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Abstract

In this paper, we consider functional limit theorems for Poisson cluster processes. We
first present a maximal inequality for Poisson cluster processes. Then we establish a
functional central limit theorem under the second moment and a functional moder-
ate deviation principle under the Cramér condition for Poisson cluster processes. We
apply these results to obtain a functional moderate deviation principle for linear Hawkes
processes.
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1. Introduction and main results

1.1. Introduction

Poisson cluster processes are an important class of point process models (see [5]). They
occur frequently in applications such as cellular networks [6], [23], insurance [18], [19], [20],
queueing theory [11], [12], [13], and cosmology [22]. Theoretical studies of Poisson cluster
processes have attracted considerable attention; for example, see [4] for quasi-invariance, [13]
for some asymptotic behaviors of a Poisson cluster process, and [5] for functional large devi-
ation principles for a large class of the processes. Linear Hawkes processes [15] are a class
of Poisson cluster processes. They are amenable to statistical analysis. Thus they have a wide
range of applications in large networks [8], finance [16], and many other fields. The asymptotic
behaviors of Hawkes processes have been widely studied; for example, see [1] for a functional
central limit theorem and [5] for functional large deviation principles.

This paper considers functional central limit theorems and moderate deviations for Poisson
cluster processes. Maximal inequalities, such as Ottaviani’s inequality and the maximal
inequalities for martingales [3], play a very important role in functional limits. In this paper,
we first propose a maximal inequality for Poisson cluster processes. Then we establish a func-
tional central limit theorem under the second moment and a functional moderate deviation
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FCLTs and FMDPs for Poisson cluster processes 917

principle under the Cramér condition for Poisson cluster processes. As an application, we
obtain a functional moderate deviation principle for linear Hawkes processes.

The paper is organized as follows. In the remainder of this section, we give some prelimi-
naries on Poisson cluster processes, present a maximal inequality for Poisson cluster processes,
and state the main results of this paper. The proofs of the functional central limit theorem and
the functional moderate deviation principle are given in Sections 2 and 3, respectively. The
proof of the maximal inequality is postponed to the appendix.

1.2. Main results

Let us recall some basic definitions related to Poisson cluster processes (see [5]). A Poisson
cluster process X C R is a point process generated from an immigrant process and a family of
offspring processes. The formal definition of a Poisson cluster process is the following:

(i) The immigrant process / is a homogeneous Poisson process with points X; € R and
intensity constant v € (0, 00).

(ii) Each immigrant X; generates a cluster, i.e. an offspring process C; = Cy; which is a finite
point process.

(iii) Given the immigrants, the centered clusters
Ci—Xi={Y—X;:YeC}, Xiel,
are independent and identically distributed (i.i.d.) and independent of /.
(iv) X consists of the union of all the clusters.
For a point process Y on R, let Ny (0, 7] denote the number of points of Y in the interval

(0,1]. A process Y is called stationary if its law is translation-invariant; it is said to be ergodic
if it is stationary with a finite intensity E(Ny (0, 1]), and

. Ny(0,1]

lim —

—00

=EWy(0, 1)

almost surely.

Let S denote the number of points in a cluster and assume E(S) < co. Let Cy be the cluster
generated by an immigrant at 0, and let L = supyc, |Y| be the radius of Cp. Then we can see
from the definition of a Poisson cluster process that X is ergodic with finite intensity vIE(S).

First, let us present a maximal inequality which will play an important role in studying
functional limits of Poisson cluster processes.

Lemma 1. Define

Cty= > Ng(0.1].

XkEll(O,I]
LetO<s<tands=ty<t) <---<t,=t. Then foranyr >0,

P( max C(1) = C(s) — BC(1) — C6)| = )

< ZIP’<OSrln§anx_1 Z Ne, (1, tn] — E( Z Nc, (11, tn]> > r/2> (1)
Xi€ljo,) Xi€lj0,1
+2 max IP’( > N (0.1, - E( > Neo, zn]) > r/Z).
Xi€lit),mm) X€lity.m)

The proof of the inequality is given in the appendix.
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Now let us state our main results. Let D[0, 1] denote the space of cadlag functions on the
interval [0, 1] and let ACy[0, 1] be the family of all absolutely continuous functions f with
JS(0)=0. Set || fll = sup;epo.17 |/ (1)]. Let ps denote the Skorokhod topology on D[0, 1].

Theorem 1. Assume that
E((1 + L)$?) < 00 (A1)

holds. Then as o — 00,

Mx(©, esl _ﬁ(NX(O’ D 4 By in (DI, 11, py),
o

. . . d
where o2 = vE(S?), {B(t), t > 0} is the standard Brownian motion, and — denotes convergence
in distribution.

Theorem 2. Let {b(x), o > 0} be a positive function satisfying

lim @=o, lim @=

a—>00 a—00 ﬁ

+o0. (SC)
Assume that the Cramér condition holds, i.e., that there exists a constant 6o > 0 such that
E ((1 4 L)e905) < o0 (A2)

Then

{NX((), at] — E(Nx(0, at])

@) ,1e€]0, 1]}

satisfies the large deviation principle (LDP) on (D[0, 1], || - ||) with speed @ and good rate
function J : D0, 1] — [0, oo] defined by

1
2—12 / |F@\Pdt it f(1) = [y f(s)ds € ACo[0, 1;
J(fy=1°0" 70 )
+o00 otherwise.

