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1. Introduction

The description of the topological orbits of map germs is a central problem in
singularity theory; even finding when a K class has a finite (or not) number of
topological orbits is, in general, an open problem. Concerning complex map germs
from the plane to the plane, Gaffney and Mond described in [4] the topological
orbits of semi-quasi-homogeneous map germs that have a representative that is
finitely determined.

In the co-rank 2 case, of interest here, there are germs that belong to a given
IC class, but are not semi-quasi-homogenous, particularly if the germ belongs to a
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K class with a representative (zy,z® + y°) with ged(a,b) = 1. The simplest case is
the K class (zy, 22 + y3), where the germs (zy, 2% + azy + y3) are not semi-quasi-
homogeneous for any a # 0, but are A-equivalent to (xy,x? + y3) and there exists
only one topological orbit (see [4, example 5.11]).

Another simple case is the K class (zy, 2® + y*) [4, example 5.12]: if a or 3 # 0,
the germs g, g(zy, 2® +y* + azy? + Bx?y) are not semi-quasi-homogeneous and we
cannot apply the results of [4, example 5.11] to describe the topological orbits of
these germs. The expectation here was to obtain only a finite number of topological
orbits. However, we show in §3 that the number of different topological orbits in
this IC class is not finite. Our key tool is the existence of stems, i.e. germs that
are not A-finitely determined; using these we can construct a non-finite family of
A-finitely determined germs that are in different topological orbits.

We show that the number of topological orbits in any K class of type (zy, % +y°)
is not finite, with two exceptions: the classes (zy,x? + y3) and (xy,z? + y°). We
describe how to obtain stems in all other classes. For the class (xy, 2% +y°) we show
that there are two topological orbits.

The method of obtaining these orbits is to study the vanishing cusps and transver-
sal double-fold points that appear in the discriminant curve of any generic defor-
mation of the germ.

Such numbers may be thought of as reflecting the complexity of the original map
germs. Whitney showed in [15] that any real stable map germ in these dimensions
has only a finite number of cusps and double folds as singular points of the dis-
criminant curve. In [3] Gaffney and Mond showed sufficient conditions for finite
determinacy in terms of the finiteness of the number of these singularities. More-
over, the constancy of these singularities is a necessary and sufficient condition for
topological triviality in a family [3, corollary 1.10].

First, we show formulae to compute the number of cusps. For this we describe the
Milnor number of the critical curve using geometric conditions given by its Newton
polygon and apply the relationship between this Milnor number and the number of
cusps.

Alternatively, the transversal double-fold points are related to the Milnor number
and the Fitting ideals of the discriminant curve. With the aid of computational
methods we can describe the Fitting ideals and thus the defining equation of the
discriminant curve. Then we use geometric conditions given by the Newton polygon
of the discriminant curve, which allow us to determine whether or not the Milnor
number of the discriminant is constant in a family.

2. Cusps and double folds

Given a map germ f: (C2?,0) — (C?,0), denote its critical set by X(f). The Jaco-
bian ideal, denoted by J(f), is the ideal generated by the determinant of the matrix
of the partial derivatives of f, and A(f) = f(X(f)) is the discriminant of f.

For any finitely determined germ f with X(f) # 0, the curves X(f) and A(f)
have isolated singularities. When f is perturbed so that it becomes stable, a finite
number of cusps, denoted by ¢(f), and double folds, denoted by d(f), appear on
the discriminant curve. In [3, corollary 1.10] it is shown that the constancy of the
numbers d(g;) and ¢(g;) is a necessary and sufficient condition for the topological
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triviality in a family of finitely determined map germs g:. Moreover, in [2, theo-
rem 9.9] it is shown that the family is topologically trivial if and only if the Milnor
number of the discriminant curve is constant in the family.

2.1. Cusps and the Milnor number p(X(g))

Denote by pu(X(f)) the Milnor number of the critical curve, and by u(A(f)) the
Milnor number of the discriminant curve. As usual m(f) denotes the degree of f.
Then we see in [3] that

c(f) = n(2(f) +m(f) - 2. (2.1)

A formula for the number of cusps of semi-quasi-homogeneous maps is given
in [4].

THEOREM 2.1 (Gaffney and Mond [4, theorem 2.1.i]). Let f: (C2,0) — (C%,0) be
a semi-quasi-homogeneous map germ of type (w1, ws;dq,ds). Then

{(dl + d2 — (w1 + 11.)2))(611 + d2 — 2(’1111 + 'UJQ)) + d1d2 — wlwg}
wiws2

o(f) =

In this section we apply (2.1) to show formulae to compute the number of cusps
of some map germs in a K class (zy, 2z 4 y°) with ged(a,b) = 1. Here we consider
only germs of type (zy, 2 +y° + Y o, s2"y*) with as + br < ab. As we see in [12],
these germs, called pre-quasi-homogeneous germs, are finitely determined.

First, we compute the Milnor number of the critical curve when the Jacobian
ideal is Newton non-degenerate. Remember that m(f) = a + b for any germ f in
the K class (xy,z® + y*). We now recall some ideas that help us to compute the
Milnor number.

Let O,, be the local ring of germs from (C",0) to C for any g = Y, ayz” in O,,.
The support of g, denoted by supp g, is the set of points k£ in Z™ such that ax # 0.
If I is an ideal in O,,, the support of I is defined as supp I := Ugel Supp g.

DEFINITION 2.2. The Newton polyhedron of an ideal I in O,,, denoted by I} (1), is
the convex hull in R} of {k +v:v € R%}, k € supp(/)}. I'(1) denotes the union of
the compact faces of I'y (I), and I'_(I) is the closure of R™ \ Iy (I).

