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We discuss the existence, nonexistence and multiplicity of solutions for a class of
elliptic equations in the unit ball with zero Dirichlet boundary conditions involving
nonlinearities with supercritical growth. By using Pohozaev type identity we prove a
nonexistence result for a class of supercritical problems with variable exponent
which allow us to complement the analysis developed in (Calc. Var. (2016) 55:83).
Moreover, we establish existence results of positive solutions for semilinear elliptic
equations involving nonlinearities which are subcritical at infinity just in a part of
the domain, and can be supercritical in a suitable sense.
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1. Introduction

Let © be a smooth domain in RY, N > 3. In the theory of semilinear elliptic equa-
tions, the phenomena of subcritical and critical growth in the nonlinearity are well
known. For instance, the simplest model correspond to

—Au=uP in (),
u>0 in Q, (1.1)
u=20 on 012,

where existence results were obtained for the subcritical case 1 <p < 2* —1=
(N 4 2)/(N — 2) (see for instance [1]) when € is bounded, while for the supercritical
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case p > 2* — 1, in the classical work due to Pohozaev [7], it was proven that no pos-
itive solutions exist for (1.1) when Q # RY and is strictly star-shaped. After that,
existence issues about critical problems have been the focus of an active research
area. For instance, Brezis and Nirenberg [3] showed that the nonexistence of solu-
tion may be reverted by adding a linear perturbation to the critical nonlinearity,
while Ambrosetti et al. [2] showed existence of solutions for a problem involving a
critical power perturbed by a concave nonlinearity. For more results related with

this class of problems, the reader can see [4, 5].

1.1. Supercritical elliptic problems

Our approach in this paper allow us to study elliptic equations with variable

exponent, for instance,

—Au=uP") in By,
u >0 in Bl,
u=20 on 0By,

(1.2)

where Bj is the unit ball centred at the origin, » = |z| and p(r) is a differentiable
function in [0, 1]. Observe that, as a consequence of the previous comments involving

the Pohozaev identity, it is natural to conjecture the following:

Problem (1.2) does not have any solution as p(r) > 2% — 1.

Surprisingly, this conjecture is false due to theorem 1.5 in [6], where it was proved

existence by considering the following increasing function

p(r) =2"—14+r% with 0 < a <min{N/2, N — 2}.

However, we have proved here that the conjecture holds for the class of nonincreas-
ing supercritical variable powers p(r). This will be a consequence of the following

Pohozaev type identity.

THEOREM 1.1. Let u € H(%,rad(Bl) be a solution of problem (1.2). Then u satisfies

1/ |Vu|?ov do :/ < A G 2)> uP(r)+1
2 OB B1 p(?ﬂ) + 1 2

P AG U
LAV (peP™MF 1) g
p(r) + 1)? (tn ) =

where v denotes the unit outward normal to OB;.

+

As a consequence, we have the following nonexistence result.

THEOREM 1.2. Suppose that p(r) is a mnonincreasing function
p(r) = 2* — 1. Then problem (1.2) has no weak solution in Hol,rad(Bl)'

Because of theorem 1.2, a natural question arises: does problem (1.

nonradial weak solution in the case p(r) > 2* — 17
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Our second goal in this paper is to investigate the existence of positive radial
solution for the following class of problems

—Au= f(r,u) in B,
u>0 in By, (P)
u=20 on 0B,

where the nonlinear term f : [0,1] x R — R is a continuous function satisfying the
following conditions:

(f1) There exists 1 < p < 2* — 1 such that

T, S
lim sup M < 400,
s—4oo sP
r—0

where 2* = 2N/(N — 2) is the critical Sobolev exponent.

(f2) lim @ = 0 uniformly in r € [0, 1].

s—0

(f3) There exists 6 > 2 and sp > 0 such that
0<0F(r,s):= 9/ flrt)dt < sf(r,s), Vre|0,1] and s> sq.
0

Note that (f1) is a new notion of subcritical growth at infinity, since the non-
linear term must be subcritical only in a neighbourhood of the origin, and note
also that f(r,u) may have supercritical growth at infinity in another subset of
(0,1). Nevertheless, we can directly associate a well-defined energy functional,
without a truncation argument, which is the usual technique in order to apply
variational methods for problems involving nonlinearities with the lack of subcrit-
ical growth. Assumptions (f2)—(fs) are the usual superlinearity condition at zero
and the classical Ambrosetti—-Rabinowitz, respectively. Now let us precisely state
our existence result which is more in line with the classical work due to Ambrosetti
and Rabinowitz [1], where subcritical behaviour was assumed in the whole domain.

