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Abstract

We introduce the h-minimum spanning length of a family A of n x n matrices over a field F, where h
is a p-tuple of positive integers, each no more than n. For an algebraically closed field F, Burnside’s
theorem on irreducibility is essentially that the (n, n, ..., n)-minimum spanning length of A exists if A is
irreducible. We show that the h-minimum spanning length of A exists for every h = (hy, hy, ..., h,) if A
is an irreducible family of invertible matrices with at least three elements. The (1, 1,..., 1)-minimum
spanning length is at most 4nlog, 2n + 8n — 3. Several examples are given, including one giving a
complete calculation of the (p, g)-minimum spanning length of the ordered pair (J*,J), where J is the
Jordan matrix.

2020 Mathematics subject classification: primary 15A30.
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1. Introduction

Let S be a finite nonempty set of distinct symbols. Let W be a nonempty word in
S, written in its standard form, using index notation wherever possible. Thus, W =
X)Xy x0T x, where {x; 1 1 i<t} CS, xp #Xx0 # -0 # Xio1 # Xpy S1,52,..., 5 are
positive integers and ¢ > 1. We call x{',x’, ... ,x;" the slots of W and  the slot length
of W. We define the height of W to be max{s; : 1 < i < t}. We say that W is a 1-word
in S if it has height 1, that is, W = x1x; . .. x;_1x;, with distinct adjacent factors.

Let A be a finite nonempty set of distinct #n X n matrices over a field F. For every
k € Z*, let 'V (A), or simply 'V, be the linear span of the 1-words in A of length at
most k. Then 'V, C 'V, for every k > 1. There exists a smallest positive integer K,
such that 'V, = 'V, for every k > K;. If ' Vg, = M,(F), we call K, the 1-minimum
spanning length of A, abbreviated ‘1-msl(A)’. So, the 1-msl of A is defined if and
only if the 1-words in A span M,,(F) and then its value is the smallest positive integer
K, with the property that the 1-words in A of length at most K; span M,,(F).

With A and F as above, the ‘minimum spanning length of A’, abbreviated ‘msl(A)’,
was introduced in [6]. (The related notion of ‘slot length of ‘A’ was introduced in [8].)
For every integer k > 1, we let V, (A) denote the linear span of the nonempty words in
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A of length at most k. If the nonempty words in A span M,,(F), the minimum spanning
length of A is the least positive integer K such that V} (A) = M,(F). Clearly, msl(A)
exists if 1-msl(A) does and in that case msl(A) < 1-msl(A).

Still with A and F as above, the (earlier) notion of ‘length of A’ has been considered
by several authors, especially since Paz’s paper [11] in 1984 (see [1, 3,4, 7,9, 10, 12]).
For every integer k > 0, we let Vi (A) denote the linear span of the words in A of
length at most k, taking the unique word of length zero, called the empty word, to be
the identity matrix. If the (possibly empty) words in A span M, (F), the length of A
is the least nonnegative integer L such that V (A) = M,(F). It is easily shown that
msl(A) < length(A) + 1 [9].

In Section 2 we present some results on the ‘1-msl’, when the underlying field F
is algebraically closed. With this underlying field, Burnside’s theorem (see [5]) states
that a family has an msl if and only if it is irreducible. An irreducible family need not
have a 1-msl. For example, no irreducible pair of n X n complex matrices has a 1-msl if
n > 4, since there are fewer than n” linearly independent 1-words in the pair (see below
for more details). We shall show, in Theorem 2.1, that every finite irreducible family
of invertible matrices with at least three elements, over an algebraically closed field F,
has a 1-minimum spanning length and that it is no greater than 4nlog, 2n + 8n — 3.

In Section 3 we introduce the more general notion of the ‘h-minimum spanning
length’, abbreviated ‘h-msl’, of a p-tuple (A{,A,,...,A,) of distinct n X n matrices
over a field F. Here h is a p-tuple of positive integers, each no greater than n, and the
‘(1,1,...,1)-msl’ is the same as the ‘1-msl’. Our main result is Theorem 3.3, by which
we show that every finite irreducible family of invertible n X n matrices, with p > 3
elements, over an algebraically closed field F, has an h-minimum spanning length for
every h = (hy, ha, ..., hp).

We close by calculating, in Theorem 3.5, the (p, ¢)-minimum spanning length of
the ordered pair (J*,J), where J is the strictly upper triangular Jordan matrix, with
ones on the first superdiagonal and zeros elsewhere, for every p, g.

Recall the definition of Kronecker products [2, page 98]. If A = (a;;) and B are
square matrices, of sizes n X n and m X m, respectively, over a field F, the Kronecker
product of A and B, in that order, written A © B, is defined to be the mn X mn matrix

a, B aipB -+ apu,-1B ayB
a B axB -+ ay,1B a,B
an,lB an,2B e an,n—lB an,nB

We will use the following properties of Kronecker products. For A € F and matrices
A, CeM,F),B,D e M,(F):

(1) (A®@B)CoD)=(AC)® (BD);
(2) (AA)OB=A0®(B) = AAOB);
3) A+C)0B=A0B+COB;
4) Ao(B+D)=A0B+A0OD.
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The Kronecker product A ® B as described above can be thought of as a linear
transformation on F" ® F" @ - - - ® F", where there are m summands.

Throughout, if & is a set of vectors, we will denote their linear span by (E). The
inner product on C" is denoted by (-|-) and the standard ordered basis is denoted by
{er,e2,...,e,}). If e, f € C", e ® f denotes the linear transformation on C" defined by
(e® f)(x) = (xle)f for x € C". Thus e ® f is conjugate linear in the first argument and
linear in the second. Also, T(e ® f) = e® (T f)and (e ® f)T = (T*e) ® f for any linear
transformation 7. A square matrix A is called a square zero matrix if A> = 0.