If D is a fixed subset of I (I) and g = >, axz® in O, we define

gp = Z akxk.

keD

Given a face A C I'(I), denote the union of half-rays emanating from the origin
and passing through A by C(A). O denotes the set of all germs ga.

DEFINITION 2.3 (Saia [11]). An ideal I of finite codimension in O,, is Newton non-
degenerate if there exists a system of generators gy, ..., gs of I such that, for each
compact face A C I'(I), the ideal Ia generated by g1,,-..,gs, has finite codimen-
sion in Oa. A germ f € O, is Newton non-degenerate if the ideal (xdf/dz,ydf/0y)
is Newton non-degenerate (see [7]).
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THEOREM 2.4 (Kouchnirenko [7, theorem I(ii)]). A germ f is Newton non-degen-
erate in Og if and only if pu(f) =25 —i—j+ 1. Here S denotes the volume of the
Newton polygon I'_(f) and the numbers i and j are those for which I'_(g) meets
the coordinate azis in the points (i,0) and (0, 7).

LEMMA 2.5. The germs J(g) of the germs below are Newton non-degenerate.
(1) gla,y) = (zy, 2" + " + ka"y*).
(2) g(z,y) = (zy,2* + y° + k12" y** + kax"™y*2), with k1, ko # 0.
(3) g(z,y) = (vy,z* +y° + Z?:l kixTiysi) with r < ro <13 and s3 < 9 < 1.

4) g(z,y) = (J;y,xa—i—yb—FZf:l kixiy®t) with k; # 0 foralli =1,2,...,t,t > 4,
< rg < e <y, 8 < Spm1 < cr < 89< 81 and I'(J(g)) hast+ 1 facets.

Proof. The Newton non-degeneracy of (1) follows from [12, proposition 2.6], since
all monomials of J(g) correspond to vertices of its Newton polygon.

To prove (2) and (3) we consider the number of compact facets of the Newton
polygon of J(g).

For the germ given in (2), if Iy (J(g)) has three compact facets, again from [12,
proposition 2.6] we obtain the result, since all monomials of J(g) correspond to ver-
tices of its Newton polygon. If Iy (J(g)) has two compact facets, a straightforward
calculation also shows that the germ J(g) is Newton non-degenerate.

To show the Newton non-degeneracy of the germ in (3), if Iy (J(g)) has three or
four compact facets, the proof is analogous to that of (2).
If I'y (J(g)) has two compact facets, we consider the following cases:

o (7o, 82) is a vertex;

o (r1,s1) or (r3,s3) is a vertex with x® + kyz™ vy + kox"2y®? 4 kga™y®3 #
z"(z™ — y9)3; or

° yb + klxrlysl 4 kaT‘zySQ + k3xr3y53 7& ys(xn _ y€)3.

The proof of the two first cases is straightforward. We show that the third case
does not hold. Suppose that it holds and the Newton polygon has two compact
facets. Then we can have y® + k2™ y®1 + ko2 = y°(2" —y*)? or 2@+ koa"2y"2 +
kzxmy®s = a"(x™ — y?)2, but these equalities hold if r = 2n and s = 2¢, and this
implies that a = 2(n +m) and b = 2(q + ¢). Therefore, ged(a,b) # 1, and the germ
g is not finitely determined.

The Newton non-degeneracy of the germ in (4) is immediate from [12, proposi-
tion 2.6]. 0

In table 1 we show the formulae for computing ¢(g) and p(X(g)). In these cases,
#1I" denotes the number of one-dimensional facets of the Newton polygon.

https://doi.org/10.1017/50308210516000111 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000111

209

Topological orbits of complex germs in K classes (xy, z® + y°)

1= (75 +24) + (1= 7)(1 = ) + (1 = 24)(1 — q)

T — 7sD + duq 14T = J 10] X0910A ‘(75 ‘74) 4 (1Ml vy MHWN + i+ fix)
(1=fu — .CXT.@.TQKHMN.T (1—fu— La)(1—Cs + .ﬁmvmu&w.f _
T— Tt +q) + *s( + D) T+ (q+0) — a(ts +q) + s+ ) 143 (rofin, @t T+ fi 4 i)
1= (05 +74) + (1= 25)(1 = 2) + (1 = 24)(T —q) _
T — 7sD + duq "¢ ‘T = ) 10] x0110A ‘(75 ‘0.) 4 (26flo, vy TMN + i+ fix)
1 — s€4 + wqg + €s(wg — D) 1+ (Q+ ») — s€4 + wqg + €s(wg — v) e (g(pfi = @) i+ gfig ey + i 4 x fix)
T — T84+ Lug + bg(14 — v) T+(q+0) = Ttsuttug+bg(te—v) ¢ (Jfi— %), 2+ fio, @20+ fit 2 fiz)
T—ua9+s(4—m)+
(bg + 5)(wg + 4) H+3+3| (bz+s)(wg+4) +4q+s(4—v) ¢ (el = W) fi @ + fi + 2 *fix)
—(q+ sv — CSEL + Tuq + mmAmL — 5
T — %584+ Tuq + €5(%L — ) 'S9011I0A ‘(€5 ‘Eu) pue (s ‘Tu) e (26flo, 2ty MHMHW + i+ T ‘ix)
—(q+ dv — Ts€u + Tuq + mwA: — )
T — 884+ Tuq + €5(Tt — ) 's901110A ‘(€5 ‘Eu) pue (Ts ‘Tu) e (2oflo,xty ﬁnmmw + i+ fix)
—(Q+ D) — 1s€u + Tuq + T5(Tu — D)
T — 1884+ Tuq 4 25(Tu — ) "S011I0A ‘(85 ‘Tu) pue (Ts ‘) e (26flo, vy MHMN + N\m + ,T‘fix)
T — Tuq + 2uls + 1+ (Q+ D) —2uls 4+
AHL _ m&vmw + m%Am& _ Uv AH& _ m:&mm. + Tuq + mmAmL — dv ¥ A.sw\.m Ty HHM,N + Q\.m + LT h@Hv
T=mwg+yq 1-(+ty)+0-w)a-2)+@-90-9 ¢ ((4ff = w®)y® + ofi + o fiT)
T—yp+wgg T—(wg+y)+(T-9)T-2)+T-we)(T-q9 ¢ (e(4ff = w®)yfi + fi + 2 tfiz)
1= (78 +04) + (1= 18)(1 =) + (1 — 14)(1 —4) _
T — 75D + 749 "2 ‘T = 7 10] x0110A ‘(75 ‘0.1) 4 (2sfts,x%y TNN + fi + i ihix)
T — T8l + Tuqg + 2s(Tu — ») T+ (qQ+ 1) — Ts2u + Tuqg + 2s(T4 — D) ¢ (1ofin, @y HHMHN+%+ oL i)
L =50 +.49 I-E+)+0=-5)1-2)+0-9)0-9 ¢ (oA + fi + 2 fiz)
(6)> ((B))r I# b won