THEOREM 1.3. Suppose that (f1)—(f3) holds. Then problem (P) has a nontrivial
radial weak solution.

As an application of theorem 1.3, we can obtain a nontrivial positive solution of
problem (1.2) when p(r) > 1.

1.2. Supercritical concave and convex problems

Our third target in this work is to analyse multiplicity results for supercritical
problems in the presence of a concave perturbation. Indeed, we will consider the
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following two classes of concave and convex nonlinearities:

f(r,s)+ Aa(r)u? with 0<q<1. (1.3)
K(r)ul™  where ¢(0) <1< q(1). (1.4)

We will show that when we introduce a concave perturbation in the nonlinearity
f(r,u) of type (1.3), it produces some effect in the multiplicity of solutions. Note
that, in this case, the nonlinearity is concave—convex in the same subset of the
domain.

THEOREM 1.4. Suppose that (f1)—(f3) holds. Then there exists Ag > 0 such that for
all X € (0,A¢) problem

—Au= f(r,u) + Aa(r)u? in By,
u>0 in By, ©)
u=>0 on 0B,

where 0 < g < 1 and a(r) is a continuous satisfying a(rg) > 0, for some ro € [0, 1]
possesses at least two nontrivial radial weak solutions.

The above result is more in line with the famous Ambrosetti—Brezis—Cerami prob-
lem studied in [2] where a concave perturbation of the critical power was considered.
Now, we state the following nonexistence result corresponding to problem (C) by
considering concave—convex nonlinearities of the first type.

THEOREM 1.5. Assume that (f1)—(f3). Then there exists Ao such that problem (C)
has no radial weak solutions for any A > .

Our second type of concave—convex nonlinearity of type (1.4) is concave in a
subset of the domain and convex in another. In order to generalize this kind of
nonlinearity, we consider the problem

—Au=Af(r,u) in By,
u>0 in By, (D)
u=20 on 0B,

where f(r, s) satisfies

(f4) There exist 0 <7 <1, 50 >0,0>2and 0 < g <1 such that for all s > s
we have

OF(r,s) —sf(r,s) < c1s?, forall r € [0,71]
and

OF(r,s) —sf(r,s) <0, forall e [ry,1].
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(f5) There exist 0 < g < 1 such that

lim sup L’,S) < 400, uniformly in s
r—0+ 51
and

.. F(rs)

0< hISIl_}OHf A
rT—

(f6) There exist p > 1 such that
lim sup M < 400
5—0 Sp
r—1

(f7) For all [a,b] C (0,1) there exists [ > 1 such that

lim sup f(r; )
s—0 S

< 400, uniformly in r € [a,b].

A basic model verifying all the above hypotheses (f1)—(f7) is given by

—Au = MK (r)ud") in By,
u >0 in B17 (15)
u=~0 on 0B,

where ¢ is a increasing function with ¢(0) <1 < ¢(1), ¢(r1) =1 and K is a con-
tinuous function satisfying K(0), K(1) > 0 and K(r1) < 0. It is worth mentioning
that a main feature of problem (1.5) is the presence of the interphase ¢(r1) =1
for some r1 € (0, 1). This fact raises technical problems in several key points of our
variational approach, for instance, the validity of Palais—Smale condition. Note that
f(r,u) = K(r)u?") is a concave function for r € (0,¢) and it is a convex function
for r € (1 —¢,1) for € > 0 small enough. Now let us state our last result.

THEOREM 1.6. Suppose that (f1)—(f7) holds. Then, there exists Ay > 0 such that for
all X € (0,Ay), problem (D) possesses at least two nontrivial radial weak solutions.

