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Threefolds fibred by mirror sextic double
planes

Remkes Kooistra and Alan Thompson

Abstract. We present a systematic study of threefolds fibred by K3 surfaces that are mirror to sextic
double planes. There are many parallels between this theory and the theory of elliptic surfaces. We
show that the geometry of such threefolds is controlled by a pair of invariants, called the generalized
functional and generalized homological invariants, and we derive an explicit birational model for
them, which we call the Weierstrass form. We then describe how to resolve the singularities of the
Weierstrass form to obtain the “minimal form”, which has mild singularities and is unique up to
birational maps in codimension 2. Finally, we describe some of the geometric properties of threefolds
in minimal form, including their singular fibres, canonical divisor, and Betti numbers.

1 Introduction

The aim of this paper is to perform a systematic study of threefolds fibred by mirror
sextic double planes. A sextic double plane is a generic K3 surface of degree two; it is
well-known that such K3 surfaces may be realized as double covers of the projective
plane ramified along a smooth sextic curve. A mirror sextic double plane is a K3 surface
that is mirror, in the sense of Dolgachev [13] and Nikulin [21], to a sextic double plane.
Mirror sextic double planes are polarized by the rank 19 lattice
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where Eg and A, are the negative definite root lattices and H is the hyperbolic plane
lattice. We henceforth refer to mirror sextic double planes as M;-polarized K3 surfaces.

M;-polarized K3 surfaces are a special case of a broader class of K3 surfaces,
polarized by the lattices

M, =H®Eg®Eg®(-2n), neNl.

Such M,-polarized K3 surfaces form a natural class to study, as they are mirror to
K3 surfaces of degree 2n. Threefolds fibred by M, -polarized K3 surfaces have been
studied in detail by the second author in a series of papers with C. F. Doran, A. Harder,
and A. Y. Novoseltsev [8, 10, 11]. However, these papers almost always assume # > 2,
as a generic M;-polarized K3 surface admits a polarization-preserving antisymplectic
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involution that gives rise to novel behaviour. This makes the theory of threefolds
fibred by M;-polarized K3 surfaces substantially more complex than the theory of
threefolds fibred by M, -polarized K3 surfaces with n > 2. By performing a detailed
study of M;-polarized fibrations, this paper addresses this gap in this program of
research.

In addition to addressing the extra complexity presented by the involution, the
results of this paper are also significantly stronger than those of its predecessors. In
[10, 11], the authors quickly restrict to studying Calabi-Yau threefolds fibred by M,,-
polarized K3 surfaces in order to limit the field of inquiry; in particular, the Calabi-Yau
assumption imposes strong constraints on the possible values of # [11, Theorem 2.12].
In this paper, we make no such assumption: all of our results hold for arbitrary
threefolds fibred by M;-polarized K3 surfaces, although results about M;-polarized
Calabi-Yau threefolds, analogous to those in [10, 11], may be quickly deduced from
the main results of this paper.

The first main result of this paper is Theorem 2.5, which shows that one-parameter
families of lattice polarized K3 surfaces are classified by two invariants. The first
is the generalized functional invariant, which is a map from the base of the family
to an appropriate coarse moduli space, encoding the moduli of the general fibres.
The second is the generalized homological invariant, a local invariant describing the
monodromy around singular fibres. This result is proved in much more generality than
required for the rest of the paper, with quite general assumptions on the polarization.

We then restrict ourselves to threefolds fibred by M;-polarized K3 surfaces. In this
setting, the generalized functional invariant map is a map to the classical modular
curve and, once the generalized functional invariant is fixed, there are only two
possibilities for the generalized homological invariant around any singular fibre,
differing by a choice of sign. Threefolds fibred by M;-polarized K3 surfaces are
therefore classified by maps from the base of the fibration to the classical modular
curve, along with a choice of sign for each singular fibre.

This classification scheme is the first of many parallels between elliptic surface
theory and the theory of threefolds fibred by M;-polarized K3 surfaces. Given these
parallels, one might suspect a hidden link between M;-polarized K3 surfaces and
elliptic curves; such a link is provided by the work of Clingher, Doran, Lewis, and
Whitcher [3, 4]. They show that any M;-polarized K3 surface admits a canonically-
defined symplectic involution. Quotienting by this involution and resolving singular-
ities, one obtains a Kummer surface Kum(E x E) associated with the product of an
elliptic curve E with itself. This process canonically associates an elliptic curve E with
any M;-polarized K3 surface, and this correspondence is bijective; we will discuss it
further in Section 3.1.

Our next main result is Theorem 3.8, which shows that threefolds fibred by M;-
polarized K3 surfaces admit a birational map to a Weierstrass form, which is defined
by an explicit equation. This form is very general but, as is also the case for Weierstrass
forms of elliptic surfaces, tends to be quite singular. The bulk of this paper is concerned
with resolving the singularities of our Weierstrass forms. Theorem 5.2 shows that, after
a series of birational modifications, any threefold fibred by M;-polarized K3 surfaces
can be placed in a minimal form, which has mild (terminal) singularities and is unique
up to birational maps that are isomorphisms in codimension 1.
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Finally, we compute various properties of the minimal forms. The singular fibres
are completely described by Theorem 4.1 (see also Table 1), and, under some mild
additional assumptions, explicit formulas for the canonical divisor and Betti numbers
are given in Sections 5.2 and 5.3.

1.1 Structure of the Paper

In Section 2, we define lattice polarized families of K3 surfaces and threefolds fibred
by lattice polarized K3 surfaces; these definitions form the basis of the remainder
of the paper. We then define the generalized functional and homological invariants
and prove Theorem 2.5, which shows that these two invariants suffice to classify one-
parameter lattice polarized families of K3 surfaces. Finally, we specialize all of this
to the M;-polarized case and prove some additional results about the generalized
functional and homological invariants.

In Section 3, we introduce the Weierstrass form of a threefold fibred by M;-
polarized K3 surfaces. We begin with a summary of relevant results from [8], which
use the Batyrev mirror construction [1] to construct an explicit toric family of M;-
polarized K3 surfaces depending upon two complex parameters 3’ and y. This family
is described by Proposition 3.2. We then prove Theorem 3.8, which shows that any
threefold fibred by M;-polarized K3 surfaces is birational to a threefold in the form
given by Proposition 3.2, where " and y are now meromorphic functions on the base
of the fibration. We call this birational model the Weierstrass form. In Section 3.1,
we investigate the basic properties of the Weierstrass form; we describe some of the
geometry of its general fibres and discuss the link with elliptic surfaces. In Section 3.2,
we show (Proposition 3.10) that the Weierstrass form of an M;-polarized K3 surface
can also be obtained intrinsically from the structure of the M;-polarization, without
having to resort to mirror symmetry or toric geometry.

In Section 4, we embark upon a detailed study of the singular fibres appearing in
Weierstrass forms. Proceeding case-by-case, we explicitly describe how to construct
birational models for these singular fibres; many of these computations were assisted
by the computer algebra systems SageMath [25] and Singular [7]. The results are sum-
marized by Theorem 4.1 and Table 1, which give a complete birational classification of
all singular fibres that occur. Again, there are strong parallels with the theory of elliptic
surfaces, which inform the naming scheme of our classification.

In Section 5, we pull together the results of the previous two sections to prove
Theorem 5.2, which shows that, after a series of birational modifications, any threefold
fibred by M, -polarized K3 surfaces can be placed in minimal form. This form is unique
up to birational modifications that are isomorphisms in codimension 1, has at worst
terminal singularities, and has singular fibres as classified by Theorem 4.1. Finally, we
compute some of the properties of the minimal form. Proposition 5.3 gives a sufficient
criterion for the minimal form to be smooth, and Proposition 5.5 gives an explicit
expression for the canonical divisor. Finally, the results of Section 5.3 compute all of
the Betti numbers of the minimal form under an extra smoothness assumption and,
in the case of the third Betti number, a mild additional assumption on the singular
fibre types. These computations use several results from [10], which are reproduced in
Appendix A for convenience.
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Many of the results from Sections 4 and 5 have analogues for threefolds fibred by
M,,-polarized K3 surfaces with n > 1. These results can all be found stated in their most
general forms in [11]; references to this paper are provided for comparison.

2 Background

We broadly follow the notational conventions of the related paper [11]. Let H denote
the hyperbolic plane lattice, Eg the negative definite Eg root lattice, and L a non-
degenerate primitive sublattice of the K3 lattice Ags := H®® & E$* with signature
(1, p —1). Let L* denote the orthogonal complement of L in Aks. We begin by defining
a notion of L-polarization for smooth families of K3 surfaces.

Definition 2.1 ([8, Definition 2.1]) Let L € Ags be a lattice and let 7Y: XY > Ubea

smooth family of K3 surfaces over a 1-dimensional complex manifold U. We say that

XV is an L- polarized family of K3 surfaces if

« there is a trivial local subsystem £ of R*m,Z so that, for each p € U, the fibre £, <
H?*(X,,Z) of L over p is a primitive sublattice of NS(X,) that is isomorphic to L,
and

« there is a line bundle A on XV whose restriction A, to any fibre X, is ample with
first Chern class ¢; (A, ) contained in £, and primitive in NS(X, ).

Next we extend this definition to threefolds fibred by K3 surfaces, in a way that
allows our threefolds to contain singular fibres and mild singularities. Such threefolds
will form the principal objects of study in this paper.

Definition 2.2 'We say that m: X’ — B is a threefold fibred by L- polarized K3 surfaces
if all of the following hold.

o X is a threefold with at worst terminal singularities. By [17, Corollaries 5.38 and
5.39], it follows that any singularities of X are isolated points.

o B is a 1-dimensional complex manifold. We usually think of B as being either a
compact Riemann surface or the open unit disc in C.

o m:X — Bis a proper, flat, surjective morphism whose general fibre is a K3 surface.

+ There exists a point p € B, such that the fibre X, of 7 over p has Néron-Severi group
NS(X,) = L.

o Let U c Bdenote the open set over which X is smooth and the fibres of 7 are smooth
K3 surfaces, and let 7V: XY — U denote the restriction of X to U. Then 7V: XYV — U
is an L-polarized family of K3 surfaces, in the sense of Definition 2.1.

2.1 The Generalized Functional and Homological Invariants

Let 7Y: XY — U denote a non-isotrivial L-polarized family of K3 surfaces. Assume
that there exists a point p € U such that the Néron-Severi group of the fibre X, over
p is isomorphic to L. We can associate two invariants with Y.

Definition 2.3  The generalized functional invariant is the map ¢g: U — My from U
to the coarse moduli space of L-polarized K3 surfaces, which sends p € U to the point
in moduli corresponding to the fibre X, (cf. [13, Remark 3.4]).
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Fix a point p € U such that NS(X,) = L. Monodromy around a loop in (U, p)
induces an automorphism of H*(X,, Z), and Definition 2.1 implies that this automor-
phism must fix NS(X,) = L. We thus obtain an automorphism of the transcendental
lattice T(X,) = L*.

Definition 2.4  The generalized homological invariant is the monodromy represen-
tation p: m (U, p) - O(L*).

