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We show how to reconstruct a finite directed graph E from its Toeplitz algebra, its
gauge action, and the canonical finite-dimensional abelian subalgebra generated by
the vertex projections. We also show that if E has no sinks, then we can recover E
from its Toeplitz algebra and the generalized gauge action that has, for each vertex,
an independent copy of the circle acting on the generators corresponding to edges
emanating from that vertex. We show by example that it is not possible to recover E/
from its Toeplitz algebra and gauge action alone.
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1. Introduction

In recent years, there has been an enormous amount of work, led by Eilers
and his collaborators (see e.g., [2-7,17]) on determining which moves on finite
directed graphs generate the equivalence relations determined by various types of
isomorphism of the associated C*-algebras. One spectacular example of this is
[5, theorem 3.1]: if E and F are graphs with finitely many vertices, then the
graph C*-algebras C*(FE) and C*(F) are stably isomorphic if and only if E can be
transformed into F' using a finite sequence of in-splittings, out-splittings, reductions,
additions of sinks, Cuntz splices, Pulelehua moves, and the inverses of these moves.
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By contrast, relatively little attention has been paid to the Toeplitz algebras of
directed graphs, until the recent interest in KMS-theory (see e.g., [1,10,11,13,18])
brought them to the fore. It has been known for some time [12, 16] that the non-
selfadjoint Toeplitz algebra (also called the tensor algebra or the quiver operator
algebra) of a directed graph E contains all of the information about E—if F and
F are directed graphs with isomorphic tensor algebras, then they are themselves
isomorphic. But there are no results in this direction for the Toeplitz C*-algebras
of directed graphs.

Here we consider the extent to which a finite directed graph can be recovered from
its Toeplitz algebra and gauge action. We show that at least one additional piece of
information is needed (see examples 2.1 and 3.10) and identify two pieces of infor-
mation, either of which suffices for finite graphs with no sinks. Our key tool is the
KMS structure of 7C*(FE) for the dynamics arising from its gauge action; we show
that using this we can recover the rank-one projections in 7C*(E) that correspond
to the vertices of E. From this, using the spectral subspaces of the gauge action,
it is straightforward to count the number of edges (indeed, the number of paths of
length n for any n) emanating from a given vertex. However, additional information
is required to determine which of these paths have the same ranges. We show that
the subalgebra My = span{q, : v € E°} C TC*(E) generated by the vertex projec-
tions is sufficient to recover this information, and that if £ has no sinks then the
action k% of the torus TZ such that KE (te) = zs(eyte for each e € E' also suffices.

Conventions. We use the conventions of [15] for graphs and their C*-algebras; so
the Toeplitz algebra of a directed graph F is the universal C*-algebra generated by
projections {q, : v € E} and partial isometries {t. : e € E'} such that t}t. = gy
and ¢, > ZT(e):v t.tr. We use the notational convention in which, for example,
vE! = r71(v) and E'v = s71(v).

2. An example

We started this project by asking whether it is possible to recover a directed graph
E from its Toeplitz algebra and gauge action. The following example shows that the
answer is no, even for the particularly well-behaved class of strongly connected finite
graphs in which every cycle has an entrance. We thank Sgren Eilers for very helpful
conversations that led to the construction of this example. For a simpler example
involving graphs that are not strongly connected, and have sinks and sources, see
example 3.10.

ExXAMPLE 2.1. Consider the following directed graphs F and F', that differ only in
the range of the edge e:
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Let (t, ¢) be the universal generating Toeplitz—Cuntz—Krieger F-family in 7 C*(F).
Define elements {Q.,, : w € E°} and {T}, : h € E'} in TC*(F) as follows:

Qu =qu+ tet:7 Qv =(qv — tet:7 Tf = tf + tgtetZa Tg = tg(‘]v - tet:)7 and
Quw = qu for w € E°\ {u,v} and T, =t, for h € E'\ {f,g}.

It is routine to check that (Q,T) is a Toeplitz—Cuntz-Krieger E-family that gen-
erates 7C*(F), and that the elements Q. — >, .,z TrT} are all nonzero. So the
universal property of 7C*(E) yields a surjective homomorphism wg 7 : 7C*(E) —
T C*(F) such that 7o 7(gw) = Qu and mg v (tn) = Th, and [8, theorem 4.1] implies
that 7o 7 is injective. It is immediate from the definitions of the T}, and @,, that
7o T i gauge-equivariant. So (7C*(E),v¥) = (TC*(F),~%), but there is no graph-
isomorphism from E to F because, for example, E' has a pair of parallel edges,
whereas F' does not.

