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Let A > 2 be a fixed integer. We show that the random graph G,, with p > (logn/n)!/%
is robust with respect to the containment of almost spanning bipartite graphs H with
maximum degree A and sublinear bandwidth in the following sense: asymptotically almost
surely, if an adversary deletes arbitrary edges from G, , in such a way that each vertex loses
less than half of its neighbours, then the resulting graph still contains a copy of all such H.
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1. Introduction and results

In this paper we study graphs that are robust in the following sense: even after adversarial
removal of a specified proportion of their edges, they still contain copies of every graph
from a certain class of graphs.

In order to make this precise, we use the notion of resilience (see [28]). Let P
be a monotone increasing graph property and let G = (V,E) be a graph. The global
resilience Rg(G,P) of G with respect to P is the minimum r € R such that deleting
a suitable set of r-|E| edges from E creates a graph which is not in P. The local
resilience R;(G,P) of G with respect to P is the minimum r € R such that deleting a
suitable set of edges, respecting the restriction that at most r - degg(v) edges incident to v
should be removed for every vertex v € V, creates a graph which is not in P.

For example, using this terminology, the classical theorems of Turan [29] and Dirac [15]
can be stated as follows: the global resilience of the complete graph K, with respect to
containing a clique on r vertices is % —o0(1), and the local resilience of K, with respect
to containing a Hamilton cycle is %—0(1). In this paper we stay quite close to the
scenario of these two examples insofar as we will also consider properties that deal with
subgraph containment. However, we are interested in the resilience of graphs which are
much sparser than the complete graph.

It turns out that the random graph G, is well suited to this purpose (G, is defined
on vertex set [n] = {1,...,n} and edges exist independently of each other with probability
p). Clearly, asymptotically almost surely (a.a.s.) the local resilience of G,, with respect
to containing a Hamilton cycle (or in fact any connected graph on more than, say, %n
vertices) is at most % + o(1), since for bigger values it is easy to disconnect the graph into
components of size at most %n by deleting edges respecting the corresponding resilience
definition. Sudakov and Vu [28] showed that indeed a.a.s. the local resilience of G, , with
respect to containing a Hamilton cycle is % —o(1)if p > log* n/n. A result of Dellamonica,
Kohayakawa, Marciniszyn and Steger [12] implies that a.a.s. the local resilience of G,
with respect to containing cycles of length at least (1 —a)n is % —o(l) forany 0 < o < %
and p> 1/n. We shall discuss the various lower bounds for the edge probability p
occurring in these and later results at the end of Section 2.

Recently Balogh, Csaba and Samotij [6] studied the local resilience of G,, with respect
to containing all trees on (1 — #)n vertices with constant maximum degree A. They showed
that there is a constant ¢ = ¢(A, i) such that for p > ¢/n this local resilience is also % —o(1)
a.a.s.

Now we extend the scope of investigations to the containment of a much larger class
of subgraphs. A graph has bandwidth at most b if there exists a labelling of the vertices
by numbers 1,...,n, such that for every edge ij of the graph we have |i — j| < b. Let
H(m,A) denote the class of all graphs on m vertices with maximum degree at most A,
and let Hj(m, A) denote the class of all bipartite graphs in H(m, A) which have bandwidth
at most b. Our result asserts that the local resilience of G,, with respect to containing
all graphs H from H5"((1 —n)n,A) is % —o(1) for small f and » and for p = p(n) = o(1)
sufficiently large.
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Theorem 1.1. For each n,y >0 and A > 2 there exist positive constants 3 and c¢ such
that the following holds for p > c(logn/n)'/A. Asymptotically almost surely every spanning
subgraph G = (V,E) of G, with degs(v) > (% +7) deggn‘p(v)for all v € V contains a copy

of every graph H in Hg”((l —)n, A).

We note that several important classes of graphs have sublinear bandwidth, and hence
Theorem 1.1 does apply to them: this is the case for the class of all bounded degree planar
graphs, for example (see [10]).

As an application of this theorem we derive in Section 3 a result on rainbow H-copies
with H € Hg"((l —n)n, A) for certain edge-colourings of K,,. The proof of Theorem 1.1 is
prepared in Sections 4-7 and presented in Section 8. First, in Section 2, we will compare
our result to related results.

2. Background

As we saw at the end of the last section, we are looking for graphs that contain not only
one specific subgraph but a large class of graphs. A graph G is called universal for a class
of graphs H if G contains a copy of every graph from H as a subgraph. In this section,
we first briefly sketch some results concerning universality in general and then come back
to resilience with respect to universality.