2. 1-minimum spanning lengths

Let {A, B} be an irreducible pair of complex n X n matrices. We mentioned above
that {A, B} does not have a 1-msl if n > 4. This is simply because, in that case, there are
too few linearly independent 1-words in A, B. Indeed, for every integer k > 1 there are
precisely two 1-words, namely, ABAB ... and BABA ..., of length k. So, the number
of 1-words of length at most & is 2k. In the notation introduced above, for such a pair,
'Y, =19V,_, whenever k > 2n, since any 1-word of length k > 2n begins (AB)"...
or (BA)" ... and so belongs to 'V;_,, using the appropriate characteristic polynomial.
Thus, 'Va,_1 = (U{!Vy : k > 1}) is the linear span of the 1-words in {A, B}. But !V,,_;
is spanned by 2(2n — 1) = 4n — 2 elements and 4n — 2 < n? for n > 4. On the other
hand, the irreducible pair {J*,J} has 1-msl equal to 2 on C?, and the pair {D,J} has
1-msl equal to 5 on C3, where

1 -1 1
D=|-1 2 -1
1 -1 3
In the following theorem, the condition of invertibility cannot be dropped since
{A, B, C} does not have a 1-msl if C = 0 and {A, B} is an irreducible pair for n > 4.

THEOREM 2.1. Let F be an algebraically closed field. If n > 2 and p > 3 and ¥ =
{F;: 1 <i< p}is an irreducible family of distinct invertible n X n matrices over F,
the 1-words in F span M,(F) and the 1-minimum spanning length of F is at most
4nlog, 2n + 8n — 3.

PROOF. Define the set A = {A; : 1 <i < p} of 2n X 2n matrices by

0 1 00 a, -1 .
A1=[0 O]GFl, A2:|:1 O]GFz, A,-:[ag _all@Fi B<i<p),

where {@; : 3 < i < p} is a set of distinct, nonzero scalars. Notice that

2 2 2
0 1 00 a -1 ;
[o o} Z[l 0] =[a2 —ai} =0 G=isp.
It follows thatAl.Z:Oforl <i<p.

We show that A is irreducible. Let M C F" @ F” be invariant under every element
of A. Define the subspaces M, M; by M; ={x e F" : (x,y) € M for some y € F"}
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and M, = {y € F" : (x,y) € M for some x € F"}. Then M C M; & M,. Since

F\F» 0 0 0
A1A2=[ 102 0} and AQAI:[O FzFl],

if (x,y) € M, both (FF,x,0) and (0, F»F;y) belong to M. Hence, FiF M; € M, and
FyFiM; € M,. Since F1F, and F>F; are both invertible, it follows that FiFo M; =
M, and FaFi My = M. Letx € M. Then (F1F>)"'x € My, so (FF2)"'x,v) € M for
some v € F" and A, ((F1F>) 'x,v) = (x,0) € M. It follows that M; @ (0) C M. Simi-
larly, (0) ® M; € M. Thus, M = M; & M,. Now (x,y) € M implies that A;(x,y) =
(Fi(aix —y), a;iFi(aix —y)) € Mfor3 <i < p. Taking y = 0 gives F;M; € M; N M,,
and taking x = 0 gives F; M, € M; N My, for 3 < i < p. Thus, using invertibility,

FMi=Mi=Min My, and FM=M=Min M, fOI‘3SiSp.

Thus, M; = M; = N, say, and M = N & N, where the subspace N is invariant under
every element of {F; :3 <i< p}. If xe N, then (0,x) e M so A;(0,x) = (F1x,0) €
M, so Fix € N. Similarly, NV is invariant under F,. Since N is invariant under
every element of , N = (0) or F". Thus, M = (0) or F* @ F". This shows that A
is irreducible.

Since every A; has square zero, every nonzero nonempty word in A is a 1-word. By
Burnside’s theorem, the 1-words in A span M,,(F). If W = X1 X, ... X is a 1-word in
A and if X; = g; © G;, where

0 1 0 0 a; -1

seflo ol 17 ol

and G; € F for 1 <i<k,then W=(g1g2...21) ©(G1G;...Gy), where g2, ...g is

a2x2matrix B=[B;]and G = G|G,...Gyisa l-wordin ¥. So, W =BOG. Let L

be the msl of A. Then L is the 1-msl of A and every 2 X 2 matrix with entries in M,,(F)

can be expressed as a linear combination of words such as W of length at most L. It

follows that the 1-words in # of length at most L span M,,(F) and that the 1-msl of ¥
satisfies 1-msl(¥) < L.

Now L = msl(A)<length(A)+1 and Ilength(A) <4nlog,(2n)+8n—-4 (by

[12, Theorem 3]), so 1 — msl(F) < L < 4nlog,(2n) + 8n — 3. |

:3Sj§p},

COROLLARY 2.2. Ifn > 2 and {F, G} is an irreducible pair of invertible complex n X n
matrices, the 1-words in {I, F, G} span M,(C). If

0 F 0 O I -1
R L e )

then msl{F,G} < 1 —msl{/, F, G} < msl{A, B, C} < 2 msl{F, G} + 3.

PROOF. In the theorem, take p=3,F, =F,F, =G,Fs =1, a3 =1,A; =A,A, = B.
By the theorem, {A, B, C} is irreducible and the 1-words in {I,F, G} span M,(C)
and, by its proof, 1-msl{/, F, G} < msl{A, B, C}. Further, msl{F, G} < 1-msl{], F, G} as
remarked earlier.
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Define 2 x 2 matrices a, b, ¢ by

0 1 00 1 -1
a—[o O}’ b—[l 0} and c—[l _1],
sotht A=aOF,B=b0G and C=c0Ol. Let W =E|E,...E; be any word (not
necessarily a 1-word) in {F,G} with E; = F or G for 1 <i<k. Let fi=a or b,
according as E; = F or G. Then X; = f; © E; = A or B for each i. We prove by induction
that CX,CX; ... CX;—1CX;C = £(c © W) for every k > 1.
The result is true for k = 1 since
F -F

FoF = —(c0G).