In fact, since the canonical diagonals Dp =span{t,t}, : p € E*} and Dp =
span{t,t;, : p € F*} are maximal abelian in 7C*(E) and TC*(F'), we see that
7o r(Dp) is a maximal abelian subalgebra of 7C*(F). Since this maximal
abelian subalgebra is contained in the maximal abelian subalgebra Dp of
TC*(F), we deduce that g 7(Dg) = Dp. So the triples (7C*(E),v¥, Dg) and
(TC*(F),~", Dr) are isomorphic even though E and F are not.

3. The main theorem

Example 2.1 shows that recovering a directed graph from its Toeplitz algebra
requires more information than just the gauge action. Our main result identifies
two additional bits of data, either one of which bridges the gap. The first one is the
C*-subalgebra generated by the vertex projections inside the Toeplitz algebra. The
second one is a higher dimensional generalization of the gauge action.

DEFINITION 3.1. When F is a directed graph, the generalized gauge action on
TC*(E) is the action k : T — Aut TC*(E) determined by k% (te) = z(e)te for
all e € B! and z € TE'. When E and F are two directed graphs, we say that an
isomorphism p : TC*(E) — TC*(F) intertwines the generalized gauge actions k%
and x!" if there is a bijection ¢ : E° — F° such that the induced homomorphism
P TE® — TF’ satisfies port = “5*@) op forall z € TE’.

THEOREM 3.2. Let E and F be finite directed graphs. As before, let ¥ be the gauge
action of T on TC*(E), and let Mg :=span{q, : v € E’} C TC*(E). Let k¥ be
the generalized gauge action of TE’ on TC*(E) given by kE(te) = z5(e)te for all
e € E'. Denote by v, Mg, and k¥ the corresponding concepts for TC*(F).

(1) There is an isomorphism TC*(E) = T C*(F) that intertwines y* and v* and
carries Mg to Mg if and only if E = F.

(2) Suppose that E and F have no sinks. Then there is an isomorphism
TC*(E) =2 TC*(F) that intertwines the generalized gauge actions k¥ and
kT if and only if E = F.
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REMARK 3.3. In both parts of theorem 3.2, the additional data required beyond the
gauge actions include the number of vertices in the graphs. We point out, however,
that this number is already available as an isomorphism invariant of the C*-algebra
TC*(E) alone: by [8, theorem 4.1] combined with [14, theorem 4.4], the Toeplitz
algebra 7C*(E) is K K-equivalent to CZ°, and in particular Ko(7C*(E)) = ZE°.
So if TC*(E) & TC*(F), we already know that |E°| = |F?|.

The proof of the ‘if’ implication is easy in both cases. If ¢ : E® — FO and
p!: E' — F! constitute an isomorphism of graphs, then the isomorphism p :
TC*(E) — TC*(F) given by p(te) = tyi(e) and p(gy) = qyo(, carries M¥ to M*
and intertwines k¥ and & (and, by restriction, v¥ and v%'), via the isomorphism
TE® =~ TF° induced by °.

To prove the reverse implications we shall use the results of [9,10] on the KMS
structure of the Toeplitz algebra 7C*(E) for the dynamics o : R — Aut(7 C*(E)),
where a; = 7£t is the lift of the gauge action; that is

ai(q) = q» and oy(t.) = e't, forallve B’ ec E', andteR. (3.1)
We write
Extg(a) :={¢ : ¢ is an extremal KMSg state of (7C*(E), o)}

We first need to be able to recognize, using the data (7C*(F), «), when a real
number [ is strictly greater than the natural logarithm of the spectral radius of the
adjacency matrix Ag of the directed graph E. For this, as in [10], we write ~ for
the equivalence relation on E? given by v ~ w if both vE*w # () and wE*v # (). We
call the equivalence classes C € EY/~ the strongly connected components of E. For
C € E%/~, we write Ac for the C' x C submatrix of Ag, which is the adjacency
matrix of the subgraph of E with vertices C' and edges CE'C.