"SJURLIBAUL 92INOG ‘T 9[qe],

https://doi.org/10.1017/50308210516000111 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000111

210 A. J. Miranda, L. M. F. Soares and M. J. Saia
2.2. Double-fold points and Milnor number p(A(g))

For any finitely determined map germ g: (C2,0) — (C2,0), a formula to compute
the number d(g) is shown in [3, 1.2]:

d(g) + c(g) = 3{n(A(9)) — n(X(9))}- (2:2)

For semi-quasi-homogeneous map germs from the plane to the plane, in [4, the-
orem 2.1(ii)] we see the following.

THEOREM 2.6. Let g: (C2,0) — (C?,0) be a semi-quasi-homogeneous germ of type
(w1, ws;dy,ds). Then

d(g) = m((dldg — 4w1w2)(d1 +dy — (wl + ’LUQ))Z

=+ 2’LU1U]2((’LU1 + wg)(d1 + doy — (w1 + ’UJQ)) — (dldg — ’w1’w2))).

This formula is possible because the defining equation of the discriminant curve
is also semi-quasi-homogeneous; hence, its Milnor number is written in terms of
the weights w, we and the degrees dy, do. However, if the germ is not semi-quasi-
homogeneous, it is harder to describe the defining equation of the discriminant.
We remark that the defining equation of the discriminant curve is the defining
equation of the zeroth Fitting ideal of the Os-module g.Ox (4, which we denote by
Fo(9) = Fo(9:O0x(g))-

Another way to obtain the number d(g) is shown in [3, remark 1.5], using the
first Fitting ideal of the Oz-module g.Ox g, defined as Fi(g) = F1(9:Ox(y)):

: Oy
clg) +dlg) = dime -2 (23)

Equation (2.3) is a particular case of a more general result of Mond and Pellikaan
relating the sum of the O-stable invariants of map germs and the Fitting ideals of
the discriminant [9, §§1 and 2]. The key tool is the determination of the matrix of
a presentation of g.Ox(,) over Oz. We recall these concepts here.

For any multi-germ of a Cohen-Macaulay variety (X,z) € C™ of dimension
(m — 1), call O(x 4 the set of germs h in O,, such that h(X) = 0 for a fixed finite
analytic map f: (X,z) — (C™,0). From the Weierstrass preparation theorem,
O(x,x) 18 a finite O,,-module via the function f*.

A presentation of O(x ;) over O,, is an exact sequence of O,,-modules:

Ol 2 0l 2 Ox.a) = 0. (2.4)

The presentation matriz X is given by the relations between the set of generators
g1, -, 9n of O(x 4) as an Oy,-module.

DEFINITION 2.7. The kth fitting ideal of O(x ;, denoted by Fy(A), is the ideal in
O, generated by all (¢ — k) x (¢ — k) minors of the matrix A. For ¢ > k > ¢ — p,
Fi(A) = Op, and for k > q or k < ¢ — p we have Fj(A\) = 0.

To compute the presentation matrix we use MAPLE [14] and SINGULAR [5] soft-
ware and apply the algorithm developed by Hernandes et al. in [6].
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Table 2. First orbits in K(zy, x> +y*).

Germ g n(X(9)  wAlg) clg) dlg)
Orbit (0): (zy, z® 4+ y*) 6 66 11 19
Orbit (1): (zy, 2* +y* + zy?) 4 52 9 15
Orbit (2): (zy, 2® +y* + 22y) 5 59 10 17
Orbit (3): (zy, y* + z(z +v)?) 4 54 9 16

3. Topological orbits in the K class (zy, > + y?)

In this section we obtain a non-finite number of topological orbits in the IC class
(zy, x> + y*). First we describe the topological orbits for the germs f, ,(z,y) =
(vy, 23 + y* + uzy? + vz?y).

For the particular values of (u,v) = (0,0), (1,0), (0,1) and (1,2) the normal
forms in this family are shown in table 2.

The next step is to consider the family f,.(z,y) = (zy, 2% + y* + uzy® + vz?y).

