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SUMMARY
This paper presents a redundant 4-revolute (4R) spherical wrist mechanism for a shoulder
exoskeleton, which overcomes several major issues with the 3R mechanisms used in the past.
An analysis of the 3R mechanism is done to highlight the limitations in its range of motion and
problems caused by operating near singular configurations. To ensure that the redundancy in the 4R
mechanism is efficiently utilized, genetic algorithm is used to optimize the mechanism design and
identify the optimal operating configurations of the mechanism. The capability to reach the entire
shoulder workspace is guaranteed and the joint velocities are minimized by considering the joint
displacements required to move the end-effector throughout the workspace and the condition number
of joint configurations for reaching 89 positions in the workspace. Analysis of the 4R mechanism
obtained from the optimization process indicates that it can move throughout the entire shoulder
workspace with feasibly low joint velocities.

KEYWORDS: Exoskeletons; Rehabilitation; Redundant manipulators; Design optimization;
Workspace analysis; Singularity analysis.

1. Introduction
Upper limb exoskeletons developed in the past have limitations in the shoulder mechanism which
cause restrictions in the shoulder movement and prevent the exoskeleton from achieving the entire
range of motion of the human shoulder. These exoskeletons commonly use a 3-revolute (3R) spherical
wrist mechanism with two 90◦ links to produce spherical movements of the human shoulder joint.1–6

The basic structure of these 3R exoskeletons is shown in Fig. 1, where the most distal third joint is
implemented using a revolving mechanism around the upper arm. A problem arising from using the
3R mechanism is that it has singular configurations in which two of the rotary joints align with each
other resulting in the loss of 1 degree-of-freedom (DOF).1–4,7 When the 3R mechanism approaches a
singular configuration, the mechanism has difficulty performing rotations about the axis that is lost.
A small rotation of the shoulder about the lost axis requires high velocities from 3R joints. The worst
case is when two of the 3R joints completely align with each other, i.e. a singular configuration occurs
as shown in Fig. 1. In this situation, the 3R mechanism needs to change its configuration to produce
rotations about the lost axis (Fig. 2).

The design shown in Fig. 1 is the simplest design of the 3R exoskeleton with the base joint of the
3R mechanism positioned directly behind the shoulder. In addition to the singularity problem, this
exoskeleton design has a limited range of motion due to the limited space available for the movement
of mechanism’s links. It is not possible for this exoskeleton to raise user’s upper arm above the
horizontal plane as this will cause part of the 3R mechanism to collide with user’s head. This problem
is illustrated in Fig. 3.

In order to minimize the negative effects of singular configurations on shoulder movements, some
exoskeletons have been designed so that the singular configurations of the 3R mechanism occur at
postures that are less likely to interfere with performing rehabilitation exercises.1–4 This is done by
moving the base joint of the 3R mechanism laterally, often by 45◦ . However, even if the exoskeleton
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Fig. 1. (Colour online) A 3R exoskeleton in a singular configuration where Joint 3 aligns with Joint 1. In this
configuration, the exoskeleton cannot produce horizontal flexion and extension movements of the shoulder.

does not operate exactly at the singular configuration, it will still experience a decrease in performance
when it operates nearby.

To demonstrate this, the joint trajectories of the 3R mechanism moving near a singular configuration
are shown in Figs. 4 and 5. The movement involves a constant velocity 180◦ shoulder flexion over 3.5 s
in the vertical plane with a 35◦ medial offset. Since the singular configuration of the 3R mechanism
occurs 45◦ medially from the anterior direction, the 35◦ medial offset in flexion means the closest the
mechanism will operate to the singular configuration is 10◦ , which occurs when the upper arm is in
the horizontal position. At this position, the peak 3R joint velocity occurs at Joint 1 at a very high
movement of 296◦ /s. That is, Joint 1 of the 3R mechanism is required to move at 296◦ /s to achieve a
51.4◦ /s shoulder flexion when passing the horizontal upper arm position. Such a high joint velocity
is undesirable because first it makes the exoskeleton more dangerous and intimidating to user, and
second, it is difficult to achieve such high velocities and accelerations in practice. Movements closer
to the singular configuration will require even higher joint velocities.