LEMMA 3.4. Let E be a finite directed graph. If  <logp(Ag) <, then
| Exta(a)] < | Exta ()]

Proof. Tf E has no cycles, then [9, lemma A.1(b)] shows that log p(Ag) = —o0, and
so the result is vacuous. So suppose that E has at least one cycle. Then p(Ag) =
max{p(A¢) : C is a nontrivial strongly connected component of E}, as discussed
at the beginning of [10, §4]. Let Hg := {s(n) : p € E* and r() € Uyog p(ac)>p C1-
theorem 3.1 of [9] shows that | Extg (a)| = |E°|, and theorem 5.3 of [10] implies
that |Extg(a)| < |EY\ Hgl|. Since B < logp(Ag) = max{logp(Ac): C € E°/~},
we have Hg # (). Hence |E° \ Hg| < |E°|, which proves the result. O

LEMMA 3.5. The interior in R of the set
{B€(0,00): |Extg(a)| =|Extg(a)| for all 3’ > B} (3.2)
is the open half-line (log p(Ag), 00).

Proof. Theorem 3.1 of [9] shows that if § > log p(Ag), then we have |Extg ()| =
|Extg(a)] forall f/ >3, and lemma 3.4 shows that if § <logp(Ag), then
| Extg (a)] > | Extg(c)| for some 3" > (. O
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Throughout the rest of this note, we shall let 7 : 7C*(E) — B(¢£?(E*)) be the
canonical (faithful) path-space representation of 7C*(FE). We will need to show
that the minimal projections in 7C*(E) corresponding to vertices of E can be
recovered using the gauge action v¥. For each u € E*, we define

= tulan = D Ll € TCH(B). (33)

e€s(p)Er

The A, are minimal projections in the canonical copy of @, po K(€*(E*v)) in
TC*(E); indeed, each m(A,) is the rank-1 projection 65, 5, onto the span of the
basis vector 6, € (*(E*).

LEMMA 3.6. Let E be a finite directed graph. Let a be the dynamics (3.1). Let (3 be
any real number greater than max{0,log p(Ag)}. Let ¢ be an extremal KMSg state
of (TC*(E), ). Let Pyin denote the collection of minimal projections on TC*(E).
There is a unique Py € Puin such that ¢(py) = max{p(q) : ¢ € Puin}. Moreover,
with A, as in (3.3), we have py = A, for some vy € E°.

Proof. For each v € E”, let £f, denote the measure (3 ¢ -, € =Blly=15,(-) on E°.
Since § > log p(AE), [97 theorem 3.1] implies that there is a unique vy € E° such
that ¢ satisfies

P(tuty) = 5M7Ve_ﬁ|#|55?u)’

By the proof of [9, theorem 3.1(b)], we know that ¢ satisfies

for all p,v € E*.

Z e Pl (m(a)d,10,)e d’“) for all a € TC*(E).

HEE*vy

‘We have

-1
¢(A’U¢) frng Ezz frng <ZMEE*’U¢ e_ﬂu) 3

Fix ¢ € Puin \ Ay, . It suffices to show that ¢(q) < ¢(A,,). Let m,, : TC*(E) —
B((*(E*vg)) be the direct summand in 7 corresponding to vs. Then ¢ factors
through 7,,. If ¢(¢) =0 then we certainly have ¢(q) < #(A,,), so suppose that
#(q) # 0. Then m,,(q) # 0, and so 7, (q) is a minimal projection in 7, (7 C*(E)).
Since m,, (7 C*(E)) contains all of K(¢*(E*vg)), it follows that 7(g) is the rank-one
projection ¢ ¢ corresponding to a unit vector ¢ € 62(E*v¢). Hence

= Y P n()0ul0)ely = Y e (0 e(8,)18,)€

pneEE*vgy HeEE*vg

- Z 7ﬂ|#|((§ K )§|5H) s(p)

pnEE*vy

Since 3 > 0, we have e ?I"l =1 when p = vy and e Pl < e=P when pu # Vg, and
so we deduce that

ola) < (|5v¢|2 > |fu|2)eZzL>

HFV
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Since q # A,,, we have £ # d,,, and so |&,,| < 1. We have Y [¢,[* = [|€]* =
1, and so e # Zu#% |€u? = e P (1= [&, %) <1 =&, Hence ¢(q) < Eow) =
#(Ay,) as claimed. =

Lemma 3.6 allows us to recover the projections A, of TC*(E) from 7C*(E)
together with its simplex of KMS states. Since the KMS states are intrinsic to the
pair (TC*(E),~F), it follows that we can recover the A, from the Toeplitz algebra
and its gauge action. We show next how to recover the cardinalities of the sets E™v
as well. We start with some notation.

