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SUMMARY

This paper deals with the position workspace, orientation
workspace, and singularity of a 3-degree-of-freedom (DOF)
planar parallel manipulator with actuation redundancy, which
is created by introducing a redundant link with active actuator
to a 3-DOF nonredundant parallel manipulator. Based on the
kinematic analysis, the position workspace and orientation
workspace of the redundantly actuated parallel manipulator
and its corresponding nonredundant parallel manipulator are
analyzed, respectively. In the singularity analysis phase, the
relationship between the generalized input velocity and the
generalized output velocity is researched on the basis of
the theory of singular value decomposition. Then a method
to investigate the singularity of parallel manipulators is
presented, which is used to determine the singularity of
the redundantly actuated parallel manipulator. In contrast
to the corresponding nonredundant parallel manipulator, the
redundant one has larger orientation workspace and less
singular configurations. The redundantly actuated parallel
manipulator is incorporated into a 4-DOF hybrid machine
tool which also includes a feed worktable to demonstrate its
applicability.

KEYWORDS: Parallel manipulator; Actuation redundancy;
Orientation workspace; Singularity.

1. Introduction

Parallel manipulators are known to be capable of very
fast and accurate motions and to possess higher average
stiffness characteristics throughout their workspace, lower
inertia, and heavier payloads capacity than their serial
counterparts. However, they have some disadvantages such
as smaller workspace, lower dexterity, and abundant singular
configurations. Moreover, singularities1,2 lead to a loss of
the controllability and degradation of the natural stiffness of
parallel manipulators. Thus, singularities make the limited
workspaces of the manipulators even smaller. Therefore,
those potential advantages of parallel manipulators cannot
be fully realized. In order to profit from the advantages of
parallel manipulators, actuation redundancy is introduced
to the parallel manipulator. Now, a few prototypes of
redundantly actuated parallel manipulators have been
created.3,4
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Workspace is a typical issue in the development of a
parallel mechanism since it is the basic reference to define and
evaluate the performances of a mechanism. The workspace of
the mechanism has been studied using different methods,5–8

e.g., geometric and numerical approaches. But most of
them are related to the position workspace, which is a part
of the workspace. In fact, the workspace can be divided
into position workspace and orientation workspace for a
manipulator with rotational capability. In order to analyze
the performance of parallel manipulators with rotational DOF
(degree of freedom) better, the orientation workspace should
be studied.

Singularity is the critical configuration that results in
the change of working or assembly mode. The singular
configurations should be identified and avoided in the
workspace. In recent years, there has been a great amount
of research on the singularity of normally actuated parallel
manipulators,9,10 but works on the singularities of redundant
parallel manipulators are relatively few. The general method
to determine the singular configurations by Jacobian matrix
seems not suitable any more because the Jacobian matrix
of a redundant parallel manipulator is nonsquare. In order to
determine the singularity of a redundant parallel manipulator,
Liu et al.11 presented a geometric framework to analyze
its singularities. But the geometric approach would be
complicated for the manipulator with a complex structure.
Merlet12 let the Jacobian matrix multiply by its transpose,
and when the result equals zero, the configuration of
the redundant parallel manipulator is regarded as singular
configuration. However, such a method can find out only
a part of singular configurations of a redundant parallel
manipulator.

In this paper, the workspace of a 3-DOF planar parallel
manipulator with actuation redundancy is investigated and
a method that can determine the singularity of redundant
parallel manipulators is proposed. The workspace of the
redundant parallel manipulator is divided into position
workspace and orientation workspace and both are analyzed.
Based on the relationship between the generalized input
velocity and the generalized output velocity, an approach
is proposed to investigate the singularity of the redundantly
actuated parallel manipulator and three kinds of singularities
are determined. Moreover, the workspace and singularity
of the redundant parallel manipulator are compared
with that of the corresponding nonredundant parallel
manipulator.
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Fig. 1. 3D model of the redundant manipulator.

2. Structure Description and Kinematic Analysis

2.1. Structure description
The redundantly actuated parallel manipulator is composed
of a gantry frame, a moving platform, two constant length
links, and two extendible links, as shown in Fig. 1. The
kinematic model of the redundant parallel manipulator is
shown in Fig. 2, and link E1B is the redundant link. Sliders
E1F1 and E2F2 drive constant length links AF1 and AF2

when they slide along the vertical guide ways. Links E1B

and E2B, to be driven by two actuators, are extendible struts
with one end joined with sliders E1F1 and E2F2 and the other
connected with the moving platform AB.