That is,
(1) forany 1 <0, {f;J(f) <1} is compact in (D[O, 1], || - ||);
(2) for any closed F in (D[O, 11, || - ||),
. a Nx(0, a - ] — E(Nx(0, o - ]) ) .
lim su logP eF | <—inf J(f),
oo D) 8 < b() <= ptia)
and for any open G in (D[0, 1], || - |,

) (NX(O, o] —EWNx(0,a-1)
ogP €
b(w)

lim inf
o—>00 bz(a)

G) > —figgl(f)-

Next, let us apply Theorems 1 and 2 to linear Hawkes processes. A Poisson cluster process
X is called a Hawkes process if each cluster C; = Cy; is a random set formed by the points of
generations n =0, 1, - - - with the following branching structure:
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e The immigrant X; is said to be of generation 0.

e Given generations 0, 1, --- , n in C;, each point Y € C; of generation n generates a
Poisson process on (Y, co) of offspring of generation n + 1 with intensity function
h(-—=Y), where h : (0, co) — [0, 00) is a nonnegative Borel function.

As usual, we assume that the mean number of points in any offspring process satisfies

o0
" ::/ h(t)dt € (0, 1). (B1)
0
We also assume that ~
/ th(t)dt < oo. (B2)
0
It is known (cf. Bordenave and Torrisi [5]) that for a linear Hawkes process, the distribution of
S is given by
—ku k k—1
P(S:k):%, k=1,2,--..

From the proof of Theorem 3.2.1 in [5], under the conditions (B1) and (B2), there exists a
constant 0 <6 < — 1 —log u such that E ((1 + L)e?S) < co; that is, the condition (A2)
holds. Furthermore, the function

F(6) =E("), 0<u—1—logu,
satisfies the equation F(6) = ef exp{u(F(@©@) — 1)}. Thus,

F(©®)
1 — uF@)

E@)=F(0)=1/(1 — p) < oo,

F6)=

and

1
ESH)=F'(0)= —.
($)=F'"0)= 3>

The following results are consequences of Theorems 1 and 2.

Corollary 1. Assume that (B1) and (B2) hold.

(1)
Nx (0, at] — E(Nx(0, at])
{ Ja ,te [0, 1]}
converges in distribution to
v
T
in (D[O, 1], ps).
(2)
{NX(O, at] — E(Nx(0, at])y re o, l]}
b(a)
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satisfies the LDP on (DI[O, 1], || - ||) with speed @ and good rate function JH(f)
defined by

_ 3 1
(12—“)/ |F(0)2de if f € AC,[0, 1],
Mp=1 = 0
+00 otherwise.

Applying Corollary 1(2) to F={f € D[0, 1];f(0)=0, || f|l >r} for r >0 and b(x) = &
for 1/2 <p < 1, we have

. 1
lim — — loglP (INx(0, « - 1 — E(Nx(0, « - DIl > o”r)

a—>00 o

11—’ .
= — inf {ﬂ / |f(t)|2dt}
fEACH0, 1L 11 flI=r 2v 0

-’
v

Remark 1. Corollary 1 (1) is also a consequence of [1, Theorem 2].

For convenience, before we close this section, let us introduce some notation and state
a Laplace integral formula for marked point processes (see Daley and Vere-Jones [7],
Section 6.4).

e A marked point process N, with locations in a Polish space X and marks in a Polish
space KC, is a point process {(Xj, x;)} on X' x C with the additional property that the
process {X;} is itself a point process. The process {X;} is referred to as the ground
process.

e A marked point process N is said to have independent marks if, given the ground process
{X;}, the {«;} are mutually independent random variables such that the distribution of «;
depends only on the corresponding location X;.

e Let N be a marked point process with i.i.d. marks and let {F(K|x) : K € B(K), x € X'} be
a kernel. This kernel is called the mark kernel of the process N if, for any x € X and
K € K, F(K|x) = P(x; € K|X; = x) almost surely.

e A marked point process N is called a marked Poisson process or a compound Poisson
process if the process N has i.i.d. marks and the ground process is a Poisson process.

For the next lemma, see Proposition 6.4.IV and Lemma 6.4. VI in [7].

Lemma 2. A marked Poisson process that has mark kernel F( - | -), and for which the Poisson
ground process Ng has intensity measure |, is equivalent to a Poisson process on the product
space X x IC with intensity measure A(dx x dz) = u(dx)F(dz|x). In particular, the probability
generating functional of the process N is

Glh] = IE(H h(X;, /ci)> =exp {/ f (h(x, k) — l)F(dzlx)u(dx)} , he V(X x K),

where V(X x K) is the space of measurable functions h(x, k) such that 0 < h(x, k) <1 and,
for some bounded set A, h(x, k) =1 for all k € K and x € A.
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2. Functional central limit theorem

In this section we prove Theorem 1. First, let us decompose Nx (0, 7] into the following three
parts:

Nx(0.1=C(t+ Y. Ne 0.0+ Y. Ne0.1. 3)
Xk €l|(—00,0] Xr€l|(1,00]

It. is easy to show Fhat the terms >y o/ chk(O, ozf] and 3y, . Ne(0, ai] are negli-
gible; see Propositions 1 and 2. Thus, our main work is to show that the term C() satisfies a
functional central limit theorem; see Proposition 3.

Proposition 1. Assume that (Al) holds. Then for any § > 0,

lim P( sup | Y Ne,(0, et] —E( > Neo, at]) >J&5) =0. (4
aeo 1€[0,1] Xr€li(—00,0) Xr€li(—00,0)
Proposition 2. Assume that (Al) holds. Then for any é > 0,
lim ]P’( sup | > Ne(0, ] —E( > Nglo. at]) > J&a) =0. (5
e t€[0.1] Xi€l(at,00) X €l\(t,00)
Proposition 3. Assume that (A1) holds. Then
C(at) — E(C(at
(ar) — E(C(a ))—de(t) ©)

Jao
in (D[0, 11, py).