Based on [10, Theorem 2.3], we can prove that these two invariants are sufficient to
determine XU,

Theorem 2.5 Let nV:XV — U denote a non-isotrivial L-polarized family of K3
surfaces over a 1-dimensional complex manifold U. Assume that there exists a point
p € U such that the Néron-Severi group of the fibre over p is isomorphic to L. Then
nY: XY — U is uniquely determined (up to isomorphism) by its generalized functional
and homological invariants.

Proof For a contradiction, suppose that XU and YU are two non-isomorphic, non-
isotrivial L-polarized families of K3 surfaces over the same base, with the same
generalized functional and homological invariants. On any simply connected open
subset V of U, Ehresmann’s Theorem (see, for example, [29, Section 9.1.1]) shows that
we can choose markings compatible with the L-polarizations on the restricted families
of K3 surfaces XV |y and Y U| v. Since XY and YY have the same generalized functional
invariants, it thus follows from the Global Torelli Theorem [20, Theorem 2.7’] that the
families XY|y and Y|y are isomorphic.

Thus, the families XV and YV must differ in how such open sets are glued together.
To construct this gluing data, choose a simply connected open set V c U such that
peV.Letyc Ubealoop, starting and ending at p, and let { V; } | be a cover of y by
simply connected open sets in U, chosen such that V; = V,, = V. Then choose fibrewise
isomorphisms ¢;: XUy, = Y|y, for each i, so that the gluing maps ¢; o ¢;1, on the
intersections V; N V;,; are all trivial. This gives rise to a pair of fibrewise isomorphisms
é1, $n: XY]y > YY|y. The families XY and YY are isomorphic on the union U?_, V; if
and only if y := ¢; o ¢, is the trivial automorphism on XY|y.

Therefore, by assumption, there must exist aloop y € m;(U, p) so that the fibrewise
automorphism y:XY|;; - XY|y defined by the above construction is non-trivial.
In particular, the action of y on the fibre X, must be nontrivial. By the Global
Torelli Theorem, y induces a nontrivial automorphism y* € O(H*(X,,Z)), and,
by Definition 2.1, this automorphism must fix NS(X,) = L. Therefore, y* must act
nontrivially on T(X,) = L*.

Let px and py denote the generalized homological invariants of XV and YY. By
construction, we have py(y) = y*px(y). But this contradicts the assumption that

Px = py. u

Let m: X — B be a threefold fibred non-isotrivially by L-polarized K3 surfaces.
By restricting to the open subset 7V: XV — U where X is a smooth family, we can
associate a generalized functional invariant g: U — M and generalized homological
invariant p: 1 (U, p) - O(L*) with 7: X — B. It follows from Theorem 2.5 that g and
p suffice to uniquely determine 7: X' — B up to birational maps affecting only the fibres
over B\U.
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2.2 Threefolds Fibred by M;-polarized K3 Surfaces

Let H denote the hyperbolic plane lattice and let A; and Eg denote the negative definite
A, and Ejg root lattices, respectively. Let M; denote the rank 19 lattice M; := H @ Eg &
Es @ A,. Throughout the remainder of this paper, we will investigate the case L = M;.
Note that the orthogonal complement of M; in Ags is Mj = H @ (2).

In this setting, the assumption that XV is not an isotrivial family, combined with
the fact that My, has dimension 20 — rank(M;) =1, implies that the image of the
generalized functional invariant map g is open in M, . Thus, at a general point p € U,
the Néron-Severi group of the fibre over p is isomorphic to M.

In this setting, we can make some stronger statements about the generalized
functional and homological invariants. First, a result of Dolgachev [13, Theorem 7.1]
shows that the coarse moduli space My, of M;-polarized K3 surfaces is isomorphic
to the classical modular curve H/PSL(2,7Z). This modular curve has a canonical
compactification, usually denoted X(1), which we denote by My,; it is a genus 0
orbifold curve with orbifold points of orders (2,3, o).

Definition 2.6  Let 1: X — B be a threefold fibred non-isotrivially by M;-polarized
K3 surfaces. The generalized functional invariant map g: U — My, is a finite mor-
phism between curves, so extends uniquely to a map g: B — M. We call g the
extended generalized functional invariant.

Using the ideas from the proofs of Theorem 2.5 and [10, Theorem 2.3], we can also
prove a stronger result about the generalized homological invariant in this setting.

Proposition 2.7  Let XY — U and YV — U denote two non-isotrivial My-polarized
families of K3 surfaces over a 1-dimensional complex manifold U, with the same gen-
eralized functional invariants, and let px. and py denote their generalized homological
invariants. Then for general choice of p € U and any loopy € m(p, U), we have px (y) =

+py (y)-

Proof Since the generalized homological invariant is defined uniquely by the fibra-
tion, if there is a loop y € m; (U, p) with px(y) # py(y), then XY and YV are not
isomorphic. By the proof of Theorem 2.5, there thus exists an nontrivial automorphism
¥ X, — X, such that py (7) = ¥ px (7).

Recall that y* must fix NS(X,) = M; and act nontrivially on T(X,) = M;; yis thus
a non-symplectic automorphism of X,. Define O(M; )* c O(Mj) to be the kernel of
the natural map O(Mj) — Ay, where Ay denotes the discriminant group. Then
by [21, Proposition 1.6.1], y* descends to an element of O(Mj")*. Furthermore, since
X, is general, M supports an irreducible rational Hodge structure, so y* must act
irreducibly on M; . Therefore, by [20, Theorem 3.1], it follows that the order # of y*
must satisfy ¢(n)| rank(Mj ) = 3, where ¢(n) denotes Euler’s totient function. Using
Vaidya’s 28] lower bound for ¢(n),

p(n)>+/nforn>2,n#6,

we see that ¢(n)|3 implies that n < 9. By checking all the possibilities, we see that n = 2
or n = 1. We cannot have n = 1, since y* is non-trivial. So y* must have order 2. As
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y* acts irreducibly on M7, it has no nontrivial invariant subspace; the only option is
y* =-1d. [ ]

Remark2.8 The sign indeterminacy in this proposition corresponds to the existence
of an antisymplectic involution on a general M;-polarized K3 surface that preserves
the M;-polarization. This involution will be described explicitly in Section 3.1.

3 Weierstrass Form

In this section, we follow [8, Section 5.4] to derive a normal form for M;-polarized K3
surfaces, then exhibit some of the properties of this normal form.

An M, -polarized K3 surface is mirror to a (2)-polarized K3 surface, which can
generically be expressed as a hypersurface of degree 6 in WIP(1,1,1,3). By the
Batyrev mirror construction [1], a generic M;-polarized K3 surface can therefore be
realized torically as an anticanonical hypersurface in WIP(1,1,1,3)°, the polar dual of
WP(1,1,1,3).

We derive a normal form for a generic such anticanonical hypersurface following
the method of [5, Section 4.2]. Let M := Z> denote the standard lattice and let My, :=
M ® R. An anticanonical hypersurface in WP(1,1,1,3) corresponds to the reflexive
polytope A c Mg with vertices

up = (-1,-1,-1), u = (5,-1,-1),
uy = (-1,5,-1), uz = (-1,-1,1).

The toric variety WP(1,1,1,3)° is determined by the fan £° ¢ Mg whose rays are
generated by the above set of vectors. These vectors generate a sublattice M’ ¢ M of
index 12. The quotient M/M’ is the group

G:= {(do,dl,dz,dg,) € Zg @Zz : d() + dl + d2 +3d3 =0 (mOd 6)}/26)

where Zg c Z; @ Z, is embedded diagonally and Z,, := Z/nZ denotes integers mod-
ulo n.

The vectors uy, u,, usz form a basis for M’ and ug = —u; — u, — 3us, so if we view X°
asafanin M’ ® R, then ° is just the standard fan for WP(1,1,1, 3). Switching to the
overlattice M, there is a G-action on WIP(1,1,1,3),

d d d 3d
(X0, %1, X2, x3) > (U x0, U™ x1, U2 %2, 4" x3),

where (do, d1, d2, d3) € G, and p is a primitive sixth root of unity. WIP(1,1,1, 3)° is the
quotient of WIP(1, 1,1, 3) by this G-action.

Next we need to obtain the equation of a generic anticanonical hypersurface
in WP(1,1,1,3)°. The homogeneous coordinate ring of WIP(1,1,1,3)° is given by
C[xo, x1, X2, x3] graded by the Chow group A,(WP(1,1,1,3)°). We have an exact
sequence

0—72°—7' 706G —0,
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where the first map is given by the matrix whose rows are the vectors u;, and the map
d is given by

0(dy, dy,dr, d3) = (do +dy +dy +3ds, (—dy — dy — 3d3, dy, dy, da))-

Thus, AZ(W]P’(I 1,1,3)°) 2 Z @ G, and the grading on C[xo, X1, X2, x3] is given by

taking x, x{jlx2 x33 to 8(do, d1,da, ds).

The anticanonical class of WIP(1,1,1,3)° has degree §(1,1,1,1) = (6,0). A generic
polynomial in those monomials in C[xy, x1, x;, x3] with degree (6, 0) is

6 6 6 2 2.2 2
apXy + a1X] + azX, +azxXz + A4XoX1X2X3 + ds5XyX] X;.

Using the torus action, we rescale the variables in this equation by

1 1 1 1 1 _1
Xo —> afaja; a41x0, X1—>a, °x;, Xp+—>a,°x;, Xz a;’x;,

to obtain

(3.1) axy +x% + x5 + x3 + xox1%23 + Bxgxix?

for a = % and 8 = ©3*. This is a homogeneous polynomial in WIP(1,1,1,3)

with Varlables X0, X1, X2 of we1ght 1 and x5 of weight 3, which defines a hypersurface;
an anticanonical hypersurface in WIP(1,1,1,3)° is given by the quotient of such a
hypersurface by the group G.

The quotient WIP(1,1,1,3)/G is realized by the map

v:WP(1,1,1,3) — P°
6 6 6 2 2.2.2
(x0, X1, X2, X3) —> (X3, X7, X5, X3, X0 X1X2X3, X§ X1 X3 ),

so WP(1,1,1,3)° is isomorphic to the image of this map. This image is defined by the
equations

Yoy1y2—ys=ysys—y3=0

where (o, ..., ys) are homogeneous coordinates on P>, The map y takes the family
of anticanonical hypersurfaces defined by equation (3.1) to the hyperplane

ayo+yi+y2+ys+ys+pPys=0
We thus obtain a family of surfaces
(32)  A{ayo+yi+ya+ys+ya+Bys=yoyy2—ys=ysys—ys =0} c P

Working on the maximal torus y4 =1, (¥0, Y1, ¥2, ¥3, ¥5) € (C*)°, we can solve

for yo = " yzy and ys = —- in these expressions. On this maximal torus, the family
defined by equation (3.2) is 1somorph1c to the vanishing locus in (C*)? of the rational
polynomial

(3.3) x+y+z+L+E+l—0

Byz  x

where we have set x := y3, ¥ := y,, and z := y; for clarity. This is the open form used
in [8, Section 5.4].
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We introduce a new parameter

_ 1728«
VT ap-yr

From the results of [8, Section 5.4], y parametrizes the compact moduli space My, .
We find that y = oo at the orbifold point of order 3, y = —1 at the orbifold point of order
2, and y = 0 at the infinite order (cusp) point.