In practical application, the constant length links are turned
into metal planks, and a rotational shaft and bearings are
mounted on the intersection of two constant length links.
One end of the rotational shaft is connected with the spindle
and the other is joined with the moving platform AB. The
extendible links drive the moving platform and result in the
rotation of the shaft and spindle. The whole construction
enables movement of the moving platform in two directions
(axes X and Y ) and its rotation about the axis norm to the
plane of motion of the manipulator.

Fig. 2. Kinematic model of the manipulator.

By combining the redundantly actuated parallel
manipulator with a worktable, a 4-DOF hybrid machine tool
is created to mill metal workpieces.

2.2. Kinematic analysis
As shown in Fig. 2, the base coordinate system O − XY is
attached to the beam, Y -axis is vertical, a moving coordinate
system O ′ − x ′y ′ is fixed on point A at the moving platform,
and y ′-axis is along the vector from B to A. Let the position
vector of joint point A be rO ′ = [x y]T in the base coordinate
system; the position vector of point B can be expressed as

rB = [xB yB]T = rO ′ + Rr ′
B (1)

where R is the rotation matrix from the O ′ − x ′y ′ coordinate
system to the O − XY coordinate system, r ′

B is the position
vector of point B in O ′ − x ′y ′, r ′

B = [0 −l6]T, R =
[

cos α sin α

− sin α cos α
], and α is the rotation angle of the moving

platform.
According to Fig. 2, the following equations can be

obtained:

sin φi = xB − xEi

li
, cos φi = yB − qi

li
, i = 1, 2 (2)

sin βi = x − xFi

l
, cos βi = y − (qi + l5)

l
, i = 1, 2

(3)

where φi is the angle between link EiB and vertical axis, 0 ≤
φ1 ≤ π , −π ≤ φ2 ≤ 0, βi is the angle between link AFi and
vertical axis, 0 ≤ β1 ≤ π , −π ≤ β2 ≤ 0, d is the distance
between two columns, qi and yB are the Y coordinates of
point Ei and B, li is the length of the ith extendible link, l

is the length of the constant length link, and xEi , xFi , and xB

are the X coordinates of points Ei , Fi , and B, respectively.
Based on Eqs. (2) and (3), the inverse solutions of the

kinematics can be written as

q1 = y − l5 ±
√

l2 − (x + d/2)2 (4a)

q2 = y − l5 ±
√

l2 − (x − d/2)2 (4b)

l1 =
√

(x − l6 sin α + d/2)2 + (y − l6 cos α − q1)2

(4c)

l2 =
√

(x − l6 sin α − d/2)2 + (y − l6 cos α − q2)2

(4d)

where l5 and l6 are the lengths of the slider and the moving
platform, respectively. For the configuration shown in Fig. 2,
the “±” Eq. (4) should be only ‘−’.

The time derivative of Eqs. (2) and (3) leads to

q̇i = ẏ + l sin βiβ̇i = J i[ẋ ẏ α̇]T (5)

l̇i = ẋB sin φi + (ẏB − q̇i) cos φi = J i+2[ẋ ẏ α̇]T (6)
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where J i = [tan βi 1 0], E =
[

0 1
−1 0

]T

,

J i+2 = [sin φi cos φi]

([
eT

1

eT
2

]
+ E Rr ′

BeT
3

)
− J i cos φi,

e1 = [1 0 0]T, e2 = [0 1 0]T, e3 = [0 0 1]T.

The Jacobian matrix is defined as

q̇ = J ṗ (7)

where q̇ = [q̇1 q̇2 l̇1 l̇2]T, ṗ = [ẋ ẏ α̇]T, and J is
the Jacobian matrix.

Thus, the Jacobian matrix of the redundant parallel
manipulator can be expressed as

J = [
JT

1 JT
2 JT

3 JT
4

]T
(8)

3. Workspace Analysis

The workspace of a mechanism can be divided into position
workspace and orientation workspace, both of which are
discussed in this section.

3.1. Position workspace
The workspace of the 3-DOF planar parallel manipulator
with actuation redundancy is a region of the plane that can
be obtained by determining the workspace of the reference
point A on the moving platform.