NOTATION 3.7. For each p,v € E* with s(u) = s(v) we define O, = t, Ayt
Recall that the path-space representation m carries each ©,, to the canonical
matriz unit 05, 5, . Recall also that for n € Z, the n'® spectral subspace TC*(E), of
T C*(E) with respect to vy is

TC*(E), :={a € TC*(E) :v¥(a) = z"a for all z € T}.

LEMMA 3.8. Let E be a finite directed graph. For n >0, we have TC*(E),A, =
span{©,,, : p € E"v}; in particular, |E"v| = dim(7 C*(E),A,).

Proof. Tt is standard that 7C*(E), =span{t,t; : p,v € E*,|u| — |v| =n,s(n) =
s(v)}. The path-space representation m carries A, to s, 5,, and carries each t,t},
to the strong-operator sum ZAGS(V)E* 05,1,5,- The latter is nonzero at d, only if
v = v for some X € s(u)E*, which forces v = v = X = s(u). Soifa € TC*(E),, and
al, #0, then aA, € span{t, A, : p € E"v} =span{O,,, : p € E"v}. Since each
O, = O,4A,, the reverse containment is clear. O

We can now prove the first part of the main theorem.

Proof of theorem 3.2 (1). By lemma 3.5 we may determine the value of log p(Ag)
from the KMS state structure of «, and then choose > logp(Ag). For ¢ €
Extg(a), lemma 3.6 yields a unique minimal projection pg of 7C*(E) such that
¢(pg) = max{¢(q) : q is a minimal projection of 7C*(E)}, and we have pg = A,
for some vy € E°. We have Qvy = Ay, and then for w # vy in E° we have
quwlAv, = quqv, Ay, = 0. So there is a unique minimal projection P, € Mg that
dominates pg, namely Py = gy,
For ¢,v¢ € Extg(a), let

N(¢, ’L/J) = dim P¢TC* (E)1p¢~

Let E be the directed graph with vertices Extg(a) and with |¢Elw| = N(¢, ) for

all ¢,7 € Extg(a). By construction, the graph E is an isomorphism invariant of
the triple (7C*(E),vZ, Mg). We claim that E = E.

We know from lemma 3.6 that ¢ — vy from EO to EV is a bijection, so it suffices
to show that N (¢, ) = [vgE'vy| for all ¢, 1. Lemma 3.8 shows that 7C*(E)1py =
span{©; ., : e € E'vy}. Since for each e € E'vy, we have e, 0%, =Oce <

€,V
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r(e), it follows that Py7C*(E)1py = span{O,,,, : € € vy E'vy . Hence

lvgE'vy| = dim PyTC*(E)1py = N(¢,1).

So E = E, as claimed. Applying the process of the preceding three paragraphs
to the system (7C*(F),y, Mp) we obtain a graph F = F. Since the systems
(TC*(E),~E, Mg) and (TC*(F),~F, M) are isomorphic, we see that E = F, and
therefore £/ = F. O

To prove statement (2) of theorem 3.2 we first show how to determine which
coordinate of the generalized gauge action k% corresponds to the minimal projection
Py obtained from ¢ € Extg(a) as in lemma 3.6.

LEMMA 3.9. Let E be a finite directed graph with no sinks, and let ¥ and o be as
in definition 8.1 and (3.1). Fiz 3 > Inp(Ag) and let ¢ be an extremal KMSg state
of (TC*(E), ). Let py be the projection of lemma 3.6. Then the vertex vy such
that py = A, is the unique vertex such that k¥ (a) = zy,a for all a € TC*(E)1pg

and z € TE

Proof. For w € E°, lemma 3.8 gives 7C*(E);A, =span{O., : e € Flw} =
span{t.A,, : e € E'}, and so it follows from the definition of ¥ that kZ(a) = z,a
for all a € TC*(F)1A, and z € TE", Since E has no sinks, each span{©. , : e €
E'w} is nontrivial, which proves uniqueness. |

Proof of theorem 3.2 (2). First observe that the dynamics a of TC*(E) defined
in (3.1) is determined by x¥ via a; = Ii(Ee“7m)e“). Using lemma 3.5 as in the proof
of theorem 3.2 (1), fix 8 > Inp(Ag). For each extremal KMSg state ¢ € Extg(a),
lemma 3.6 yields a unique minimal projection p, of 7C*(E) such that

o(py) = max{¢(q) : ¢ is a minimal projection of 7C*(E)}.

