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Abstract

We consider a supercritical branching Lévy process on the real line. Under mild moment
assumptions on the number of offspring and their displacements, we prove a second-
order limit theorem on the empirical mean position.
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1. Introduction

A branching Lévy process describes a population of particles undergoing spatial movement,
death, and reproduction. It can be defined informally as follows (for a formal definition, see
Section 2). Initially there is one particle located at the origin of the real line. The particle lives
for an exponentially distributed time. During this time it moves according to a Lévy process.
At the time of death, the particle is replaced by a random number of new particles, displaced
from the parent particle’s death position according to a point process. All particles move, die,
and reproduce in a statistically identical manner, independently of every other particle. We
are only concerned with the supercritical case. That is, each particle gives birth to more than
one particle on average, and thus the total number of particles grows to infinity with positive
probability.

The particle positions’ empirical distribution has received much attention, especially for
branching random walks and branching Brownian motion, which are special cases of the
model. There are many results on the empirical distribution’s maximum [4, 5, 10], as well
as on large deviations [12] and on the almost-sure weak convergence to a Gaussian distribution
[3, 11].

The empirical mean position, which is simple and important for applications, has received
relatively little attention. For specific branching random walks, [13] shows that the empirical
mean position almost surely grows asymptotically linearly with time, while [7] shows that the
empirical mean position’s variance converges. These results combined raise the question of
characterising a second-order limit term.

For branching Lévy processes, under some mild moment assumptions on the number of
offspring and their displacements, we prove a second-order limit theorem for the empirical
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mean position. Namely, we show that the difference between the empirical mean position at
time ¢ and 77, for some constant r, converges almost surely to a random variable.

Before proceeding with the remainder of the paper, we discuss some special cases of the
model and applications.

First, consider that particles do not move during their lifetime and that each particle is
displaced by +1 from its parent. A particle’s position is its generation. Our result describes
the average generation, complementing results of [13] and [6]. Second, consider instead that
displacement sizes are Poisson-distributed. This is a popular model for cancer evolution [8].
Here particles are cells, and a cell’s position is its number of mutations. Our result gives the
average number of mutations per cell. Third, consider that particles are not displaced from their
parent but move as a random walk during their lifetime. This model is seen in phylogenetics.
The branching process represents speciation [1], while the positions are lengths of a particular
DNA segment [9].

The remainder of the paper is organised as follows. We introduce the model in Section 2,
formulate our main result in Section 3, and prove it in Section 4.

2. Model

Initially there is a single particle named ¥ which moves according to a Lévy process
(Zyp.5)s=0, wWith Zy 9 =0 and E[Zé’l] < 00. After an exponentially distributed waiting time Ay,
the particle dies and is replaced by a random number Ny of new particles with E[Ny] > 1
and IE[N%] < 00. The new particles are born at positions (Zg 4, + Di)ﬁ\i_"’l. The D; are R-valued
random variables with

E[(:z“lay]m wa 6307 <o

i=1

Independence is assumed between (Zy )s>0 and Ay and (D,-)?Z’1 (but the D; need not be
independent of each other or of Ny). All particles independently follow the initial particle’s
behaviour.

To denote particles we follow standard notation. Let

T=J m.

neNU{0}
Here N0 = {#} contains the initial particle. For v=(vi,...,v,) €7 and i €N, write vi=
V1, ..., vy, ), where v is the parent of vi. To describe genealogical relationships, the set 7

is endowed with a partial ordering <, defined by
Wiy < )iy = m<nand )2, = (L.

Write < for < or =.
Now let

[(Zv.s)szo Ay, (Dvi)g\il ]

for v € T be independent and identically distributed copies of

[(Zs.5)s=0. Ag, (DY ].
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The set of all particles that ever exist is
T = {(Vi);;] €T vint1 fN(W);n:l , form=0,1,...,n—1}.
The particles alive at time ¢ > 0 are
T, = {VET*: ZAMSKZAM}.
u<v u=xv
Particle v at time ¢, if it is alive, has position
Xv,l‘ = Z Du + Z ZM»AM +ZVJ*ZVJ§L¢<VA“‘
P<u=v =<u<v
For further notation, the branching rate is
r=E[Ag]™",
the effective branching rate is
A =AE[Ny — 1],

and the movement rate is
Ny

r=E[Zy,] +ME[Z D,»].

i=1
3. Main result

Theorem 3.1. Conditional on the event {lim;_, o | T;| = 00}, the limit

exists and is finite almost surely.

4. Proof of Theorem 3.1

Our proof will involve conditioning on whether branching occurs during the time interval
[0, h] for some small 2 > 0. Write
Jo.n = {Ag > h}

for the event that the first branching occurs after time /. Write

Jin= {A@ <h<Ap+ min Ai}
i=1,...,Nyg

for the event that the first branching occurs before time 4 and the second branching occurs after
time h. Write

Top= {A@+, min  A; 5/1}
1

=1,...,Ny
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for the event that the second branching occurs before time /. Note the probabilities
PlJos] =1 — hi + o(h),
P[J1,n] = ht + o(h),
P[J2,1] = o(h),

as h |, 0. Observe the conditional distribution

d
> Kopgn—rt+h)| ]0,h> S Zan+X,,—r+hy), (4.1)
v€Trin veT!

where (X\,’J)ve'ﬁ/ 4 (Xy,0)ve7,, and (X:’J)ve’ﬁ/ is independent of Zy ;. Meanwhile

Ny

d .
D Kospn—rt+h) |Jl,h) =YD DX =)+, (4.2)
veTin i=1 yeT]
where (Xé’l)vd;i 4 Xy, )ve; fori=1, ..., Ny, the (Xi’,)veﬁ are independent of each other

and of (Di)ﬁ\fl, and
Ny

Nh = (Z T 1(Zp.ag + Zinny — 1h) | Jl,h).
i=1

Straightforward calculations show that the first and second moments of 1, converge to 0 as
h 0.