The 3R mechanism with a 45◦ offset of the base joint can achieve a larger range of motion than the
simpler design in Fig. 3, as it is possible to raise user’s arm above the horizontal plane. However, the
3R mechanism will still move dangerously close to user’s head (Fig. 6). In addition, raising the upper
arm toward the side will require the arm to move close to the base joint of 3R mechanism (Fig. 7).

It is possible to avoid singular configurations and keep the mechanism away from potential
collisions if a redundant joint is introduced in the 3R mechanism. The resulting 4-revolute (4R)
spherical wrist mechanism (Fig. 8) has one redundant joint, which can be used to keep the system
away from singular configurations.8

The goal of this paper is to optimize the 4R spherical wrist mechanism for a shoulder exoskeleton
and analyze its performance. This paper is organized as follows. The kinematics of the 4R mechanism
is presented in Section 2. The optimization problem is outlined in Section 3. Workspace considerations
are discussed in Section 4. Singularity analysis is presented in Section 5. An analysis of optimized
4R mechanism is performed in Section 6. Finally, conclusions are presented in Section 7.

2. The 4R Mechanism
The 4R exoskeleton has four revolute joints and is therefore a 4-DOF robot. However, the 4R
mechanism is only capable of moving the end-effector in 3 DOF of spherical motion about the
instantaneous center of rotation (ICOR). Hence, the 4R exoskeleton can be described as a 4-
DOF redundant robot with 3-DOF spherical motion. This redundancy is required to avoid singular
configurations of the mechanism and prevent interference with the user while achieving the entire
shoulder workspace.
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Fig. 2. (Colour online) A 3R exoskeleton moves into a singular configuration shown in the top right where Joint
3 aligns with Joint 1. In this configuration, the exoskeleton cannot produce horizontal flexion and extension of
the shoulder unless Joint 1 is repositioned.

The fundamental 4R mechanism consists of a stationary base, an end-effector, and three links
(L1, L2, L3) connected in series through four revolute joints (θ1, θ2, θ3, θ4; Fig. 9). Each of the four
revolute joints has an axis of rotation that intersects with the ICOR. The joints are positioned at
a suitable distance away from the ICOR so that they do not collide with user’s body. This allows
the 4R mechanism to operate alongside the human upper arm and mimic the spherical movements
of the human shoulder joint. Due to the characteristics of the exoskeleton design, the position and
orientation of the robot end-effector directly reflects the posture of user’s upper arm. The following
terms are used to describe the various aspects of this mechanism:

1. ICOR: The center of spherical rotation. All joints of the 4R mechanism intersect at this point.
The ICOR of 4R coincides with the ICOR of the human shoulder joint.

2. Link angle (α): The angle between two joints in the arc-shaped link about the ICOR.
3. Joint angle (θ): The angle of rotational displacement of revolute joint from default position.
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Fig. 3. (Colour online) A 3R exoskeleton with the base joint behind the shoulder cannot raise the upper arm
above the horizontal plane as this will cause the mechanism to collide with user’s head.

Fig. 4. (Colour online) A trajectory path for 3R mechanism which passes near a singular configuration. This
movement is a constant velocity 180◦ shoulder flexion over 3.5 s along the vertical plane with a 35◦ medial offset.
The green point indicates the starting position of the upper arm and 3R end-effector, and the blue points indicate
fixed time steps during the trajectory. The red point represents the position at which a singular configuration of
3R mechanism occurs.
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Table I. The DH parameters of a 4R robot.

Link i ai αi di θi

1 0 α1 0 θ1

2 0 α2 0 θ2

3 0 α3 0 θ3

4 0 0 0 θ4

Fig. 5. (Colour online) Position and velocity trajectories of Joints 1 and 2 in 3R mechanism during the 3.5-s
shoulder flexion illustrated in Fig. 4.

4. Joint/end-effector position: The location of joint/end-effector with respect to ICOR.
5. Joint configuration: A combination of joint positions that achieves a certain end-effector position.