Lemma 3.9 shows that py = A,, where vy € EY is the unique vertex such that
kE(a) = zy,a for all a € TC*(E)1ps.

Suppose that ¢, 1 € Extg(a) are distinct. For z € T let w(¢,,2) € TE’ be the
element such that

z ifu=uwg
W(¢,1/)7Z)u - z lfU:Ud,
1 otherwise.

Define an action y* : T — Aut(7C*(E)) by 7Y = [, ,, .- Note that this action
fixes the partial isometry . associated to ef € E%vy, if and only if 7(f) = s(e) = vs.
Combining the fixed point algebra 7C* (E)"’dw of ¥*¥ with the second spectral
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subspace of the gauge action v, we define
N(¢, ) := dim(TC*(E)""" NTC*(E)apy)/ dim(TC*(E)1py).

We extend the definition of N to the case ¢ = 1) € Extg(a) by setting

N, ¢) i= dim(TC*(E)ipy) = N(,9).
PFEY
We claim that N(¢,) € N for all ¢,19 € Extg(a), and that E is isomorphic to
the directed graph E with vertices E° := Extg(a), and such that |[pE1| = N (¢, )

for all ¢, € Extg(a). Since we already have a bijection ¢ — v, from E° to E°, to
prove the claim, we just have to show that N(¢,v) = |vsE'vy| for all ¢, .
For this, fix ¢,9 € Extg(a) and let ef € E2. Then

tefpy if fe U¢Elv¢

Z2terpy i f € vpFEluy

zteypy if f € Elvw \ (’U¢E1”U¢ U U¢Elv¢)
0 it f ¢ E'vy.

V2 (tespy) =

So lemma 3.8 implies that

[

TC*(E)” N TC*(E)apy = span{O.y,,, : ef € E'vy E'vy}.

Hence, |E'vy| - [vpElvy| = |ElvyEloy| = dim(7C*(E)""" N TC*(E)2py). Using
lemma 3.8, we see that |Elvg| = dim(7C*(E)ips). Since, by hypothesis, F has
no sinks, we have |E'v4| # 0, and so we deduce that

@,

[vg E'vy| = dim(TC*(E)” N TC*(E)2py)/ dim(TC*(E)1py) = N(9, ).

Now for each ¢ € Extg(«a), we see that

o Bl og| = [E'vog| = Y [vpE vy
o

= dim(TC*(E)1py)

— " dim (TCH(E)"" N TC*(B)apy)/ dim(TC*(E)1ps)
PFYP

=N, v).

This shows that E 2 E and concludes the proof of the claim.

To finish the proof of the ‘only if’ assertion in theorem 3.2 (2) assume now
there exist an isomorphism p: 7C*(E) — TC*(F) and a bijection ¢ : E® — F9
intertwining the generalized gauge actions k¥ and x¥. Then ¢* : TE® — TF° maps
constant functions to constant functions. That is, ¢* respects the diagonal embed-
dings of T. Hence p intertwines the gauge actions ¥ and 4%, and also the dynamics
a¥ and ! obtained from them on setting z = e, Passing to extremal KMS states,
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we get a bijection E0 = Extg(al) = Extg(al’) = FO in which @ =gop L.
The isomorphism p also intertwines the action v¥ : T — Aut(7 C*(E)) with the
action 4**" : T — Aut(7C*(F)) and thus N(¢,1) = N(¢/,¢’). Thus, much like
in the final paragraph of the proof of the ‘only if” assertion in theorem 3.2 (1), we
conclude that E 2 F and hence that E 2 F. O

EXAMPLE 3.10. As compared to statement (1), statement (2) of our main theorem
has the additional hypothesis that E and F' have no sinks. Here we present an
example—first shown to the fourth author in the context of Cohn path algebras
by Gene Abrams, and then independently by Sgren Eilers—that shows that the
additional hypothesis in statement (2) is necessary. Consider the graphs

ve  f v e
E u<:>w F u:::;f w
€
There is an isomorphism 7 C*(E) — T C*(F) that carries ¢, to g, — t.t}, carries g,
to qu + tet’ and takes each of the remaining generators of 7C*(E) to the generator
of T7C*(F) with the same label. This isomorphism intertwines k¥ and %" because

in both graphs every edge has source w. It does not, however, carry Mg to Mp
since, for example, g, — t.t; & Mp.