CAC=[

]=c®F and CBC=[_G G]

-G G

Let k£ > 1 and assume that the result is true for k. Let W = E\E, ... ExEy,, with each
E; = F or G, and define X; = f; © E;, where f; = a or b, so that X; = A or B. Then

CXCX5C... X CXi11C = +(c O (E1E, ... E) X1 C.

Now

F -F 0 0
X"“C‘[o 0] o [G —G}’

according as Xy4; = A or Xi4; = B. Thus,

+(cO(E1E,y .. . EF)) if X =A,
CX,CX,C .. . X CXpi 1 C =
F(c O (E\E,...EG)) if Xy = B.

This completes the proof by induction.

It now follows that if W is a word in {F,G} of length k> 1, then cOW is
in V), (A, B,C). Consequently, co0T € V), ,(A,B,C) if T € V| (F,G). But, by
definition, Vi (F, G) = M,(C), where K =msl(F, G). Hence, cOT € V), (A, B,C)
for every T € M,,(C). Now, for any T € M,(C),

T -T|_[FT -FT
T -T|7|0 0

-G G|, [-FIG 0
A[—G G}Bz[ 0 0

} € Vik.3(A,B,O).
Since F, G are invertible,
T S 0 0 T S ,
[0 0], [R Q] and [R Q] € Vik.sA,B,0)
for every Q,R, S, T € M,(C). The first assertion follows from the preceding calcula-
tions, a similar argument gives the second and together they imply the third. So, the

nonempty words in {A, B, C} of length at most 2K + 3 span M»,(C) and it follows that
L =msl(A, B, C) < 2K + 3. This completes the proof. ]
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The proof of the preceding theorem shows how to obtain examples of irreducible
triples consisting of square zero k X k complex matrices, where k > 4 is even. It is per-
haps interesting to note that three is minimal in this regard, even on odd-dimensional
spaces.

PROPOSITION 2.3. If n >3 and Q is an irreducible, linearly independent set of
square zero n X n complex matrices with q elements, then 3 < q < n> — 1, where both
inequalities are sharp, for every n > 3.

PROOF. Let n > 3 and let Q be an irreducible, linearly independent set of n X n square
zero matrices with g elements. Obviously, ¢ > 2. Suppose that ¢ = 2 and Q = {A, B}
with A2 = B? = 0. Then AB maps the range of A into itself, so there exists f in range(A)
such that ABf = Affor some scalar A. Then ({f, Bf}) is invariant under both A and B.
This contradicts the irreducibility of @, so ¢ > 3.

Since every nilpotent matrix has trace zero, every matrix in the linear span of Q has
trace zero. Hence, g < n> — 1.

Next we show that we can have ¢ = n> — 1. (We may take, additionally, n = 2 in
what follows.) Let

Qi ={e®ej:1<i,j<n, i#jlU{(e; +e¢)®(e; —¢):2<j<n}

Then Q, has n* — 1 elements, each with square zero. Now
(er+te)®@(er—e)=(e1®e))—(e1®e)+(e;®e)) —(ej®e¢;) for2<j<n.
Since e; ® ¢; and e; ® e; both belong to Q; if j # 1, the linear span of {e; ® e;} U Q,
contains every ¢; ® e; and so equals M,(C). Thus, @, is linearly independent, since its
linear span has dimension n”> — 1. Let R = (e; ® e2)((e; + e2) ® (e; — e3)). Since R =
(e1 ® e3) + (e2 ® e3) does not have trace zero, it does not belong to the linear span of

Q. Thus, (Q; U {R}) = M,,(C) and it follows that Q; is irreducible.

Finally, we show that an irreducible set of square zero matrices with three elements
exists in M, (C). Such a set is obviously linearly independent.

Case: n=2m even, m>?2. Let {F,G} be an irreducible pair of m X m complex

matrices. Put
0 F 0 0 I -1
a<[0 0] 8 O] wa ee] 7]

Clearly A%? = B? = C? =0 and, as noted in the proof of Corollary 2.2, {A, B, C} is
irreducible.

01 o]0 O O]|[O0 O O
Case: n = 3. 0o 0 0(,]0 0 1(,]0 0 O is irreducible.

0 0 0|0 OO 1 00

Case: n=2m+ 1 odd, m > 2. Let E € M,,(C) be an invertible matrix for which there
exist vectors e, f in C™ satisfying (i) e is a cyclic vector for E, (i) (E~'e| f) # 0, (iii)
N C {f)*, N an invariant subspace of E, implies that N = (0). (For example, we can
take £ =1 —J, where J is the upper triangular Jordan matrix and e = (1, 1,...,1),
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f=1(1,0,0,...,0).) Define 2m + 1) X (2m + 1) matrices A, B, C by

0 00 0 0 E 0 (e O
A=|Clf) 0 Of, B=|0 0 (lf)l, C=]0 0 O],
E 00 00 O 0 (e O

where (:| f) : C" — C is the linear map (:|[f)(x) = (x| f) and (:)(e) : C — C™ is the
linear map (-)(e)(d) = de. Then

A(x, 4,y) = (0, (x| f), Ex), Bx,4,y) = (Ey,(y|f),0), C(x,4,y) = (1e,0,1e) (2.1)

for all x,y € C", 1 € C. Clearly A> = B> = C* = 0.
Let M Cc C" & C @ C™ be invariant under A, B and C. The matrix C has rank one.
Indeed, C = (0,1,0) ® (e, 0, ). Thus, either (e, 0, e) € M or M C ((0, 1,0))*.
Suppose that (e,0,e) € M. Let x,y € C". We prove by induction that if W =
Xi1X,...Xisa l-word in {A,B}, sothat X; = A or B, and X; # Xy # - -- # Xj_1 # X;
and k > 1, then
(0,(E*'y| f),E*y) if kis even and W begins with A,
(0, (E*'x| f),E*x) if kis odd and W begins with A,
(E*x,(E<'x| £),0) if k is even and W begins with B,
(E*y, (EX'y| £),0)  if kis odd and W begins with B.