The kinematics of a multilink 4R robot is modeled using the Denavit–Hartenberg (DH) notation.9

The world coordinate system is located at the ICOR with the x-axis pointing to the right, y-axis pointing
forward, and z-axis pointing upward with respect to the user as shown in Fig. 12. A coordinate system
is defined for each subsequent joint using the DH notation. For simplicity, the coordinate system of
each joint is defined with an origin at the ICOR of 4R mechanism, i.e. the length parameters ai and
di for all i are zero. This is acceptable because the axis of rotation of all joints in the 4R mechanism
always intersect at ICOR. As a result, the occurrence of singular configurations is dependent only on
the orientation of joints and independent of the distance between the joints and the ICOR. The DH
parameters for a 4R robot are shown in Table I.
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Fig. 6. (Colour online) A 3R exoskeleton with the base joint shifted 45◦ laterally from behind the shoulder will
operate dangerously close to user’s head when raising the upper arm above the horizontal plane. The images on
the right side show the top view of exoskeleton positions shown on the left side.

3. The Optimization Problem
As mentioned in Section 1, a redundant 4R mechanism can avoid the undesirable singular
configurations that occur with a 3R mechanism. The goal of this research work is to optimize the
design of a 4R mechanism for a shoulder exoskeleton. The optimization ensures that the additional
degrees of freedom provided by the redundant joint is efficiently utilized to achieve the optimal
performance of 4R mechanism in the shoulder workspace. This involves finding an optimal design
and also an optimal set of joint configurations for the mechanism.

The redundant joint in the 4R mechanism allows some flexibility in the 4R linkage design. Whereas
a 3R mechanism requires all link angles to be 90◦ in order to achieve the full spherical workspace,
the link angles of the redundant 4R mechanism can have a variety of sizes and still achieve the full
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Fig. 7. (Colour online) The upper arm can move dangerously close to the shifted base joint.

Fig. 8. (Colour online) The 4R exoskeleton concept.

Fig. 9. (Colour online) Parameters of the 4R mechanism.

spherical workspace. Hence, there is a range of possible 4R mechanism designs that can be used in
a shoulder exoskeleton. The 4R design can have variations in the sizes of three link angles and the
location of the base joint (Fig. 10).

In addition, an issue arising from the redundancy is that it is possible to achieve the same end-
effector position with a range of different 4R configurations, i.e. there are infinite inverse kinematics
(IK) solutions (Fig. 11). Therefore, it is also necessary to identify the optimal joint configuration for
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Table II. Optimization variables.

Variable Description Permitted range

α1 Angle size of L1 20◦ to 160◦
α2 Angle size of L2 20◦ to 160◦
α3 Angle size of L3 20◦ to 160◦
ϕz Spherical coordinate of Joint 1 position about z-axis −45◦ to 45◦
ϕx Spherical coordinate of Joint 1 position about x-axis −90◦ to 90◦

θ0
1 Joint 1 angle when the end-effector is at the workspace center −180◦ to 180◦

Fig. 10. (Colour online) Example of two different 4R designs with different link angle sizes and base joint
position.

Fig. 11. (Colour online) Example of two different joint configurations of the same 4R design which achieve the
same end-effector position.

any given end-effector position in the shoulder workspace. Genetic algorithm is used to solve this
complex optimization problem.

3.1. Variables
Six variables are used in this optimization problem. Descriptions of these variables and their permitted
values are shown in Table II. The first five variables describe the design of the 4R mechanism, where
α1, α2, and α3 describe the three link angles, and ϕz and ϕx describe the position of base joint relative
to user’s shoulder in spherical coordinates. Here, ϕz precedes ϕx in the sequence of Euler rotations
and the default position is directly above the user’s shoulder (Fig. 12). The sixth variable θ0

1 is used
to determine the optimal joint configurations of 4R mechanism. This variable is the angle of Joint 1
(θ1) when the end-effector is at the center of the shoulder workspace. A given value of θ1 is necessary
because there are infinite possible joint configurations for achieving a given end-effector position
due to kinematic redundancy. If θ1 is known, then the angular positions of remaining joints required
to achieve the given end-effector position can be determined from IK. However, this only gives
the configuration for reaching one position in the workspace. Therefore, an expanding algorithm has
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Fig. 12. (Colour online) Illustration of the three positional optimization variables.

been developed to compute joint configurations for reaching the remaining workspace. Further details
on this expanding algorithm are provided in Section 4.4. The genetic algorithm generates random
solutions, each with a value for six variables within their permitted ranges. Each generation of the
algorithm improves these solutions until a set of optimal solutions are obtained.