Lemma 4.1. Fort >0,

E[Z Xy, — rt)] —0.
veT;
Proof. From (4.1),

El Y Kopon—rt+h)| Jo,h] = E[Z Xy — rr)] + h(E[Zp,1] — NEIT;].
veTrih veTy

From (4.2),

E| Y Kuson—r(t+h) |Jl,h]

VE7;+}1
Ny
= IE[N@]E[Z Xy, — rt)] + E[Z Di]lE|7;| +o(1).
veT, i=1

Taking the unconditional expectation,

JE[ > Ko — r(r+h»}

Ve7;+h

=(1—hM)E Z Xy, 140 — r(t+ h))|J0,h:|

veTirn
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+RAE| Y Xy — e+ h))|J1,h:| +o(h)

veTrn

= E[Z (Xys — rt)}(l + hi) + o(h).
veT,

Rearranging and taking & | O,
d A
—E| > Xy —r) [ =AE| Y X —rD)|.
veT; veT;

The statement of the lemma for any ¢ now follows from the above and the fact that it clearly
holds for = 0. ]

Next we determine second moments.

Lemma 4.2. Fort >0,
[(Z Xy — rt)) ] =cp et — cztei’ — cle’i’,
veT;

where
CE[WNy— D [A
T RN, 1P ]E[;D}+JE[N@—1 [(ZD) }

and
Ny

BN T
= BN~ 1P [ZD]

Proof. From (4.1),

2 2
E[( > (Xv,,+h—r<r+h>>) |Jo,h]=E[(Z (Xv,t—rr)> ]

veTrn veT;

2h(EZy 11— r)IE[m > (K- rt)}
veT;

+ h(E[Z; |1 — E[Zs 1 1)E 7]
+ o(h).

From (4.2) and Lemma 4.1,

E[( > Kers —r(t+h>))2 |Jl,h] =E[(% > (Xv,,—rt)>2]

veTin i=1 yeT]

Ny
+ ZE[Z Dy|T/ | Z Xy,r — rt):|

i=1 veT]!
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Ny
+2E[Z DIT| Y (X — rr)]

ij=1 veT/
i#f !

Ny N2
+u«:[<2 D,»|77|) } +o(1)
i=1
2
=E[N@]IE[<Z Xy, — rr)) }

veT;

Ny
+ ZE[Z Dl}E[ﬂ?l D Ko — rt)]
i=1

veT,

o{E) o] - ()
+ E[(% D,‘)z}a@rm)2 +o(1).

But E|7;| and E[|7;|?] are standard knowledge [2]:

E|Ti| =™
and 5 5
2 E[(Ng — DT\ o5 ElNg — D71 3,
=17 ]_<1+ EINy — 1] )e ENg— 1] ©
Therefore
2
E[( > (Xv,t+h_r(f+h))> }
veTrn
2
=(1—Ah>E[( > (Xv,,+h—r(z+h>>> |Jo,h}
V€77+h
2
+hm[( 3 (Xv,t+h—r<z+h>>) |J1,h]+o(h)
veTin
. 2
=1+th[(2 (Xv,t—rt)) ]
veT/
+ hae®™ + hbe* + oh),
where N N
om0 ]
=i ———"E|Y D} | +E D;
‘ (E[N@—l] 202 (2
and

B[Ny — 1] )
e e
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Rearranging and taking % |, 0,
d 29 2 A .
d—tIEK Z Xy — rt)) } = ME[( Z (X1 — rt)) } + ae®* + beM.
veT! veT}

The statement of Lemma 4.2 now follows directly from the differential equation above. U

Next we present a martingale result for which a filtration ()¢ needs to be defined:
Fi= U((Xv,s)ve'ﬁ :0<s=<0).

Lemma 4.3.

(ei’ 3 K- rt))
>0

veT;

is a martingale with respect to (F;)i>0.

Proof. Write
Tur=1{veT:u=zv}

for the particles alive at time 7 which are descendants of u € 7. Let 0 < s <t. Then
e K== Xy = Xy — 1t =) e Y [ Taul X — 7).
veT, ueTs veTy, ueT,
Taking conditional expectations,

E[e—i’ 3 Xy fs]

veT;

_ ei'muE[ > s —re - sD} LD ILAREAED

veTr—s ueTs
= eiis Z (Xu,s —rs),
ueTy
where the last equality is due to Lemma 4.1. (]

Proof of Theorem 3.1. By Lemmas 4.2 and 4.3 and the martingale convergence theorem,
there is a R-valued random variable V with
. —At _
lim e Z Xps—r)=V (4.3)
veT;

almost surely. But conditioned on the event {lim,_, o |7;| = 00}, there is a positive random
variable W with

lim e~¥|7;] =W (4.4)
—00
almost surely [2]. Combine (4.3) and (4.4) to conclude the proof. O
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