The paper is structured as follows: In §2, we prove a Pohozaev-type identity and
our nonexistence result. In § 3, we show the variational structure needed to apply
the min—-max methods for our supercritical problems and the proof of theorem 1.3.
Section 4 is dedicated to prove theorems 1.4, 1.5 and 1.6 related with the concave—
convex problems.

2. Pohozaev-type identity and nonexistence result

Here we present a Pohozaev identity for a class of nonlinear elliptic problems involv-
ing variable exponent. As a consequence of this identity, we prove the nonexistence

of positive solutions to semilinear problems with supercritical nonlinearities in a
ball.
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Proof of theorem 1.1. Let u € H&,rad(Bl) be a solution of problem (1.2). Observe
that

rp/ (r)u !
(p(r) +1)*

zuP(r)+1 NuPO+L p! (P)uP(+ 1 Iny
di = + + (z, Vu)uP™) —
v (Ser) = et T T

and

2 _
(x, Vu)Au = div ((x,Vu)Vu - sc|V2u| ) + N2 2|Vu|2.

Multiplying the equation (1.2) by (z, Vu) and integrating by parts we obtain

o|Vul? JUP(THT
V)V — ¥ d
I A ol

Nup(r)+1 frp/(/r)up(r)+1
= — 5 dx
B, p(r)+1  (p(r)+1)
/ p(r)+1 _ 2
+/ rp’ (r)u Inu (N —2)|Vyl do.
B, p(r)+1 2

Since v = 0 on 0By and Vu = (Vu,v)r we have

1 N (N —2)
— Vul?ovde = / < — ) uP (M) +1
2 /831 Vel B, \p(r) +1 2

rp! (r)uPm+! .
W (lnup( ) — 1) d$7

and we finish the proof. O

Proof of theorem 1.2. We can use the identity in theorem 1.1 to obtain

1 N
o [ Y ety SO 1)
o Lp(r)+1 2 (p(r) + 1)

Observe that the function s — s(Ilns — 1) is bounded from below. Thus, since p(r) >
2* — 1 and p(r) is nonincreasing we have

0< ‘/01 Md - / <p<:>N+ 1)/ - %N:l @

1 LopN-1
:7*N/7<07
p(1) +1 o p(r)+1

which is a contradiction and we finish the proof. O
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3. Problem (P)
3.1. Variational background for problem (P)

Assumption (f1) implies that there exist constants p € (0,1) and Cy, Cy > 0 such
that

[f(r,s)| < Cils]P +Coy V¥ (r,s) € (0,p) xR. (3.1)

The inequality (3.1) is a subcriticality condition just around a neighbourhood of
the origin. It is easy to see that using assumption (f2) we have

. F(r,s)
21_1% = = 0. (3.2)
Hereafter, for each u € Hg ,,q(B1) we denote lullzz By = [lul|. We are going to

use the following version of the radial lemma (see [8]).
LeEMmMA 3.1 Radial Lemma. Ifu € H&7rad(B1), then

(1 —r)/2
lu(r)] < HUHW-

Proof. Assume that uw € C°(By) is radial, since u(r)= [/ u/(s)ds, by using
Cauchy—Schwartz inequality we have

1
</

(N-1)/2 i AN
< Jlull - 111/ 22ty = l[ull (N_Q)

1

1oy o(N=1)/2
u'(s)s N1 ds

1 _a1/2
= |lu ||\/72 273 (A+r)Q+r+-+rV3)
(1—r)2
< ull—x=—,
T o2
which finishes the proof. U

We employ variational methods in order to prove the existence of solutions. Our
next lemma shows that the energy functional for problem (P) J : H&)wd(Bl) —R
given by

1
J(u) = f/ |Vu|? dz — F(r,u)dex
2 Bl Bl
is well-defined and of class C'', which brought some complication since the nonlinear
term is not necessarily subcritical.