Let y1U and y2U be the Y coordinates of sliders E1F1 and
E2F2 as they reach their upper limit points O1U and O2U. d1

and d2 are the sliding distances of sliders E1F1 and E2F2 in
the columns, respectively. Equation (4) can be rewritten as

(q1 − y + l5)2 + (x + d/2)2 = l2 (9)

(q2 − y + l5)2 + (x − d/2)2 = l2 (10)

From Eqs. (9) and (10), it can be concluded that the reachable
workspace of the reference point A is the intersection of
region I and region II associated with two kinematic chains
as shown in Fig. 3.

The reachable position workspace of the considered
redundant parallel manipulator can be divided into three
categories:

1. Null reachable workspace. The reachable workspace is
null and the mechanism cannot be assembled when 2l <

d. This condition must be avoided in the design.
2. Two isolated reachable workspaces. As shown in Fig. 3,

workspace 1 and workspace 2 are two isolated reachable
workspaces of the redundant parallel manipulator.

3. A continuous reachable workspace. As shown in Fig. 4, the
reachable workspace is a continuous region. The parallel
manipulator possesses a continuous reachable workspace

Fig. 3. Two isolated reachable workspaces.

when the following inequality is satisfied:

⎧⎨
⎩

xP1 ≤ 0
xP2 ≥ 0
2l > d

(11)

where xP1 is the x coordinate of point p1, xP2 is the x

coordinate of point p2 as shown in Fig. 3, and

xP1 = −d/2 +
√

l2 − (d1/2)2 (12)

xP2 = d/2 −
√

l2 − (d2/2)2 (13)

According to Eqs. (11), (12), and (13), it can be obtained
that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

l ≤
√

d2 + d2
1

4

l ≤
√

d2 + d2
2

4

(14)

Fig. 4. Continuous reachable workspace.
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Table I. Relating parameters.

Parameters Values (m) Parameters Values (m)

d 1 l 1
l1 1 l5 0.3
l2 1 l6 0.3
d1 1 d2 1
y1U 1 y2U 1

Therefore, the mechanism has a continuous reachable
workspace when inequality (14) is satisfied.

It is well known that the singular configurations should
be avoided in the workspace. If the redundantly actuated
parallel manipulator has two separate position workspaces,
the manipulator cannot move from one workspace to the
other as long as the manipulator is assembled. Thus, only
one workspace is used in practice. The relating parameters
about the redundant parallel manipulator are given in Table I.

By simulation, it can be concluded that the redundantly
actuated parallel manipulator studied here has two separate
workspaces. Figure 5 shows one of the two separate position
workspaces. The position workspace is symmetric about Y -
axis. If the sliding distance of the slider becomes longer,
the workspace will be larger. The position workspace of
the redundant parallel manipulator is identical with that
of the corresponding nonredundant parallel manipulator. It
means that the position workspace is not changed by adding
a redundant link with active actuator to the nonredundant
parallel manipulator.

3.2. Orientation workspace
In this subsection, the orientation workspace of the
redundantly actuated parallel manipulator is analyzed and the
orientation workspaces of the redundant parallel manipulator
and the corresponding nonredundant one are compared.

Let αa and αc be the maximum and minimum values
of the rotation angle α of the moving platform AB; the
manipulator reaches the singular configuration when it
rotates αc clockwise or rotates αa counter-clockwise. Link
EiB cannot rotate any more when link EiB is parallel to
link FiA and the Y coordinate of point B is larger than that of
point A. Otherwise, link EiB will interfere with the rotational

Fig. 5. Workspace of the redundant manipulator.

Fig. 6. Orientation workspace with mechanism limit.

shaft that the spindle is mounted on. Thus, the orientation
workspace of the redundantly actuated parallel manipulator
can be expressed as

αc = −180

π
sin−1

(
d/2 − x

l

)
(15)

αa = 180

π
sin−1

(
d/2 + x

l

)
(16)

Accordingly, the orientation workspace of the nonredundant
parallel manipulator can be written as

αc = −180

π
tan−1

(
d/2 − x√

l2 − (d/2 − x)2 + l5

)
(17)

αa = 180

π
sin−1

(
d/2 + x

l

)
(18)

The orientation workspaces of the redundant parallel
manipulator and the corresponding nonredundant parallel
manipulator are shown in Fig. 6. It can be seen that the
orientation workspace of the redundant parallel manipulator
is larger than that of the nonredundant parallel manipulator.

Based on this analysis, it can be seen that the orientation
workspace becomes larger by adding a redundant link with
active actuator to the corresponding nonredundant parallel
manipulator.