3.2. Objectives
In this optimization problem, achieving the entire human shoulder workspace is considered to be a
compulsory objective. The other performance objectives are average joint transition, global condition
number, and maximum condition number. The genetic algorithm uses these objectives to evaluate the
performance of each solution and the best performing solutions are selected for producing the next
generation of solutions. These objectives are discussed in the subsequent sections.

4. Workspace of the 4R Mechanism
The 4R mechanism is intended for a shoulder exoskeleton, therefore the workspace of the human
shoulder needs to be considered in the design. The workspace for the human shoulder is approximately
half of the spherical workspace, while the 4R exoskeleton can be designed to operate the end-effector
in the entire spherical workspace. Since the exoskeleton is only required to operate in the shoulder
workspace, compromises can be made in the 4R design to sacrifice performance in the workspace
that the human shoulder cannot reach to improve performance in the workspace which the shoulder
can reach. Hence, the 4R design is optimized only for the shoulder workspace rather than the entire
spherical workspace. However, it is difficult to find all the optimal joint configurations for the entire
continuous workspace of this non-linear system. Therefore, optimal configurations will be determined
for a pre-defined set of end-effector positions in the shoulder workspace.

4.1. Workspace discretization
The shoulder workspace is discretized into points, each indicating an end-effector position to be
analyzed. For each end-effector position, a 4R mechanism configuration with good performance will
be identified. A common method for allocating points on the surface of a sphere is by using the
longitude and latitude parameters. However, this method results in a non-uniform distribution of
points with a higher density of points at the two poles of the sphere. This causes the performance
near the poles to have a larger influence on the overall performance score. Ideally the points should
be uniformly distributed to ensure that the workspace is analyzed evenly.

A set of 89 uniformly distributed points over the shoulder workspace are generated using an
algorithm that performs repeated subdivisions of a spherical icosahedron to obtain a grid of evenly
distributed points on the surface of a sphere.10 The number of uniformly distributed points N that
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Fig. 13. (Colour online) Uniformly distributed semi-sphere points obtained from spheres with 42, 162, and 642
points respectively.

Fig. 14. (Colour online) Eighty-nine uniformly distributed points are used to analyze the shoulder workspace.
The model user shown has a shoulder posture at the center of the workspace, represented by a red point.

can be obtained using this algorithm is calculated using the following equation:

N = 2 + (
10 × 4k

)′
, (1)

where k is a positive integer.
The four lowest number of uniform spherical points that can be obtained from this method are

12, 42, 162, and 642 points. Fig. 13 shows the semi-spheres for the three latter cases. A sphere of
162 points is selected for representing the end-effector positions as this has a sufficient point density
to provide a good representation of 4R performance over the workspace. Since only the shoulder
workspace is required rather than the entire spherical workspace, only 89 of the 162 points are used.
These points cover a semi-spherical region in the lateral-anterior region of user’s shoulder (Fig. 14).
The optimal joint configurations to reach each of the 89 end-effector positions are determined using
the expanding algorithm in Section 4.4. Interpolation can then be used to find joint configuration to
reach any arbitrary end-effector position in the shoulder workspace.

4.2. Workspace limitations
As mentioned in Section 3.2, achieving the entire shoulder workspace is a compulsory objective of
4R mechanism. The workspace of 4R mechanism is limited by three factors. If any of these three
factors occur for a given joint configuration, the end-effector position under consideration is classified
as unreachable. The first case occurs when there is no IK solution for the given end-effector position
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Fig. 15. (Colour online) Boundary of a forbidden region for the mechanism structure. The red arrow indicates
the region that is forbidden and the green arrow indicates the permitted operating region.

and Joint 1 angle. The method used to identify this situation is explained in Section 4.3. The second
case occurs when the joint configuration is at or very close to a singular configuration. Since there are
significant limitations in operating at a singular configuration, the end-effector position that causes
the singular configuration cannot be included in the operating workspace. Singularity analysis is
discussed in Section 5.