2.1. Proof of Proposition 1
For any § > 0, for « large enough, by Chebyshev’s inequality we have

IE”{ sup > Nelo.an - E( > Nglo. ott)) > J&a}

IG[O, 1] XkE]l(foo,O] XkEIl(foo,O]

<P{ sup Y Ngl0, an+ E( > Nglo, at)) > ﬁs}
IE[O,I] XkEI|(7oo,O] Xkel‘(,oo,o]

=P Z ch[O,a)+IE< Z ch[o,at)>>¢&5}

Xi€lj(—00,0] Xk€lj(—c0,01

<Py > ch[o,a)>ﬁ5/2}+P=E< > ch[o,at)>>ﬁ5/2}

Xi€lj(—00,0] Xi€lj(—00,0]

4 ( 4VE(LS)
<—E Y Nglo, ar)) <—
Jas Xech oo o Jasd

which implies that (4) holds.

https://doi.org/10.1017/apr.2020.25 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.25

922 F. Q. GAO AND Y. J. WANG

2.2. Proof of Proposition 2
Let us give some moment estimates. Applying Lemma 2, for /=1, --- , o] + 1 we have

]E(eﬁg Lxieli 1,00 NCk(_OOJ])
o0
= exp {U/ E (e\/—iloNco(—oo,l—s] _ 1) ds}
-1

L
= exp {UE (/ <eﬁ9NC0(_°°*_S] - 1) ds)} .
—1

Therefore, the sums ZXke T-1.00) Nc,(—o0,l],I=1, -, |a] + 1, are identically distributed.
Note that N¢,( — oo, —s] < N¢,(R) = S. Using the above characterization functions, it is easy
to obtain the following moment estimates:

L
E( > Nel(—oo, 1]) =vE(/_1NCO(—oo, —s]ds) < vE((1 + L)S)

Xk€l|(1-1,00)

2
E(( Z Ne, (— o0, n) )
Xi€l|(1-1,00)
L L 2
:v]E(/ (Ney(— o0, —s])zds>+<vE</ Ney(— o0, —s]ds>>
—1 -1

<VE((1 +L)S?) + (vE((1 + L)S))*.

and

Noting that forany 1 </ < o] + 1,

0< sup Y Ng©,d— Y NgO U< > N1,

l_IStSIXkGI\(r.oo) Xi€l(1,00) Xr€lj-1.1

we have that

sup Y Ne 0.1 Y Ng0.01+ > Ne(—o00.1]

—1<i<
l l—t—lxkel\(r,oo) Xielig-1.1) Xr€l|(1,00)

<2 ) Ng(—o0,ll.

Xik€l|(1-1,00)

Thus, for any 6 > 0, when « is large enough, we have

1}»( sup | > ch(O,at]—IE( > ch(O,ozt]>
tel0,1]

X €l|(t,00) Xi€l|(a1,00)
51}»( sup Y Ne, (0, at]>ﬁ5/z>

te[0,1] Xy €ll(ar.00)

> ﬁS)
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:P( max  sup Z Ne, (0, r]>ﬁ5/2) (7

1<i<|a]+1 I—1<t<l Xeelgmo)

I<i<la]+1
Xr€l|(1-1,00)

< IED<2 max > Ne(—oo 0> ﬁa/z).
By Chebyshev’s inequality, for any § > 0,

P2 max New(— 00, 1] > Jas/2
< ‘S’SLaJHXkH%; ) al ] \/_/>

<(@+1) max IP( Z ch(—oo,l]>ﬁ8/4>

1<i<|a]+1 Xeelio1.00
=(a+1>IP>< Y Na(—oo, 11>ﬁ6/4) ®)
Xkel‘((),oo)

2
16(c + 1)
=< 82(1 E(( Z ch( — 00, 1]) I[ZXkel\(O.oo) ch(—oo,l]>\/&5/4])

Xi€l|(0,00)

-0 asoa— 0.
Now, combining (7) and (8), we obtain (5).

2.3. Proof of Proposition 3

By the general theory of weak convergence (see Theorems 15.1, 15.4, and 15.5 in [2]), in
order to obtain Proposition 3 it is sufficient to prove the convergence of finite-dimensional
distributions and the tightness of {C(wt),t€[0, 1]; o > 0}. Lemma 3, below, gives the
convergence of finite-dimensional distributions, and Lemma 4 gives the tightness.

Lemma 3. Assume that (Al) holds. Then for eachn>1and 0<t; <---<t, <1,

<C(Ott1) —E(Clar))  Claty) — E(Clatn))
NZ o NZ
Lemma 4. Assume that (Al) holds. Then for any § > 0,

) L oBt). -, B(ty).

lim lim sup IE”( sup |C(at) — E(C(at)) — (Clas) — E(C(as)))

=0 a—o0 [t—s|<n

> 3\/&3) =0. (9

The following elementary result will be used in the proof of Lemma 4.

Lemma 5. Let f(t) and g(t) be two nondecreasing functions on [0, o], and let 0 =1y <11 <
o <ty=uo. Then

sup /(0 — gl <2max | _max [f()— g, _ max gt —g@l}. (10)
t€[0,a] k=0,1,---,n k=0,1,--- ,n—1

e
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Proof. For k=0, 1,--- ,n—1,t€[t, ty+1], we have

—2max{| f(tx) — g, | f(gk+1) — gt} < f(t) — g(txs1)

< f(®) —g()
< frer1) — g(tr) < 2max{| f(tkr1) — gt DI, 18Gk+1) — gt}
Thus, (10) holds. O

2.3.1. Proof of Lemma 3. We can write

Z@l( Z ch(O,at,»]—E( Z ch(O,Otli]))
i=1

Xi€l0,a1] Xrel0.ar;]

n i n i
Ty Y aveeean-YY0E( Y Moo
i=1 j=1 Xke"(m_‘j—lv"”j] i=1 j=1 XkE[l(atj_].atj]

=ZZ Z Gich(O,ati]—ZZGiE( Z ch(O,ati]). (11)

j=1 i=j XkEI\(m_‘]-_l,atj] j=1 i=j XkEI|(atj_].atj]