Remark 3.1  The usual parameter j on My, = X(1) is related to y by j = —%. For a
smooth M;-polarized K3 surface with generalized functional invariant y, this j can be
interpreted as the j-invariant of a canonically associated elliptic curve; see Section 3.1.

By [8, Lemma 5.17], after performing a minimal resolution of singularities, equa-
tion (3.2) defines a family of M;-polarized K3 surfaces over the base {(a, 8) € C*: y =

(17[32_81033 ¢ {0,-1, 00} }. After changing variables

S BNy -z

Zr— —

4x 4x
and completing the square in x, we can re-write (3.3) as

x? y
+y+z+—-——+1=0.

(3:4) 48 -1 27yz

This reparametrizes our family over the base {(B,y) e C*:  # 1, y ¢ {0,~-1}}. For
simplicity of notation, we introduce a new parameter 8’ := ﬁ.

Proposition 3.2 The family given by equation (3.4) admits a compactification to a
family of singular quartic K3 surfaces in P*[w, x, y, z] over the base {(B’,y) e C*: B’ +
0, y ¢ {0,-1}}, given by

(3.5) %w‘* +whyz+wylz + wyzt + f'x*yz = 0.

This family admits a minimal resolution to a 2-parameter My-polarized family of K3
surfaces with generalized functional invariant given by projection onto the y variable.
The fibres of the generalized functional invariant map give rise to families of M-
polarized K3 surfaces that are isotrivial but not trivial; monodromy around f3’ € {0, oo}
acts on the transcendental lattice as —1d.

Proof This result is a restatement of [8, Lemma 5.17] and the first part of [8,
Proposition 5.18] in the notation of this paper. [ ]

Remark 3.3 While we have followed the discussion in [8, Section 5.4] above
for consistency, we note that the family (3.5) can be obtained much more directly
from (3.2) as follows. Working on the affine chart ys = 1, we can write y; = y2 and
—¥2 = ayo + y1+ ¥3 + ¥4 + 3, from which we obtain the affine hypersurface { yz(x? +
x+ay+z+B)+1=0}c A?, where we have set y:= yo, z:= y;, and x := y,. After
compactifying to P?, completing the square in x, and rescaling variables, we obtain
equation (3.5).
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If we set 8’ # 0 to be a constant in equation (3.4) and rescale x, we obtain a special
family over {y € C : y ¢ {0, -1} } that can be written on the maximal torus (C*)® as

(3.6) x2+y+z+2L+1:0.

7yz
Proposition 3.4 The family given by equation (3.6) admits a compactification to a
family X, of singular quartic K3 surfaces in P3[w, x, y, z] over Myy,, with parameter y,
given by

(3.7) %w4+w2yz+wyzz+wyzz+x2yz:0.

Its minimal resolution is a family Xy — Myy,, whose fibres over y ¢ {0, -1, 00} form an
M;-polarized family of K3 surfaces. Moreover, the family X, is modular, in the sense that
its generalized functional invariant map is an isomorphism.

Proof This is a restatement of the second part of [8, Proposition 5.18] in the notation
of this paper. ]

Remark 3.5 The family X; has been studied by a number of authors, who have
used various different birational models according to their requirements and personal
tastes. In addition to [8, Section 5.4], which we have already mentioned, it appears
in the context of mirror symmetry in work of Dolgachev [13, Example 8.3] and
Przyjalkowski et al. (see the survey paper [24], where it appears as family X;_;, and
references therein), and in the context of Picard—Fuchs equations in the work of Smith
[27, Example 2.15, case D] and Doran and Malmendier [12, Section 6.1, case n = 1].

The following lemma computes the periods of the family X;.

Lemma 3.6  The local monodromy matrices of the transcendental variation of Hodge
structure T(X,) associated with X, are conjugate to

-1 0 0 -1 0 0 1 10
;=10 1 0], Teww:=]0 w 0], TIg:==10 1 1},
0 0 1 0 0 0 0 1

around y = -1, y = oo, and y = 0, respectively, where w denotes a primitive sixth root
of L

Proof The periods of the family X; were explicitly computed by Doran and Mal-
mendier [12, Lemma 6.6], who found that they are given by the hypergeometric
function 3F2(é, %, %; 1,1]) (recall here that j = —%; see Remark 3.1). From this, the
global monodromy representation of the transcendental variation of Hodge structure
T(X,;) associated with X; can be computed using a theorem of Levelt [19, Theorem
1.1] (see also [2, Theorem 3.5]). This computation gives the required forms for the local
monodromy matrices. |

Together with Proposition 3.2, we can now compute the generalized homological
invariant of any family given in the form (3.5). This will be particularly useful when
we come to study singular fibres in Section 4.
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Proposition 3.7 Let §'(8) and y(8) be meromorphic functions on the open complex
unit disc A such that $'(8) ¢ {0,00} and y(8) ¢ {0,-1, 00} for all § in the punctured
disc A* = A\{0}. Suppose that B'(0) takes a value in {0, 00} with order b > 0, and
y(0) takes a value in {0, -1, oo } with order d > 0. Then the transcendental monodromy
of the M;-polarized family of K3 surfaces defined over A* by equation (3.5) is conjugate
fo (—Id)ij(o), where T (o) is defined as in Lemma 3.6.

Proof Proposition 3.2 tells us that the 2-parameter family defined by equation
(3.5) has transcendental monodromy —Id around f’ € {0, 00}, and it follows from
Lemma 3.6 that its transcendental monodromy around y € {0, -1, oo} is given by the
corresponding matrix Iy, I'_;, I'e. The result then follows by pulling-back by the map
defined by (B'(8), y(0)), noting that (~Id) commutes with I, (). ]

Now we can show that equation (3.5) is a kind of “Weierstrass form” for threefolds
fibred by M;-polarized K3 surfaces.

Theorem 3.8  Let m: X — B be a threefold fibred non-isotrivially by M,-polarized K3
surfaces. Then X is birational over B to a threefold m: X — B defined by equation (3.5)
where 8’ and y are meromorphic functions on B.

Proof Letg: B — My, denote the extended generalized functional invariant map of
X. Composing with the parametrization y of My, gives the required map y: B — P!,

It remains to define the map 3. Let £ c B denote the closed set over which X is
either singular, has a singular fibre, or has a smooth fibre with y € {0,-1, 00}, and
let U := B\Z denote its open complement. Let g: U — My, denote the generalized
functional invariant and let px denote the generalized homological invariant.

Now let Y := ¢*X; denote the pull-back of the family X; - M, to U and let py
denote its generalized homological invariant. Note that Y can be written in the form of
equation (3.5), with y as above and 8 ¢ {0, oo} a constant. We proceed by comparing
px with pPy.

Let D c X denote the finite set of points p where py (o) # py(o) for a simple
loop ¢ around p; by Proposition 2.7, we must therefore have px(0) = —py (o) for all
such points. The map ¢: 7 (U) — {1} defined by 0 — det(px(0)) det(py (o)) is a
permutation representation that takes the value —1if ¢ is a simple loop around a point
in D and 1 for simple loops around other points; consequently, D must contain an
even number of points. Therefore, there exists a meromorphic function 8 on B that
has either a simple pole or a simple zero at each point of 2, and no other poles or zeros.

Let 7: X — B denote the family defined by equation (3.5) with these functions '
and y, and let X denote its minimal resolution. By construction, X and X have the
same generalized functional invariant and, by Proposition 3.7, the same homological
invariant. By Theorem 2.5, X and X are isomorphic over U, hence birational over B. m

Definition 3.9  Let m: X — B be a threefold fibred non-isotrivially by M;-polarized
K3 surfaces. A threefold 77: X — B defined by equation (3.5), with f’ and y mero-
morphic functions on B, which is birational to X over B is called a Weierstrass form
of m:X — B. In a slight abuse of terminology, we will often call y the generalized
functional invariant of 1: X — B.

From Theorem 3.8, such Weierstrass forms always exist.
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Figure I: Dual graph of the configuration of (—2)-curves lying in a general fibre.

3.1 General Fibres

In this subsection, we study the general fibres of the 2-parameter family (3.5) from
Proposition 3.2 and show how to resolve their singularities. This allows us to explicitly
identify the M;-polarizations on these fibres and study some of their geometry.

We begin with a quartic surface defined by equation (3.5) for some y ¢ {0, -1, 00}
and ' ¢ {0, 00}. All of the singularities in this surface occur on the locus {w = 0},
which consists of the threelines L, := {w =x =0}, L, :=={w=y=0},and L, := {w =
z = 0}. Singularities appear at the four points:

o Py :={w=x=y=0}, which is an A; singularity;

o P,:={w=x=2z=0}, whichis an A7 singularity;

o Py:={w=y=2z=0}, whichis an A singularity;

o Py:={w=x=y+z=0}, whichisan A, singularity.

These are all Du Val singularities, which can be resolved in the usual way. After
doing so, we obtain a K3 surface containing a configuration of rational (-2)-curves
with the dual graph shown in Figure 1. In this picture, the E; (resp. F;) are exceptional
curves arising from the resolution of the A7 singularity at P; (resp. P,); the D; are
exceptional curves arising from the resolution of the A; singularity at P;, and C is the
exceptional curve arising from the resolution of the A, singularity at Py.

From this diagram, we can clearly see the four types of elliptic fibration on an M;-
polarized K3 surface (see [13, Remark 711]). Note that there are three fibrations of each
type (with the exception of type (4)), induced by the threefold rotational symmetry of
Figure 1.

(1) F:=2D; +4L, + 3E; + 6E; + 5E3 + 4E4 + 3E5 + 2E¢ + E; and F' := 2D, + 4L, +
3F, + 6F, + 5F5 + 4F, + 3Fs + 2F¢ + F; are a pair of fibres of type II*, and C is
one component of a fibre of type I, (the other component is not part of this
configuration). The line L, is a section and D, a bisection. This is the “standard
fibration” of Clingher and Doran [3, Proposition 3.10]. Classes of sections and
fibres in this fibration give rise to the M; := H @ Eg ® Eg & A; polarization; from
this, we see that the 19 classes Ei, ..., Es, Fy,...,Fs, Ly, Ly, L;, Dy, D3, F, and
F — C are a primitive set of generators for M;. Coupled with the invariance under
monodromy of the configuration from Figure 1, this gives another proof of the
fact (Proposition 3.4) that the family X; is an M;-polarized family of K3 surfaces.

(2) Ly +E; +2(E; + -+ E; + Ly + F; + -+ F,) + F; + L is a fibre of type I},, and
D, is one component of a fibre of type I, (the other component is not part of this
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configuration). The curves D; and Dj are sections, and C is a bisection. This is the
“alternate fibration” of Clingher and Doran [3, Proposition 3.10].