The final case occurs when a part of 4R mechanism is required to enter a forbidden region to reach
an end-effector position. These include regions that can harm or cause discomfort for the user. The
robot can harm the user if the robot links collide with a part of user’s body. With the design concept
used, the robot links can potentially collide with user’s torso, neck, or head when moving toward a
certain end-effector position. Therefore, the links must not enter user’s medial region with respect to
ICOR. Furthermore, operating the links in user’s field of view can cause uneasiness and discomfort
for the user. Therefore, the links must also not enter user’s anterior region. Joint configurations that
require the links to enter user’s medial or anterior regions are not permitted and are classified as
unreachable. The boundary for this region is specified by a vertical plane intersecting the ICOR with
a normal axis in the anterior-medial direction, 45◦ from the anterior axis. In addition, regions near the
head and torso are also forbidden, i.e. regions above and below the ICOR. This region is represented
by a vertical cylindrical volume with an axis intersecting the ICOR. The boundary is shown in Fig. 15.

4.3. Inverse kinematics
There are infinite solutions to the IK problem for any given end-effector position due to the redundancy
of 4R mechanism. However, if the desired end-effector position and the joint angle of one of the
three proximal joints are known, then the angles of the remaining joints can be derived using IK.
In this work, θ1 is generated by the algorithm. Therefore, the IK problem now involves finding the
configuration of a non-redundant 3R mechanism, i.e. the angular positions θ2, θ3, and θ4. However,
θ4 only affects the axial orientation of the end-effector and not the position since the end-effector is
located in the same position as Joint 4. Hence, the end-effector position (i.e. shoulder flexion and
extension, and abduction and adduction) is dependent on θ1, θ2, and θ3, while the end-effector axial
orientation (i.e. shoulder medial and lateral rotation) is dependent on θ4. The resulting IK problem is
then to find θ2 and θ3 to achieve the desired end-effector position with a given value of θ1. Essentially,
the positions of Joints 1, 2, and 4 are known and the position of Joint 3 needs to be found.

The IK problem for a 4R robot is solved using a heuristic iterative method based on the Forward
and Backward Reaching Inverse Kinematics (FABRIK) algorithm.11 An iteration of the FABRIK
method is a two-stage process that begins at the last joint in the chain and works inwards, adjusting
the position of each joint along the way. This process is then repeated outwards in the second stage to
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Fig. 16. (Colour online) Example of the first condition for unreachable target (Eq. (2a)).

Fig. 17. (Colour online) Example of the second condition for unreachable target (Eq. (2b)).

complete a full iteration. Each iteration moves the end-effector closer to the target position. Hence,
iterations are repeated until the end-effector is sufficiently close to the specified target position.

First, the conditions that cause a target end-effector position to be unreachable by the 4R mechanism
are identified since there will not be an IK solution. The end-effector of 4R cannot reach a target
position if any of the following geometric conditions are met. These are when the angle at the ICOR
between Joint 2 and the target end-effector position ϕt is greater than the sum of the link angles α2

and α3 (Fig. 16), or smaller than the difference between the link angles α2 and α3 (Fig. 17), i.e. the
target is unreachable if:

ϕt > α2 + α3, (2a)

ϕt < |α2 − α3| . (2a)

These conditions apply to the problem specified at the beginning of this section, in which the
positions of Joints 1 and 2 and target position of Joint 4 are known and the position of Joint 3 required
to achieve the specified position of Joint 4 needs to be determined. In addition, distal joints are not
permitted to be positioned under a proximal link. This is to ensure that the links will not collide with
actuators attached to the joints. The FABRIK algorithm is terminated once a configuration is obtained
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Fig. 18. (Colour online) The first two iterations in the expanding algorithm. Each iteration finds joint
configurations for a new layer of end-effector positions. The red points represent the positions to be analyzed in
the current iteration, and the blue points represent the positions that have already been analyzed in a previous
iteration.

with an end-effector position error of less than 1◦ . This configuration is selected as a solution to
the IK problem. In addition, the algorithm is terminated if the error threshold is not achieved after
2,000 iterations as a precaution to prevent infinite loops. This threshold was not reached during the
optimization process.

4.4. Optimization for the entire workspace
The IK discussed in Section 4.3 only computes the joint configuration for one end-effector position
in the shoulder workspace. An optimal joint configuration needs to be found for each of the 89
end-effector positions. However, if an optimal joint configuration is found for each end-effector
position independently, then the end-effector positions that are adjacent to one another may have
very different joint configurations, and therefore require large joint movements. Ideally, the optimal
joint configuration identified for every end-effector position will be able to transition to an adjacent
position smoothly with minimal joint displacements. This is a part of the average joint transition
objective defined in the optimization problem. An expanding algorithm has been developed to obtain
optimal joint configurations for all 89 end-effector positions in the shoulder workspace. This makes
use of the value θ0

1 generated by the genetic algorithm as the sixth variable. This variable is the value
of θ1 for reaching the end-effector position at the center of the shoulder workspace.