Wx,0,y) = (2.2)

The result is true when k = 1, using (2.1). Let k > 1 and suppose that the result is true
fork.Let V =X,X,...X;X;;1 bea l-wordin {A,B}. Let W = X0 X3 ... Xi41.

Case: k + 1 even and V begins with A. Then k is odd and W begins with B, so
V(x,0,y) = AE'y, (E*'y1 £),0) = (0,(E'y | £), E¥*y).

Case: k + 1 odd and V begins with B. Then k is even and W begins with A, so
V(x,0,y) = BO,(E*'y| £), E'y) = (E*'y, (E%y | ). 0).

Case: k + 1 even and V begins with B. Then k is odd and W begins with A, so
V(x,0,y) = B(O, (E“ x| £), E*x) = (E*'x, (E*x| ),0).

Case: k+ 1 odd and V begins with A. Then k is even and W begins with B, so
V(x,0,y) = A(E*x, (E*'x| £),0) = (0, (E*x| f), EF'x).

Thus, the result is true for k + 1. We next show that the set of vectors

W ={(e,0,e)} U{W(e,0,¢e) : Wisa l-word in {A, B} of length 1 < k < m}

is linearly independent. Since this set of vectors has 2m + 1 elements and is contained
in M, it spans C" ® C® C" and M = C" @ Ce® C™. Thus,

(0,(E*e| f),E*e) if W begins with A,

W(e’ O’ e) = k k*] . . .
(EXe,(E*"e| f),0) if W begins with B,
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where W = XX, ... X} isa l-word in {A, B}. Then
W ={(e,0,e)} UL, (E* e| £), Ere), (E*e, (B 'e| £),0) : | <k < m).
Suppose that

ale,0,¢)+ > B0, (B e| ), E'e) + D yi(EXe, (E*"e| £),0) = 0.
k=1 k=1
Then ae = — Y7, BiEre = = 31, viEre, so

2ae = — Z(ﬁk +y)Efe and 2aE7'e = - Z(,Bk +yE e,
k=1 k=1

Taking the inner product with f gives
2a(E el ) == ) (B +yOE el ) = 0.
k=1

Thus, @ =0 and Y-, BE'e = Y-, yxE*"'e = 0. From the latter, B = ¥ = 0, for
1 < k < m, since e is a cyclic vector for E. So, M =C" @ Ca C™.

Finally, suppose that M C ((0, 1,0))*. If (x,4,y) € M, it follows that 1 =0. If
(x,0,y) € M, then, from (2.2), the matrix £ has cyclic invariant subspaces M =
(x,Ex,E*x,...,E™'x) and N = (y, Ey, E*y, ..., E™'y) and they satisfy M, N C (f)*,
soM =N = (0) and x = y = 0. Thus, M = (0). This completes the proof. O

REMARK 2.4. Let n>2 and let {A,B} be an irreducible pair of n X n complex
matrices. Note that the 1-words in {/,A, B} will span M, (C), even if neither A nor
B is invertible. For, if W is a nonempty word in {A, B} of length ¢, then W is equal
to a word in {/, A, B} of length 2¢ — s, where s is the slot length of W. For example,
A’BAB?A? = AIABABIBIBAIA. 1t follows that 1-msl({/, A, B}) < 2 msl({A, B}) — 1. So,
if msl({A, B}) < 2n — 2, then 1-msl({/, A, B}) < 4n — 5. We advance the conjecture that
1-msl({A, B}) < 4n — 7 for any irreducible pair {A, B}. In support of this we give the
following proposition.

PROPOSITION 2.5. Ifn > 2 and {A, B} is an irreducible pair of n X n complex matrices
with msl{A, B} < 2n — 2, then 1-msl({1, A, B}) < 4n — 7 provided that

(A BB AT V(AL BY) + (W, (A, BY)), (2.3)

where V), ({A, B}) denotes the linear span of the nonempty words of length at most
2n -3 in {A,B} and ‘W) _,({A, B}) denotes the set of nonempty words in {A, B} of
length 2n — 2, different from both A""'B"~'" and B 'A"!.

PROOF. Let {A, B} be an irreducible pair with msl({A, B}) < 2n — 2 satisfying condi-
tion (2.3). We need to show that the 1-words in I, A, B of length at most 4n — 7 span
M,,(C). Since the nonempty words in {A, B} of length at most 2n — 2 span M,,(C), it is
enough to show that every such word W belongs to the span of the 1-words in {/, A, B}
of length at most 4n — 7. Denote the length of W by |W| and the slot length of W
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by s(W) and suppose that s(W) > 3. Then W = V|, where V| is a 1-word in {/, A, B}
of length 2|W| — s(W). But 2|W| — s(W) < 2(2n — 2) — 3 = 4n — 7, giving the result in
this case.

Suppose that W has slot length 1. Then W = A or B/, where I = |W|. Each of these
belongs to (I,A, A%, ... ,A"V B,B%,...,B"1}), so it is enough to consider the case
where |W| = AP or BP, where 1 < p < n — 1. In this case W = V,, where V, is a 1-word
in {I,A, B} of length 2p — 1 <2n — 3 < 4n — 7, again giving the desired result.

Finally, suppose that W has slot length two. We have W = APB? or B1AP, with p, g >
land |W| = p + g < 2n — 2. Itis enough to consider the case where p,g <n—1.If p +
q < 2n — 3, we observe that W = Vi, where V3 is a 1-word in {/, A, B} of length 2|W| —
2 < 4n - 8, and the desired result follows. If p + g =2n—2,then p=g=n—-1. By
(2.3), W eV, (A, B}) + (W] _,({A, B})) and every element of the latter, as we have
just shown, belongs to the span of the 1-words in {/, A, B} of length at most 4n — 7.
This completes the proof. O

COROLLARY 2.6. Let n > 2 and let {A, B} be an irreducible pair of n X n complex

matrices with A unicellular. If the degree of the minimum polynomial of B is less than
n, then 1-msl({{,A,B}) < 4n-1.