Dellamonica, Kohayakawa, R6dl and Rucinski [13] show that G, , is a.a.s. universal for
H(n,A) for some p in O(n=1/24) (where O hides polylogarithmic factors). It is also shown
in [13] that the lower bound for the edge probability p can be improved if we restrict
our attention to balanced bipartite graphs. Let H,(m,m,A) denote the class of bipartite
graphs in H(2m,A) with two colour classes of equal size. Then G,, a.a.s. is universal
for Hy(n,n,A) for some p in (5(n*1/A). The same lower bound for p also guarantees
universality for almost spanning graphs of arbitrary chromatic number: Alon, Capalbo,
Kohayakawa, Rodl, Rucinski and Szemerédi [4] prove that for every n >0 and for
some p in (5(n*1/A), the random graph G, a.a.s. is universal for H((1 —#)n, A). Recently,
Dellamonica, Kohayakawa, R6dl and Rucinski [14] generalized these results and obtained
a corresponding lower bound for spanning graphs: they have shown that G, , is a.as.
universal for H(n, A) for some p in O(n=1/?).

Alon and Capalbo [2, 3] gave explicit constructions of graphs with average degree
5(n_2/ Mn that are universal for H(n, A). For results concerning universal graphs for trees,
see, e.g., [5].

Moving on to resilience, it is clear that an adversary can destroy any spanning subgraph
by deleting the edges incident to a single vertex. Hence any graph must have trivial global
resilience with respect to universality for spanning subgraphs.

However, if we focus on subgraphs of smaller order, then sparse random graphs have
a global resilience arbitrarily close to 1: Alon, Capalbo, Kohayakawa, Rodl, Rucinski
and Szemerédi [4] show that for every y > 0 there is a constant # > 0 such that for some
p in O(n~'/28) the random graph G,, a.as. has global resilience 1 —y with respect to
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Table 1. Summary of (best) known universality and resilience results
(logarithmic factors for p are omitted).

Result p Reference
Universality H(n,A) = Gy)p p=n1/A [14]
. — —1/2A
Resilience Rg (gn,p’ HZ(VIH’ nn, A)) 2 1 i p n [4]

Ry (Gup HS" (1 —mn,A)) =4 —y p=n""A  Theorem 1.1

universality for H(nn, yn, A). In other words, G, , contains many copies of all graphs from
Ha(nn,nn, A) everywhere.

Finally, the concept of local resilience allows for non-trivial results concerning univer-
sality for almost spanning subgraphs. For example, a conjecture of Bollobas and Komlos
proved in [11] asserts that the local resilience of the complete graph K, with respect
to universality for HE"(n,A) is 1 —o(1). Here H"(n,A) is the class of all r-colourable
n-vertex graphs with maximum degree at most A and bandwidth at most ffn, and one can
show that the bandwidth constraint cannot be omitted.

Theorem 2.1 ([11]). For all r,A € N and y > 0, there exist constants § >0 and ny € N
such that for every n = ngy the following holds. If H is an r-chromatic graph on n vertices
with A(H) < A, and bandwidth at most fn, and if G is a graph on n vertices with minimum
degree 6(G) > (% + y)n, then G contains a copy of H.

Our Theorem 1.1 replaces K, by the much sparser graph G, ,, but it only treats the case
r = 2 and almost spanning subgraphs.

Let us mention two more recent papers which have continued this line of research.
Huang, Lee and Sudakov [21] considered almost spanning factors for constant probability
p and showed that one cannot hope to obtain spanning subgraphs, as Q(p~?2) vertices may
be forced to be left out. Also, Balogh, Lee and Samotij [7] considered the case of almost
spanning triangle factors for p > (logn/n)!/?.

Before we conclude this section, let us briefly discuss the lower bounds for the
edge probability p mentioned in the results above, summarized in Table 1. First, a
straightforward counting argument shows that any graph that is universal for H(n, A)
must have at least Q(n>~2/2) edges. Moreover, it is easy to see that an edge probability
p=n*"2/A with ¢ < ﬁ is not sufficient to guarantee that G, , is universal even for the more
restrictive class Ha(nn, nn, A). Indeed, consider the graph H € H;y(yn,nn,A) consisting of
nn/A copies of Kaa. The expected number of copies of Kaa in G, is at most

288 2 (=

2 2 _ 2
n*Ap n A+5)A :nzA 2A+¢eA <n,

and hence a.a.s. G,, does not contain a copy of H.
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3. An application: rainbow copies of bipartite graphs

Let ¢ be an arbitrary colouring of the edges of the complete graph K,. If ¢ uses no
colour more than k times then we say that ¢ is k-bounded. Moreover, a copy of a graph H
in K, is a rainbow copy if ¢ uses no colour more than once on H. If there is a rainbow
copy of H in K, then ¢ is called H-rainbow.