The expanding algorithm first finds the optimal joint configuration for this center position using
workspace and singularity analysis with the six variable values provided by the genetic algorithm.
The algorithm then computes optimal joint configurations for all end-effector positions adjacent to
this starting position. This is done while ensuring that the transition between adjacent end-effector
positions is realistic, requires minimal joint displacements, causes minimal interference with the user,
and avoids approaching a singular configuration. This is achieved by generating a range of θ1 values
for the adjacent child position, which are within 20◦ of the parent positions’ θ1 value, and analyzing
the performance of their respective joint configurations. The θ1 value that gives the best performing
joint configuration is then selected as the optimal for the child end-effector position. This is done for
each end-effector position that is adjacent to the parent position and has not already been analyzed.
The process is then applied to the next layer of adjacent end-effector positions and repeated until all
89 positions in the shoulder workspace have been investigated (Fig. 18).

By starting from the center end-effector position in the workspace, the expanding algorithm is
completed with the minimum number of iterations. The overall ease of transition between every
combination of adjacent end-effector positions is used as part of the average joint transition objective
in the genetic algorithm optimization. This is calculated as an average change in joint angles of the
three proximal joints in the 4R mechanism between the joint configurations of every pair of adjacent
end-effector positions. The objective is to minimize this value. The resulting set of 89 θ1 values,
which achieves optimal joint configurations for reaching the 89 end-effector positions, will be used to
control the redundant robot. Interpolation of 89 configurations can be done to find joint configuration
for any arbitrary end-effector position in the shoulder workspace.

4.5. Shoulder axial rotation
Joint 4 in 4R mechanism can independently adjust shoulder axial rotation due to its kinematic
structure. This joint is implemented using an arc-shaped rail mechanism around the upper arm and
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has a size requirement which depends on the range of motion requirement. A small range of motion
requirement of Joint 4 is preferable as this means a smaller sized rail can be used, which makes the
exoskeleton easier to don and also reduces the amount of interference with the user.

Due to the kinematics of the 4R spherical wrist mechanism, the zero position of Joint 4 shifts as the
mechanism configuration changes. This shift is dependent on 4R mechanism’s kinematic design. In
addition, the range of motion of shoulder axial rotation also changes depending on shoulder’s posture.
Experiments done by Wang et al.12 show that as the shoulder is horizontally flexed, the limit of medial
rotation decreases while the limit of lateral rotation increases. A deviation between two zero positions
will require Joint 4 to have a larger range of motion to ensure that exoskeleton can reach the extreme
limits of shoulder axial rotation. Therefore, to minimize the range of motion requirement of Joint 4,
its zero position needs to be kept close to the zero position of shoulder axial rotation for the entire
shoulder workspace. The maximum deviation between the two zero positions in both clockwise and
counter-clockwise rotational directions determine the additional range of motion required in Joint 4.
The minimization of this deviation is part of the average joint transition objective. In this work, the
zero position of shoulder axial rotation is assumed to shift linearly up to 45◦ between the limits of
horizontal flexion and extension.

5. Singularity Analysis
It is desirable to have the robot operate far away from singular configurations in order to reduce joint
velocities. Singularity analysis is done using Jacobian matrices and its condition number (CN).13 The
Jacobian matrix of a robot (J ) maps robot’s joint velocities to the angular velocity of the end-effector:

ω = J θ̇, (3)

where ω is end-effector’s angular velocity, J is the Jacobian matrix, and θ̇ is the joint velocity vector.
The Jacobian matrix for a 4R mechanism is a 3 × 4 non-square matrix due to redundant joint. Each

column represents kinematic relationship between end-effector and one of the four revolute joints,

ω = [
J1 J2 J3 J4

]

⎡
⎢⎢⎢⎢⎣

θ̇1

θ̇2

θ̇3

θ̇4

⎤
⎥⎥⎥⎥⎦

, (4)

where J = [
J1 J2 J3 J4

]
and is a 3 × 4 matrix with J1, J2, J3, and J4 representing kinematic

relationships between the angular velocity of the 4R end-effector ω and the angular rates θ̇1, θ̇2, θ̇3,
and θ̇4 of Joints 1, 2, 3, and 4 respectively.