3.1. The family fu.(z,y) = (zy,z® + y* + uzy?® + va?y)

For each pair (u,v), the defining equation of the discriminant curve denoted by

GU,U(X, Y) is
Gu(X,Y)
= (%’UQUG - %v‘luf’ —uN) XY YT 4 (%’US - %uv)X?’Y5 + %u4X4Y4

343, vHv4 | (24013  94325.3.2 , 30625,5 3125 7\ y 1l
— XUV + (Srvw’ — g vtuT + g’ — g v’ )X

1,43 9.5 7Tv2 | (57127,2.2 25 4 18571, 3y v613
+ (gru'v° — 7pu’v) X Y® + (SEgrv u” — soun” — g u”) XY
420175,2 _ 117649 10 1015,3,3 , 125 2.5 , 539, 4 9
><(3456v s W) XY + ( —%uv—i—%uv—l—ﬂuv)XY
823543 y12 | (112847, 2 _ 116375,4 , 70315, 2\ v8y/2
- oo X+ (1 6912 + Ty wvT) XY

When G, , is Newton non-degenerate we apply theorem 2.4 to compute the
Milnor number p(Gy,v) = (A(gu,»)). The possible monomials that can contribute
to vertices in the Newton polygon Iy (G, ,) are

7, Zout XY, —drutu(—o? + 36u) XY, —bud (du — v?)2X 10},

Then one has the following.

(i) The points on the line (u,0) are in orbit (1) (see figure 1(a)). The points on
the line (0,v) are in orbit (2) (see figure 1(b)). In both cases the discriminant
curve is Newton non-degenerate.

(ii) When 36u —v* = 0, the monomial —2; X7Y?u*v(—v? + 36u) does not appear
in the defining equation for G236 ,. Hence, its corresponding vertex is elim-
inated from the Newton polygon and one has orbit (1). Here the discriminant
curve is Newton non-degenerate. Note that the Newton polygon of G2 /36 .
is equal to that in the case (u,0).
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Figure 1. Newton polygon: (a) case (u,0); (b) case (0,v).
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Figure 2. Newton polygon: case (%v{v).

(iii) When u = $v2, the monomial X' does not appear in the germ G2 4 ,(X,Y).
In this case the discriminant curve is Newton degenerate. Hence, it is not
possible to apply the theorem 2.4.

We now show in figure 2 that for u = %02 the germs that appear are in orbit (3).
In fact, we show that the Milnor number of the discriminant curve G2 /4 ,,, denoted
by G, is constant for these values.

To do this we can apply the results given in [1] by Damon and Gaffney, who show
how to compute families that have constant Milnor number using jump conditions.
We can also apply the results of Yoshinaga [16] and Kouchnirenko [7], or we can
show that the integral closure of the ideals I, := (X90G,/0X,Y0G,/0Y) does not
depend on v # 0 (see [10]). According to Teissier [13], one has the following.

REMARK 3.1 (valuative criterion). An element h in Os is in the integral closure of
the ideal I if, for each analytic curve ¢: (C,0) — (C2,zq), ho is in p*(1)O;.

The curves ¢ that we need to study appear when the germ is not Newton non-
degenerate and are obviously associated with the degenerate faces of the Newton
polygon of the germ G, which is given by

1 1y Ty2, 1 ,9v9y 1, 7yll 27 . 8ydy4
Go(X,Y) = —gmpv XYY"+ 550" XY — 350" X + 550" XY
343, yv5y4 7 | 7787 . 6v6yv3 _ 707021, 4 y8y,2
5 v XPYT + Y+ 5oge XY 552096 U X ¥
487403, 2 110 823543 v12 _ 755,3 v3v/5
+ o1z VXY = Sogre X7 — vt XYL
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Here there exists one degenerate face of the Newton polygon of G, with vertices
{(11,0),(7,2)}; we denote this face by F.

To show that this face is degenerate we consider the restriction of the germ G,
to the monomials that correspond to elements in the face F':

Golp = — 52z 0" XT(4X? — 0?Y)2.

Since this restriction has the square factor (4X? — v?Y)?, the face is degenerate.

Now, for any parametrization ¢ of the curve 4X? —v?Y = 0, G,|r 0 = 0. Thus,
we consider the restriction of the germ G, to the parallel lines above the face F,
denoted by F?, and find the first parallel line such that the restriction of G, to it
does not have the polynomial (4X? — Yv?) as a square factor. In this case, we see
that the first parallel line F'! satisfies this condition, since

4

Guolr =~ 17691

(210827008 X® — 12477516802 XY + 22624 6720* X V2
— 1121 3280° X2Y? — 7290%Y*)

and there is no v such that (4X2 — Yv?) is a factor of G| p1.

Therefore, for u = ivz and v # 0, we conclude that the multiplicity of the integral
closure of the ideals, I, :== (X0G,/0X,Y0G,/dY), does not depend on v. Hence,
(Gy) = (A(fy2/a0)) = 54, and these germs are in topological orbit (3).

To conclude, this two-dimensional space of variables (u,v) splits into four topo-
logical orbits:

(0) the origin, with normal form (zy, 2® + y*),

3) the curve 4u = v%, with normal form (zy, y* + z(z + y)?),

®3)
(2) the line u = 0, with normal form (zy,z3 + y* + 22y), and
(1)

1) the two-dimensional space formed by the complement of these curves, with

normal form (zy, 2% + y* + 23?).

Other orbits appear when we add more monomials to the second coordinate of
these normal forms and proceed analogously.

For the orbits (0), (1) and (2) the discriminant curve is Newton non-degenerate.
Therefore, if we add monomials with higher degree to the second coordinate germ,
the Milnor numbers of the discriminant are constant.

Next we add monomials to the germ (zy,y* + z(z + y)?). First, we consider
monomials of degree 4.