By the definition of a Poisson cluster process, for each i, /|g,«1;] can be viewed as the super-
position of the i independent Poisson processes I‘(a,jfle] on (atj—1, at], j=1,---,i, with
intensity v, and for each j, {(Xx, Cr); Xx EII(wj—l,Mj]} is an independently marked Poisson
process. By Lemma 2 and (11), we have that

VAR VI )
E(e Ja D b ZXkEI\(O.ati] ch((),ott,]>

n a(ti—ti—1) Vol g ot 41— ) —
—exp VZ/ 7 E(e NG Z[:_/O'NCO( atj—1—s,o(ti—tji—1)—s] _ 1) ds (12)
0

J=1

and

> 9,-15:( > Neo. at,»])
i=1

Xkelj0,a]

" pe=ti-1) -
=v2/0 E( D 0iNcy(—atii —s, alti — t;-1) — ] | s, (13)
j=1 '

i=j

which implies that

NI oV IS . .
B (e‘/& 21 O ( Y xpel0 a1 NCk(0’“”]—]E(Zxkel|(01a,i] NCk(O’“’t])) )

n a(ti—ti_1) - n
_ eXp v Z/ =1 {]E(eg Zi:j GiNCO(—alj,I—S,D{(Ii—l];[)—s] _ 1)
j=1 79

1 n
_ %]E( ;eizvco( —ati — s, alti —tj_1) — s]) }ds}.
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Noting that for i <j, Nc,( —atj1 — s, a(t; —tji—1) — s] <N¢,(R) =S, and by the elemen-
tary inequality

1 €
ARt V=1x+ Exz < 2|x|21{m25} + §|x|2, xeR, €>0,

we have that 5

<n|9)>S>.

n
> 0Ny (—ati1 — s, oty = tj—1) — 5]
i=j

Using Taylor expansion in (12) with (13), we have

V=1 n
E (e*/& 216 ( Zxkel\((),ati] NCk(O’wi]_E( ZXkEI|(O,cxt,-] NCk(O’“’i]>))

n ati—ti-1) 1 ’
Zfo —E ;eizvco(—atj_l — s, a(ti — tj—1) — 5]

=1

xexp{—v

vn|6 2, ) )
< (4IE(S Iisseya) + €E(S )) .

First letting o« — oo, then letting € — 0, and noting that
Ney(—atjy —s, a(ti—tj—1) = s] 1§

as « 1 0o, we obtain that

oa—>00

V=1 . 1 :
lim E(e‘/a izt b ( ZX/<€1|(0‘aa,-1 Ney (0.a1i] E( Zxkel\((),mij NCk(O"”'])>>

n n 2
1
= exp { — SVE(S?) Zl (Zje) (= rm]
J= =
— ]E(e“/jl pr 91‘03(&)).

2.3.2. Proof of Lemma 4. Given n > 0, set

As((S)z{ sup  |C(at) — E(C(at)) — (Clas) — E(C(as))) >J&5}.
s<t<s+n
Then
]P’( sup |C(at) — E(C(at)) — (Clas) — E(C(as))) >3¢&5>
[t—s]<n
<P (Ui, 141(8)) < (1 + 1) sup P (Ay(8)) .
- 1N/ se,1)
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Thus, if for any 6 > 0,

1
lim limsup — sup P(A4(8)) =0, (14)

=0 a—oc0 1 5¢(0,1)

then (9) holds. Thus, we only need to prove (14).

Forany ne€ (0, 1),s€ (0, 1), sett; =sa + Inforl=0,1,---, la] + 1. Then by Lemmas 5
and 1, for any § > 0,
IP’( sup |C(at) — E(C(at)) — (C(as) — E(C(as)))| > ﬁS)
s<t<s+n
< IP’( max [C(t)) — E(C(1))) — (C(as) — E(C(as)))| > \/&8/2>
1<i<|a]+1
+ IP’( max |E(C(f)) — C(t141))| > ﬁS/Z) ,
0<I<|a]
and
IP’( max |C(t;)) — E(C(t))) — (C(as) — E(C(as)))| > \/58/2)
1<i<|a]+1
< 21?’(()3513@J Z Ne, (1, taj+11 — E( Z Ney (1, ILaJ+1]) > «/55/12>
XkEI‘(oq,]] XkGI‘(o’tl]
+20§1§i&wp< Z N¢, (0, tLaJ+1]—]E< Z N¢, (0, tLaJ+1]> >~/55/12)~
KXe€liay.t) g 111 Xi€liptgy 111
Thus, we only need to show that
lim sup IP’( max E(C(t1+1) — C(17) > ﬁ8/2> =0, (15)
=00 c0,1) \0=I=|a]
Jim - sup P(Ogax Z Nc,(t, tig)+1] — E Z Nc (1, tLaH—l]) > \/53/12> =0,
s€(0,1) <l<|a] Xeelon o)
(16)

and

Z N¢, (0, tjaj+1]

Xe€lap.114)41)

—E< > Ng, tLaJJrl])

Xk€li(1p.1)4) 41

1
lim limsup — sup max P
=0 a—soco 1 5e(0,1) 0=I=|a]

> J&anz) =0. (17
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Let us first prove (16). Applying Lemma 2, we have that for any 7 > 0,

E(exp {\/—_19 Z Nc, (t, OO)})

Xr€li(—00,1)

t
=exp {U/ E (e\/—ilQNco(t—s,oo) _ 1) ds}

—0o0
L
=exp {VIE (/ (e*/j]QNCO(S"X’) — 1) ds)} .
0
Thus, Zxkel\(—oo,rl] Nc,(t,00), 1=0,1,---,|a]+1, are identically distributed with

ZXkEII(—oo,O] N¢, (0, 00), and

E( > Neda oo))gu]E(LS),

XkEI\(—ooJIJ

2
IE(( > Ned, oo)) >§(vE(LS))2+vE(LSZ).
]

Xi€lj(—00,y

Therefore, for « large enough,

Z ch(tz,tLaHl]—]E( Z NCk(tlatLaj—H])

Xk61|(0,t1] Xkel‘(o,,l]

> ﬁ5/12>

]P’( max
0<l<|a]

<(x+1) maxJIP’( Z NCk(tl,tLotj+]]>\/&5/2O)

0<I<|«
XkEI‘(()»,]]

<(a+ l)IP’( > N0, 00) > \/&5/20)

Xi€lj(—00,01

2
(a + 1)20%
<——z L > N0, 00) I{Zxkeq(,wm Ney (0,00)> /@ F1)8/20

Xk E[|(,Oo,0]

—0 asa— oo.