Due to the spherical nature of 4R mechanism and the assignment of DH coordinate systems at
ICOR, the Jacobian for each joint can be obtained from the DH transformation matrix T i−1

4 relating
the respective joint to end-effector:

Ji =
⎡
⎣

nz

oz

az

⎤
⎦

i−1

4

, (5)

where nz, oz, and az are obtained from the DH transformation matrix:

T i−1
4 =

⎡
⎢⎣

nx ox ax rx

ny oy ay ry

nz oz az rz

0 0 0 1

⎤
⎥⎦ . (6)
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Table III. 4R variable values of the selected solution.

Design variable Optimal value (◦)

α1 88.9
α2 79.9
α3 62.9
ϕz 9.0
ϕx 35.2
θ0

1 −149.0

Table IV. Comparison between 4R and 3R designs.

Design GCN CNmax Average joint transition

Optimized 4R 1.7 2.4 9.3◦
4R with 90◦ links and base behind ICOR 1.9 5.0 13.9◦
3R with base offset by 45◦ 2.4 8.0 14.3◦

Fig. 19. (Colour online) A 4R mechanism with the optimal parameters given in Table III.

The singular values are defined as the square root of eigenvalues of J̄ J T and J̄ T J̄ . These singular
values are obtained by factorizing J using the singular value decomposition rule:

[J ]4×3 = [
XT

]
4×4 [�]4×3 [Y ]3×3 , (7)

where X and Y are orthogonal matrices and � is a diagonal matrix of three singular values which are
related as σ1 ≥ σ2 ≥ σ3 ≥ 0.
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Fig. 20. (Colour online) CN results for the workspace of three different designs: (a) Optimized 4R, (b) 4R with
90◦ links and base joint behind the shoulder, and (c) 3R with the base joint rotated 45◦ laterally from behind the
shoulder.

The CN of the Jacobian matrix k(J ) is then defined as the ratio of the largest singular value σ1 to
the smallest singular value σ3 :

k (J ) = σ1

σ3
, (8)

where the range of CN is:

1 ≤ k (J ) ≤ ∞. (9)

The CN indicates how far away is the specified configuration from the nearest singular
configuration. The closer the CN is to unity, the further away is the configuration from a singular
configuration. Therefore, the objective is to optimize 4R to operate in configurations with a CN value
close to unity. This is a minimization problem.

The CN value is different for different configurations. Therefore, to get a more comprehensive
summary of the CN distribution over the shoulder workspace, the global condition number (GCN) is
used,

GCN =
∑n

i=1 (k (i))

n
(10)
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Fig. 21. (Colour online) A trajectory path for the optimized 4R mechanism where it operates closest to singular
configurations. This movement is a constant velocity shoulder circumduction over 7 s. Each point indicates a
position of the upper arm and 4R end-effector. The green point indicates the starting and ending positions, the
solid blue points indicate the positions at every time step of 1 s, and the white points indicate the positions at
every time step of 0.1 s.

Here, n = 89 and is the total number of workspace positions, and the numerator is the sum of the CN
values obtained for each of these positions. However, GCN can overlook the occurrence of undesirable
peak CN values. To ensure these peak values are not overlooked, the maximum CN value out of the
89 values calculated for the workspace (CNmax) is also considered in the optimization process,

CNmax = max (k (1) , . . . , k (n)) . (11)

6. Optimization Results
The design optimization of 4R mechanism was carried out using the variables and objectives discussed
in Section 3. The optimization problem was formulated in MATLAB and the genetic algorithm was
applied with a crossover probability of 0.9, and a mutation probability of 0.167. A solution with
relatively smaller link angles is selected from the set of optimal solutions. The optimal variable
values of the selected solution are shown in Table III. A 4R exoskeleton designed with these variable
values can theoretically achieve 100% of the shoulder workspace without interfering with the user.
Fig. 19 illustrates a 4R exoskeleton with these parameter values.