3.2. The family fuuw = (zy,y* + z(z + y)? + uzy® + vzdy + wz?)

For generic values of (u,v,w), the defining equation of the discriminant of the
germ fu 0 = (2y, y* +2(x +y)% +ury’ +va3y +wr?) has 39 monomials with huge
coefficients depending on the parameters (u, v, w). We do not include this equation
here, but we show the monomials that contribute to vertices of the Newton polygon
of the germ G, 4 4

(Y7, Z X4 - XTY? 200 —w+u— D)XV, —(v —w+u—1)° X"}

We study these Newton polygons in the space of variables (u, v, w).
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Table 3. More orbits in K(zy, z* + y*).

Germ g n(X(g))  wAlg) clg) dlg)
Orbit (0): (zy, x> + y*) 6 66 11 19
Orbit (1): (zy, 2* +y* + zy?) 4 52 9 15
Orbit (2): (zy, 2® +y* + 22y) 5 59 10 17
Orbit (3): (zy, y* + z(x +y)?) 4 54 9 16
Orbit (4): (zy,y* +z(x +y)? +2°) 4 56 9 17
Orbit (5): (zy,y* + z(z +y)* + 2zy° + 2°) 4 58 9 18
Orbit (6): (zy,y* + z(x +y)? + 22y + ') 4 60 9 19

CaAsE 1 (v—w+u—1=0). The Newton polygon has vertices associated with the
following monomials:
(Y7, 22 x4y4 —XTy? L (20 — 3w+ 1)* X2},
If 20 — 3w + 1 # 0, the germ is Newton non-degenerate and pu(Gyp.0) = 54
hence, these germs are in orbit (3).
If 2v — 3w + 1 = 0, then u(Gy pw) = 0o and the germs f,, . are not finitely
determined.

CASE 2 (v —w+u —170). In this case there exists one face, denoted by F, that
is degenerate. The monomials of the germ that correspond to points in the face F
are

{—Y2X7, 2w —-—w+u—-1DYX? —(v—w+u—1)2X"}
and the restriction of the germ G, , ., to the monomials of F' gives
Gu,v,w|F = _X7(X2('U —w+u— ].) + Y)2

Hence, this face is degenerate.
Analogously, we find the special set

u=v—2w+2 with Gy_2pi20w = (20— 3w+ 1)X?+Y)?K, ,(X,Y)

and u(Gy—2w+t2.0w) = WA(fo—2wt2,0w)) = 0. Hence, we obtain a new set of
germs in this IC class that are not A-finitely determined.

On the other hand, if we consider u # v — 2w + 2, the restriction of the germ
Gy v, to the first parallel line to F', denoted by F' shows that Guy.vw|Fr does not
have the polynomial (X2(v —w +u — 1) +Y) as a common factor. Therefore, we
conclude that the Milnor numbers p(Gy, v ) are constant with u(Gy 4 w) = 54, and
these germs are in orbit (3).

Following this method, we describe in table 3 the orbits with 15 < d(g) < 19.
Note that 15 is the smallest number of double folds that appear in any germ in
this IC class, and 19 is the corresponding number of double folds of the quasi-
homogeneous germ (zy, x> + y*).

We also show some germs that belong to these orbits.
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o Orbit (3): (xy, #® + y* + uzy?® + va?y), with u = 1o,

e Orbit (4): (zy, y* +2(x +y)? + uzy® + vy + wa* + > rps—s QrsT'Y"), With
Tu—v+2w—2)? +aps — a4+ as3 —azo+ a1 —aso=0and a5 # 0
for some r, s.

e Orbit (5): (xy,y* + x(x +y)? + ury® + vy + wa* + 3 | s oy c2"y®), with
v—2w—u+2=0and a, s # 0 for some 7, s.

e Orbit (6): (zy,y* +x(x+y)* +uxy® +vady +wr + 3, 1) o s2"y®), with
v—2w—u+2=0and o, s # 0 for some 7, s.

3.3. Stems in K(zy, z2 + y*)

The germs (zy,y* + z(z + y)? + ury® + v3y + wr?) with v —w +u —1 # 0
and u — v 4 2w — 2 = 0 are the key tool for answering the question of Gaffney and
Mond about the number of topological orbits in this K class. These germs are stems
in this family; they are not A-finitely determined and from them we construct a
non-finite family of A-finitely determined germs in this X class such that the Milnor
number of the discriminant is increasing.

The stems are well known in the class of germs of maps from surfaces to 3-space.
For example, in [8] we see the stems S, Boo and Hs. Concerning map germs
from the plane to the plane, (22,%2) is a stem; other stems are (zy,z® + y*) with
ged(a, b) # 1.

For simplicity we consider u = 2 and v = w = 0 to show the following.

THEOREM 3.2. The K class of the germ f(z,y) = (xy, x>+ y*) has infinitely many
topological types of A-finitely determined germs.

Proof. Consider the family
folw,y) = (zy, v + 2(x +y)* + 22¢° + 2°y""")  with s > 3.