That is, (16) is valid.
Similarly, we can get that

sup max E Z Ne, (0, 1411 ) < vnE(S).
5€(0,1) 0=I= o]
Xe€ly,p441
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Therefore, when « is large enough,

max | E(C(t141) — C(t;)) < VIE(LS) 4+ viE(S) < /ad/2, (18)

0<i<|a

which implies that (15) holds.
Now let us show (17). Set Sy = N¢,(R). Define

Zi= Y Sk—E( > Sk>, 1=0,1,---, |,

Xl 411 Xi€lia.411

and

Zl: Z ch(O, tLO{J-‘rl]_E( Z NCk(O, tLaJ—‘,—l])’ 1209 17 R} LaJ

Xkl Xe€lia 1
Then Z;, [=0,1,---, |a], are i.i.d. random variables with mean O and variance IE(Z(%) =
vnE(S?), and the common distribution is not dependent on s.
Noting that
L]
Z Z 'Sk—ch(O, tLotj-H]‘ =< Z (Ne (=00, 0]+ N, (fa)+1, 00)),
=0 Xke{‘(tl’tlJrl] XkeIKO'tLaJJrl]

we have that

IP( > NGO, tgg41] —IE( > Nglo. tm“]) > J&anz)
Xe€lit gy 411 K€l 411
5]}»( Z Sk —E( Z Sk) > ﬁ5/24>
Xe€l\(1p,114 41 Xl 417
-HP( Z (Nc, (=00, 0]+ N¢, (t|a|+1, 00))
XkeIKOJLaJJAJ
+IE< > (Ne(— 00, 0]+ Noy(ta)+1. oo))) > ﬁ5/24), (19)

Xk€1‘<0”\_aj+l]

and by the Montgomery-Smith inequality [21],

Lot
IP( Z Sk—E( Z Sk) > ﬁa/z4> 53[@( Zz, > ﬁ5/240>. (20)
XkEI‘(’leothrlJ Xkel‘(ll'[LOtJJrlJ =0

From

Elexp {v/=10 > Ng(—o0.0]

X/( EI\(O,OO)

L
=exp {vE (/ (eﬁeNCO(_OO’_’] - 1) dt)}
0
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and

]E(exp{«/—_le Z ch(tLaH],OO)})
|

Xkel\(—oo,rwj+1

0
= exp {UE (/ (eV —1ONcy (=100 _ 1) dt)} ,
—L

we have the following moment estimates:

max{]E( Z ch(—oo,O]),E( Z ch(tLaHl,oo))}fv]E(LS)
1

Xi€l0.00) Xi€li(—o0,t) g1 11
and
2 2
max []E(( Z ch(—oo,O]) ),E(( Z NCk(fLaJJrlyOO)) )}
Xi€l|(0,00) Xi€lj(—o0,1)q 111
< (VE(LS))? 4+ vE(LS?).
Thus

Lor]
ZE< Z |Sk — Nc, (0, tLaJ+1]|> < 2vEE(LS),
=0

Xe€lio01

and by Chebyshev’s inequality,

limsup sup IP( Z (Ne (=00, 0] + Ne (ta)+1, 09))
a—00 5€(0,1) Xke[|(0«’\_aj+11

—HE< Z (N (=00, 0] + N¢, (t|a)+1, OO))) > «/&5/24)

Xk€L1(0.114) 41
<limsup sup P[ Y Ng(—o00,0]> as/48 1)
a—00 5€(0,1) X €l/(0.00)

+limsup sup IP( > ch(:LaJ+1,oo)>¢&5/48)=o.
a—00 5e(0,1) XkEIK*OOJLaJH]

Applying Chebyshev’s inequality again,

o

L]

>7
=0

L]

>7
=0

2

Jas0) < 20g I

> Vad/240 ) < |k 21|>vas/20) |-
By

Lo

NG > Z1— N, viE(S?),
=0
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we have that

L]

2%
=0

| 2
lim lim sup —E

>0 g—oo 7

I{‘z}gg z,‘>¢a5/240})

x2
e Tdx=0. (22)

1
= lim VE(S?) x|
n—0 Wz——r_——s V27

240~/ vnE(S2)

Combining (19)—(22) completes the proof of (17).

3. Functional moderate deviations

In this section, we give a proof of Theorem 2. As in the proof of the central limit theorem, we
again decompose Ny into three parts as in (3), then show that the last two parts are negligible in
the sense of moderate deviations; see Propositions 4 and 5 below. Thus, the proof of Theorem
2 is reduced to showing the moderate deviations of the first term C(af), i.e., Proposition 6.