For comparison, the algorithm is applied to two other designs: a 4R mechanism with 90◦ link sizes
and the base joint behind the shoulder, and a 3R mechanism with the base joint rotated 45◦ laterally
from behind the shoulder. The GCN and the maximum CN values for all three designs are shown in
Table IV. However, in analyzing the 3R mechanisms, a workspace constraint that was imposed during
the optimization of 4R is removed. This constraint prevented the mechanism links from entering
the region above the shoulder and is removed because it significantly reduced the workspace of 3R
mechanisms. As a result, the 3R mechanism will operate closer to user’s head than the 4R mechanism.

As discussed in Section 5, the robot configuration is further away from a singular configuration
if the CN value is closer to unity. The optimized 4R design has both GCN and maximum CN
value that is closer to unity compared with other designs. The lower GCN value of 1.7 for the
optimized 4R compared with 1.9 for the un-optimized 4R and 2.4 for 3R indicates that on average
this 4R exoskeleton is able to operate further from singular configurations than the other designs
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Fig. 22. (Colour online) Position and velocity trajectories of Joints 1, 2, and 3 in the optimized 4R mechanism
during the 7-s shoulder circumduction illustrated in Fig. 21.

when operating in the shoulder workspace. A small maximum CN value of 2.4 for the optimized 4R
indicates that this design can achieve the entire shoulder workspace with configurations that are all
relatively far from a singular configuration. Fig. 20 shows CN values over the shoulder workspace
for each design.

The optimized 4R mechanism operates closest to singular configurations when at the edge of the
shoulder workspace. An example of the trajectories of Joints 1, 2, and 3 in performing a circular
movement of the upper arm along the edge of the workspace is presented in Figs. 21 and 22. This
circumduction movement involves approximately 360◦ rotation of the shoulder and is done with a
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Fig. 23. (Colour online) Displacement angles of Joints 1, 2, and 3 to optimally reach each of the 89 end-effector
positions. (a) Joint 1 angles. (b) Joint 2 angles. (c) Joint 3 angles.

near-constant velocity of 51.4◦ /s over 7 s. The peak 4R joint velocity during this movement occurs
at Joint 2 at 76◦ /s. Joints 1 and 3 have slightly lower peak velocities at 65◦ /s and 63◦ /s respectively.
These joint velocities are at comfortable and feasible levels, which are close to that of the shoulder
joint itself. In contrast, example in Section 1 of a 3R mechanism passing near a singular configuration
had a peak joint velocity of 296◦ /s.

Furthermore, the optimized 4R design has a lower average joint transition angle of 9.3◦ compared
with 13.9◦ for the un-optimized 4R and 14.3◦ for 3R designs. This implies that the joints of the
optimized 4R move at a lower velocity when moving the end-effector through the shoulder workspace
compared with other designs.

Figure 23 shows the optimal joint angles of Joints 1, 2, and 3 to reach each of the 89 end-effector
positions in the shoulder workspace. These joint angles combine to give optimal joint configurations
selected by the optimization algorithm for the optimized 4R mechanism. It can be seen in Fig. 23 that
each joint can smoothly transition between adjacent end-effector positions in all directions without
requiring sudden changes in joint angle. Fig. 24 shows that the offset between the zero positions of
Joint 4 and that of shoulder axial rotation is minimal for the majority of workspace. The larger offset
occurs at the workspace boundary in the horizontally extended position. These boundary positions
are difficult to reach for a typical shoulder and should not be an issue. A small offset means that Joint
4 can be implemented using a small arc-shaped rail with an arc size similar to the range of motion
of shoulder axial rotation. A small rail makes the exoskeleton easier for the user to don and does not
have the problem that a 360◦ circular rail has, where the rail collides with the user’s torso when the
upper arm is lowered.
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Fig. 24. (Colour online) Angular offset between the zero position of Joint 4 and the zero position of shoulder
axial rotation when using the optimal joint positions shown in Fig. 23.

7. Conclusions
This paper presented the design of a redundant 4R spherical wrist mechanism for a shoulder
exoskeleton to solve the singularity problem present in the popular 3R spherical wrist. The 4R
mechanism has been optimized using genetic algorithm to achieve the entire human shoulder
workspace while operating far away from singular configurations and without interfering with the
user. The optimization process has acquired an optimal 4R mechanism design as well as a set of
optimal joint configurations for reaching 89 positions in the shoulder workspace. Analysis of these
configurations confirms feasible and smooth movements of each joint in the 4R mechanism throughout
the shoulder workspace.
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