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These papers study elementary end extensions of models of Peano Arithmetic (PA). They

follow in the footsteps of the earliest results in the field, in particular the theorem of Robert
MacDowell andErnst Specker (1961),which asserts that everymodel ofPA has an elementary
end extension.
We write M ≺end N to denote that N is an elementary end extension of M; that is,

M ≺ N and for all a ∈ M and b ∈ N \M , N |= a < b. Much of the study of models
of arithmetic has resulted from modifying and refining the MacDowell–Specker Theorem.
The focus on end extensions appears to be a bit of a historical accident: MacDowell and
Specker themselves were interested in this result as a lemma in order to study additive groups
of nonstandard models, rather than as part of a systematic study of nonstandard models of
arithmetic.
Haim Gaifman (1970) improved theMacDowell–Specker Theorem by showing that every

model of PA has a minimal elementary end extension. An elementary extensionM ≺ N is
called minimal if wheneverM � K � N , then eitherM = K or K = N . By Gaifman’s
Splitting Theorem (1972), minimal elementary extensions can be either end extensions or
cofinal extensions; in this discussion, we will restrict our attention only to end extensions.
Robert Philips (1974) noted that, inMacDowell–Specker andGaifman’s proofs, the result-

ing elementary extensions are conservative. An elementary extension M ≺ N is called
conservative, denotedM ≺cons N , if for every set X ⊆ N which is definable (with parame-
ters) inN , the setX∩M is definable (with parameters) inM. It is easy to see that conservative
extensions are necessarily end extensions. Furthermore, there are some models whose ele-
mentary end extensions are always conservative. More generally, given a first-order structure
M, we define Def(M) to be the set of parametrically definable subsets of the universe M ,
and ifM ≺ N , we define Cod(N/M) = {X ∩M : X ∈ Def(N )}. A set X ∈ Cod(N/M)
is said to be coded in N . It is clear that Def(M) ⊆ Cod(N/M); if M ≺cons N , then
Def(M) = Cod(N/M).
About nonconservative elementary end extensions, the strongest result known was given

by Roman Kossak and Jeff Paris (1992). This result studied countable models M |= PA
and characterized which X ⊆ M can be coded in an elementary end extension. The first
paper under review improves the result by Kossak–Paris in two important ways: it applies to
uncountable modelsM, and it considers collections of subsets of a model X ⊆ P(M). The
main results in this paper characterize such collections in terms of their second-order theories.
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0 and WKL, Weak König’s Lemma, asserting that every infinite binary tree has an
infinite path.ACA0 consists of Σ01 induction andACA, the arithmetical comprehension axiom.
Given a modelM |= PA and a collection X ⊆ P(M), we say X0 generates X if whenever
X0 ⊆ X1 ⊆ X and (M,X1) |= Δ01-CA, then X1 = X. X is countably generated if there is a
countable X0 ⊆ X which generates it.
Schmerl proves that if M |= PA and X ⊆ P(M), then M has a finitely generated

elementary end extension N such that Cod(N/M) = X if and only if Def(M) ⊆ X, X is
countably generated, and (M,X) |= WKL∗

0 . This result generalizes the MacDowell–Specker
Theorem: for any modelM |= PA, Def(M) is countably generated and (M,Def(M)) |=
ACA0, soM has a conservative elementary end extension. One direction of Schmerl’s result
is proved fairly routinely: if M ≺end N is finitely (or even countably) generated, then
Def(M) ⊆ Cod(N/M), Cod(N/M) is countably generated and (M,Cod(N/M)) |=
WKL∗

0 . The other direction involves constructing a sequence Φ0(x) ⊆ Φ1(x) ⊆ · · · whose
union is a complete type p(x). This sequence satisfies the following properties:

1. For any formula φ(u, x), there is m < � and X ∈ X such that

{φ(a, x) : a ∈ X} ∪ {¬φ(a, x) : a ∈M \ X} ⊆ Φm(x)}.
2. If X ∈ X, there is a formula φ(u, x) and m < � such that

{φ(a, x) : a ∈ X} ∪ {¬φ(a, x) : a ∈M \ X} ⊆ Φm(x)}.
Suppose c realizes p(x). Property (1) ensures that Cod(M(c)/M) ⊆ X. Property (2)

ensures that X ⊆ Cod(M(c)/M).
Schmerl also studies this problem for countable models and shows that the same charac-

terization suffices for minimal elementary end extensions. For uncountable models, more can
be said about the sets coded in their minimal elementary end extensions, and Schmerl does
so in the second paper under review. The main result states that ifM |= PA andX ⊆ P(M),
then M has a minimal elementary end extension N such that Cod(N/M) = X if and
only if Def(M) ⊆ X, X is countably generated, (M,X) |= WKL∗

0 , and every set that is
Π01-definable in (M,X) is the union of countably many Σ01-definable sets. This result in fact
proves a weakening of the result for countable models from the first paper: if M and X
are countable, then every definable set in (M,X) is a union of countably many Σ01-definable
sets, and soM has a minimal elementary end extension N such that Cod(N/M) = X. It
also implies that if X is countably generated and (M,X) |= ACA0, thenM has a minimal
elementary end extension N such that Cod(N/M) = X. This result generalizes Gaifman’s
theorem: for anyM |= PA, as before, Def(M) is countably generated and (M,X) |= ACA0,
soM has a conservative minimal elementary end extension.
The main result of the second paper seemingly has an extra condition; namely, that every

Π01 definable set is a union of countably many Σ
0
1 definable sets. That is, one might expect

that ifM |= PA andX is such that there is some finitely generated elementary end extension
N such that Cod(N/M) = X, thenM would necessarily also have a minimal elementary
end extension N with Cod(N/M) = X. Schmerl shows that this is not the case: there are
models M |= PA and X ⊆ P(M) such that Def(M) ⊆ X, X is countably generated,
and (M,X) |= WKL0, but there is a set X which is Π01-definable in (M,X) that is not
the union of countably many Σ01-definable sets. Therefore, there exists a finitely generated
N �end M with Cod(N/M) = X, butM has no minimal elementary end extension N
where Cod(N/M) = X.
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