LEMMA 3.2. Under our assumptions, the associated enerqy functional J is well-
defined in Hj ,q(B1) and belongs to class C".
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Proof. First we will prove that J is well-defined in HOl,rad(Bl)' Indeed,

1
/ F(r,u) d:c:C/ F(r,u)r™~tdr
By 0

P 1
= C/ F(r,u)r™ ! dr+C/ F(r,u)r™ 1 dr.
0 P

Note that the assumption (f;) implies that there exist constants Cs, Cy > 0 such
that

|F(r,u)| < CalulPT™ +Cyy 0<r < p.
Then, by Sobolev embedding,

P P
/ E(r, U)T‘N_l dr| < Cg/ |u|p+1rN_1 dr
0 0

< CsllulP*
On the other hand, using Radial lemma 3.1,
()| < Cyllull, ¥p<r<1.
Since F(r,s) is continuous in [p, 1] x [=C,||lul, C,||ull], we obtain that F(-,u(-)) €
L>[p,1]. Thus [, F(r,u)dz is well-defined. To conclude we need to prove that
I(u) := F(r,u)dx
B
belongs to class C!'. The Gateaux derivative of functional I is given by
(Lu,v) == f(ryu)vde, Vu,ve€ H&,rad(Bl) (3.3)
By
In fact, we need to prove that

I(u+tv) — I(u) F(ryu+tv) — F(r,u)

lim = lim dx
t—0 t t—0 B t
= flr,u)vde.
By

Using the Mean Value Theorem, we have

F(ryu+tv) — F(r,u)
t

dz = f(r,u+tyv)v

Note that if r € (0, p) we can estimate

[f(r,u+ tzv)o] < (Clu(z) + tzv()]” + C)v(z) < (C (Ju(@)] + [v(@))" + C) Jo(@)]
and if r € [p, 1], using the Radial Lemma we obtain

[ (ru(z) + too(x))v(@)| < M, Vrelp,1].
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Hence
[f(rou+tzv)o] < C (Ju(@)| + |v(2)])? [v(@)| + M,, Vre(0,1).

Note that the constant M, also depends on ||u|| and ||v||. To complete it is sufficient
to prove that L defined in (3.3) is continuous in H&rad (B1). Assume that u, — u
in Hj ,4(B1) and consider

(L (un —u),v)| =

/B (F(run) — ) o], ve HLu(By).

Note that ||u,| < C and by using equation (3.1) and Radial lemma 3.1 we have

TR A
Thus,
[ (r;un(2))] < Clun(@)|” + My, Vr€0,1]
and
[(L(un —w), 0)| < f(r,un) = f(r,w)l| are 0] easer
where ¢ = (p 4+ 1)/p, which proves that L is continuous in H&,rad(Bl)' O

3.2. Existence results for problem (P)

In the next two lemmas we will be concerned to prove that the energy functional
J satisfies the mountain pass geometry.

LEMMA 3.3. There exist a > 0 and n > 0 such that
Jw) =z a>0, i |ul| =mn.

Proof. We first recall that using conditions (f1) and (f2), we have that given &1 > 0,
there exists M > 0 such that

F(r,u) < equ® + MuP™ Vr € (0,p).

Thus, using Sobolev embedding we obtain the following estimate
P
/ Fra)rN " dr < CuM ulPH + e1Coull?
0

On the other hand, from Radial lemma 3.1 we have
u(r)| < p~ 2|l if v e (p,1). (3.4)
Thus, by using (3.4) and (f2), given 3 > 0,

F(ryu) < gqu?,
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for all 7 € (p,1) and ||u]| = n with n sufficiently small. This implies that

1
/ F(r,u)rN =t dr < e2C||ul?.
P

Hence
1
J(u) > §|IUII2 — CiflullP*! = exCllul|? — &1 Clul?

1
= (5 -eC) IulP - Cullul

Now, choosing € = &1 + g5 < 1/(2C), there exists 1 > 0 sufficiently small such that
if ||u|| = n then J(u) = « > 0 and the lemma is proved. O

LEMMA 3.4. Assume (f3). Then there exist w € Hj ,,q(B1) such that ||lw|| > n and
J(w) < 0.

Proof. Tt is well known that if condition (f3) holds, then by integration we can
prove that there exist constants ¢,d € R such that F(r,u) > c|u|’ — d. Thus, given
¢ € C§°(By,]0,+00)) a nontrivial function it is easy to see that

lim J(t¢) = —oo,

t——+o0
which proves the lemma. O

LEMMA 3.5 Palais-Smale condition. The functional J : H&,rad(Bl) — R satisfies
the Palais—Smale condition.

