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The Kudryashov—Sinelshchikov—Olver equation describes pressure waves in liquids
with gas bubbles taking into account heat transfer and viscosity. In this paper, we
prove the existence of solutions of the Cauchy problem associated with this
equation.
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1. Introduction

In this paper, we investigate the existence of solutions of the following Cauchy
problem:

Ou + kudyu + adu + Pudiu + y0,udiu — ¢*0%2u =0, t>0, x € R,

u(0,x) = up(x), z €R, (L.1)

with

ko, 3,7, €R, a,B,7#0. (1.2)

The assumption on the initial datum depends on the choice of coefficients «, (3,7, q.
In fact, if we choose

(5#)(2;,;?), K,q#0 or (1.3)
k=0, q#0, B=2, (1.4)

*The authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e
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we assume
ug € H*(R). (1.5)
Instead, if we choose
(k,q) =(0,0), B=-2y or (1.6)
k=0, q#0, [=-2, (1.7)
we assuie
up € H*(R). (1.8)

From a physical point of view, (1.1) is known as the Kudryashov—Sinelshchikov
equation, and describes pressure waves in liquids with gas bubbles taking into
account heat transfer and viscosity [27].

Equation (1.1) is a generalization both of the Korteweg-de Vries equation [26]

Ou + kudyu + addu =0, t>0, v €R, (1.9)
U(O,JJ) ZUO(x)a z €R, .
and the Korteweg-de Vries-Burgers one (see [4,40]):
Ou + kudpu + adiu — ¢?0?2u =0, t>0, x € R, (1.10)
u(0, ) = up(x), r e R .

(1.1) was also derived for water waves by Olver [32] (see also [24]), using
Hamiltonian perturbation theory, with further generalization given by Craig and
Groves [16].

Mathematical properties of (1.1) were studied recently in many detail, includ-
ing the existence of the travelling wave solutions [5,17,29, 31,34, 35,37,43], the
solitary and periodic wave solutions [21, 23], the periodic loop solutions [22], the
soliton solutions [46], the quasi-exact solutions [25]. Methods to find exact solutions
are in [1-3, 18-20, 30, 36, 38, 42, 44, 45, 47, 48]. Moreover, following [6, 7, 28, 39],
under the assumption (1.3), in [8], the authors used the convergence of the solution
of (1.1) to the unique entropy solution of the following scalar conservation law:
{&u—!—ﬁ:u@mu:o, t>0, zeR, (1.11)

u(0,z) =up(z), xR

A similar result is proven in [10,39] and [11] for (1.9) and (1.10), respectively.
The main result of this paper is the following theorem.

THEOREM 1.1. Fiz T > 0. Assume (1.3) or (1.4) and (1.5). There exists a solution
u of (1.1), such that

N LY 0, T; WH4(R)). (1.12)
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If we assume (1.6) and (1.8), there exists a solution u of (1.1), such that
u € L*(0,T; H*(R)). (1.13)
Instead, assuming (1.7) and (1.8), there exists a solution u of (1.1), such that
we HY((0,T) x R)N L>®(0,T; H*(R)) N L*(0, T; H*(R)), 0<t<T. (1.14)
Observe that, if x = 4% with v # 0, then (1.3) is equivalent to

2 2
:—%, 7+ 3y =0. (1.15)
Therefore, theorem 1.1 holds also in the case (k,5,7) = (9,—6,—3). In general,

thanks to [8, lemma 2.2], theorem 1.1 holds also in the following cases:

j— —gl/en=1) 1
) 2’
1\ 20/(2n=1) 4\ 1/@n-1) (1.16)
k=(y+60)", 0<3/CD( — + (= .
2n 2n

Note that (1.15) and (1.16) do not imply (1.3).

Observe again that theorem 1.1 is based on the Aubin-Lions Lemma (see [9, 14,
15,41]) and the Sobolev Immersion Theorem. It does not give the uniqueness of
the solution of (1.1), which is proven in [33, theorem 2.2] under the assumption
(1.8) and in the appendices A and B assuming (1.10).

The paper is organized as follows. Sections 2, 3, 4, 5 are devoted to the proof of
theorem 1.1 under the assumptions (1.3)—(1.5), (1.4) and (1.5), (1.6)—(1.8), (1.7)
and (1.8), respectively. In the appendices A and B, we prove the well-posedness of
(1.10) under the assumptions (1.5) and (1.8), respectively.

2. Proof of theorem 1.1, under the assumptions (1.3) and (1.5)

In this section, we prove theorem 1.1, under the assumptions (1.3) and (1.5).

Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (1.1).

Fix a small number 0 < ¢ < 1 and let u. = u.(¢, z) be the unique classical solution
of the following problem [12, 33]:

Opue + KugOpue + a@iue
+ﬂusagus + ’Yaxusaius - q25'§us = 768?3”67 t>0, z€R, (2'1)
us(oax) = us,O(x)a z €R,

where u. o is a C* approximation of g such that
l[te,0ll g1 gy < lluoll o ry - (2.2)

Let us prove some a priori estimates on u.. We denote with Cj the constants which
depend only on the initial data, and with C(T'), the constants which depend also
onT.
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Following [8, lemma 2.1], we prove the following result.