PROOF. By [6, Theorem 2], msI({A, B}) <2n—2. The condition (2.3) of the proposition
obviously holds, so the result follows. |

EXAMPLE 2.7. Over the complex field, consider the pair {A, B}, where B = J, the
upper-triangular n X n Jordan matrix, n > 3and A = e; ® e,. Then A?> = 0 and {A, B} is
irreducible. (The nonzero invariant subspaces of J are the subspaces ({e}, €2, ..., ex})
for 1 < k < n.) By the preceding corollary, 1-msl({/, A, B}) < 4n — 7. We show that, in
fact, 1-msl({/,A, B}) = 4n — 7. For this it is enough to show that (We,le,) = (We,_1le1)
for every 1-word W in {I,A, B} of length at most 4n — 8. Deleting the I factors in
W, there remains a word in {A, B} which is equal to a scalar multiple of one of
the following types of words: I, A, BPA,ABY, BPAB?, where 1 < p,q < n — 1. Here we
have used the fact that A has rank one, so for any matrix X we have AXA = 1A for
some scalar A. Each of I, A, B’A, AB? satisfies the aforementioned condition. The only
time (B’ABfe,|e;) + (BPABle,_1le;) is when p + g = 2n — 3. If W = yJPBJ? for some
scalar y and p + g = 2n — 3, then the length of W as a 1-word in {/, A, B} would be at
least 2(2n — 2) — 3 = 4n — 7. Thus, (We,|e;) = (We,,—1|e1) always holds.

3. h-minimum spanning lengths

We close by introducing, and briefly investigating, the more general notion of
‘h-minimum spanning length’, where h is a p-tuple of positive integers.

Let peZ" and let {m;: 1 <i<p} be a set of positive integers. Let m =
(my,my,...,m,) and let H(m) be the set of integer p-tuples (h, ho, ..., hp) satisfying
0<h; <my;, 1 <i<p.The set H(m) is partially ordered by defining r < s if r; < s;
for1 <i < p,wherer = (ri,r,...,rp) and s = (s, $2,...,5,). With this partial order,
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H(m) is a lattice with least element 0 = (0,0,...,0) and greatest element m. The
element (1, 1,..., 1) is denoted by 1.
Let S = {ay,as,...,a,} be a set of distinct symbols and let a = (ay,as,...,a,). Let

W be a nonempty word in S, written in its standard form, using index notation wher-
ever possible. Thus, W = xi‘xgz .. .xffl‘xf‘, where {x; : 1 <i<t}JCS, xi £x2# -+ #
Xi—1 # X¢, S1,82,...,8; are positive integers and ¢t > 1. If a € S, we define the height of
ain Wtobe 0if a ¢ {x1,x2,...,x/} and max{s; : a = x;, 1 <i <t} otherwise. Define
the height of W to be max{s; : 1 <i <t}. For example, if S ={a,b,c,d,e, f, g} and
V = ab’c>b*d*a’, the heights of a, b, ¢, d, e, f, g in V are, respectively, 3,4,5,2,0,0,0.
Returning to generalities, with W as above, the height profile of W in a is the p-tuple
(h1, ha, ..., hp), where h; is the height of ; in W. For example, the height profile of the

word V above, in (a, b, c,d, e, f, g),1s (3,4,5,2,0,0,0).

DEFINITION 3.1. Let A = {A1,A,,...,A,} be a set of distinct n X n matrices over a
field F, where n, p > 1. Let A be the p-tuple A = (A;,Az,...,A,). Putn = (n,n,...,n)
and, for every h € H(n), h > 1, call a nonempty word in A an h-word of A if its height
profile is at most h (in the poset (H(n), <)). For k € Z*, let V;(A; h), or simply V; (h),
be the linear span of the h-words of A of length at most k. Then V) (h) € V; _, (h) for
every k > 1. There exists a smallest positive integer Ky such that V) (h) = (V;(h (h) for
every k > Ky. If (V}(h(h) = M,(F), we call Ky, the h-minimum spanning length of A,
abbreviated ‘h-msl(A)’.

REMARK 3.2. We make some remarks on the preceding definition.

(1) If W =x]'x>...x"|x;", then W is an h-word, where h = (hy, hy,...,h,) if a; has
height at most /; in W, a, has height at most /i, in W, ..., a, has height at most &,
in W. Any, but not all, of these heights in W may be zero.

(2) The h-msl of A is defined if and only if the h-words of A (in A) span M,,(F) and
then its value is the smallest positive integer Ky with the property that the h-words
of A (in A) of length at most Ky, span M,,(F).

(3) In the earlier notation and terminology, ‘1-word = 1-word’, ‘' V(A) = V(A1)

(4) In defining the h-msl of A, the order of the elements of ‘A matters. For example,
if V is the word in (a, b, c,d, e, f,g) given by V = ab’c’b*d?a®, the height profile
of Vin (d,e,g,b, f,c,a) is (2,0,0,4,0,5,3). In general, if A = (A1,A;,...,A,)
and o is a permutation of {I,2,...,p}, the height profile of a word W in
A% = (AJ(I),A(,-(Z), A ,Aa-(p)) ish? = (l’l(,-(l), /’lu-(z), ey l’l(,-(p)) if (l’ll, hg, ey I’lp) is its
height profile in A. Consequently, h-msl(A) exists if and only if h? (A7) does,
in which case they are equal. In the special cases where h = (#,...,h), where
1 < h < n, the set of h-words is independent of the order in which the elements of
A are taken. We define the set of #-words in (A as those words in A in which the
height of each element of A is at most 4. We also define the h-minimum spanning
length of A to be h-msl(A), where A is any p-tuple enumerating A.

(5) If s € H(n) and 1 <r <s, then, for any given A, V;(r) € V(s) for every
positive integer k. Thus, if r-msl(A) exists, so does s-msl(A) and, moreover,
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s-msl(A) <r-msl(A). In particular, if the 1-msl exists, then the h-msl exists, for
1 <h <n, and 1-msl< h-msl.