Proof. We need to prove that any Palais—Smale sequence admits a convergent sub-
sequence. Let (u,) C Hj ,q(B1) be a Palais-Smale sequence of the functional .J at
level ¢, that is,

J(up) —c and  J'(uy) — 0.

Thus, we have |J'(up)un| < ep||un| where &, — 0 as n — oo. Hence,

0J (un) = J' (un)up = (g - 1) lunll* + C /1 (tn f (7, un) = OF (r, u)) PN " dr
0

< enllun|| + Co

Thus, by hypothesis (f3), the sequence (u,,) is bounded in Hol,rad<Bl)' Hence, up to
a subsequence, we can assume that w, — u weakly in H&,rad(Bl)~ From J'(u,) — 0
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we obtain

vun : v¢ - f(’/‘, un)¢‘ < 5n||¢”a V¢ € H(%,rad(Bl)'
Bl Bl

Taking ¢ = u,, — u we can get

< enll(un — )|l

/ Vit - Vit —u) — [ F(r 1) (un — u)
By

B

To conclude our proof it is enough to verify that
Fryun)(u, —u) — 0.

In fact,

But

/P fryun) (u, — w)rN "t dr
0

o
< C/ |, [P |ty — wlrN L dr
0

< C”Un”ipﬂ [[tn — ullr+r
< Cllup — ul|gp+1 — 0

since p + 1 < 2*. On the other hand, f(r,u,) is bounded in [p,1] by the Radial

lemma 3.1 and that the sequence is bounded in Hé,rad<B1)7 hence

/1 Fryup)(u, — u)rN_l dr — 0
p

which completes the proof. O

Proof of theorem 1.3. In view of lemmas 3.3, 3.4 and 3.5, we can apply the
Mountain Pass Theorem to obtain a positive level ¢ and a nontrivial solution
u € Hj,,q(B1) of problem (P). O

4. Semilinear elliptic equations with concave—convex nonlinearities

4.1. Problem (C)

Here we are going to prove our multiplicity and nonexistence results for
supercritical problems in the presence of a concave perturbation.
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Proof of theorem 1.4. The energy functional associated to problem (C) is given by

1 A
In(u) = §||u||2 - /B F(r,u)de — m ; ||t dz, wue H&rad(Bl)
1 1

Note that it follows from similar calculations as lemma 3.2 that the functional .Jy
is well-defined and belongs to class C*. Since ¢ < 1, we can use similar arguments
to the lemma 3.3 to prove that

1
) > (5 =)l = P = A+

Hence if we take ||u|| = A%, we have

J)\(U) > (1 _ 8) Aro P (p+1) C)\Oé(q+1)+1
2

Thus if 0 < a < 1/(1 — ¢q), then there exists Ag > 0 such that for all A € (0, Ag),

Ia(u) > ax >0, ull =nx

for some ay, ) > 0. We can also prove versions of lemmas 3.4 and 3.5 for our
functional Jy. Hence by using the Mountain Pass Theorem we obtain a nontrivial
solution of positive energy for problem (C). The second solution we will obtain
through minimization on a small ball. In fact, since a(rg) > 0, there exist c¢g,d >
0 such that a(rg) > ¢ and a(r) > 0 for all r € (rg — §,79 + ¢). Now, taking ¢ €
C3(0,1) such that supp ¢ C [ro — 6,70 + 6] then for ¢ > 0,

t* ' B AthH
1t9) = Sl61* ~ € [ Frtop™ar - / S g
0

Thus, by using (3.2), it is not difficult to prove that

Frt(b

— dr—>0 as t— 0.

Thus, there exist points of negative energy w € H&,rad(Bl) with ||w]|| < nx. Since the
functional Jy is lower semicontinuous we can obtain a second solution of negative
energy. g

Proof of theorem 1.5. Since a(rg) > 0 we can choose § > 0 sufficiently small such
that a(r) > 0 for all r € (ro — 0,79 + 6). On the other hand, observe that (f;) and
(f3) imply that [f(]z|,s) + Aa(r)s?]/s blows-up near the origin and at infinity
for r € (ro — 9,79 +0). By compactness, it must attain a minimum and for
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r € (ro— 0,19 +9),

f(zl], s) + Aa(r)s?