LEMMA 2.1. Assume (1.3). For each t > 0,

t
Hua(t7 )”iQ(R) + Halua(t7 )”iQ(R) + 2q2/0 ||aﬂb‘u5(87 )HiQ(R) ds

: t
20 [ 0805 ey s 2 [ 0200 e 0

+ 2 /Ot Hai’us(s, ')H2L2(R) ds < Cy. (2.3)
In particular, we have that
||UE||L<>o (0,00)XR) S < Co. (2.4)
Proof. Multiplying (2.1) by 2(u. — 0%u.), we have that
2(ue — 0%u)Opus + 2k(ue — %u)udpue + 2a(ue — 02u)d3u,
+ 26(ue — O%u)u03ue + 2y(ue — 0%ue)Opu02u.
—2¢*(ue — 0%u.)0?u. = —2¢(u. — 0%u.)0tu.. (2.5)

Observe that
2 [ (0 = 2udhuc o = 5 (ot e + 1000 ey )
. 'z a L L2(R)
2/1/(115 — %u)u Opu. do = —2/1/ e Dpuc0%u, da,
R R
2a/( —a2u€)a ue do = —2a/8 uea us = 0,
26/ — %ug)u.03u, do = 74,6’/ Ue O 0%, dx+ﬂ/ Dy (02u.)? dz,
2fy/(uE - Biug)axugaiug do = 27/ ueaxueaiue dz — 2’7/ 6xu€(8§u5)2 du,
R R R
—QqQ/R( — 0%u.)0%u. dz = 2¢% || 0, ue(t, )HLQ(R) + 24° H(‘)Qua HL2(R
—25/(u5 — 0%u.)0fu. = —2¢ H(?ng
R

2e [|0ue (t, ||L2(R)

(2.6)

Mz =

Therefore, by an integration on R of (2.5) and (2.6), we get

d
= (e (8 )2 gy + 19012 )2 ) ) + 20 100e (1) 2

+2¢° || OFue (t, ||L2(]R)+2E||82u5 HL2(]R +2¢ || 0Fue (t, HLQ(]R)

—2(x+26-9) [

U0y u02u. da + (2 — B) / Dy (0%u.)? da. (2.7)
R R
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Thanks to (1.3), we have that

(2.8)

k+208—-7=0,
2v—-p=0.

Consequently, (2.3) follows from (2.2), (2.8) and an integration on (0,¢) of (2.7).
Finally, we prove (2.4). Thanks to (2.3) and the Holder inequality,

ul(t, ) = 2/ U Ogtte Ao < 2/ |ue||Opue| do

< 2[Juet, )l g2 gy 1021t )l L2 gy < Co-

Therefore,

[[ue (2, )HLoo(R) Co,
which gives (2.4). O

LEMMA 2.2. Assume (1.3). For each t > 0,

t
/O 10zte (5, )| sy ds < Co. (2.9)

The proof of the previous lemma is based on the regularity of the functions u.
and the following result.

LEMMA 2.3. For each t > 0, we have that

10rtta 1, Wy < 5 (100t M ey + e, ) By 020ty ) -
(2.10)
In particular, we obtain that

[0z ue(t, )||L4(R) (HUe( )||L2(R + [0z ue (2, )||L2(R)) Ha ue(t ||L2(R) (2.11)

Proof. We begin by proving (2.10). Since

100t (8, )|y = /(awua)‘ldx:/8xu€(6wu6>3dx: —S/ue(awuayaiua dz,
R R R

thanks to the Holder inequality,

10stte(t, ) sy 3Awwmwwxwmw

1/2
<3 (/ u?(axus)“dx) 1031 ()| L2 gy
R

< 3110uue (b, ) e gy e (b )l 2y 103ue(t )| oy -
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Due to the Young inequality,
3 3 9
(| Oz ue (2, )||L4(]R) D) [0z ue(t, )“LOO(R) +5 ||Us( )||L2(R) ||3 ue(t ||L2(R),

that is (2.10).
Finally, we prove (2.11). Thanks to the regularity of u. and the Holder inequality,

(Opuc(t,z))? = 2/ Dpu02u. da < 2/ |0y |02u. | d
2 Ha u&( )||L2(R) Ha UE ||L2(]R)
Therefore,
9t (t M ay < A0 2oy [P0t 2y - (212)

It follows from (2.10) that

100t (¢, Mg zy < 6 10sue(t, )72y [|07ue(t, HLz

<6 (Hua(t, ->||12 o [T ) [CRTECR] e
which gives (2.11). O
Proof of lemma 2.2. Thanks to (2.3) and (2.11),
(| Opue (2, )||L4(]R) (||Us( )”L?(R) + [|0puc (2, )||L2(R)> Ha ue(t ||L2(R)
< Co ||6 e (t ||L2(1R)
Consequently, integrating on (0,¢), by (2.3), we have (2.9). |
The proof of theorem 1.1 is based on the following lemma.
LEMMA 2.4. Fiz T > 0. Then,
{uc}eso is compact in L3, ((0,00) x R). (2.13)