The defining equation of the discriminant, denoted by G4(X,Y), is the determi-
nant of the presentation matrix A\ with respect to f, which is the 7 x 7 matrix:

4 4 4 ys 0 7
Y —4x 0 —4X - 4X —0x 0 -I
4 10 2 4
e Y —4x —x 0 -Ix 0
) y Y Sxott 4 S x2 0 0 Ux
—3x? 0 -7X Y 0 -X 0
0 —-Ix? 0 -2x? Y 0 -X
3 2 2 2
-3X 0 X IXY -5X Y+ 3X 0
v B X (#E -Xx a X(FX°+Y) 0 Y — 83X
Here

9 v3 9 2 s
a=-1XYy - 9x% - 2x? - LX®9X —10Y),
_ 5v3 9 2 3
B=-5x%-2x2_3xy,
. 4 vs+1 6 v2
v=—3XTT 45X
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_ 3 vs 3
0=—-3X"-3X,
_ 4 vs+1 4 v 2
e=—3X""" —3X7,
_ _10y3 _ 37
§=—5X" - 55XY

and

v=23X%+ XY

We show that the Milnor number p(G4(X,Y)) > 25+ 7 for all s > 3.
First, we recall that

O((CZ ’0)

w(Gs(X,Y)) = dime (0G,/0X,0G,/0Y)’

and this dimension is the multiplicity of the integral closure of this ideal.
Then one has G4(X,Y) := (X2 +Y)?2P(X,Y) — X*8 + R(X,Y), where

P(X,Y) = —X"+ ;L X*(6587X" + 7382X°Y +27Y?) + Y — & x*10

— 55 X3(50000X° + 82500X 1Y + 35925X°Y % + 2777Y %)

+ 55 X°3(26 050X + 9307X %Y + 81Y?)

— 2 X*Y?(100X? + 31Y)
and

Ry(X,Y) := 1X?%75(—42Y? + 31X?Y + 61X?)

— s XPP2(—2187Y + 11474Y° X7 + 903309y * X *
+ 2066 280X °Y + 1187000X®)

+ XYY + X?) — 5X 3T
+ L X (—258Y2 4 554X°Y + 2921X*)
— e XPHY (—729Y3 4 40 765X %Y 4 116 558 XY + 25 600.X°)
—10X*H0 — LX®H3(66Y2 + 97X?Y + 1564X ") + ZE X y*
o 10X55+5 _ 5X65+4 _ X7s+3

— s XP9T2(243Y% + 3276 X°Y + 256X 7).

We apply the valuative criterion to show that, for all £ < 2s + 7, any monomial
X*is not in the integral closure of the ideal (0G/0X,0G /Y ).

Then
%f; (X,Y) = (X?+Y)AXP(X,Y) + (X* +Y)Px(X,Y)]
— (25 + 8) X2 4 %(X, Y)
and
%@S (X,Y) = (X2 +Y)2P(X,Y) + (X* +Y) Py (X,Y)] + 881;5 (X,Y).
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Consider the parametrization p(t) = (¢, —t?) of the curve X2+Y = 0. Therefore,

OR,

(t,—t?) = —(2s + 8)t>*17 + ¢

Yox T ax °YT ax X
and
« OGS «ORs
ay 7 oy

Since the monomials (in the variable t) of p*ORs/0X and ¢*0R,/0Y have order
greater than 2s+7, X* is not in the integral closure of the ideal (0G/0X, 0G;/dY)
for all £ < 2s+ 7. Hence, u(Gs) > 25+ 7. O

To obtain the exact Milnor number for each s, we compute the Milnor number
for some fixed values of s. Then we obtain u(A(fs)) = 2s + 50. Computing all
invariants of this family, one has u(X(fs)) =4, c¢(fs) =9 and d(fs) = s + 14.

4. Number of topological orbits in KC(zy, z® + y?)

In this section we show how to obtain stems in a K-class (zy, 2% +y°). Moreover, we
show that there exists a non-finite number of topological types of finitely determined
map germs, answering the question posed by Gaffney and Mond.

The only exceptions are the classes K(zy, 22 + y3) and K(zy, 2% + y°), where it
is not possible to obtain non-A-finitely determined map germs. Hence, there are no
stems. In the K class (zy, 2% + 3°) there is only one topological class, and in §4.3
we show that the K class (zy, 2% + y°) has two topological types. We note that in
any K class that has a representative of type (zy,z® 4+ y®) with gcd(a,b) > 1, the
germ (zy, % + y°) is a stem.

First, we consider a > 2 and, to describe the remaining K classes (zy,z? + y?)
with b > 7, we show a result that holds for any a even.

4.1. The K classes (zy,xz® + y°) with a > 2

In theorem 4.1 we show the stems for each K class (zy,z® + y*) with a > 2,
and in theorem 4.2 we show the corresponding family of A-finitely determined map
germs fs that have Milnor number u(X(fs)) depending on the parameter s.

THEOREM 4.1.

(i) For a or b not equal to 2 or 4, the germ

% ) y2xa72 yb Qxybfl m2yb72
0o _ v e a—1 J
fa,b<x,y)—<xy, L St L e S T

is a stem in the class K(zy, z% + y°).
(ii) The germ
[55(x,y) = (zy, 33" + 62y — 3y* — 6ay® + 42° + 242°y — 1229°)

is a stem in the class K(zy, 3 + y*).
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(i) The germ

! Y N Yo S
4 2 b b—-3 b—6

o) = (-5 2+ T L B2

is a stem in the class K(xy, z* + y°).

If b = 6, the germ (zy, 2* + 9°) is not A-finite and is a stem in its K class. The
case b = 3 is obviously not considered.

Proof.

(i) Here J(f35(z,y)) = (a°? +y*7?)(x +y)* and p(D(f5(2,y))) = oo. There-
fore, c(f35(z,y)) = oo and the germ is not A-finitely determined. To show that it
is a stem, consider the family

faps(@,y) = fop(@,y) + (0,2%)  with s > a.
Hence,
I(fs) = @2+ 4" 72) (@ + y)? — s2°,
as X(fs,ap) is reduced and fops: X(fsap) — A(fsap) is one to one, according
to [3, proposition 1.1]. The germ f; is A-finitely determined for all s > a.