Proposition 4. Assume that (A2) holds. Then for any § > 0,

o
lim ——logP| sup Nc, (0, at]
a—00 h2(a) (te[o,l] Xke%oc " ‘
- ]E( Z Ne, (0, at]) > b(oz)(S) = —00. (23)
Xkel|(,oc_0]

Proposition 5. Assume that (A2) holds. Then for any § > 0,

o
lim log P sup Na (0,
a—00 b2(ar) (re[O,l] XkEIX(a:fOQ) A
3 E( Z N¢, (0, (xt]) > b(a)8> = —00. 24
Xik€l(at,00)

Proposition 6. Assume that (A2) holds. Then

C(at) — E(C(at))
{ b(@)

, €0, 1]}
satisfies the LDP on (D0, 1], || - ||) with speed @ and good rate function J( f).
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3.1. Proof of Proposition 4.
By Lemma 5, for any § > 0,

]P’( sup | Y N0, at] - E( >, N, 0‘”) = b(o‘)5>
te[0,1] Xp€lj(—00.0] Xr€li(—00,0]
< IP’( max Z N¢, (0, 1] — E( Z Nc, (0, l]) > b(ot)8/2>
I1<I<|a]+1 Xl so.0) Xi€l|(—00,0]

+P<152§3§+1E< Z ch(l—l,l]>>b(a)5/2>.

X €l|(—00,01

Since {C;; X; € I)(—0,01} 1s an independently marked Poisson process, by Lemma 2, we have

that
1ogE(exp :90 Z N¢, (0, l]})
Xkell(—oo,O]
0 GoN¢, (—s,1—s]
=vIE/ P0NC TSI 1) ds
L )
0
<vE / (eaos — 1) ds | <vE (Leg"5> < 00.
—L
Therefore,

max E( > ch(l—l,l])ngE(LS),

I=<i=|a]+1
Xk E[|(,w,0]

and by Chebyshev’s inequality, when « is large enough,

P(Bl?fgjﬂ Z NCk(O’l]_E< Z Nq(O,l])

Xkel‘(,oo_()] Xk61|(7oc,0]

> b(a)5/2>

<(x+1 max P Nc, (0, 1] > b(x)s/4

S+ max (Xﬁ;mm (0, 11 > b(a)8/ )
<exp {—b(a)(SOo /4 +log (@ + 1)+ vIE(Le9OS)} .

This implies that (23) holds.

3.2. Proof of Proposition 5.

Let us give some moment estimates. Applying Lemma 2, we have that for any 6 < 6,
E(ee DXl 1 1.00) ch(*OOJ])

L
=exp {vE( / (e"Nentoe ) - l)ds)} < exp [VE((1+L)e5) ]
-1
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For any § > 0, when « is large enough,

P( sup | > Ne(0, ] —E( > Ng(, at]) > b(a)5>

1€[0.1] X €li(at,00) Xr€l|(ar,00)

<(x+1) max P| su Nc, (0, t] > b(x)s§/2 25)
I1<i<|a]+1 <l_15[’)51Xk§oo) k / )

I<i<|a]+1

<(@+1) max IP’( > ch(—oo,l]>b(a)8/2>.

Xr€li(1-1,00)
By Chebyshev’s inequality, for any § > 0, when « is large enough,

(@+1) max IP( > ch(—oo,l]>b(a)8/2>

1<i<|a]+1
Xik€l|(1-1,00)

<exp {—b(a)aeo /24 log (@ + 1) + vIE(LeQOS)} . (26)

Now, combining (25) and (26), we obtain (24).

3.3. Proof of Proposition 6.

By the general theory of large deviations (see [9, Theorem 5.1.2] and [10, Lemma A.1]), to
obtain Proposition 6 it is sufficient to prove the large deviation principle for finite-dimensional
distributions and the exponential tightness of {C(at), t € [0, 1]; o > 0}, which are stated in
Lemmas 6 and 7, respectively.

Let us first give a variational representation of the rate function J defined by (2) and show
that it is a good rate function in (D[0, 1], || - ||). The proofs of these facts are standard (see [9,
Lemma 5.1.6]). Set

1 2v02
A@) = EU]E(S )6,
Then the Fenchel-Legendre transform of A(6) is

oo B _
A (x)_zgﬂg{ex AO) = 5

Foreachn>1and0<f <---<t, <1, define
n
By 1,80 = 3 (G = o)A (%) ,
j=1
where xo = 0 and 79 = 0. Then J has the variational representation
J(f)y=sup {Joy o, (FD), -+ flt)in=1,0<t1 < <t <1},
and it is a good rate function in (D[O, 1], || - ).
Lemma 6. Assume that (A2) holds. Then for eachn>1and0<t; <---<t, <1,

(C(atl) — E(C(aty)) Claty) — ]E(C(Oétn)))
b(a) e b(a)
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2
satisfies the LDP in R" with speed % and good rate function Jy, ... 1, (x1, - -+ , x,). That is,

(a) for any closed set F C R",

C(aty) — E(C(axty)) Claty) — E(C(aty)) F
b(@) T b() ©

o
lim sup —— log
o—>00 ( )

<— inf  Jy .G, X0)s
(X1, Xp)EF

(b) for any open set G C R",

((C(atl)—E(C(atl)) C(Olfn)—E(C(Olfn))> G)
ba) T ba) <

o
liminf —— log P
it e

= — inf Jl‘],“- ,tn(-xl s T xn)-
(xp.+ . x0)€G

Lemma 7. Assume that (A2) holds. Then for any § > 0 and s € (0, 1),

C(at) — E(C(axt))

lim li log P
im limsup ———— bz( ) og ( sup

=0 g—o0 s<t<s+n

— (Clas) — E(C(s)))

> b(oe)8> =—00. (27)
3.3.1. Proof of Lemma 6. Since
n n i n n
Z Oix; = Z 0; Z (g —xj-1) = Z (4 —xj-1) Z O;,
i=1 =1 j=1 j=1 i=j

we have that

sup Z Oix; — Z G —ti—DA Z 0;

@ boerr |

n n
—Z sup (XJ—Xj—l)ZGi—(tj—tj—l)A Z@'
i=j i=j

> _;0ieR
= J[],"- ,l‘n(-xlv T xn)-
Thus, by the Girtner—Ellis theorem, we need only show that for any (61, - - - , 8,) € R",

t 1y (O1, -+ 5 Bn)