Consequently, there exist a subsequence {uec, tken of {ucteso and we€ LE
((0,00) x R) such that, for each compact subset K of (0,00) x R,

Ue

— wu in L*(K) and a.e. (2.14)

k

Moreover, u is a solution of (1.1) satisfying (1.12).
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Proof. To prove (2.13), we rely on the Aubin-Lions Lemma (see [9,14,15,41]).
We recall that

Hlloc(]R) —= leoc(R) — Hy,

loc

. (R),

where the first inclusion is compact and the second one is continuous. Owing to the
Aubin-Lions Lemma [41], to prove (2.13), it suffices to show that

{uc}eso is uniformly bounded in L2(0, T; HL.(R)), (2.15)
{0yuc}eso is uniformly bounded in L?(0, T; H, ! (R)). (2.16)

We prove (2.15). Thanks to lemma 2.1,
e (8, )12y = Mlue (8, )1 22y + 190tte (8, )|y < (D).
Therefore,

{ue}eso is uniformly bounded in L*°(0,T; H'(R)),

which gives (2.15).
We prove (2.16). We begin by observing that

60, (u@iug) = ﬂamugaiug + 5u56§u€ = g@z ((81%)2) + ﬂueagus.

Therefore,
Bu-03u. = B0, (ud2u.) — gax ((0zus)?). (2.17)
It follows from (1.1) and (2.17)
Orue = Oy <—2u2 — a82u5 ﬂugc‘?iua p- 7(8 us) + ¢?0pu. — sagus
(2.18)
We have that
K HuEHLz((O,T)xR) < O(D). (2.19)
Thanks to lemma 2.1,
T T
52/ / ut dt do < K2 ||u5||2Lw((O’T)XR) / / u? dt dz
o Jr o Jr
T
T)/ / W2 dtdz < C(T).
o Jr
We claim that
2
3 Hugaiusnm((oj)xm < C(T). (2.20)
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Again by lemma 2.1,

T T
52/0 /Rug(aiusydtdx<52|\u5||im((07T)xR)/0 /R(aiusydtdx

T
< C’(T)/ /(Giug)th dz < C(T),
0o Jr
Moreover, since 0 < € < 1, by lemmas 2.1 and 2.2,

2192 2 (5—’7)2 4
e L e

C(T).

q' ||3xue||2L2(R) , € Hai)u5||i2((0,T)><R) S

Therefore, by (2.19), (2.20) and (2.21)

{‘2“? — a@ius — ﬁueaiug + ?(8zu5)2 + ¢*0u. — sag’us}

is bounded in H*((0,T) x R).

>0

Thanks to the Aubin-Lions Lemma, (2.13) and (2.14) hold.
Consequently, u is solution of (1.1) and (1.12) holds. O

3. Proof of theorem 1.1, under the assumptions (1.4) and (1.5)

In this section, we prove theorem 1.1, under the assumptions (1.4) and (1.5). Thanks
to (1.4), (1.1) reads

{@u + ad3u + 2yudiu + y0,udiu — ??u =10, t>0, v €R, (3.1)

u(0,2) = up(x), xr eR.
Our existence argument is based on passing to the limit in a vanishing viscosity

approximation of (3.1). Fix a small number 0 < & < 1 and let u. = u.(¢,x) be the
unique classical solution of the following problem [12, 33]:

Opue + a@iua + 27u582u5 + 'y&ugaius - q28iu5 = —Eaéug, t>0, r R,
u5(0733) = UE,O(-T), r € R,
(3.2)
where u. o is a C* approximation of ug such that (2.2) holds.
Let us prove some a priori estimates on ..

LEMMA 3.1. For each t > 0,

t t
||3wu8(t,~)\|iQ(R) T zqz/o |‘8§u5(s7~)Hiz(R) ds + 25/0 |05 uc(s, .)||i2(R) ds < Cy.
(3.3)
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Proof. Multiplying (3.2) by —282u,., an integration on R gives
d |0ptic (t, )| 2 ) = 2/3% Ayue da
4 T 5 " 2 - = T
dt 5 L2(R) ® e 5
= 2a/6§u53§u5 dx+4’y/u55§u€8§us dx
R R
# 29 [ Dune0hu e 26 [02uctt, e
R
+25/ D*u 0%u, d
R

= _27/ azue(a:%ua)Q dx+2’7/axue(aius)2 dx

= 2¢° [|Fue (¢, HL2(R) 2¢ [|0ue(t ||L2(]R)
= —2¢° || QZu (¢, HL2(]R) 2¢ [|0Fue (t, HL?(R) 0.
Therefore,
H8 ue(t, )||L2(R) +2¢° || 02u.(t, ||L2 + 2e ||03u.(t, ||L2(R) 0.
An integration on (0,¢) and (2.2) gives (3.3). O

LEMMA 3.2. FizT > 0. There exists a constant Cy > 0, independent on €, such that

”ua”Loo ((0,T)xR) X < Co. (34)

In particular, we have that

t t
2
e ey + 267 [ 05, ey 2 [ [2e(5.) ey s < €T,

for every 0 <t < T. Moreover, (2.9) holds for every 0 <t < T.
Proof. Let 0 <t < T. Multiplying (3.2) by 2u., an integration on R gives
d
G et ey =2 [ wedpuedo
= 7204/ ueagus dr — 47/Ru?8§u5 dx
R