4. Singularity Analysis

4.1. Classification of singularity
Let J be an m × n matrix and the rank of J be r . It is
obvious that m > n is satisfied for the redundantly actuated
parallel manipulator. According to the theory of singular
value decomposition, J can be written as

J = U
[

Sr 0

0 0

]
V (19)
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where U and V are m × m and n × n orthogonal matrices,
and

Sr = diag (σ1, σ2, . . . , σr ) (20)

where σi (i = 1, 2, . . . , r) is the singular value of J , and
σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

Equation (7) can be rewritten as

UTq̇ =
[

Sr 0

0 0

]
V ṗ (21)

where UTq̇ and V ṗ can be regarded as the generalized
joint input velocity and the generalized end-effector output
velocity, respectively.

Based on Eq. (21), the following equation can be obtained:

(UTq̇)i =
{
σi(V ṗ)i , i ≤ r

0, r < i ≤ m
(22)

where (UTq̇)i and (V ṗ)i are the ith elements of the
generalized input velocity matrix and the generalized output
velocity matrix, respectively.

From Eq. (22), it can be seen that only r input parameters
are independent. Namely, the elements of the generalized
joint input velocities of the manipulator are dependent. If
the joint input velocities do not satisfy (UTq̇)i = 0 (i > r),
the mechanism would break apart and this case is called
nondegenerate actuator singularity.

Furthermore, the following equation is derived from Eq.
(22):

(V ṗ)i = σ−1
i (UTq̇)i , i ≤ r (23)

It can be seen that (V ṗ)i = 0 when q̇ = 0, and the other
generalized output velocity elements can be arbitrary. It
means that the end-effector can move when the active links
are locked. This case is corresponding to the degenerate
actuator singularity.

For a redundantly actuated parallel manipulator, it
has r ≤ n < m and (UTq̇)i = 0 (i > r) can always be
satisfied. Namely, the m-dimension joint input vectors are
not independent, which are always directly interrelated.
Certain actuator forces may cause the manipulator to be
destroyed such that the nondegenerate actuator singularities
always exist in the mechanism. Therefore, a redundant
parallel mechanism is a nondegenerate actuator singularity
mechanism in nature. The nondegenerate actuator singularity
could be overcome by arranging correctly each joint input
velocity. Then we only need to analyze the degenerate
actuator singularity.

Besides, there is another singularity which exists in parallel
mechanisms. According to Eq. (23), if σ−1

i (UTq̇)i is near
to zero, (V ṗ)i will go to zero. It means that for a given
generalized input velocity, the output velocity is small. In this
configuration, though the velocities at the actuator joint are
infinite, the velocities of the end-effector in some directions
are zero. It means that the end-effector loses one or more
instantaneous degrees of freedom of motion. This is just the
end-effector singularity.

In addition, the actuator singularity and the end-effector
singularity may occur synchronously, and this case is called
the complex singularity.

4.2. Singularity of the redundantly actuated parallel
manipulator
According to the above analysis, three kinds of singularities
are identified as follows:

1. The actuator singularity
This kind of singularity occurs when r = rank(J ) =

rank(J TJ ) < n. Thus, the following equation can be
obtained:

det( JT J) = 0 (24)

For the redundantly actuated parallel manipulator under
consideration, substituting Eq. (8) into (24) leads to

det( JT J) = (
J 2

33 + J 2
43

)
(tan β1 − tan β2)2

+ 2(J33J41 − J31J43)2 = 0 (25)

where

J33 = l6 cos φ1 sin α − l6 cos α sin φ1

J31 = sin φ1 − cos φ1 tan β1

J41 = sin φ2 − cos φ2 tan β2

J43 = l6 cos φ2 sin α − l6 cos α sin φ2

If Eq. (25) is satisfied, two possible solutions can be obtained

J43 = J33 = 0 (26)

or

tan β1 = tan β2, J33J41 = J31J43 (27)

Based on Eq. (26), the following two equations can be
obtained

tan α = tan φ1, tan α = tan φ2 (28)

From Eq. (28), it can be concluded that extendible links
E1B and E2B and the platform AB should be collinear.
However, this configuration cannot be realized because of
the mechanism limit.