(ii) In this case J(f$5(z,y)) :== —12(2® —zy+x+y?)(y+2)? is not reduced. Hence,
f5% is not A-finitely determined. The corresponding family of A-finitely determined
map germs is

f3,4,5(1'7y) = f:;i(xvy) + (vas) with s > 3.
(iii) The germ J(f55(z,y)) :== (22 +y*~*)(z +y*)? is not reduced. Hence, f59 is
not A-finitely determined. The corresponding family is

f4,b,s($ay) = ffﬁ)(xay) + (Ov'rs) with s > 4.
O

The answer to the question by Gaffney and Mond in these cases is given below.

THEOREM 4.2. The K class of any A-finitely determined map germ f(x,y) =
(zy, x%+y°) with a > 2 has infinitely many topological types of A-finitely determined
germs.

Proof. We show that, for each pair (a,b), the Milnor number p(X(fy,5)) depends
on s, and the number of cusps also depends on s.

We apply the valuative criterion to show that x* is not in the integral closure of
the Jacobian ideals (0J(fap,5)/0%, 0J(fab,5)/0y) for all £ < s —1 to conclude that
:U'(E(fa,b,s)) >s— 1L

Ifa+#2,4and b+# 2,4,

OMans) . p(a )@= 4 42) 4 (a - 200" + )2 — 70~
X
and 07

(g(;bﬁ) i=2(z +y) (@2 + ") + (0 -2y (e +y)*,
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for p(t) = (¢, —t), one has

8J(fabs) — aJ(fabs)
* O\ _ 44 * ,0, — _g24s5—1 * ;05 _

and the result follows.

For the K class (zy, 23 +y*), since J(f34,5) := —12(2? —ay+2+y?)(z+y)* — sa®
we consider the curve ¢(t) = (¢, —t).

For K(zy,z* + y°), since J(fips) = (22 + y*=4) (2 + y*)? — s2° we consider
o(t) = (—t%1).

To conclude we recall that my, , . = a +b. Then
(faps) = m(E(faps) +mp,,, =2> (=1 +(a+b)-2=s+a+b-3.

Therefore, for any a > 2, the K class (xy, 2% + y®) has a non-finite number of
topological types. O

4.2. The K classes (zy,z® + y®) with a even

Here we describe stems such that the Milnor number of the discriminant curve
is not finite. The only exceptions are (zy,x? + y3) and (xy, 2% + y°).

THEOREM 4.3. The K class f(x,y) = (zy, 2*" + y™*) with n,m > 0 has a non-
finite number of A-finitely determined topological types.

Proof. Consider the following family:

3
n _ y
fonmy6,5(%,y) = (fvy, A e T e T A <0: - 5)l‘sys+2>

with a corresponding defining equation for the critical curve:

J(fanmv6,5) = 20" + 2nay® % + (m + 6)y™ 0 + (—4 — 2m)xy™*?

+ (_2 + m)yme + xs s+2($ _ y3)
We write J(fan,m+6.5)(@,y) = (z — y*)ns(z,y) and show that the image of the
restriction to the curve x — y® has a Milnor number depending on s.

If n is even, then the presentation matrix Aopn my6,s|v(z—y3) Of the restriction of
fon,m+6,s to the component V(z — y?) is

i 4n — 2 4x5+1 i
Y — —— X3n/2 - 0 0
3n—2 5
dn — 2 4X5+1
0 Y — LS xn/2 = 0
3n—2 )
_ s+1
0 0 Y — ux&z/? _aX
3n—2 5
s+2 _
_4X 0 0 v _ 4dn 2X3”/2
L 5 3n—2 J
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Therefore, we can write the defining equation of the discriminant as
Ganm+6,s(X,Y) = G1(X,Y).P(X,Y)
with
G1(X,Y) = ﬁ < (1 - 32”)1/ +(2n — 1))(3"/2>4 — %X‘*s%.
If n is odd, then Aoy mo6,s|v(@—ys) 18

4xs+1 4n — 2

Y - — X (Bn-1)/2 0
5 3n —2
+1 _
0 v 74X; ;1” §X(3n—1)/2
n—
1
A =2 iy 0 v axet
3n—2 5
+2 _
74XS 74n 2X(3”+1)/2 0 v
L 5 3n—2

Therefore, we write Gapm16,5(X,Y) = Go(X,Y) - Q(X,Y) with

2 2
Ga2(X,Y) = (—Y2+ (4n — 2) X3"> 128 (2” — 1>YX(3”+5)/2+23 296 yass

3n — 2 25 \ 3n—2 625

Now we apply the valuative criterion to show which monomials X* are not in the
integral closure of the ideals (0G;/0X,0G;/0Y), i = 1,2, with ¢ depending on s.
Consider the parametrization

dn —2 4
)= (t,—— =32
e1t) (’311—2 )

for even n and the parametrization

4n — 2
<p2(t) — <t2, n t3n>

3n —2
for odd n.
Then
. [ 0G1 - oG, _ ds+4 « [ 9G1 _ 9G, —
and
L[0G2\ _ 0Gy g L (0G2\ _ 9Gy _ 4s+3n+5
‘p2<a)()_axw_t ’ S"2(03/ oy ! '

Hence, if £ < 4s+4, X* is not in the integral closure of the ideal (0G;/0X,0G,/3Y),
and if £ < min{8s,4s + 3n + 5}, X* is not in the integral closure of the ideal
(0G5 /0X,0G2/0Y).

Therefore, as ((Gan,m+6,5(X,Y)) = p(Gi(X,Y)) > 45 + 4, these K classes have
a non-finite number of different topological types. O
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12

Figure 3. Newton polygons of the discriminant curves of (a) the germ (zy, 2> + v° + xy?)
and (b) the germ (zy, 22 4+ v° + zy® + zy® + 2%y).