_1\ V(=9 _ _

p—1 (p—1)/(p—q)

c 1—g¢q p—1
C(p,q,co,c1) = | 2 () [1+}
(p,q,co, 1) (C({1> p—1 1—¢q

Now, denote by As = By +s \ Bry—s and let 11 > 0 be the first eigenfunction for
(—A, H} (As)). Thus,

> 18" 4 Aegs? ™ = C(p, g, o, c)ANP DP9,

where

M [ wvde= [ Ve Vode= [ 70+ dar)ur) v
As B B
2 C(pvtbc(hcl))\(pil)/(piq)/ U’l,[)dl’
As

Since f36 urp dz is positive, one deduces that C(p, g, co, ¢ )AP~D/P=0) < \;| which
is a contradiction if A is large enough and the proof is complete. O

4.2. Problem (D)

Now we will prove our existence result related with problem (D). For our purpose,
we introduce the functional I : Hj ., 4(B1) — R given by

1
I(u) :5/3 |Vul? dz — A : F(r,u)dex,

which is well-defined and of class C?.

We emphasize that the classical superquadraticity condition of Ambrosetti—
Rabinowitz [1] will not be satisfied for problem (D). In order to overcome this
difficulty, we use an alternative condition introduced by de Figueiredo et al. [4].

LEMMA 4.1. The Palais—Smale sequence for the functional I is bounded.

Proof. Let (un) C Hy ,,q(B1) be a Palais-Smale sequence of the functional I at
level ¢, that is,

I(up) — ¢ and  I'(uy) — 0.

Thus, we have |I'(u,)u,| < €,l|un| where e, — 0 as n — oo which implies

1
<0 - 1> [t || +/O (sf(r,s) — OF(r,s))rN "t dr = 0I(u,) — I’ (u,)un
< €n||un|| +C. (4'1)

On the other hand, by using hypothesis (f4) we have the following inequalities

/Tl (sf(r,s) —OF(r,s)) rNldr > -0y /1 ultt, (4.2)
0 0
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and

/1 (sf(r,s) — QF(T,S))TN_l dr >0,

1

for some 0 < 1 < 1. Thus, by using Sobolev embedding in (4.2) follows

1
/ (s£(r, ) — OF (r,8)) ¥ =1 dr > —Cofun |71
0
Returning to (4.1) we obtain

0
(2 - 1) [unll? < enllunll + Collua | + C,

which implies that (u,) is bounded and we finished the proof. |

Proof of theorem 1.6. Let 0 < g < 1 given by (f5). Thus, there exists 6 > 0 such
that

5 5
/ F(ryu)rVtde < ¢ / uT N dy
0 0
< Colful.
On the other hand, the Radial lemma 3.1 and (fs) imply that

1 1
/ F(r,u)de < Cg/ uP TN Az < Csl|ul|PT

Now, (f7) implies that

/ F(r,u) 02/ N1 de < Csllul| .
s

Gathering above inequalities we obtain that
1 _
I(u) = Sllull® = CX (lull™* + [lul ™ + [Jul ™)

Taking ||u]] = A* and 0 < a < 1/(1 — ), there exists Ay > 0 such that for all A €
(OvAl)a
I(u) > ax >0, |ull =mn

for some ay, nx > 0. Hence by using lemma 4.1 and the Mountain Pass Theorem we
obtain a nontrivial solution of positive energy of problem (D). The second solution
we will obtain through minimization on a small ball. By hypothesis ( f5), there exist
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5,0 > 0 such that
F(r,s) > ésTt,

for all 0 < s <5 and 0 < r < 9. Let ¢ € C§(0,1) a nonnegative function and € > 0
such that supp ¢ CC (0,9) and e¢ < 3. Then for £ > 0,

1
o) = I8 50 [ pireop = ao
0

2 1
< Sl - acsm [ tay,
0

Thus, for e > 0 sufficiently small there exist points of negative energy v € H&md (B1)
with [Jv]] < nx. Since the functional I is lower semicontinuous we can obtain a second
solution of negative energy and we finish the proof. O
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