(6) For every k > 1, V;(n) is the linear span of all the nonempty words in A of length
at most k (by the Cayley—Hamilton theorem). Thus, the n-msl exists if and only if
the msl exists, in which case they are equal. More precisely, if m; is the degree of
the minimum polynomial of A; (as in the preceding definition), for 1 <i < p, and
m = (my,my,...,my), then, for A = (A1,A,,...,Ap), V,(m) =V;(m) for every
k € Z*, so the msl exists if and only if the m-msl exists, in which case they are
equal. Thus, if the 1-msl exists, then the s-msl exists for | < & < n and

msl(A) < (n— 1)-msl(A) < --- < h-msl(A) < --- < 2-msl(A) < 1-msl(A).

THEOREM 3.3. Let F be an algebraically closed field. Letn,p € Z* withn > 2, p >3
and let h = (hy,hy, ..., h,) be a p-tuple of integers satisfying 1 < h; <n,1 <i< p.
If F =(F,F,...,F,), where ¥ = {F; : 1 <i< p}isan irreducible family of distinct
invertible n X n matrices over F, the h-words of F in ¥ span M, (F), so the h-minimum
spanning length of F exists.

PROOF. This follows from Theorem 2.1 and the preceding remarks. O

In the remainder of this paper, the underlying field will be the complex field C. In
Example 2.7, we showed that 1-msl({/,A, B}) = 4n —7, where A = e¢; ® ¢, and B = J.
By the next result, 2-msl({/, A, B}) < 3n — 3, since msl{A, B} = 2n — 2 [6, Example 2].

PROPOSITION 3.4. Let & ={(E\, E»,...,E,} be a finite, irreducible family of distinct
complex n X n matrices with n > 2 and suppose that [ ¢ &. Then, for 1 < h < n,

h-msl({I} U &) < (1 + %)msl(S).

PROOF. Let K = msl(E). Let W = E}'E}* ... E;" be a nonempty word in & such that
E;e&pieZt, 1<i<tand E| # E; # --- # E,. For each i, let p; = hm; + r;, where
m; e NandO <r, <h-1.For1 SiSt,deﬁnf:lW,-by
= {((E»hl)mf-lE,.h ifri =0,
" @ DmE! ifr # 0.
As a word in {I} U &, each 'W; has height at most 4 and the length of 'W; is at most
pi +m;. Now W ='W, 'W, ...'W,, where the right-hand side is a word in {I} U & of
height at most 4 and length at most 25:1 (p; + m;). Since each p; > hm;, we have written
W as a word in {/} U & of height at most 4 and length at most (1 + 1/4) length(W),
where length(W) is the length of W as a word in &. Since the words in & of length at
most K span M,,(C), it follows that the words in {/} U & of height at most / and length
at most (1 + 1/h)K also span M,,(C). Hence, the result follows. m]

We finish by describing all of the possible h-minimum spanning lengths for certain
ordered pairs (A, B). In the following, for any real number x, [x] denotes the smallest
integer greater than or equal to x.
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THEOREM 3.5. Let n > 4 and let J be the strictly upper-triangular n X n (complex)
Jordan matrix. If p,q € Z", the (p, q)-minimum spanning length of the ordered pair
(J*,J) exists if and only if p, q = 2, in which case its value isn — 2 + 2[(n — 2)/(r — 1)],
where r = min{p, q}.

PROOF. As we have mentioned earlier, no ordered pair has a (1,1)-msl. For any
ordered pair (A, B), the adjoint of a (p, g)-word of length k in (A, B) is a (g, p)-word of
length k in (B*, A*). Thus, (V,((A, B); (p,q)))" = V,((B*,A%); (¢, p)) and the (p, ¢)-msl
of (A, B) exists if and only if the (g, p)-msl of (B*,A") exists, in which case they are
equal.

Put A = J* and B = J and consider only the ordered pair (A, B) in the remainder of
the proof. Then A* = B and, by what we have just noted, for any positive integers p, g,
the (p, g)-msl (of (A, B)) exists if and only if the (g, p)-msl does, in which case they
are equal. If p > 2, the (p, 1)-msl of (A, B) does not exist since (We,le;) = O for every
(p, 1)-word. For, suppose that We,, # 0 or ¢,_;. Then W must equal (AB)" for some
m > 1, since it must end in a B and begin with an A, so We, = ¢,. Since We, = 0 or
e,-1 or e,, we have (We,le;) = 0. It follows that the (p, 1)-words cannot span M,(C).
This shows that the (p, ¢g)-msl exists only if p, g > 2.

We continue by proving by induction that, for any p > 2,

AMDP=D+2 = A2(BAPYm=D - for all m > 2. (3.1)

This is true for m = 2 since A = ABA gives AP*! = A(ABA)AP~! = A%(BAP). Letm > 2
and suppose that the result holds for m. Then

Ar(p*l)+2 =Ap71A2(BAp)r7] =Ap+1(BAp)r7] =A2(BAp)r.
We next show that, for every p > 2,
AF = A%(BAPY D forevery k> p + 1, (3.2)

wherex; =k— (e — )(p—Dandr, =[(k—1)/(p—1)].Letk > p+1.Thenr, -1 <
k-D/(p-1D)<r,sorr—D(p-1)<k—-1l,and0<x;—1<p-1,502 <x; < p.
Then k = x; + (r, — 1)(p — 1), so