— 27/ ugawugagug dz + 2¢° / ugagua dr — 25/ ugaiug dzx
R R R
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= 2a/ 8zu58§us dr + 67/ usaxusaius dzx
R R
— 24 ||0puc(t, .)||2LQ(R) +25/ Dpuc02u. do
R

= GV/RUE@%@J%UE dx — 2¢* ||0pu.(t, -)Hig(R)
— 2¢[|0Fuc(t, HL2(R
Consequently,
et ey + 207 [0t M2y + 22 |02uclts )y
= GW/Rugamuaaiug dz. (3.6)

Due to the Young inequality,

6] / 1e Dyt |02ue | de
R

= 2/ ‘qazue‘
R

972 2092, \2
q ||a ue( )||L2(R +? Rus(amus) dx

97

3yu.02u. d
—Z —|dx

< ¢ [|0puc(t, )||L2(R +— ||u€||L°°((OT)><R) H@ ue(t HLz(R)

If follows from (3.6) that

d
e (6 Moy + @2 100e () oy + 22 (|93 [ 2y

9y
< — e |u6||L°°((0T)><]R) ||8 u(t HL2(]R

Consequently, (2.2), (3.3) and an integration on (0,¢), we have that
t t
2 2 2
l[ue(t, 72w +q2/0 [0zue(s, )72 (m) d5+25/0 H8§“€<37'>HL2(R) ds

992 2 g 2
< Co+ ra ||UE||L°°((O,T)><R) o H@a;ue(s, ')HL2(R) ds

< Co (1+ Juel = 0.1y xm)) (3.7)

We prove (3.4). Thanks to (3.3) and (3.7), and arguing as in lemma 2.1, we obtain
the following inequality for ||u5||2Lw((07T)XR):

4 2
||UEHL°°((O,T)><R) - Co ||u€||L°°((0,T)><R) —Co<0

which gives (3.4).
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Finally, (3.5) follows from (3.4) and (3.7), while, thanks to (3.3) and (3.5), and
arguing as in lemma 2.2, we have (2.9). O

Then, arguing as in § 2, we have theorem 1.1.

4. Proof of theorem 1.1, under the assumptions (1.6) and (1.8)

In this section, we prove theorem 1.1, under the assumptions (1.6) and (1.8). Thanks

to (1.6), (1.1) reads

Ou + adiu — 2yudiu + y0,ud?u =0, t>0, v € R, (4.1)
u(0, ) = ugp(x), r e R )

Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (4.1).

Fix a small number 0 < £ < 1 and let u. = u.(t, ) be the unique classical solution
of the following problem [12, 33]:

Oy + a@iua - 27u58£u5 + 'yazugﬁius = —eaﬁug, t>0, xr €R, (4.2)
ue(0, ) = ue o), z € R, '
where u. o is a C* approximation of g such that
loteioll gy < luoll g2 - (4.3)
Let us prove some a priori estimates on wu..
LEMMA 4.1. For each t > 0,
2 ¢ 2
2 4
|02t )|y + 22 /0 [0%e(s, )22y ds < Co (4.4)

Proof. Multiplying (4.2) by 20%u., we have that

202 Opu. = —20¢8£u58;1u8 + dyu O3u Otue — 270, u 0% u 0tu. — 26(9tu.)?.
(4.5)
Since

d 2
4 2
2/Ral.u58tua do = & ||8$'Ul5(ta ')HLQ(R) )
—Qa/ af;ueaiug dz =0,
R
4'7/ Ugaguea;lua dx = _27/ axu€(83u6)2 dz,
R R

727/833%33%8;‘% dz = 27/8zu5(8§u5)2 dz,
R R
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integrating (4.5) on R, we get

d oo 4
at |03 ( HL2 +25H8 ue(t ||L2(]R) 0.
(4.3) and an integration on (0,¢) give (4.4). O
LEMMA 4.2. Fiz T > 0. There exists a constant C(T) > 0, independent on &,
such that
t
—(10+245)s 2
e e + 22009740072 [0 (5, )| ds < €T,
(4.6)

for every 0 <t < T. In particular, we have that
||Ue||Loo((o T)xR) |Oue(t, )|l 2 (R) fe UaHLoo((o T)xR) S < O(T), (4.7)
for every 0 <t < T.

The proof of the previous lemma is based on the regularity of the functions u.
and the following result.

