(e|2|/t))?)) and integrating over (0, |2]) we get

12| u**(t) 2 dt €2 1 t " ds\ dt
[ () 70 ) ey ([ e orS) ¥
AL i 1 dt'\ ds
< Cl/ [8671 (3)]2 <‘/S t26(10g(6‘9|/t))2 t) ?

122] 6 * )]2 12| dt ds
<a [ Sdanar </ tl%) ER

The last two inequalities of (A.2) follows from Fubini’s theorem and monotonic
decreasing property of 1/(t%(log(e|Q|/t))?) respectively. Further, we estimate the
right-hand side of (A.2) as below,

/|Q| [SJU*(S)]Q /lﬂdt E
o s°(log(el/s))* \Jy 170 ] s

e (1)ds
g02/0 s9(log(e|92|/5))? <55) P (A.3)

Hence by combining (A.2) and (A.3) we have the following inequality as required
/|Q < U**(t) >2 @ _ C'/Q| ( U*(t) >2 ﬁ
0 log(elQ/t)) t = Jo log(el|/t) )t~
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