Ak — Axk—ZA(rk—l)(p—l)+2 — Axk—zAz(BA]J)(rk—l) — Axk(BAp)rk—l
using (3.1). By symmetry, since BAB = B, we get a similar equality for B, namely,
B* = B*(ABH)“ D foreveryg>2andk > p + 1, (3.3)

where y; = k - (s — (g = 1) and s = [(k = 1)/(q = D1,

The formulae (3.2) and (3.3) can be used to convert any word in A, B into a
(p, q)-word in (A, B) (if it needs converting). So, since {A, B} is irreducible, it follows
that the (p, g)-words of (A, B) span M,(C) and the (p, g)-minimum spanning length
of (A, B) exists for every p,g > 2. Let 2 < p < g <n-1 and suppose that p # n — 1.
We show that the (p, g)-minimum spanning length of (A,B) is n —2 + 2R, where
R=[(n-2)/(p-DI.
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In [6, Proposition 3], it is shown that the minimum spanning length of {A, B}
is at most n. This is done by exhibiting a basis for M,(C), consisting of words of
length at most n. We will describe this basis here for the convenience of the reader.
In its description, A, for 0 <7 <n -1, denotes the set of matrix positions {(i,}) :
j—i=1t} and D, denotes the subspace of n X n matrices with zero elements off the

diagonal A;.
Dy: a basis for Dy is
{AB,A’B?,... ,A"B"} U {BA,B*A?,...,B"A™) (n = 2m even),

(AB,A’B?,...,A"B™} U {BA,B*A%,...,B"A™} U {BA’B} (n = 2m + 1 odd).
D_;,1 <t <n-2:abasis for D_; is
A B ABY A BRY U (BA™! BPA™, L BFA™YY (n -t = 2k even),
{AYUA™ B, A B2, AT BRY U(BA™  B2A2 L BFA™RY (n— t = 2k + 1 odd).
D_(n-1): a basis for D_(,_1y is {A"'}.
D,, 1 <t<n-1:abasis for D, is {T* : T a basis element of D_; described above}.

It is not too difficult to show that if each of these basis elements is converted into
a (p, g)-word in (A, B) using (3.2) and (3.3) when necessary, the conversions all have
length at most n — 2 + 2R (noting that (a) x <y implies that [x] < [y] and (b) [x] +
[y] < [x+y]+ 1 for real numbers x and y). Indeed, when A* (x > p + 1) is converted
into a (p, g)-word using (3.2), the length of the conversion is x + 2(R, — 1), where
R, =[(x—-1)/(p — 1)] and, when B” (y > g + 1) is converted using (3.3), the length of
the conversion is y + 2(Sy — 1), where S}, = [(y — 1)/(g — 1)]. So, when A*B” or B’A*
is converted into a (p, g)-word, the length of conversion is L, where

-1 -1
L:x+y+2(Rx+Sy—2):x+y+2([x—}+P—}—Z)

p-11 lg-1
-1 -1 -1 -1
Sx+y+2([x w+[y—}—2)3x+y+2([x 42 w+1—2)
p-11 1Tp-1 p-1 p-1
x+y—-2 .
Sx+y+2([—lw—1)§n—2+2R ifx+y<n.
p—

It follows that the (p, g)-words (of (A, B)) of length at most n — 2 + 2R span M,(C), so
the (p, g)-msl is at most n — 2 + 2R.

There is a (p, g)-word mapping e to e,. Indeed, since A" !e; = e,, the conversion of
A"!to a (p, g)-word, namely, A*(BAP)R=! where z = (n — 1) — (R — 1)(p — 1), has this
property (A""! needs to be converted since n — 1 > p + 1). Let X be a (p, g)-word of
minimum length satisfying Xe; = e,. We show that X = BAZ(BAP)®~! (with z as above).
Clearly such an X begins and ends in A, so that X = A“+'B" ... A**B"' A", where 1 <
u;<pforl<i<tr+1andwherel <v;<qgforl <j<t Define fyforl <k<t+1
by fi = A%B"' ... B""A"e;. Then f; = e,,, where ay = 1 + Zle Ug — Zf;ll v, 1 <k <
t.Forl <i<j<t+1,letX;;be the segment of X defined by X;; = A“BY-' .. A*+ B,
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Then X;;f; = f; and, by the minimality of length of X, X ; is a (p, g)-word of minimum
length, beginning with A and ending with B, mapping f; to f;. (If Y is a (p, g)-word,
beginning with A and ending with B, mapping f; to f; with shorter length than
Xij, then X' = X;,.(YX; ;A" is a (p, g)-word satisfying X'e; = e, of shorter length
that X.)

Next we show that v; = 1 for 1 <i <. Suppose that v; > 2, where 1 <i < ¢. Since
fi # en = frr1, we have @; < n = @441, so there exists an integer j > i such that ¢; > «;.
Let j be the smallest such integer. Then ¢j_; —a; < 0and 1 < @; —@; = (aj — @j_1) +
(@1 —a)=uj—vig+(@-1—a)<u—-vi1<p-1,s02<a—-a;+1=p. Thus,
Y = A% **1Bisa(p, g)-word, beginning with A and ending with B, satisfying Y f; = f;.
The lengthof Yis@j —a; +2 = £:i+1 U — Z’; vs + 2 and this is strictly less than the
length of the segment X;;, which is Z]S‘ i Us Z]s: Vg, since v; > 2. This contradicts
the minimality of the length of the segment X;_1 ;.

Next we show that u; = p for all 1 <i <t Suppose thatu; < p—1with 1 <i<r.
Again, since f; # e, = fir1, @; <n = @, there exists an integer j > i such that
«; > ;. Let j be the smallest such integer. Then, since @ —@; <0, once again
l<aj—«ei<uj—viy <p-1. Thus, Z= A% BA“*!B is a (p, q)-word, beginning
with A and ending with B, satisfying Zf;_; = f;. The length of Zis @j —a; + u; + 3 =
Z{ i ls — Z{ _:i vy + 3 and this is strictly less than the length of the segment X;_; ;, which

is Z’; s+ Z{ ;i._] vs. (All the v; equal 1.) This contradicts the minimality of the length
of the segment X; ;.