( { (Clati) — B(C(at;)))6; b%a)})
= lim log E{ exp

T a0 bz( — b() o

n n
:Z(tj_tj—l)A 291'
j=1 i=j
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We can write

Clat;) — E(C(an))

= Z ch(O,(xt,']—E< Z NCk(O»Olti]>

Xi€li0,at) Xi€l\0,a17)
and

Ze,-( > ch(o,mi]—E< > ch(O,ati]>)
i=1

Xi€l\0,ar) Xi€lj0,a1,1
n n n n
=YY > eNgOaul-Y Y 9,-1@( > NgO. mg).
j=1i=j Xkell(atj,l,mj] =1 i=j Xkel\(octj,l,utj]

By the definition of a Poisson cluster process, for each i, /|, «r;] can be viewed as the super-
position of the i independent Poisson processes 1\(at,-_1,octj] on (atj—1, at], j=1,---,i, with
intensity v, and for each j, {(Xx, Cr); Xx el|(mj_|,a,j]} is an independently marked Poisson
process. Applying Lemma 2, we have that

be) s g, ;
E(e w 2oimt 0 Lxetio ay NCk(O,ah])

n PR
— Z ~=-0 M) S 0Ny (—ati—1 —s,(ti—t;—1)—s]
=exp {V E(e« ~i=""C —1)ds (28)
: 0
J=1

and

zn:eiE( Y. NGO, om-])
i=1

Xi€li0,at)

Note that N, ( — atj—1 — s, a(ti —tj_1) — 5] < N¢,(R) =S and

Ol(l‘j—tjfl)

E(Zeizvco(—mj_l —s, at —rj_l)—s]>ds. (29)
i=j

Neo(—atj—1 — s, a(ti —ti—1) —s] 1§

as o 1 0o. Using Taylor expansion in (28) with (29), we have

o @ PR 91’(2){,@1‘(0 ari] ch(O,dti]—E<ZXk€1‘(0 ari] ch(O,ozti]>>
3N log Efe o o
b*(a)

n

(ti=tj-1) o n
_ 20[ ; /a j—1j—1 E (ebEX) Zi:j gl-NCO(fatj,l7s,ot(t,-ft/;1)75] _ 1)
b () = Jo
Jj=1

_ %E( Z OiNc,(— atj—1 — s, alti — tj—1) — S]) }ds
i=j
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n

a(ti—tj—1) 2
e [ (M) ((ZQNCo mfl—s,am—rjl)—s]) )ds
; 0
]:

1

+o(%2)
o

Thus
. og 5 e b(a) Y, I(ZX](EI‘(OQ[ N, (0,111 (ZXkEI\(Om N¢, 0, at,]))
a—00 b2( )
n 1 n 2
- )= . 2
=2 t,_nzv(zel) E(S$),
J=1 i=j
and

n n
o a0, O =) (1 —r,-»A(Ze,).
j=1 i=j

3.3.2. Proof of Lemma 7. We now prove Lemma 7. The maximal inequality plays an important
role in the proof.

Forany ne€ (0, 1),s€ (0, 1), setty =sa + Inforl=0,1,---, la] + 1. Then by Lemmas 5
and 1, for any § > 0,

P ( sup |C(at) — E(C(at)) — (C(as) — E(C(as)))
s<t<s+1)

> b(a)a)

<P (1 lmfl)j+1 C(t) — E(C(17)) — (C(as) — E(C(as)))| > b(a)5/2> (30
+P <O I?af(J ‘E(C(tz) — C(t1+1))| > b(a)5/2> ,
and
P (1 lmLéij C(1) — E(C(11)) — (C(as) — E(C(as)))| > b(a)5/2)
52P<0i?§x Z Ne, (11, taj+1] —E( Z N¢, (1, tLaJ+1]) >b(0t)5/12)
=lzla] X](EI‘(()_,[] Xkel‘(o.,l]
+ 2023? JP< Z N0, t1g)41] — E( Z Nc¢, (0, tLaJ+1]> > b(a)5/12>~
== Xi€li,014) 111 Xi€li(ty.1)q) 411
(3D
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By Lemma 2, we have that

logE<exp {90 Z Nc (11, t1+1]}> < vE(Le"S) < 00,
]

Xkel\(O.t[

1og1E<exp {90 > NgO. tm]}) < vE("S) < 00,

Xie€ljty,p101
and
logIE<exp {90 > Nedo, tm“]}) < VE(Le™) < 0.
Xkel‘((),,[]
By (18),

max E(C(1141) — C(1)) = vE(LS) + v E(S),

0<i<|a

and by Chebyshev’s inequality, when « is large enough,

(@+1) max P( > Net, tiays] —E( > Nedn tLaJJrl]) > b(d)3/12)
=lzlal Xielo.i) Xielo,i)
<(a+1) max P( > Nt tajpi] > b(a)8/24>
<I<|a] Xeclio
< o~ 060b(e)/24-+log (a-+1)+VE(Le%05) ’
which implies that
lim a logP|{ max E(C(t;+1) — C(17)) > b(«)§/2 | = —00 32)
a—00 b2(a) 0<i<|a]
and
. o
Jm () log ((a + 1)0521@ P( Y Nedi 1]
Xkel‘(o_,[]
—E|l ) Nelntagnl]|> b(a)5/12>) = —00. (33)
Xkel‘(()‘,[]
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On the other hand, by Chebyshev’s inequality and Lemma 2, for any 6 > 0,

o
bz(oc)log(ogf?ﬁup( Y NGO, )]

XkEIW]

M) +11

—]E< > Ngo. f[othrl])

Xe€liap.114 )41

> b(a)a/u))

ba
ble) (Zxkel‘(,, Hag1] N (0,t1qj411— <2Xk61|(t/ fagai] N, (0, tLaHl])))

<—05/12

) E
P Botitn "\¢

~dag 0,1a 1E< 0,14 ))
+5—log max E|e (Zxke’\@m pont MOt B Rgen g )y Ve Ot
b*(a) " o<i<|a]

and

b(w) _
log E( e = Q(Zxkel‘(,l,,mﬂ]ch(O,t[aHl] ZXkeIK,]w[WJJrl]NCk(O»tLaJ-H]))
0<1<LaJ b2(a)

Ha+1 b(a) +b
= max Lv/ E (e o NG (=S tami—=s] _ 1 _ (a)QNco( — 8, tHal+1 — 8] | ds
o<i<le) b2 () Jj, a

< vnf*E(S%)/2 4 o(1).