(3) Dy +2D; + 3Ly + 4E; + 3E3 + 2E4 + Es + 2E; isa fibre of type III*, and L, + F; +
2(Fy + F3+ F4 + Fs + Fg + F; + Ly ) + E; + C is a fibre of type I¢. The curves D;
and Eg are sections.

(4) B+ +E;+Ly+F;+...+F,+L,+ D3+ D+ D; + L, is a fibre of type Is,
and E,, C, F, are sections.

We conclude this subsection with a brief discussion of involutions. There are two
obvious involutions on the family (3.5), which both lift to involutions on the general
fibres of a minimal resolution. The first is the involution x = —x. On a smooth M;-
polarized K3 surface, this is the antisymplectic involution that preserves the M;-
polarization and acts as —Id on the transcendental lattice (cf Remark 2.8).

More interestingly, there is also a second involution, exchanging y and z. This
involution lifts to a symplectic involution 1 on a smooth M;-polarized K3 surface S,
which lies in the Mordell-Weil group of the “alternate” elliptic fibration (2). The work
of Clingher and Doran [3, Proposition 3.13] shows that : defines a canonical Shioda-
Inose structure (named for Shioda and Inose [26], who first studied such structures)
onS.

If we quotient S by the involution : and resolve the resulting singularities, [3,
Proposition 3.13] and [4, Section 3.2] show that the resulting surface is the Kummer
surface Kum(E x E) associated with the product of an elliptic curve E with itself.
Moreover, the j-invariant of E is given by j(E) = —%, where y is the generalized
functional invariant of S (¢f. Remark 3.1).

This process is reversible and canonically associates an elliptic curve E with every
M;-polarized K3 surface. Furthermore, this construction can also be made to work
for M;-polarized families of K3 surfaces XV — U (see [9]), although there are serious
difficulties inherent in extending it further to singular fibres. The upshot is that any
M;-polarized family of K3 surfaces has a canonically associated elliptic surface; this
explains the many parallels between the theory presented in this paper and the well-
known theory of elliptic surfaces.

3.2 An Intrinsic Definition of the Weierstrass Form

In this section, we prove the following proposition, which provides an intrinsic
derivation of the Weierstrass form (3.5) that comes directly from the structure of the
lattice M, rather than from abstract mirror considerations.

Proposition 3.10  Let S be an M;-polarized K3 surface. By examining the elliptic
fibrations on S, we can identify the 21 curves from Figure 1, up to the action of the
symmetric group Ss. Such an identification induces a morphism ¢:S - P*[w, x, y,z],
unique up to multiplication of x by a nonzero scalar. If the generalized functional
invariant of S is not equal to 0 or oo, the image ¢(S) is given by a quartic equation
in the Weierstrass form (3.5).

Remark 3.11  This result holds for individual M;-polarized K3 surfaces S. Non-
uniqueness of the variable x means that there are significant technical obstructions
to using this method to prove a result that works in families, akin to Theorem 3.8. This
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indeterminacy corresponds to the fact that we may freely rescale x — tx and ' — %
for t € C* in equation (3.5) and obtain the same K3 surface.

Proof Choose an identification of the 21 curves from Figure 1 on S. Then consider
the three divisors

3 7 7
W:=2Ly+Ly+L,+C+» D;+E +2) E;+F +2) F;,

i=1 i=2 i=2
Y = 4Ly +3D;+ 2D, + D3 +3E; + 6E, + 5E3 +4E, + 3E5 + 2E6 + E7,
Z=4L, + Dy + 2D, +3D3 + 3F, + 6F, + 5F3 + 4F4 + 3F5 + 2F¢ + F.

From the linear equivalence of the III* and I{ fibres in elliptic fibration (3), W is
linearly equivalent to Y, and from the linear equivalence of the two IT* fibres in elliptic
fibration (1), Y is linearly equivalent to Z. Thus W, Y, and Z are cut out by linearly
independent sections w, y, and z of a common line bundle £, and these sections are
unique up to scalar multiples.

A Riemann-Roch computation shows that h°(S, £) = 4. We can extend (w, y, z) to
a complete set of generators by adding an additional section. Let X denote the divisor

7 7
X:i=Ly+C+Y Ei+) Fi+G,

i=1 i=1

where G is an arbitrary smooth elliptic curve in the elliptic fibration (4). From the
linear equivalence between G and the Iig fibre in fibration (4), we see that X is
linearly equivalent to W. The divisor X is cut out by a section x € H(S, £), which
is linearly independent of (w, y,z) and uniquely determined up to scalar multiples
and transformations of the form x + pw, with y € C (the choice of y is equivalent to
choice of the curve G, which is not uniquely determined by the M;-polarization).

The divisors W, X, Y, Z contain no common points, so the line bundle £ is
generated by its global sections. By Riemann-Roch, we see that £ induces a map
¢:S - P* whose image is a quartic hypersurface, and we can identify w, x, y, z with
homogeneous coordinates. The map ¢ satisfies the following:

(i) the divisors C, D;, Ej, and Fy are contracted for all i, j, k;
(ii) the image of W is the hyperplane {w = 0}, and the intersection of ¢(S) with this
hyperplane is {x?yz = 0};
(iii) the images of Y and Z are the hyperplanes {y = 0} and {z = 0}, respectively, and
the restriction of ¢(S) to either hyperplane is {w* = 0};
(iv) the image of X is the hyperplane {x = 0}, and the restriction of ¢(S) to this
hyperplane is the union of the line {w = 0} and a smooth cubic curve.

Using these properties, we find that ¢(S) is a hypersurface with the general form
4 2 2 2 2
MW" + AW Yz + azWXyzZ + aawy z + aswyz” + agx yz =0,

where a; € C. Moreover, (ii) above gives aq # 0; (iii) gives a; # 0, and (iv) gives
as, as # 0. Using this, the coordinate change x ~ x — 32w (which uniquely specifies
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the elliptic curve G) gives
a2

(3.8) aw* + (az - 4—3)w2yz +awy z + aswyz* + agx’yz = 0.
ae

2
If we assume that a; — a—’ﬁ # 0, then the change of coordinates (w,y,z) —

o 2, 2) w4t (0200 - 1)
(az%_%az, <> o) and rescaling by “°¢ (azac 1a3) gives

3
104050 4 2 2 2 1 5) 2
— % 4 + + + - = =0.
(@a _7a2)3w W yz+wyz+wyz ardg 4613 x“yz=0
206 3

This is clearly in the form of equation (3.5), with 8’ and y given by
ayasds a6
(aza6 - %)3

After this coordinate change, the sections w, y, z are defined uniquely, so the map ¢ is
unique up to multiplication of x by a nonzero scalar.

B = (@~ jad) ¢ (0,00}, y- ¢ {0,00).

Z
It just remains to deal with the case a, — ;2 = 0, which is treated by the following
lemma; compare also Proposition 4.13, Wthh describes the same surfaces in the
context of degeneratlons. [ ]

Lemma3.12 Ifa, - —6 = 0, then S has generalized functional invariant oo, and ¢(S)
is isomorphic to the surface

1
{27w +wylz+wyz® + xPyz = O}C]P’3[ny, z].

Proof The expression for y above shows that the generalized functional invariant of §

2
is oo in this case. To show that ¢(S) has the required form, set a, — 4“736 = 0in equation

3.8), and rescale the resulting equation so that a;asasa; = i . Changing coordinates
geq 6 ging

(w, y,2) = (asw, l, =) and rescaling by “** proves the lemma ]

4 Singular Fibres

By Theorem 3.8, any threefold fibred non-isotrivially by M;-polarized K3 surfaces
has a Weierstrass model, and, by the results of Section 3.1 we know how to resolve
the singularities in the generic fibres of such models. It remains to study the local
behaviour around the singular fibres. In this section, we will classify these singular
fibres up to birational equivalence and exhibit special local models for each.

Let f'(8) and y(8) be meromorphic functions on the open complex unit disc A
such that f'(8) ¢ {0,000} and (&) ¢ {0,-1, 00} for all § in the punctured disc A* =
A\{0}. Let 7: XX — A be a threefold defined by equation (3.5) with g’ = /(&) and y =
y(8) and let 1: X — A denote a minimal resolution of X. Note that the fibres of Xl over
A* are smooth M;-polarized K3 surfaces.

Suppose that ' ramifies to order b and y ramifies to order d at § = 0. It then follows
from Theorem 2.5 and Proposition 2.7 that, up to shrinking A and a birational map
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affecting only the fibre over § = 0, the threefold X is determined by the following three
pieces of data:
(i) the point y(0);
(ii) the order of ramification d of y at 0;
(iii) the sign of the determinant det(p(¢)) of the generalized homological invariant
p of X, where o € m(A*) is a simple closed loop around & = 0; this can be
computed explicitly from b and d by Proposition 3.7.

The results of this section are summarized by the following theorem. We prove it
via a case-by-case analysis in Subsections 4.3-4.6. This analysis also contains a detailed
description of the various fibre types, along with figures illustrating some of them.

Theorem 4.1  With notation and assumptions as above, we can perform a birational
modification X -> X' that affects only the fibre over 0 € A, so that the singularities of X'
are at worst terminal and the canonical sheaf wy is trivial. The central fibre of X' is one
of the possibilities listed in Table 1.

Table 1 classifies the singular fibres that appear in our models 7: X' — A and gives
some of their basic properties. In this table: “Type” gives a name for the singular fibre,
in analogy with the singular fibres appearing in elliptic surfaces; “ y” gives the value
of p(0); “d” is the order of ramification of y at 0; “Components” is the number of
components of the fibre; “ p” is the matrix of the generalized homological invariant
p(0) (up to conjugation); “det” is its determinant; w is a primitive sixth root of unity;
and fibres marked “(singular)” have some additional isolated singularity behaviour,
either in the fibre or in the threefold X’. Finally, R and S are two invariants associated
with the singular fibre that will be explained further in Section 5.

Remark 4.2 Any two such models 7": X’ — A are related by a birational map
affecting only the fibre over § = 0, which must be an isomorphism in codimension
1 by [17, Proposition 3.54]. The classification given by Theorem 4.1 only holds up to
such birational maps. These maps do not affect any of the properties listed in Table
1, but may alter the configurations of components shown in the various illustrative
figures in this section.

To prove Theorem 4.1, we construct the birational models 7": X' — A explicitly.
To do this, we first build singular families 77: X — A realizing all possibilities for the
data (i)-(iii) above by choosing appropriate meromorphic functions f'(8) and y(4)
in equation (3.5). When we can take 3(0) ¢ {0, oo}, we can simplify matters by using
equation (3.7) instead of equation (3.5).

The cases below come in pairs for each value of y(0), corresponding to the two
possible values of det(p(0)). In each case, we first use equation (3.7) to treat the case
where /(0) ¢ {0, co}; this gives us one of the possibilities for det(p(c)). We then
proceed to equation (3.5) and allow 8’ to have a zero or pole, which flips the sign of
det(p(0)) and gives the other possibility. In each case, we perform explicit birational
modifications to obtain a model X" with the required properties.