Acknowledgements

This research was supported by Australian Research Council grant DP180100595.
We are grateful to Sgren Eilers for very helpful conversations that led to
example 2.1.

References

1 T. M. Carlsen and N. S. Larsen. Partial actions and KMS states on relative graph C*-
algebras. J. Funct. Anal. 271 (2016), 2090-2132.

2 S. Eilers and M. Tomforde. On the classification of nonsimple graph C*-algebras. Math.
Ann. 346 (2010), 393-418.

3 S. Eilers, E. Ruiz and A. P. W. Sgrensen. Amplified graph C*-algebras. Miinster J. Math.
5 (2012), 121-150.

4 S. Eilers, G. Restorff and E. Ruiz. Classification of graph C*-algebras with no more than
four primitive ideals, Springer Proc. Math. Stat., vol. 58, Operator algebra and dynamics,
pp. 89-129 (Heidelberg: Springer, 2013).

5 S. Eilers, G. Restorff, E. Ruiz and A. Sgrensen. The complete classification of unital graph
C*-algebras: Geometric and strong, preprint (2016), (arXiv: 1611.07120 [math.OA]).

6 S. Eilers, G. Restorff, E. Ruiz and A. P. W. Sgrensen. Invariance of the Cuntz splice. Math.
Ann. 369 (2017), 1061-1080.

7 S. Eilers, G. Restorff, E. Ruiz and A. P. W. Sgrensen. Geometric classification of graph
C*-algebras over finite graphs. Canad. J. Math. 70 (2018), 294-353.

8 N. J. Fowler and I. Raeburn. The Toeplitz algebra of a Hilbert bimodule. Indiana Univ.
Math. J. 48 (1999), 155-181.

9 A. an Huef, M. Laca, I. Raecburn and A. Sims. KMS states on the C*-algebras of finite
graphs. J. Math. Anal. Appl. 405 (2013), 388-399.

10 A. an Huef, M. Laca, I. Raeburn and A. Sims. KMS states on the C*-algebras of reducible
graphs. Ergodic Theory Dynam. Systems 35 (2015), 2535-2558.

11 T. Kajiwara and Y. Watatani. KMS states on finite-graph C*-algebras. Kyushu J. Math.
67 (2013), 83-104.

https://doi.org/10.1017/prm.2019.36 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.36

12

13

14

15

16

17

Reconstructing graphs from Toeplitz algebras 2641

E. Katsoulis and D. W. Kribs. Isomorphisms of algebras associated with directed graphs.
Math. Ann. 330 (2004), 709-728.

M. Laca and S. Neshveyev. KMS states of quasi-free dynamics on Pimsner algebras. J.
Funct. Anal. 211 (2004), 457-482.

M. V. Pimsner. A class of C*-algebras generalizing both Cuntz—Krieger algebras and crossed
products by Z. Fields Inst. Commun., vol. 12, Free probability theory (Waterloo, ON, 1995),
pp. 189-212 (Providence, RI: , Amer. Math. Soc., 1997).

I. Raeburn. Graph algebras, Published for the Conference Board of the Mathematical
Sciences, Washington, DC, vi+113, (2005).

B. Solel. You can see the arrows in a quiver operator algebra. J. Aust. Math. Soc. 77 (2004),
111-122.

A. P. W. Sgrensen. Geometric classification of simple graph algebras. Ergodic Theory
Dynam. Systems 33 (2013), 1199-1220.

K. Thomsen. KMS weights on graph C*-algebras. Adv. Math. 309 (2017), 334-391.

https://doi.org/10.1017/prm.2019.36 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.36

	1 Introduction
	2 An example
	3 The main theorem
	References