LEMMA 4.3. For each t > 0, we have that

[ e do <2\l M 1020 Moy (48)

In particular, we get

[ 0o 4o < Sl My + 020t ) ey + 50 (49)
Proof. We begin by observing that
[ e (@2 o < 10,000 ey o2
Consequently, by (2.12), we obtain that
[ Oetc (02 da < 20,0y 20t ) - (4.10)

[13, lemma 2.3] says that

10t ) gy < o/ lute(t oy 1930 8 ) -

Therefore, by (4.10),

/R (O102)2(Pue)? A < 2 e (M oy v/ 1020 (8 Mo

that is (4.8).
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Finally, we prove (4.9). Thanks to (4.8) and the Young inequality,

/R (002 (D2u0)? o < 2, et Moy (10220 (8, ) ey

< et ) ey + 102ue () oy

1

< et )||L2(R + (|0 (t HL2 y T

that is (4.9). O
Proof of lemma 4.2. Let 0 < t < T. Multiplying (4.2) by 2u., we have
U Ope = —204u€6 Ue + 4'yu283u5 — 27U56IU583U5 - 2€u68§u€. (4.11)
Observe that
2 [ wedmede = 5 el e

—Za/ ugag’ug dz = 2a/ 8wu582u5 dr =0,
R R

4’y/u§3§u5 dx = —87/u681u58§u6 dz,
R

—25/ ugc’? ue do = 25/ Oy uga ue do = —26”8 ue(t ||L2(R)
R

Then an integration on R of (4.11) gives
d 2
I [|lue(t, )||L2(R) + 2¢ ||02ue(t |}L2 =107 | u.0,u.0%u. dx. (4.12)
R
Due to (4.4), (4.9) and the Young inequality,
101] [ fuel 10,0
R
<59 et ey + 5 / (0,00 (0%.)”
5
<59 [Jue(t, )HL?(R HUE( )||L2 +5H6 ue(t HL2(R +3 2
1092 +5
S 5 llue(t, Mz + C(T).

Consequently, by (4.12),

d
a H ( )||L2 +2 Ha us ||L2(]R) < T ||’U,6(t, ')H%ﬁ(R) + C(T)
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The Gronwall Lemma and (4.3) gives

t
e (1) my + 26 107 90/2 / e 02 190 (s, )| s
0

i HL?(R)

t
e e(1072+5)t/2 + C(T) e(1072+5)t/2/ e7(1072+5)s/2 ds < C’(T),
0

which gives (4.6).
Finally, (4.7) follows from (4.4), (4.6) and [13, lemma 2.3]. O

The proof of theorem 1.1 is based on the following lemma.
LEMMA 4.4. FizT > 0. Then, (2.13) holds. Consequently, there exist a subsequence
{ue, bken of {ucteso and u € LE ((0,00) x R) such that, for each compact subset

K of (0,00) x R), (2.14) holds. Moreover, u is a solution of (4.1) satisfying (1.13).

Proof. Following lemma 2.4, we prove (2.15) and (2.16).
We prove (2.15). Thanks to lemmas 4.1 and 4.2,

[[ue (2, )||H2(R) [[ue (2, )HL2(]R + [|Opue(t, )||L2(]R + || 02uc(t ||L2 < (D).
Therefore,
{uc}eso is uniformly bounded in L>(0,T; H?(R)),
which gives (2.15).

We prove (2.16). Arguing as in lemma 2.4 thanks to (2.17) and (4.1), we have
that

Opue = O, (—a@iue + 2yu.02u. — 3%(335115)2 — 58§u6> . (4.13)

Observe that, by lemmas 4.1 and 4.2, we have (2.20) with 8 = —2y, and 0 < € < 1,

21192, |2 2193, |2
« ||8IU5HL2((O,T)><]R)’ € ||azu€HL2(R) < o). (4.14)
We prove that
9y*
4 102 u€||L4 ((0,T)xR) X < C(T). (4.15)

Thanks to lemma 4.2,

72 T 4 9’72 2 r 2
7/ /(axug) dtdz < Tnaxugum((oj)xm/ /(axug) dt d
0 R 0 R
T
ﬂ/‘/@%ﬁ&mgcqy
0 R
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Therefore, by (2.20), (4.14) and (4.15),

3
{—a@ius + 2yu 02, — 77(893115)2 - Eague} is bounded in H'((0,T) x R).
e>0

Thanks to the Aubin-Lions Lemma, (2.13) and (2.14) hold.
Consequently, u is solution of (4.1) and (1.13) holds. O

5. Proof of theorem 1.1, under the assumptions (1.7) and (1.8)

In this section, we prove theorem 1.1, under the assumptions (1.7) and (1.8). Thanks
to (1.7), (1.1) reads

(0, z) = ug(z), z eR. (5.1)

{atu + adu — 2yudiu + y0,u0*u — q0*u =0, t>0, v € R,
Our existence argument is based on passing to the limit in a vanishing viscosity
approximation of (5.1).
Fix a small number 0 < ¢ < 1 and let u. = wu. (¢, ) be the unique classical solution
of the following problem [12, 33]:

{atuE + adiue — 2yu 03u. + YOpu0%u, — 20%u. = —ediu., t>0, x €R,

ue(0,2) = ue o), r € R,
(5.2)
where u. o is a €' approximation of ug such that
HUE,OHH2(R) < ||U0||H2(R), 5HUE,O||L2(R) < Co, (5.3)

where () is a positive constant, independent on e.
Let us prove some a priori estimates on wu..
We prove the following result