We have shown that X = A*(BAP)!, where 2 <x < p. (Obviously x = u;41 > 1.)
Since Xe; =e,, it follows that x+#p—-1)=n—-1, so x—-1)+Hp—-1)=n-
2 and (x—-D/(p-1D)+t=m-2)/(p—1), where O0<(x-1/(p-1)<1. If
(n=2)/(p—1) € Z,thenR = [(n - 2)/(p— ] = (n = 2)/(p — Dand (x = D/(p— 1) €
Z,sox=p. Thent=R—-1and x=(mn—-1)— (R—1)(p — 1). On the other hand, if
nm-2)/(p-1)¢2Z, then O<(x—1/(p-1)<1l,s0t—-1<m—-2)/(p—-1)<t, so
once againt = Rand x = (n — 1) — (R — 1)(p — 1). Thus, X is precisely the conversion
of A" !into a (p, g)-word.

Finally, we show that the (p, g)-msl is equal to n — 2 + 2R by showing that every
(p,q)-word V of length at most n — 3 + 2R satisfies (Ve;le,—1) = (Vezle,). Such words
cannot span M,(C). We do this by showing that every (p,g)-word W satisfying
(Weile,—1) # (Wesle,) has length at least n—2 +2R. Now We; € {0,e1,e2,...,e,}
for every j, so such a word W satisfies either {(Weile,-1) =1, (Wezle,) = 0} or
{(Weile,—1) = 0, (Wesle,) = 1}. Let W; be a (p, g)-word satisfying Wie; = e,—; and
Wie, # e, and suppose that W) has minimum length. Such a word exists. Indeed,
Xe, = e, so Xe, = 0 and BXe; = ¢,,_1, BXe, = 0. We will show that W, = BX.

Let Wy = SiSi—1 ... 5251, where each S; is of one of the forms A* or B” for some x, y
and where adjacent S; have different forms (S;S;;; = A*B” or B’A¥). Note that k > 3
because p < n — 2. There must exist j, 1 < j < k, such that §;S;_; ... $,51e; = ¢,, oth-
erwise Wie; = e,. Let j be the smallest such positive integer. Then, since j is minimal,
S; must be A* for some x. Then §;S;_; ...S1e; = 0 and so BS;S;_;...S1e; = e,—1 and

https://doi.org/10.1017/5S0004972720001227 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720001227

92 W. E. Longstaff [15]

BS;S;_i...S1ep = 0. By the minimality of the length of W;, W; = BS;S;_;...5:S!.
Thus, W = BX;, where X; = S;S;_1...5; is a (p,q)-word mapping e; to e,. By
the minimality of the length of W, the length of X; is minimal, so X; = X and
W, = BX.

Let W, be a (p, q)-word satisfying Wje, # e,—; and W,e, = e, and suppose that
W, has minimum length. Such a word exists. Indeed, XB satisfies these conditions.
We will show that W, = XB. Let W, = T,,T,,—1...T>T;, where each T; is of one
of the forms A* or B” for some x,y and where adjacent 7; have different forms
(T;Tj;1 = A*B” or BA"). There must exist /, 1 </ < m, suchthat T;T;_; ... T>T1e; = ey,
otherwise Wre; = e,-;. Let [ be the smallest such positive integer. Then 7; must
be B for some y, so Ty is A* for some x. Then T, T,,_;...T;:1B is a (p, g)-word
satisfying Ty, T—1 ... Ti41Bey = e, and T, T, ... T1 1 Bey = 0. By the minimality of
the length of Wo, Wo =T,,T,,—1...T141B. So, W, = XoB, where X5 = T,,T,—1 ... T4
is a (p, g)-word mapping e; to e,. By the minimality of the length of W,, the length of
X5 is also minimal, so X, = X and W, = XB.

Finally,if 2<g<p <n-1and g # n— 1, the (p, g)-msl of (A, B) is equal to the
(g, p)-msl, which is n — 2 + 2[(n — 2)/(g — 1)], by what has been proven above. This
completes the proof. m|

REMARK 3.6. With A and B as in the preceding theorem, the theorem and symmetry
((p, ¢)-msl(A, B) = (g, p)-msl(A, B) show that n < (p, g)-msl(A, B) < 3n — 6. Similarly,
the set of values that the (p, g)-msl can take is {(p,n—1)-msl: 2 < p <n—1}. For
example, take n = 11.

value of p : 2 3 4 5 6 7 8 9 10
valueof (n—2)/(p—1): 9 9/2 3 9/4 9/5 9/6 9/7 9/8 1
valueof [n-2)/(p—-D1: 9 5 3 3 2 2 2 2 1
value of (p, 10)-msl : 27 19 15 15 13 13 13 13 11

EXAMPLE 3.7. Let n > 2 and consider the ordered pair (C, D), where C = ¢; ® ¢,
and D = J. It is shown in [6] that the minimum spanning length of {C, D} is 2n — 2.
Thus, (n — 1,n — 1)-msl(C, D) = 2n — 2. We show that the (p, g)-msl exists if and only
if g =n—1 and then it equals 2n — 2, whatever the value of p. Let | < p <n-1.
Since {D*CDY : 1 <x,y<n-—1,x+y#2n—-2}U{D"'} is a basis for M,(C), the
(1,n — 1)-words span M, (C) and the (1,n — 1)-msl exists and is at most 2n — 2. Since
(I,n=1)-msl > (n—1,n—1)-msl = 2n — 2, we have (1,n — 1)-msl = 2n — 2. Now it
follows that (p,n — 1)-msl = 2n — 2 for every pwith2 < p <n-—1.

Next suppose that g #n — 1 and 1 < p < n — 1. We show that the (p, g)-words do
not span M, (C) by showing that every such word W satisfies (We,le;) = 0. We may
suppose that W # 0. Since C?> = 0, W must be a (1, g)-word. Moreover, since for any
matrix X, CXC = AC, where A = (Xe,le;), W must be a scalar multiple of a word of
one of the following forms: C,D",CD",D"C,D"CD*, with 1 < r,s <n — 2. Itis easily
checked that a matrix Z, of any of the latter forms, satisfies (Ze,le;) = 0.
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