By Section 3.1, away from & = 0, the threefolds X will have precisely four curves of
singularities that form sections of the fibration: two curves of A; singularities, denoted
CY:={w=x=y=0}and C{7 := {w = x = 2= 0}; a curve of Ay’s, denoted C** :=
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Type y d Components P det R S
#0,-1,00 d>1 1
I o 0 (mod 3) 1 Id 1 00
-1 0 (mod 2) 1 (singular)
+0,-1,00 d>1 11
I; 00 0 (mod 3) 11 -1d -13 4
-1 0 (mod 2) 11 (singular)
| g 46y
2
I, 0 d>1 d*+2 0 1 d 1 20
0 0 1
1 -4 -4
2
I 0 d>1  2d*+9d+10 |0 -1 -d -1 31
0 0 -1
-1 0 0
11 -1 1 (mod 2) 1 (singular) 0 1 0 -1 10
0 0 1
1 0 0
I -1 1 (mod 2) 11 (singular) 0 -1 0 1 2 %
0 0 -1
-1 0 O
n* 00 1 (mod 3) 53 0 w 0 -13 2
0 0
1 0 0
v* 0o 2 (mod 3) 22 0 w? 0 1 22
0 0 o
1 0 0
vV 00 1 (mod 3) 6 0 ot 0 1 21
0 0 o’
-1 0 0
II 00 2 (mod 3) 3 0 « 0 -13 ¢
0 0 w

Table 1: Summary of singular fibres.

{w=y=2z=0};and a curve of A’s, denoted C*! := {w = x = y + z = 0}. Away from
0 = 0, these can be crepantly resolved by blowing up in the usual way; their behaviour
at § = 0 will be dealt with case by case.
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4.1 A Legend for Interpreting Figures

In the remainder of this section, we will display partial or full resolutions of many
of the singular fibre types in Figures 2-16. Here is a legend for interpreting these
figures.

« Solid lines denote double curves and the boundaries of components; components
should be assumed to meet normally along double curves and at triple points unless
otherwise stated.

« Insome cases, the threefold is singular along a double curve or a component bound-
ary; when this occurs, the line is drawn bold and labelled with the corresponding
singularity.

« In some cases, the threefold contains a curve of A; singularities that lies wholly
within a component; such curves are drawn dashed.

« Dotted lines mark the edges of local diagrams.

« Bold points give the intersection of a fibre with the four curves of singularities that
form sections of the fibration: C;*” and C47 are always drawn in the bottom corners;
C# is always at the top, and C*1 is always the bottom middle.

« Points labelled by a letter correspond to more complicated threefold singularities,
which will be described individually as they occur.

« Faint gray lines radiating from the edges of a diagram denote exceptional divisors
arising from the curves C;*”, C247, C43, and C%1; as each of these curves forms a
section of the fibration, these exceptional divisors are horizontal and do not form
part of the singular fibre under examination.

« Unshaded components should be visualized as lying flat on the page, with gray
shaded components protruding out of the page towards the reader.

« Integers labelling components denote multiplicities.

For example, Figure 3 shows an unresolved singular fibre containing three irre-
ducible components. It contains two curves of A; singularities: one along the bottom
edge and one given by the dashed curve in the component {x = 0}. The curves C;7,
C27, €%, and C*1 meet this fibre in the four bold points, and the points labelled P
and Q are more complicated threefold singularities. Figure 4 shows a resolution of
this same fibre. It contains eleven components, ten of which lie in the plane of the
page and one of which protrudes outwards. There are ten components of multiplicity
1 and one of multiplicity 2.

4.2 Singularities of Type (m, n)

A particular type of singularity will arise repeatedly in our analysis of the singular
fibres. It will be very useful to have an understanding of this type of singularity before
we embark on this analysis.

Definition 4.3 Let m > n > 0 be integers with m > 2. A point P on a threefold X is
called a singularity of type (m, n) if P € X is locally analytically isomorphic to

0 {s"™t" +stu+uv* =0} c A*[s,t,u,v].
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(t,v) (t,u)
Am+n—3
(s, 1) (s,u)
(s,v) (s,v)
S Aum—3 A3
(@Qn>2. (bym >3,n=1.

(5.7) (s, u)

(d)ym >3,n=0.

com=2,n=1.

(s,v) (s,u)

1A

em=2,n=0.

Figure 2: Partial resolution of a singularity of type (m, n).

If n>0, a singularity of type (m,n) lies at the confluence of three curves of
singularities of types Azm-1, A2n-1, and A;. If n = 0, instead there are two curves of
singularities, of types Az,_1 and A;.

Lemma 4.4  Consider a singularity of type (m, n), given locally by the point (0,0, 0, 0)
in the hypersurface

{s™t" + stu+uv® =0} c A*[s, t,u,v].
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Figure 3: Fibre over § = 0 in equation (4.1).

Figure 4: Fibre of type Ij.

After crepantly resolving the singularities of this hypersurface, the point (0,0,0,0) gives
rise to (m + n — 2) exceptional components in addition to the exceptional components
arising from the curves of singularities. Moreover, after the resolution,

o if n >0, all exceptional components and the strict transforms of the four hyperplanes
{s=u=0}, {s=v=0}, {t=u=0}, and {t = v = 0} meet normally, and
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o if n =0, all exceptional components and the strict transforms of the two hyperplanes
{s=u =0} and {s = v = 0} meet normally.

Proof Thisisalengthy explicit computation. If (m, n) # (2,0), we begin by blowing-
up the curve of A,,,_; singularities, followed by the curve of A; singularities. This
gives rise to four exceptional components: two from the curve of A,,,_;’s, one from
the curve of A;’s, and one from the point (0,0,0,0). If (m,n) = (2,0), we perform
the same blow-ups in the opposite order, obtaining three exceptional components.
The resulting threefolds are depicted in Figure 2. In this figure, the strict transforms of
hyperplanes in the original threefold are labelled by the pair of variables that vanish on
that component (so the strict transform of the component s = v = 0 is labelled (s, v),
etc.), and the other components are exceptional.

From this point, each remaining curve of singularities can be blown up individually
to obtain the resolution; there is no unusual behaviour at the points where the curves
of singularities meet. [ ]

4.3 Fibres with y ¢ {0, 1,00}

We now begin our case-by-case analysis of the singular fibres, beginning with those
fibres with y(0) ¢ {0, -1, 00 }.

4.3.1 Type I,

Data: y ¢ {0,-1,00},d > 1, det(p) = 1.

These data are realized by the family X — A given by restricting equation (3.7) to
an appropriate disc A that does not contain {0, -1, c0}. Section 3.1 shows that the
threefold X will be singular only along the four non-intersecting curves C'7, C,
C#3, and C*1. They can be resolved in the usual way to obtain the smooth model X'.
The generalized homological invariant evaluated on any loop is the identity. A cover
totally ramified over the central fibre retains the same behaviour and the same type.

4.3.2 Type I,

Data: y ¢ {0,-1,00},d > 1, det(p) = -1.
Let ¢ ¢ {0,—1, 00} be an arbitrary constant and 8 € A. These data are realized by
equation (3.5) when '(8) = s and y = (8 + ¢). Clearing denominators gives

8(87
(4.0) %w‘l +Owlyz + dwy’z+ Swyzt + x*yz = 0,
which produces a family X — A with fibre over & = 0 as displayed in Figure 3. Note
that the dotted line of A, singularities in this figure is a smooth elliptic curve in the
component {x = 0}, defined by the equation =w*> + wyz + y*z + yz* = 0.

Proposition 4.5  The threefold defined by equation (4.1) admits a crepant resolution
to a smooth threefold. The central fibre of this threefold contains 11 components that
meet normally. The generalized homological invariant evaluated on a simple closed loop
around § = 0 is conjugate to —1d. This fibre type is called 1.
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Proof Away from the points marked P and Q in Figure 3, we have smooth curves of
A; singularities that can be crepantly resolved by blowups in the usual way.

The point marked Q is the transverse intersection of three curves of A, singularities
(two in the fibre and the curve C#1). This configuration can be simultaneously resolved
by the toric method of [14, Section 1] as follows. Local analytically, Q € X has the form
0 € {stu =v*} c A*[s,t,u,v]. This corresponds to an affine toric variety with cone
generated by the rays (1,0,0), (0,1,0), (-1, -1, 2) and dual cone generated by the rays
(0,0,1), (2,0,1), (0,2,1). The singularity can be resolved by refining this dual cone
until the minimal generators of each subcone form a Z-basis for Z?, then taking the
associated toric variety. Such a refinement can be achieved by adding three additional
rays generated by (1,0,1), (0,1,1), and (1,1,1), along with three faces spanned by pairs
of these. As all rays added are generated by interior lattice points on a height 1 slice,
the resulting resolution is crepant.

The points marked P are singularities of type (4,1) that we can resolve by Lemma
4.4. The components that pass through them are the hyperplanes from this lemma, so
the resulting configuration of divisors meets normally.

The resulting threefold is smooth with trivial canonical sheaf, and its central fibre
contains 11 components that meet normally; this fibre is shown in Figure 4. We note
for future reference that the gray shaded component is elliptic ruled, but the other
components are rational. By Proposition 3.7, the generalized homological invariant
evaluated on a simple closed loop around § = 0 must be —Id. [ ]

Finally, one can check that if one pulls back X by a double cover § — 82, the
resulting threefold is non-normal along the locus {x = § = 0}. After normalizing,
the two components {y =8 =0} and {z =3 = 0} become exceptional and can be
contracted. Resolving singularities of the resulting threefold gives a family with central
fibre a smooth K3, as expected.

4.4 Fibres with y= -1

These fibres turn out to be mild degenerations of fibres of types I and Ijj, and so are
quite simple to describe. The reader may wish to compare the results in this section
with [11, Proposition 3.5], which gives an analogous description of singular fibres for
threefolds fibred by M,,-polarized K3 surfaces with n > 1.

4.4.1 Types III and I,

Data:y = -1,d > 1,det(p) = (-1)*.
These data are realized by the family X’ - A given by restricting equation (3.7) to a
small disc A containing y = —1 and its pull-back under d-fold covers.

Proposition4.6  In a neighbourhood of y = —1, after crepantly resolving the curves C;7,
C27, C%, and C™, the threefold X becomes smooth, and its singular fibre over y = —1
contains an isolated A, singularity.

If we pull-back X by a d-fold cover totally ramified over y = —1 and crepantly resolve
the curves C{¥7, C27, C43, and C™, then the singular fibre will still contain an isolated
Ay singularity, and the resulting threefold will contain an isolated terminal singularity
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that is locally analytically isomorphic to
Oe{s®+ 2 +u?+vi =0} c A'ls, t,u,v].

The generalized homological invariant evaluated on a simple closed loop around the
preimage of y = —1 is conjugate to

(-D% 0 0
0 1 0
0 0 1

This fibre type is called 111 if d is odd and 1, if d is even.

Proof 'This is an explicit computation. The statement about the generalized homo-
logical invariant of the resolution of X follows from Lemma 3.6, and its d-fold cover
is obtained by raising this matrix to the d-th power. [ ]

Remark 4.7 When d is even, one can perform a small analytic resolution of the
isolated threefold singularity to obtain a smooth K3 fibre sitting inside a smooth
threefold. This is reflected in our naming convention, which combines this case with
the smooth I case. Whether or not such a resolution exists algebraically depends upon
the global geometry of the threefold in which the fibre appears; this is a rather subtle
question that we will not address here.