LEMMA 5.1. For each t > 0,

t t
020t Moy + 207 [ 1080 ey o+ 22 [ 080y s < G

(5.4)
Proof. We begin by observing that
72q2/ u. dzdtu. dr = 2¢* ||82u5(t, ~)||i2(R) .
R
Thus, arguing as in lemma 4.1, we have (5.4). O
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LEMMA 5.2. Fiz T > 0. There exists a constant C(T) > 0, independent on e, such
that

t
e (b, )3y + 22 10749072 / 0 49)5/2 19,1 (5,22 gy ds
0

+2¢ 1077 +9)/2 /0 om0 102uc(s, )32 @y ds < C(T), (5.5)
for every 0 < t < T. In particular, (4.7) holds.
Proof. Let 0 <t < T. Observe that
~20" [ webucdo = 2% [t ey
Arguing as in lemma 4.2, we have (4.7) and (5.5). O

LEMMA 5.3. Fiz T > 0. There exists a constant C(T) > 0, independent on €, such
that

1 t
q° || 0pue(t, )||L2(R) +5“8 ue(t HL?(R) 6/0 ||8tua(87')”?;2(m) ds < C(T),

(5.6)
for every 0 <t < T.
Proof. Let 0 < t < T. Multiplying (5.2) by 20,u., we have that
2(0pus)? — 2¢°Opu0%u. + 2e0ru O,
= —200su.03u. + 4y0ucu 03ue — 2y0u 0pu:0%u. . (5.7)

Since
2 2 2 d 2
—2q /Otuaamua dz = ¢" 5 10sue(t, )2 r)

||L2(]R)’

25/ atugﬁ Uy = s— ||8 ue(t
an integration of (5.7) on R gives

d
5 (2 10sue (8 )T gy + 2 [|02ue (8. [y ) + 21000 ) ey

= 7204/ OpucD3u, dz + 47/ Opucu 03u, do — 27/ Oy Opu 0%u. dz.  (5.8)
R R R
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Due to (4.7), (5.4) and the Young inequality,

2‘C¥|/ |atu€”a§us‘dx:2/ |8tu€\|a6§’u€|dx
R R
Hatus( )||L2(R) +OZ ||33u5 ||L2(]R)’

Mﬂ/KMJ%@%Mx:/Wwﬂhwﬁ%Mx
R
|@%(WWRHW/ 2(0Pu.)? da

5 ||8tu5( )||L2(R)

+ 8y Hu€||L°° (0,T) xR) H83u6 HL2

1
||3tus( )||L2(R +C(T) || 03ue(t, ||L2 (R)*

atua
V3

1

< 310t ) ey + 3 [ (Genc (0B da

V3v0,u. agus dz

2|’V|/ |atus\|axugagus\dx:2/
R i

_ W

< 2 110e(t, Moy + 392 10ste 72y 102ue () 2y

— W

< 5 10ue(t, )72y + O(T)-

w

Tt follows from (5.8) that

d
dxqw%<nm®+wa% Woay) + & 190-t e
< C(T) || OFue(t HL2(R) +C(T).

(5.3), (5.4) and an integration on (0,%) give
1 [ >
@110 (8 ) Gy + 2 |02 (1) [y al”@%@ﬂmwds
¢
2
< Co+CT) [ (080t [32ge) + OO < OO,
0

which gives (5.6). O

Using the Sobolev Immersion Theorem, the proof of theorem 1.1 is based on the
following lemma.

https://doi.org/10.1017/prm.2020.23 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.23

442 G. M. Coclite and L. di Ruvo

LEMMA 5.4. Fiz T > 0. There exist a subsequence {u;, tren of {uc}teso and a limit

function u which satisfies (1.14) such that

ue, — u a.e. and in LF ((0,7) xR), 1 < p < oo.

loc
Moreover, u is solution of (5.1).
Proof. Thanks to lemmas 5.1, 5.2 and (5.3)

{uc}eso is uniformly bounded in H*((0,T) x R).

Consequently, (5.10) gives (5.9).
Thanks to lemmas 5.1 and 5.2 we get

w e L=(0,T; H2(R)),

while, lemma 5.4 says that

N

t
/||agu(s,.>|| ds < C(T), 0<t<T.
0

Therefore, (1.14) holds and w is solution of (5.1).

(5.9)

(5.10)

Appendix A. The Korteweg—de Vries—Burgers equation: ug € H!(R)

In this appendix, we prove the well-posedness of the Cauchy problem of (1.10),
under the assumption (1.5). Indeed, the main result of this appendix is the following

theorem.

THEOREM A.1. Assume (1.5). Fized T > 0, there exists a solution u of (1.10) such

that (1.12) holds.

Our existence argument is based on passing to the limit in a vanishing viscosity

approximation of (1.10).

Fix a small number 0 < € < 1 and let u. = u.(t, ) be the unique classical solution

of the following problem [12, 33]:

O + KugOpue + a@i’.ug — q28§uE = —aaﬁug, t>0, r €R,
ue (0,2) = ue o), r € R,

where u, o is a C* approximation of ug such that (2.2) holds.
Let us prove some a priori estimates on ..
Arguing as in lemma 2.1, we have the following result.

LEMMA A.1. For eacht > 0,

t t
2 2 2
||u€(t7')HL2(R) +2q2/0 Haﬂﬂus(sa')||[,2(R) ds+2€A ||8§u5(8,')||L2(R) ds

https://doi.org/10.1017/prm.2020.23 Published online by Cambridge University Press

(A1)

< Ch.