Thus, for any 6 > 0,

lim li lo P Nc, (0, 1
120 asne D) bz( ) <0<Z<LaJ ( 2 Na )
RS

—E( Z N¢, (0, lLaJ+1]>

Xe€li.11q)411

> b(a)a/lz)) <—058/12.

Letting 6 — o0, this yields that

> N, a1

lim limsup ——1log| max P
10 g—so0 b2( ) 0<I<|a]
Xk€I|(tl

o)1

—E< Z N¢, (0, tLaJ+1]>

Xk€l\(1).114) 411

> b(oz)8/12>) <—-o0o. (34

Finally, combining (30)—(34), we obtain (27).
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Appendix: Proof of Lemma 1

In this appendix, we prove Lemma 1.
Proof of Lemma 1. Set T =inf {I > 1; |C(#/)) — C(s) — E(C(#;) — C(s))| > 3r}. Then for any
1 <l <n, we can write

Ct)—Cls)= Y Nels,ul+ Y N0, 1),

Xk€I|(()‘3] Xke,\(s,t[]

and
{r=10 ={ 1 iul? 1 |C(tr) — C(s) — E(C(t) — C(s))| < 3r,

|C(1) — C(s) — E(C(1) — C(s))| > 3r}-

Thus, {tr =1} and Zxkeluz,,m N¢, (0, t,] are independent. When 7 =1,

> ch(n,rn]—E( > ch(n,rn]>

S r9
X](EI‘(OV,[] XkEI‘(O‘,]]
and
> Ne 0. t,] - E( >~ Ne, m) <r
Xk€liy.1n] Xk€li.m1
then
[C(1n) — C(t) — E(C(tn) — C(1)| < 2r,
and so |C(t,) — C(s) — E(C(t,) — C(s))| > r. We can write
P( | fnax > Nednta) - E( > Nedo, tn]) =r,

Xi€ljo0,) Xi€lio.i)

|C(1n) — C(s) — E(C(1) — C(5))| > r)

> chm,rn]—ﬂ«:( > ch<r1,rn])

XkeII(OJIJ X/(EI‘(()JIJ

Sr’

n
> Pl t=I[, max
- Z < I<i<n—1

|C(1n) — C(s) — E(C(10) — C(5))| > r>-
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Thus

Sri

> ch<tz,rn]—E( > ch(n,rn]>

Xi€lj0,i) Xi€lyo,4)

P| max
1<i<n

|C(ta) — C(s) — E(C(tn) — C(5))| > r)

SrQ

n
> Pl t =1, max
_Z < 1<i<n

> chm,rn]—E( > ch(n,rn])

X/(EI‘(()JIJ XkEI‘(()J[J

> ch(o,tn]—E< 3 ch(o,zn])

Xi€l(t),tn] Xr€li(t),m]

> ch<0,rn]—ﬂ4:< > ch<o,rn])

=P<U’f=1 {r:l, Sr}
Xk€l\(1),1n] Xk€l\(1y,1m)
N4 ma Ne (1, t,] — E Nc, (1, ¢,
{ max > Nedt, ta] ( > Ned n]>
Xrelo,) Xi€lj0.4]
z]P’(U?Zl {rzz, > Nl tn]—]E< > Neo. tn])
Xk€lit).m) Xk€l\(t).tn)

— P max
1<i<n

)
)

> ch(n,rn]—E< > ch(n,tn])

Xk €1|(0’,1] XkEI\(O,t,]
- )

> chm,tn]—E( > ch(tz,rn])

Xkeh0.] Xrel0,1)
1
>r 2 A
2

>r>> >1/2,

=) Pr= l)[P(
=1

> ch<o,rn]—ﬂ<:< > ch<0,rn]>

Xkel\(q,tnj Xkel\(tl,mj

—P{ max
1<i<n-—1

If

> ch(o,rn]—E< > ch(o,tn])

Xi€ljt),1n] Xr€lit),1n]

max P
0<il<n—1

then (1) is trivial. Otherwise,

<1— max ]P’(
1<i<n—1
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and so

]P(lmflx |C(1) — C(s) — E(C(1) — C(s))| > 3r>

<2P max E N, (17, ] — E E Nc, (@, ty] || > r
1<i<n—1
XkGI‘(O.,,] XkEI|((),,1]

+ 2P (IC(1n) — C(s) — E(C(tn) — C(s)| > 1) .

Now, noting that

P (|C(tn) — C(s) — E(C(tp) — C(s)| > 1)

<Pl| Y Neglo.td=E( > Nedo. il || >r/2
Xk61|(0’,0] Xkel\(o,to]

+P(| Y. Ne©.nl-El D Ne©.tl)|>r/2).
Xk€litg.im] Xi€li(rg.10]

we have

]P<1n<1]a<x |C(1) — C(s) — E(C(1) — C(s))| > 31’)

<2P| max E Nc, (1, t,] — E E Ne (t, ta] || > 1/2
0<i<n—1
Xielyo,4) Xiel o,

+20§1}1§a}_119> > NgO.4,]-E Z Ne, 0, .1 || > r/2
Xk€li(ty.n) Xk€li(ty.1n)
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