According to Eq. (27), the following equations are satisfied

tan β1 = tan β2,
sin(β1 − φ1)

sin(β1 − φ2)
= sin(α − φ1)

sin(α − φ2)
(29)

Taking the limits of βi and φi into account, the possible
solutions of Eq. (29) can be written as: (1) β1 − β2 = π , α =
β1; (2) β1 − β2 = π , α = β2; (3) β1 − β2 = π , φ1 − φ2 = π .
The equation β1 − β2 = π shows that points F1, A, and F2

are collinear. Since |βi | is smaller than π/2 or ranges from
π/2 to π , α = β1 and α = β2 correspond to four singular
configurations. From φ1 − φ2 = π , it can be concluded that
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Fig. 7. Actuator singularities.

points E1, B, and E2 are in the same line, which represents
two possible mechanical configurations. Moreover, due
to the extendible strut of link EiB, α has two possible
values. Therefore, φ1 − φ2 = π corresponds to four singular
configurations. Thus, it can be seen that the redundant
manipulator has eight actuator singular configurations as
shown in Fig. 7.

The corresponding nonredundant manipulator is also in
actuator singularity as long as points F1, A, and F2 are
collinear, and α of the nonredundant manipulator can be
an arbitrary value. Thus, it can be concluded that the singular
configurations of the redundant parallel manipulator are
reduced relative to the nonredundant one.

2. The end-effector singularity
It is supposed that there is no actuator singularity and r =

n. If σ−1
i = 0 (namely, σi = ∞), the end-effector singularity

occurs. Thus,

det( JT J) =
n∏

i=1

σ 2
i = ∞ (30)

To meet Eq. (30), it must have tan β1 = ∞ or tan β2 = −∞.
Thus, the following equations can be obtained:

β1 = π

2
, β2 �= −π

2
(31)

or

β1 �= π

2
, β2 = −π

2
(32)

Fig. 8. End-effector singularities.

The end-effector singular configurations of the redundantly
actuated parallel manipulator are shown in Fig. 8. Under
this condition, the singular configuration of the redundant
parallel manipulator is similar to that of the corresponding
nonredundant one.

3. Complex singularity
If the complex singularity occurs, it has

tr( JT J) =
n∑

i=1

σ 2
i = ∞ (33)

The singularities obtained by Eq. (33) include the end-
effector singularity and the complex singularity. In order
to determine the complex singularity, the end-effector
singularity should be removed.

For the parallel manipulator studied here, it has

tr( JT J) = tan2 β1 + tan2 β2 + J 2
31 + J 2

41 + J 2
33 + J 2

43 + 2
(34)

According to Eqs. (33) and (34), it can be concluded that
tan β1 = ∞ and/or tan β2 = −∞. Since it has tan β1 = ∞ or
tan β2 = −∞ in the end-effector singularity, which should be
removed in the complex singularity, the following equation
is satisfied in the complex singularity:

tan β1 = ∞, tan β2 = −∞ (35)

It is obvious that the complex singularity does not exist in
the redundantly actuated parallel manipulator. However, it
occurs in the corresponding nonredundant manipulator when
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Fig. 9. Prototype of the hybrid machine tool.

link AF1 is horizontal and links AB and E2B are in the same
line.

5. Application

By combining the 3-DOF redundantly actuated parallel
manipulator with a feed worktable, a 4-DOF hybrid machine
tool has been created by Tsinghua University, as shown in
Fig. 9. The hybrid machine tool is used to perform four-axis
milling tasks. The dynamic and control performances of the
hybrid machine tool are to be tested. These related issues,
however, are best addressed by separate papers.

6. Conclusions

The position workspace, orientation workspace, and
singularity of a 3-DOF redundantly actuated parallel
manipulator have been investigated in this paper. The
conclusions can be drawn as follows:

1. The position workspace of the 3-DOF redundant parallel
manipulator is the same as that of the corresponding nonre-
dundant parallel manipulator. However, the orientation
workspace of the redundant parallel manipulator is larger
than that of the corresponding nonredundant one.

2. The method for investigating the singularity of a redundant
parallel manipulator is presented. By applying this
approach to the 3-DOF redundant parallel manipulator,
it can be concluded that the end-effector singularity of
the redundantly actuated parallel manipulator is similar

to that of the nonredundant one. But the actuator singular
configurations and complex singular configurations of the
redundant parallel manipulator are reduced.

3. The redundantly actuated parallel manipulator is
incorporated into a 4-DOF hybrid machine tool to perform
four-face milling tasks.
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