(A.2)


https://doi.org/10.1017/prm.2020.23

The Kudryashov—Sinelshchikov—Olver equation 443

LEMMA A.2. Fiz T > 0. There exists a constant Cy > 0, independent on e, such
that (3.4) holds. In particular, we have

t t
2 2 2
100ue (8, )72 gy +2q2/0 |02uc (s, .)||L2(R) ds +25/0 |‘3§u5(s7-)HL2(R) ds < Cy,
(A.3)
for every 0 <t < T.

Proof. Let 0 <t < T. Multiplying (A.1) by —202u,., an integration on R gives

d 9 9
— [|0puc(t, )|l = —2/8mu Opue do
dt £ L2(R) & eUtUe
:2m/u53mu683u6 d:L'—QOz/usagus dzx
R R

= 24° |03 ue(t, )| e

+ 26/ O2u 0tu. dx
R

= 2%/ usawugﬁius dx + 2a/ 8wu58;:’u€ dx
R

= 2% [|0Fue (1, )72 ) — 22 [02ue (6 ) [

:ZH/UEGIUSQ%UE dz — 2¢° |07 uc(t, HL?(R)
R

— 2¢||OFue (¢ HL2(]R)

Therefore,

||8 ue(t, )”L?(R) +2¢% || Fue(t, ||L2(R) +2e || 0Fue(t HL2(R

= 2m/ugE)Iu58§ug dz. (A.4)
R

Due to the Young inequality,

20| [ fucdyucljo2ucl do =2 [ 1002w,
R R

K 2 2 2 (|92 2
<?/Rus(aa:ue) dz +¢q Hazua(ta')HLz(R)

Ke Op e

< q2 e | o0 0,7y 10tte (£ )12 gy

+¢* [|0Fue t, ||L2(]R)
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It follows from (A.4) that

2

||3 UE( )H[P(R Jrq ||5'2u5 ||L2(]R +2€H5‘§U5(t,')HL2(R)

<z 2 ||UeHLoo((0T «R) [10zue (1, )||L2

(2.2), (A.2) and an integration on (0,t) gives

t t
10zt (t, )| 72 ) + ¢ / 020 (s, )|} gy s+ 2¢ / 1030 (5, )| 72 gy s

2 t
K 2 2
< G+ 55 el oy | 1001c(5,) ey s
< Co (1 + Hue||2Loo((o7T)><R)> : (A5)
Arguing as in lemma 2.1, we have that

4 2
||UsHLoc((o,T)xR) —Co ||Us||Loo((o,T)x1R) — Co,

which gives (3.4).
Finally, (A.3) follows from (3.4) and (A.5). O

Now, we prove theorem A.1.

Proof of theorem A.1. Arguing as in lemma 2.4, there exists a solution u of (1.10)
such that (1.12) holds. O

Appendix B. The Korteweg—de Vries—Burgers equation: uo € H?(R)

In this appendix, we prove the well-posedness of the Cauchy problem of (1.10),
under the assumption (1.8). In particular, we prove the following result.

THEOREM B.1. Assume (1.8). Fized T > 0, there exists an unique solution u of
(1.10) such that (1.14) holds. Moreover, if uy and ug are two solutions of (1.10),
we have that

T
Jeaa (1, ) = wa(t, ) gy < e fluro — wzoll 2y - (B.1)
for some suitable C(T) > 0, and every 0 <t < T.
To prove theorem B.1, we consider the approximation (A.1), where u. g is a C*>
approximation of ug such that (5.3) holds.
Let us prove some a priori estimates on ..

Since H'(R) C H?(R), lemmas A.1 and A.2 are still valid.
We prove the following result.
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LEMMA B.1. Fiz T > 0. There exists a constant Cy > 0, independent on &, such

that

O N O O S N

for every 0 <t < T. In particular, we have that

[02vell o (0,1 xR) < Co-

Proof. Let 0 <t < T. Multiplying (A.1) by 20%u., an integration on R gives

c(lit HaQ Ue HLz - 2/8 ugatug dz

= —2/{/ ugazueaﬁug dz — 2a/ aguaaiug dx
R

+20 [ .0k, do =22 [0kt ) e

= 2K / (0pue)?03u. do + 2&/ u-02u 0%u. do
R

—2¢” [|07uc(t, HL?(}R) 2¢ || e (¢, HL2

Therefore,
Hw% |+ 247 || 9 (¢, )+ 22 [ 0ue(t [ o ey

Meee Miee

2/{/(830115)28:;1;5 do + 2%/ u02u 0%u, dx.
R R

Due to (3.4) and the Young inequality,

2|K‘/(6wu£)2lagug‘d£:2/
R

< na%<mmw+qﬂﬁw M

8ug

‘ ’q33u8| dx

2|/€|/|u583u8||8§u5\dx:/ M }q3§u5|dx
R R q
2 2
< iz uZ(D2ue)? dr+ L ||33“6 ||L2(]R)
- Jr
2k2
< 2 ”uE”LOO ((0,T)xR) [|07ue (t HL2(R)
2
+ % |07 us (¢, )H2L2(R)
<Gy Haiua HLz (R) + Hagua HL2
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Using (B.4) we gain