4.3. The K class (zy, z? + y°)

We show that this K class has only two topological orbits. Note that it has at
least two orbits, since the germ (xy,z? + y® + xy?) is not in the topological orbit
of (zy,2? + y°). The invariants of these germs are as follows.

(i) Germ g(z,y) = (zy,2* +¢°), p(£(9)) = 4, u(Alg)) = 54, c(g) = 9 and

d(g) = 16.
(it) Germ g(z,y) = (zy, z* +y° +2y?), u(X(g)) = 3, u(A(g)) = 47, c(g) = 8 and
d(g) = 14.

To show that any other germ is in one of these orbits, first we consider the family
gi(z,y) = (vy, 2% + y° + tay?). For t # 0 the defining equation G4(X,Y) of the
discriminant curve of g;(x,y) = (zy, 2> + y° + tay?) is given by

_ _1728,7y9 | 256 15y 3 5 | 493924 18 931 42 ydy-4

_ 16807, %7y 2 _ 823543 110 7
350 1 XY 3500 X~ + Y

For all t # 0, the germ G; is Newton non-degenerate. Then all germs g; are in
the topological orbit of gi(x,y) = (zy,? + y° + zy?) and the result follows.

Now we consider a deformation (zy, 2% + y° + 2y + Yap o, p7°YP) of the germ
(xy, 22 4+y° +2y?) with (a, 3) above the Newton polygon of 224-y°+2y2. In this case
the corresponding monomials that appear in the defining equation G g(X,Y) of
the discriminant curve are also above the Newton polygon of the defining equation
of the germ (zy, 2% + 3° + zy?).

Since for any («, ) satisfying this condition the germ G4 g(X,Y") is Newton non-
degenerate and the Newton polygon of G, g does not change, the result follows.

To illustrate, we show in figure 3 the Newton polygons of the discriminant curves
of the germs (zy, 2% + y° + xy?) and (vy, 2% + y° + xy? + 2y> + 2%y), respectively.

5. How to obtain stems in a K class (zy, =% + y°)

We developed an algorithm to compute stems in a K class (zy, 2% + y°) with a > 2
and ged(a,b) = 1. This algorithm is obtained using the Newton polygon of the germ
% 4+ 0.
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Figure 4. Possible exponents of the germs for stems in the K class (zy, z° + 37).

The main idea is to find stems f in the K class with a non-reduced defining
equation of the critical curve, and hence with a non-finite Milnor number of the
critical curve.

We begin by fixing the germ J(f) of the critical curve and find the appropriate
germs f that have this critical curve. Then we obtain the families of germs f;, =
f+ (0,2%), which are finitely determined, with Milnor numbers of the critical and
of the discriminant curves depending on s.

As an application we describe some stems in the K class (zy, z° + y7).

(i) Critical curve J(f) := (2 + ¢°)(z + y)?, germ
fl@,y) = (zy, —2a° + Ty" — 22ty — 2%y + $2%9° + 2ay)0),
with Milnor numbers p(X(fs)) = s+ 15 and p(A(fs)) = 3s + 311.
(ii) Critical curve J(f) := —(z — y*)(x + ¥*)(z + y)3, germ
fla,y) = (zy, 52° + 3y +ya’ +3y°° — a®y® +y'a® + 2%y + L),
with Milnor numbers p(X(fs)) = 2s + 8 and p(A(fs)) = 8s + 262.
(iii) Critical curve: J(f) := (z + y*)(z + y)*, germ
flz,y) = (wy, =22 + 1y — Ja'y — 627y + 42”y°
+ Loyt — oty + daByt 1 20%0 + L),
with Milnor numbers p(X(fs)) = 3s+ 1 and u(A(fs)) = 15s + 187.
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(iv) Critical curve J(f) := —(z — y)(2? + 2y + v*)(z + y?)?, germ

fla,y) = (wy, 52° + y" +aty? — 2%y* + Jay® +2%y),
with Milnor numbers p(X(fs)) = 2s + 11 and p(A(fs)) = 6s + 281.
(v) Critical curve J(f) := —(z — °)(2? 4+ y)?, germ
fla,y) = (xy, 52° + 3y + 2y — ay? + 2y’ + 52%)%),
with Milnor numbers p(X(fs)) = s+ 1 and p(A(fs)) = 3s + 143.
(vi) Critical curve: J(f) := —(22 — y)(x + y*)3, germ
fla,y) = (zy, 52° + 3y + Jay® + 32%y® — 32’y — 3y'a® + Jya — J2™y°),
with Milnor numbers p(X(fs)) = 4s+ 1 and p(A(fs)) = 16s + 201.
(vii) Critical curve J(f) := —(2® — y)(x + y*)?, germ
fla,y) = (zy, 52° + 3y" + 22%y° — 52°y° + Jay’ — 2?y),
with Milnor numbers p(X(fs)) = 3s+ 1 and u(A(fs)) = 9s + 161.
(viii) Critical curve J(f) := (x + v3)(2? + y?)?, germ
flz,y) = (my, —22° + 297 — 22%% + Lay* — 2*y® + 2279°),
with Milnor numbers: u(X(fs)) = 25+ 6 and p(A(fs)) = 6s + 232.
In figure 4 we show the possible exponents of the germs above:

e the solid black line corresponds to the Newton polygon of the germ 2° + 37,

e the dashed black line corresponds to factors (z +y) or (z2+y?) in the critical
curve,

e the solid grey line corresponds to the factor (z + »?) in the critical curve,
e the dashed grey line corresponds to the factor (x + y?) in critical curve and

e the dotted grey line corresponds to the factor (22 + y) in the critical curve.
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