4.4.2 Types III* and I;

Data: y = -1,d > 1, det(p) = (-1)%*L.

These data are realized by equation (3.5) when f3’ has a simple pole and y takes the
value -1 with order d. To construct this, for § € A, we set /(8) = 5 and y = (6% -1)
and clear denominators to give

d

(4.2) %w‘* +0wlyz + dwyz + dwyz® + x*yz =0,

which defines a family X — A. The fibre of this family over & = 0 is almost identical
to the central fibre in the I family (4.1): the only difference is that the dotted line of
A; singularities in Figure 3 is now a nodal cubic in the component {x = 0}, defined
by the equation —35w® + wyz + y*z + yz*> = 0. The node in this curve appears at the
point (w, y,z) = (-3,1,1), which is away from its intersections with the other special
curves {w =0}, {y = 0}, and {z = 0}.

Proposition 4.8  The threefold defined by equation (4.2) admits a partial crepant
resolution to a threefold with an isolated terminal singularity. This singularity appears
above the node in the cubic curve of A; singularities in the fibre over § = 0 and is locally
analytically isomorphic to

0e{s®+ 2 +v(u® +v?") =0} c A*[s, t,u,v].

Note that if d = 1, this singularity splits into a pair of isolated threefold nodes. The fibre
of this threefold over § = 0 contains 11 components that meet normally away from the
singularity. The generalized homological invariant evaluated on a simple closed loop
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around & = 0 is conjugate to

(_1)d+1 0 0

This fibre type is called III* if d is odd and 1§ if d is even.

Proof The resolution here proceeds analogously to the Ij case (Subsection 4.3.2),
with only minor adjustments to deal with the singular cubic curve; we therefore do
not reproduce it here. The form of the generalized homological invariant follows from
Proposition 3.7. [

4.5 Fibres with y=0

The reader may wish to compare the results in this section with [11, Proposition 3.7],
which gives an analogous description of singular fibres for threefolds fibred by M, -
polarized K3 surfaces with n > 1.

4.5.1 Type 1,

Data:y =0,d > 1, det(p) = 1. B
These data are realized by the family X — A given by restricting equation (3.7) to a
small disc A containing y = 0 and its pull-back under d-fold covers.

Proposition 4.9  In a neighbourhood of y = 0, the threefold X is only singular along
the four curves Ci¥7, C47, C*3, and C*1. After blowing up each curve i times, we are left
with three isolated threefold nodes, which admit a small resolution to a smooth threefold
with trivial canonical sheaf. The resulting smooth threefold has a semistable singular fibre
with three components over y = 0.

If we pull back by an d-fold cover totally ramified over y = 0, then we can crepantly
resolve all singularities to obtain a smooth threefold containing a semistable fibre with
d* + 2 components. The generalized homological invariant evaluated on a simple closed
loop around the preimage of y = 0 is conjugate to

| 4 e
2
0 1 d
0 0 1
This fibre type is called 1 ;.

Proof A version of this result, using a different birational model for the threefold,
follows from a result of Przyjalkowski [23, Corollary 4.9]. We include a proof here for
completeness.

The statement that the threefold X is only singular along the four curves C;*”, C47,
C#3, and C% is an explicit computation. The fibre over y = 0 has three components
{y =0}, {z=0},and {w? + wy + wz + x* = 0}. The curve C*" intersects the interior
of the component {w? + wy + wz + x* = 0} in an A, singularity, so this curve can be
crepantly resolved by a single blow-up. The curve C#: intersects the double curve {y =
z = 0}, and the singularity along this curve jumps to a A4 at y = 0; blowing this curve
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Figure 5: The fibre § = 0 in equation (4.3).

up three times leaves an isolated singularity at its intersection with y = 0. Similarly, the
curves Cl{” intersect the two double curves on the component {w? + wy + wz + x* =
0} and the singularities along these curves jump to Ag’s at y = 0; blowing these curves
up seven times leave isolated singularities at their intersections with y = 0. This leaves
three isolated threefold nodes, each of which lies on a double curve; these admit small
resolutions given by blowing up along components.

The statement about the covers follows immediately from [14, Proposition 1.2], and
their generalized homological invariants are given by the d-th power of the generalized
homological invariant for X;, as computed by Lemma 3.6. [ ]

4.5.2 Type I}

Data: y =0, d > 1, det(p) = -1

These data are realized by equation (3.5) when f’ has a simple pole and y vanishes
to order d. To construct this, for § € A, we set /(8) = 5 and y = 8¢ and clear
denominators to give

5d+1

(4.3) wh + owlyz + Swylz + Swyz® + x*yz = 0,
which defines a family XX — A. The central fibre § = 0 is shown in Figure 5.

Proposition4.10  The threefold defined by equation (4.3) admits a crepant resolution to
a smooth threefold. The central fibre of this threefold contains 2d* + 9d + 10 components
that meet normally. The generalized homological invariant evaluated on a simple closed
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loop around § = 0 is conjugate to

1 -4 _46D)
2

0 -1 —-d

0 0 -1

This fibre type is called I}

Proof Away from the points P, Q, R, and S, the resolution is given by blowing up the
curves of singularities. We deal with each of these points in turn.

The point Sis a transverse intersection of three curves of A; singularities, which can
be simultaneously resolved by the method of [14, Section 1]; this method is detailed in
the proof of Proposition 4.5.

The points P are singularities of type (d +1,4), and the points Q are singularities
of type (d +1,0), which we can resolve by Lemma 4.4. The components that pass
through them are the hyperplanes from this lemma, so the resulting configurations of
divisors meet normally. Each point P gives rise to (d + 3) new components, and each
point Q gives rise to (d — 1) new components, in addition to those coming from the
curves of A singularities.

The point R is much more difficult: it is an intersection between curves of types
Azqi1s Asger, and Ay, with local form

(4.4) {stu® + stv + v =0} ¢ A*[s, t,u,v].

The strategy here is to blow-up the vertical curve of type A, from Figure 5. This will
give rise to a number of new components and a new singularity of the same type. We
may then iterate the procedure inductively to resolve all of the singularities.

We first need a couple of base cases: d = 1and d = 2. After blowing up the curve of
type A4, we obtain the configurations shown in Figures 6 and 7.

In the case d = 1, after blowing up the vertical curve of type A; from Figure 5, we are
left with a horizontal curve of type A; and two curves of types A3, which are the strict
transforms of the curves of types A3 from before the blow-up, as shown in Figure 6.
These curves meet in two points, marked R’ in Figure 6, which are singularities of type
(2,0); these can be resolved by Lemma 4.4. Two of the components meeting at these
points are the hyperplanes from Lemma 4.4, and, in the notation of that lemma, the
third is the hypersurface {t = s* + uv* = 0}, so the resulting configuration of divisors
meets normally. This lemma shows that the points R” do not give rise to any additional
exceptional components, so we only obtain 1 additional component from the point R
in this case, given by blowing up the horizontal A; curve from Figure 6. The resolved
fibre is illustrated in Figure 8.

In the case d = 2, after blowing up the vertical curve of A, singularities from
Figure 5, we are left with the configuration shown in Figure 7. The points labelled
R’ are singularities of type (3,1), which we can resolve by Lemma 4.4 to give 2 new
components from each. The four components that meet at them are the four hyper-
planes from this lemma, so the resulting configuration of divisors meets normally.
All of the remaining curves resolve in the expected way. We thus obtain 7 additional
components from the point R in this case (the central triangle, two from the curves of
Ay’s, and two from each of the two points R’).
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Figure 6: Blow-up of point of type R with d = 1.

Figure 7: Blow-up of point of type R with d = 2.

Now we look at the general case d > 2. After blowing up the vertical curve of A,
singularities from Figure 5, we are left with the configuration shown in Figure 9.
In this picture, the points labelled R" are singularities of type (d +1,d —1), which
we can resolve by Lemma 4.4 to give 2d — 2 new components from each. The four
components that meet at them are the four hyperplanes from this lemma, so the
resulting configuration of divisors meets normally. The point R” is an intersection
between curves of types A,;_3, Az4-3, and A;_,, which has local form

{stu® + stv + v =0} c A*[s, t,u,v].

This is the same setting as equation (4.4), with d reduced by 2. The complete resolution
of R proceeds by induction, and we find that R gives rise to 2d* — 1 components in total.
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Figure 8: Fibre of type I}.

Ad—2
RI/

Aza-3 Aza-3

R’ R’
Addst A4 Aza

Figure 9: Blow-up of point of type R with d > 2.

After all blow-ups, we obtain a smooth threefold with trivial canonical sheaf, whose
central fibre is normal crossings and contains:

« 3 components as the strict transforms of the original 3;
« 5d + 4 components from the curves of A singularities;
o 2(d + 3) components from the points P;

o 2(d - 1) components from the points Q;

« 2d* — 1 components from the point R.
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Summing up, we obtain 2d* + 91 +10 components. The form of the generalized
homological invariant evaluated around a closed loop follows from Proposition 3.7. m

Finally, it can be checked that after pulling a fibre of type I’} back by a double cover
ramified at § = 0, normalizing, and contracting exceptional components, one obtains
a fibre of type 1,4, as expected.

4.6 Fibres with y=o0

The most difficult fibres occur over y = co. The reader may wish to compare the results
in this section with [11, Proposition 3.8], which gives an analogous description of
singular fibres for threefolds fibred by M,,-polarized K3 surfaces with n > 1.

4.6.1 Types II*, IV, I

Data: y = oo, d € {1,2,3}, det(p) = (-1)%.

These data are most easily realized by the family X — A given by restricting
equation (3.7) to asmall disc A containing y = oo and its pull-back under d-fold covers.
However, we instead consider a more general family X — A defined by

1
(4.5) {2714/4 + 0 w2 yz + 8%wyPz + 8wyz® + 8xPyz = 0} cP[w,x,y,z] x A,

where k > 0 and d € {1,2,3}. Note that if k = 0, this family is obtained from equation
(3.7) by setting y = Tld’ then clearing denominators, but if k > 0, it is not in one of
our standard forms. The choice of a family that is not in Weierstrass form may seem
unexpected, but we will require the extra generality in order to complete an induction

argument for d > 3 in Section 4.6.3.

Proposition 4.11 ~ Consider the threefold 7w: X — A defined by equation (4.5). For any
k > 0, after resolving the singularities of X, we can perform a birational modification,
affecting only the fibre over § = 0, so that the resulting threefold is smooth and has trivial
canonical sheaf. In the cases where d =1, 2, or 3, the resulting fibre contains 53, 22,
or 11 components, respectively, and these components meet normally. The generalized
homological invariant evaluated on a simple closed loop around & = 0 is conjugate to

(D¢ 0 0
0 ot o0 |,
0 0 w

where w is a primitive sixth root of unity. For d =1, 2, and 3, the resulting fibre type is
called I1*, IV*, or I, respectively.