H@zuE Ha%s + 2¢ H84uE

W + 5 Mecey My

< e ”8 ue(t, )HL“(JR) +Co ||8 ue(t HL2(R) (B.5)
By (2.11), (A.2) and (A.3),

612
2 ||8 ue(t, )HL4(]R) < qu (||u€( )||L2(R) + [0z ue (2, )||L2(R)) Ha ue(t ||L2(R)

Consequently, by (B.5), we have that

||32Ue ||L2R>+*H53Ue My + 2 1920t ) | ey

< Co || 0Fue(t HL?(R)

It follows from (4.3), (A.3) and an integration on (0,t) that

d 2 7> ¢ 2 t 2
o2t )2 agey + 5/0 103uc(5, ) 2a ds—|—25/0 0% (5, )2 gy i
t
< C’0 + C’0/ Haiua(sa )HiZ(R) ds < CO»
0

which gives (B.2).
Finally, (2.12), (A.3) and (B.2) give (B.3). O

LEMMA B.2. Fiz T > 0. There exists a constant Cy > 0, independent on e, such
that

1 t
¢ [|0puc(t, )HL?(]R) +€H8 ue(t HLQ(R) 5/0 ||8tu€(s7~)||iz(R) ds < Co. (B.6)

for every 0 <t < T.

Proof. Let 0 <t <T. Arguing as in lemma 5.3, we have

d
5 (@ 100ue (8, )2 gy + € 020t ) oy ) + 2 N00e (8, )22 ey

= 72/<;/ UeOpueOpu. dx — 2a/ D3u Oy, d. (B.7)
R R
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Due to (3.4) and the Young inequality,

2|Ii|/ |tueOp e ||Opuc| da = 2/ |KueOpue||Opue | da
R R

<¥A@@%MMHW%<WH

447

< K2 ”uEHLOO((O T)xR) |0 ue (2, )“L?(R) + [0z ue (2, )HL?(R)

< C'O ||6 us( )HL?(]R + ”a ue( )HL?(R

2\a|/|8§u5||8tu€\dx:/|2a82u5||8tu8|
R R

< 207 ||83u5 ||L2(R) ”atus( )||L2(]R)
Consequently, by (B.7),
d
I (q (| Oz ue (2, )||L2(R) +5||3 uc(t ||L2(R)) > 10w (2, )HLZ(R)

< Co 0utte (b, )17y + 202 [ 0uc(t, )32 g

(5.3), (A.2), (B.2) and an integration on (0,t) give
1! 5
0 9suc (b, Mo my + & 02t )| o ey + 3 J, 10eue(s:)lLae ds

t t
2
< Co+ C’o/0 |0z ue (s, ')||i2(R) ds + 20‘2/0 ||5§“€(3»')||L2(R) ds <
which gives (B.6).

Now, we prove theorem B.1.

Proof of theorem B.1. Arguing as in lemma 5.4, there exists a solution u of (1.10)

such that (1.14) holds.
We prove (B.1). Let uy, us be, two solutions of (1.10), that is

Oruy + 2Ku10,uq + ocagul — q28§u1 =0, t>0, r€eR,
u1(0, ) = uy, o(x), r € R,

O + 2Ku0,us + oﬁiuz — qzﬁﬁuz =0, t>0, r R,
u2(0,x) = ugz o), r €R.

Then, the function

W =1Uyp — U2
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is the solution of the following Cauchy problem:

w(0,2) = uy, o(x) — uz,o(x), z €R. (B.9)

{&w + 26(u10pu1 — ugdzusg) + a@iw - qzﬁiw =0, t>0, z R,
Observe that
U1 O0pU1 — UpOpUs = U1 0,U1 — U0,U1 + U Oyt — U0, U = Optiw + U Opw.
Therefore, (B.9) is equivalent to the following equation:
0w + KOz uiw + KugOpw + aagw — q28§w =0. (B.10)
Since
2n/ UgwOpw da = fn/ Opusw? d,
R R
ZQ/RM(?gw dz =0,

—2¢? / w@iw dz = 2¢° |0z (2, ')”im&) J
R

multiplying (B.10) by 2w, an integration on R gives

d
37 10t 2wy + 26 [0aw(t, ) 72 )

= —m/@xule dx—|—l<:/3xu2w2 dx
R R

< Il (19101l e 0,1y 0y + 1052l e 079k ) Nt Moy - (BAAD)
Fix T > 0. Observe that, since u1, ug € H*(R), for every 0 < ¢t < T, we have that
[0zt oo 0,7y xR) » 19282l Loc((0,7)xm) < C(T).
Therefore, by (B.11),

d
37 19 ey +20% 100w (t, ) [ 72y < CT) () 72ey -

It follows from the Gronwall Lemma and (B.8),

t
a8, ) — wa(t, ) oy + 24 7T / e OM 9,ur(s, ) — Dyuas, )| 2y ds
0

< eCMt llu1,0 — U2,0||L2(R) )

which gives (B.1). O
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