Remark 4.12 'We note that descriptions of the singular fibres for d =1,2 have
previously appeared in work of Przyjalkowski [24, Theorem 22, cases X,and Vi],
albeit using a somewhat different family over A, and explicit computations of the fibre
in the case d =1 have appeared in work of Iliev, Katzarkov, and Przyjalkowski [16,
Section 5.3].
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Figure 10: Partial resolution of fibre 7 (0) in case d = 1 of Proposition 4.11.

Proof of Proposition 4.11 We begin with the case d = 1. After blowing up the fibre
over 0 = 0 four times in the fourfold ambient space we obtain the configuration shown
in Figure 10.

In this figure, the points P; are singularities of type (m, n), which we can resolve
by Lemma 4.4. The point P; has (m,n) = (2,1); P, has (m,n) = (3,2), and P; has
(m,n) = (4,3). The four components that meet at them are the four hyperplanes from
this lemma, so the resulting configuration of divisors meets normally. We obtain one
new component from each P;, three new components from each P,, and five new
components from each P;. The resulting fibre of type II* is shown in Figure 11.

In the case d = 2, the threefold X is non-normal along its fibre over § = 0. After
blowing up this fibre twice in the ambient space, we obtain a normal threefold, with
fibre over § = 0 as shown in Figure 12. The points labelled P are singularities of type
(4,2), which we can resolve by Lemma 4.4. The four components that meet at these
points are the four hyperplanes from this lemma, so the resulting configuration of
divisors meets normally. The points labelled Q are singularities of type (2, 0), which do
not give rise to any new components on resolution. The resolution proceeds similarly
to the d =1 case; the result is a normal-crossings fibre of type IV*, shown in Figure 13.

Finally, in the case d = 3, the threefold X is again non-normal along its fibre over
0. This time, we perform a change of coordinates w — dw; this is an isomorphism
on a general fibre and performs a birational modification on the fibre over ¢ = 0. The
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1 2 |1 1
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Figure 11: Fibre of type I1*.

Figure 12: Partial resolution of fibre 77" (0) in case d = 2 of Proposition 4.11.

resulting family is given by

2—7w4 + 85202 yz + SwyPz + Owyz? + x2yz = 0.

The central fibre in this family is identical to that in the family given by equation (4.1)

(see Figure 3) and resolves in the same way; the resulting fibre of type I is shown in
Figure 4. u
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1 2 1
3
1 1
2 2
112 211
1 2 1
1 1

Figure 13: Fibre of type IV*.

4.6.2 TypesII, 1V, I,

Data: y = oo, d € {1,2,3}, det(p) = (-1)9*L.

These data can be realized by equation (3.5) when f’ has a simple pole and y has
a pole of order d. However, as in the previous section, we consider the more general
family X — A defined by the equation

(4.6)

1
{27w4 + 01 w2 yz + 8wyl z + 8wyz? + 84 IxPyz = 0} cP*[w,x,y,2] x A,

where k > 0 and d € {1,2,3}. Note that if k = 0, this family is obtained from equation
(3.5) by setting 8’ = 5 and y = 57, then clearing denominators, but if k > 0, it is not in
the form of equation (3.5).

Proposition 4.13  Consider the threefold X — A defined by equation (4.6). For any
k > 0, after resolving the singularities of X, we can perform a birational modification,
affecting only the fibre over § = 0, so that the resulting threefold is smooth and has
trivial canonical sheaf. In the cases where d =1 or 2, the resulting fibre contains 6 or
3 components, respectively, but does not have normal crossings. In the case d = 3, the
resulting fibre is a smooth M-polarized K3 surface given as the minimal resolution of

1
{27w4 +wylz+wyz® + xPyz = O} c PYw, x, y,2].
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P Al P

Figure 14: Partial resolution of fibre 77" (0) in case d = 1 of Proposition 4.13.

The generalized homological invariant evaluated on a simple closed loop around § = 0
is conjugate to

(_1)d+1 0 0
0 —04 0 |,
0 0 -w

where w is a primitive sixth root of unity. For d =1, 2, and 3, the resulting fibre type is
called IV, 11, or Iy respectively.

Proof In the case d = 1, the central fibre 7' (0) consists of a single component that
contains a curve of A; singularities, as shown in Figure 14. The two points labelled
P are singularities of type (4,0), but the component of the central fibre is not one
of the hyperplanes from Lemma 4.4. Thus, rather than using this lemma, we resolve
directly by first blowing up the curve of A, singularities, which gives three new
components, then blowing up again along the two curves of A, singularities that result.
The resulting fibre of type IV has six components and is shown in Figure 15. Note that
these components do not all meet normally: the bold line labelled T is a line of triple
points given locally as the intersection of the curves {s* + t* = 0} (corresponding
to the upper component) and {t = 0} (corresponding to the lower component) in
A?[s, t].

In the case d = 2, we perform a change of coordinates w — dw and x ~ dx; this is
an isomorphism on a general fibre and performs a birational modification on the fibre
over § = 0.The resulting family is given by

6k+1

)
—w* + 8 Wryz s wytz + wyzt + x%yz = 0.

27
This family is singular only along the curves C{7, C27, C43, and C*1, and its central
fibre & = 0 consists of three components {y =0}, {z =0}, and {wy + wz + x* = 0}.
This fibre is shown in Figure 16. Note that the three components meet normally except
at the point T = {x = y = z = 0}, but this point is not a singular point of the threefold.
Resolving the four curves C;7, C47, C43, and C*1, we obtain a family whose central
fibre is of type II: it contains three components, given by the transforms of the three
components above.
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Figure 15: Fibre of type IV.

wy+wz+x2 =0

Figure 16: Fibre of type II.

Finally, in the case d = 3, we again perform a change of coordinates w — dw and
x + 0x. The resulting family is given by

1
—wh + "M W yz + wylz + wyz + xlyz = 0.

27

This family is singular only along the curves C/7, C47, C43, and C*1, and its central
fibre & = 0 consists of a single component with equation

1
2—7w4 + wyzz + wyz2 + xzyz =0.
After resolving, it is a smooth K3 surface. |

4.6.3 Modularity

Data: y = oo, d > 1, det(p) = =1
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Propositions 4.11 and 4.13 give a description of all singular fibres with y = co and
d = {1,2,3}. It remains to show that these are the only possibilities and to characterize
when they appear.

All possible combinations of data in the y = co case are realized by either taking
y = Tld in equation (3.7) and clearing denominators, to get

1
(4.7) Ew‘l + 8wl yz + 8%wyPz + 8wy + 6%x%yz = 0,
or by taking 8’ = % and y = 5% in equation (3.5) and clearing denominators, to get
1
(4.8) Ew‘l +8%wlyz + 8%wytz + 6%wyzt + 87 kP yz = 0.

Proposition 4.14  Consider the threefolds 7:X — A defined by equations (4.7) and
(4.8). After resolving the singularities of X, we can perform a birational modification,
affecting only the fibre over § = 0, so that the resulting threefold is smooth and has trivial
canonical sheaf. The resulting fibres are given in the following table, where all values of
d > 1 are taken modulo 6. Descriptions of these fibres may be found in Propositions 4.11
and 4.13.

d(mod6) |0 1] 2 [3] 4] 5
equation (4.7) | Iy | II" | IV* | I§ | IV | 1T
equation (4.8) | Iy | IV | 1T | I, | II* | IV”

Proof Observe that equations (4.7) and (4.8) are the k = 0 cases of equations (4.5)
and (4.6). We proceed by an induction argument, based on two reduction steps.

Step I: Start with a threefold given by (4.5):
8d+k

1
—wh 4 8T Wl yz + 8wyt + 8%wyZ? + 89xPyz = 0.

27
Perform a Dbirational modification w+~ dw. The resulting family is
given by

8d_3 6d_4 2

1
—wt + 82022 4 893wz + wyzt + x“yz=0.

27
This is an equation of the form (4.6), withd — d -3 and k — k + 1.
Step 2: Start with a threefold given by (4.6):

1
EW4 + 01 w2 yz + 80wz + 8wyz? + 64k yz = 0.
Perform a birational modification w +— dw and x ~— dx. The resulting family is given

by

1
Ew“ + 81K 22 02 4 893wy 2 + 89wy + 893X yz = 0.
This is an equation of the form (4.5), withd —» d -3 and k — k + 1.
Induction: Given a family in one of the forms (4.5) or (4.6), alternately perform
reduction steps 1 and 2, above. Each step is an isomorphism on a general fibre and
performs a birational modification on the fibre over ¢ = 0, with the result of reducing
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d by 3 and increasing k by 1. Simply repeat until 1 < d < 3, then conclude by applying
Propositions 4.11 and 4.13.

It remains to check the generalized homological invariants of the resulting fibres
have the correct forms: this follows from Proposition 3.7. ]

5 Minimal Form and Invariants
5.1 Minimal Form

We now return to threefolds fibred non-isotrivially by M;-polarized K3 surfaces over
an arbitrary 1-dimensional complex manifold B.

Definition 5.1 A threefold fibred non-isotrivially by M;-polarized K3 surfaces
m: X — B is said to be in minimal form if the singularities of X are at worst terminal,
and the canonical sheaf of X is trivial in a neighbourhood of any fibre.

The results of the previous sections can be summarized by the following theorem.

Theorem 5.2 Every threefold m: X — B fibred non-isotrivially by M;-polarized K3
surfaces is birational over B to a threefold n': X' — B in minimal form. Moreover, such
a minimal form X' is unique up to birational maps over B that are isomorphisms in
codimension 1, and the singular fibres of X' are classified by Table 1.

Proof By Theorem 3.8, we can find a Weierstrass model 77: X — B for 71: X — B. After
performing a minimal resolution of 77: X — B, Theorem 4.1 says that we can perform
further birational modifications, which affect only the singular fibres, to obtain a
minimal form 7n": X" — B, as required. By [17, Proposition 3.54], the conditions on
singularities, and the canonical sheaf imply that any two such minimal forms must be
isomorphic in codimension 1. [

The remainder of this paper will be devoted to studying the properties of such
minimal forms. We begin with a sufficient condition for a minimal form to be smooth.

Proposition 5.3  Let m: X — B be a threefold fibred non-isotrivially by M-polarized
K3 surfaces in minimal form. Suppose that all fibres in X with generalized functional
invariant y = -1 have type 111 with d =1. Then X is birational to a smooth threefold
n': X" - B fibred non-isotrivially by M-polarized K3 surfaces in minimal form.

Proof Letm: X — Bbeathreefold satisfying the conditions of the theorem. The local
analysis of the singular fibres in Section 4 shows that, after possibly performing a
birational modification affecting only the singular fibres, we can assume that X is
smooth apart from some isolated terminal singularities occurring over points in B
with y = -1 as described in Propositions 4.6 and 4.8. But these singular cases are
excluded by the assumptions on X. ]

Remark 5.4  The proposition above gives a sufficient condition for smoothness.
The question of whether this condition is necessary is likely to be quite subtle; see
Remark 4.7.
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5.2 A Canonical Bundle Formula

Our next goal is a formula for the canonical divisor. The reader may wish to compare
[10, Proposition 2.4] and its generalization [11, Theorem 4.1], which give conditions
for triviality of the canonical bundle of a threefold fibred by M, -polarized K3 surfaces
with n > 1.

Proposition 5.5 Let m: X — B be a threefold fibred non-isotrivially by M,-polarized K3
surfaces in minimal form over a compact curve B, with extended generalized functional
invariant g: B — My, = P. Then the canonical divisor of X is given by

1
Ky = n*(KB +—L+ ) SPP),

PeB

where L is a divisor in the linear system g*O(1), and Sp is the number from the final
column of Table 1 corresponding to the type of the fibre i~ (P).

Proof This follows from a minor modification of Fujinos and Mori’s canonical
bundle formula for K3 fibrations [15, Theorem 1.2 and Corollary 1.3]. According to
these results, a general formula for the canonical sheaf of a K3-fibred threefold is
given by

1
Ky = n*(KB +—L+) SPP) +D.
a PeB

The terms appearing in this formula are as follows.

o Lisadivisor in the linear system g*O(1).

o a = kn is the product of the dimension n of the moduli space and the weight k
of the automorphic forms that provide an embedding of the Baily-Borel-Satake
compactification of this moduli space into a projective space. In our case, n = 1 and
k = 6, as My, is the classical modular curve H/PSL(2,Z).

« Disan effective Q-divisor that satisfies 7, Ox (|iD]) = Op forall i > 0. The assump-
tion on the canonical sheaf in the definition of minimal form ensures that D is trivial
in our case.

o Sp =1- tp, where tp is the log canonical threshold of * P with respect to (X, -D)
[15, Definition 3.5].

It thus remains to compute the values of the log canonical thresholds ¢p. These
can be computed on an open neighbourhood of each fibre and do not depend on
the birational model of the fibre that we choose, so it suffices to compute them for
the explicit fibres studied in Section 4. If the support of the fibre in question is
simple normal crossings, then tp = -, where mp is the multiplicity of the highest
multiplicity component; this holds in all cases except II, IV, and when y = —1. In the
remaining cases, the log canonical thresholds can be computed by proceeding to a
log resolution of the pair (X, 7* P); such a resolution can be achieved by at most two
blow-ups. [ ]
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5.3 Betti Numbers

We conclude by computing the Betti numbers of our threefolds. Note that all of the
results in this section require the threefold X to be smooth; a sufficient condition for
smoothness is given by Proposition 5.3.

Since X is connected, we have by(X) =1, and Poincaré duality gives by (X) =
be_x(X) for all 0 < k < 6. The interesting Betti numbers are therefore by (X), b, (X),
and b3 (). We begin with the first Betti number.

Proposition 5.6  Let m:X — B be a smooth threefold fibred non-isotrivially by M-
polarized K3 surfaces in minimal form over a compact curve B. Then

by (X) = 2g(B).

Proof We follow the method of [10, Proposition 2.7]. Via the Hodge decomposition,
it suffices to show that h'(X, Ox) = g(B). This will follow from the Leray spectral
sequence for m:X — B if we can show that R'm,Ox = 0. By Proposition 5.5, the
canonical divisor of X is the pull-back of a Q-Cartier Q-divisor from B, so Kollar’s
torsion-freeness theorem [18, Theorem 10.19] gives that R'7, O is torsion-free. But
H'(X,,0x,) = 0 for a general fibre X, of X, so R'7, Ox also has trivial generic fibre.
We therefore obtain R'7r, O« = 0, as required. ]

The second Betti number follows from an application of [10, Lemma 3.2] (repro-
duced in the appendix as Lemma A.1). The reader may wish to compare [10, Proposi-
tion 3.5] and its generalization [11, Proposition 4.3], which compute the second Betti
numbers of Calabi-Yau threefolds fibred by M,,-polarized K3 surfaces with n > 1.

Proposition 5.7  Let m: X — B be a smooth threefold fibred non-isotrivially by M-
polarized K3 surfaces in minimal form over a compact curve B. Then

by(X) =20+ ) (Cp-1)

PeB

where Cp is the number of irreducible components in the fibre n'(P) (which can be
read off from the fourth column of Table 1).

Proof This is a direct application of [10, Lemma 3.2] (see Lemma A.1). [ |

The third Betti number is much more problematic; we present only a partial result.
We begin by proving a mild generalization of [10, Lemma 3.4] (reproduced in the
appendix as Lemma A.2) to deal with the fact that several of our singular fibres are
not normal crossings.

Lemma 5.8 Let m: X — B be a smooth projective threefold fibred by K3 surfaces over
a smooth compact curve B. Let U c B denote the open set over which the fibres of i are
smooth, let nV denote the restriction of 7 to U, and let i:U — B denote the inclusion.
Suppose that X admits a resolution X — X, so that every fibre of X is either

(i) a K3 surface with at worst ADE singularities, or
(i) a normal crossings union of smooth surfaces S; with H*(S;,C) = 0.

Then b3(X) = h'(B, i.R?7YC).
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Proof [10, Lemma 3.4] corresponds to the statement above with X = X; see Lemma
A.2. The proof of our result is almost identical to that one, so we skim most of the
details and highlight only the important differences.

The Leray spectral sequence gives a decomposition

b3(X) = h°(B,R*7,C) + h'(B,R*n,.C) + h*(B,R' 7, C).

To compute the terms in this decomposition, take cohomology of the following short
exact sequence, which exists for each n by [30, Proposition 15.12],

0— 8, — R"1.C — i,R"7YC — 0;

here, 8, is a skyscraper sheaf supported on B\U. Using this sequence and standard
results about cohomological vanishing, our statement reduces to showing that for
every point p € B\U, the cohomology H(U,, 83) is trivial, where U, is the preimage
in X of a small open disc containing p.

The proof that H’(U,,83) =0 for fibres X, = n7'(p) satisfying case (i) of the
lemma follows from the Clemens contraction theorem. We can therefore restrict our
attention to fibres X, satisfying case (ii).

When X = X, as in [10, Lemma 3.4], it follows from a result of Zucker [30, Section
15] that for any fibre X, satisfying case (ii),

H°(U,,83) =im (¢p: H*(Xa,,0Xa,) — H>(X,)),

where ¢, is a morphism of mixed Hodge structures, and X4, is the preimage in X of a
small closed disc A, containing p. To generalize to our setting, it suffices to note that,

by [30, Section 15] again, for any resolution X — X, we have an inclusion
HO(Up,53) cim ($P:H3(%AP’ E)DNCAP) g H3(va))

The proof then concludes as in [10, Lemma 3.4]. Results from [30, Section 15]
about the mixed Hodge structure on H> (X, > 0Xa ,) force im(¢,) to lie inside the
third weight graded piece Grs' (H*(X,)), which can be computed using the Mayer-
Vietoris spectral sequence. This computation shows that the assumption H*(S;,C) =
0 forces Gry' (H*(X,)) to be trivial. Thus, H(U,, 83) is also trivial, completing the
proof. [ ]

Using this lemma, with some mild assumptions on the singular fibres to ensure that
the relevant cohomological vanishing occurs, we can give a simple closed expression
for the third Betti number. The reader may wish to compare [10, Proposition 3.8]
and its generalization [11, Proposition 4.4], which compute the third Betti numbers
of Calabi-Yau threefolds fibred by M, -polarized K3 surfaces with n > 1.

Proposition 5.9  Let m:X — B be a smooth threefold fibred non-isotrivially by M-
polarized K3 surfaces in minimal form over a compact curve B and assume further that
X does not contain any singular fibres of type I with y # —1. Then

b3(X) = 6(g(B) ~1) + > Rp,

PeB
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where Rp is the number from the seventh column of Table 1 corresponding to the type of
the fibre 17! (P).

Proof We wish to apply Lemma 5.8, but in order to do this, we first need to check
that the assumptions of that lemma hold. This is the case for most singular fibre types:
all loci where these fibres have worse than normal crossings can be resolved by at most
two blow-ups, and all components in the resulting resolved fibres are rational. The only
problematic fibres are those of type I with y # —1, which contain a component S that
is ruled over a smooth elliptic curve (this is the gray shaded component in Figure 4).
This component has h*(S,C) = 2, so the condition H*(S;,C) = 0 does not hold; we
therefore exclude such fibres by assumption.

Now let U c B denote the open set over which the fibres of 7 are smooth M;-
polarized K3 surfaces, let 7V: XV — U denote the restriction of 77 to U, and let i: U =
B denote the inclusion. By Lemma 5.8, we have b3(X) = h'(B, i,R*nYC). We can
decompose

RrlQ=(Ns(x") @ T(XY)) ® Q

into a direct sum of two irreducible Q-local systems, where T(XV) is the tran-
scendental variation of Hodge structure associated with XY, and N§(XY) can be
interpreted as those classes that lie in NS(X,) for all fibres X, of XY. Moreover,
the M,-polarization forces NS§(XY) to be a trivial local system, which has no higher
cohomology, so we obtain

h'(B,i.R*n)Q) = h'(B,i,T(XY) ® Q).

The rank of this last cohomology group can be computed using a variation on
Poincaré’s formula in classical topology, due to del Angel, Miiller-Stach, van Straten,
and Zuo [6]. In general, let V be a Q-local system on U and let B\U = {P,, ..., P, }.
Let 0; denote the monodromy transformation on a general fibre Vp of V associated
with a simple closed counterclockwise loop around P;. Then define

R(P;) = rank(Vp) — rank(V%}),
where V7' is the subspace of elements of Vp that are fixed by y;. With this notation,
[6, Proposition 3.6] gives
h'(B,i,V) =2(g(B) - 1) rank(V) - > R(P;).
i=1

The result follows by applying this result to the local system T(XY), noting that
rank(T(XY)) = 3, and the local monodromy matrices are those appearing in the fifth
column of Table 1. ]

Appendix A Prior Results on Betti Numbers of Threefolds
Fibred by K3 Surfaces

For completeness, in this appendix we reproduce two results from [10] that compute
Betti numbers of threefolds fibred by K3 surfaces. These results are used in the proofs
of Proposition 5.7 and Lemma 5.8.
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Both results hold in the following general setting. 71: X — B is a smooth projective
threefold fibred by K3 surfaces over a compact curve B. The fibre of X over p € B is
denoted X,,. Denote by i: U <> B the open set over which X is smooth and the fibres of
7 are smooth K3 surfaces, along with its natural embedding into B, and let 7V: XY —
U denote the restriction of 7 to U.

Lemma A.1 ([10, Lemma 3.2]) For any p € B, let C,, denote the number of irreducible
components of the fibre X,. Let py, be the rank of the subgroup of H*(X,, C), for p € U,
that is fixed by the action of monodromy. Then we have

bz(:X:) = b4(X) :1+ph + Z(CP - 1)

peB
Lemma A.2 ([10, Lemma 3.4])  Suppose that every fibre X,, is either:

(i) a K3 surface with at worst ADE singularities, or
(ii) a normal crossings union of smooth surfaces S; with H>(S;,C) = 0.

Then b3(X) = h'(B, i, R*7YC).
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