Erdds, Nesetfil and Rodl [16] asked for which k = k(n) every k-bounded edge colouring
of K, has a rainbow Hamilton cycle. Frieze and Reed [17] showed that k(n) can grow as
fast as xn/logn for some constant « (for early progress on this problem see the references
in [17]). Albert, Frieze and Reed [1] improved this bound to n/65, which shows that k
can grow linearly, as was previously conjectured by Hahn and Thomassen [19].

Here we consider the analogous question for H-rainbow colourings with H € Hg”((l —
n)n,A). As a consequence of our main theorem, Theorem 1.1, we prove the following
result.

Theorem 3.1. For every n > 0 and A > 2 there exist positive constants f and x such that
for n sufficiently large, for every graph H € Hg"((l —mn,A) and k < k(n/logn)'/?, every
k-bounded edge-colouring of K,, is H-rainbow.

For the proof of this theorem we apply the strategy of [17] and do the following for a
given k-bounded edge colouring ¢ of K,,. We first take a random subgraph I' = G,,, of K,
and then delete all edges in I' whose colour appears more than once in I'. Denote the
resulting graph by I'(¢). Any subgraph of I'(¢p) is trivially rainbow and hence it remains
to show that there is a copy of H in I'(¢) in order to establish Theorem 3.1. In view of
Theorem 1.1 it clearly suffices to prove the following lemma.

Lemma 3.2. Let p = p(n) and k = k(n) be such that p > 10%logn/n and pk < 1073. For
any k-bounded edge colouring @ of K,, with probability 1 — o(1) all vertices v in I' = G,
satisfy degr,(v) > %degr(v).

Sketch of proof. Let v be an arbitrary vertex of I'. We classify the ‘deleted” edges incident
to v, that is, those edges in E(v, Nr(v) \ Nr(q,)(v)), into two sets: the set N; of those edges
whose colour appears only once in E(v, Np(v)) (but also somewhere else in I') and the
set N, of those edges whose colour appears at least twice in E(v, Nr(v)). With probability
1 — o(1/n) we have that degp(v) lies in the interval [(1 — zl—o)np, (1 + %)np] by a Chernoff
bound. Therefore, showing

() P(INi| > &np) = o(1/n) and

(i) P(IN2| = 15np) = o(1/n)
and applying the union bound proves the lemma.

To establish (i) we expose the edges incident to v first, which enables us to determine
degr(v). We have ]P’(degr(v) > %np) = o(1/n). Subsequently we expose the remaining
edges. Recall that for any edge vw € N; the colour ¢(vw) appears somewhere else in I,
which happens with probability at most p’ := pk. Since these events are independent for
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different colours, we have

P(IN| > t) < P(degr(v) > 3np) + P(INy| > t|degr(v) < 3inp)
=o(l/n)+P(X > 1),

where X is a random variable with distribution Bi(«,p’), where n' = degr(v) < %np.
Clearly EX < %np'pk 100np, and therefore (i) follows from an application of a
Chernoff bound, since np > 10° log n.

To establish (ii) consider the random variable Y that counts edges in E(v, Nr(v))
whose colour appears only once in E(v, Nr(v)). Then |N,| =degr(v)—Y, and so it
suffices to show that IP’(Y < 19np) = o(1/n), using again that degp(v) > %np happens
with probability o(1/n). To see this, assume that 1,...,/ are the colours that appear on the
edges of K,, containing v, and let k; be the number of such edges with colour i € [/]. Then
Y = Zie[/ Y;, where Y; is the indicator variable for the event that E(v, Nr(v)) contains
exactly one edge of colour i. Observe that the Y; are independent random variables and
that P(Y; = 1) = kip(1 — p)’—!. In addition

100
> (1 —p)ki—1 > K~ __P >
1>20=p" " =(0-p) eXP( 1_pk Z o1’

and hence

EY =) kp(l—pf"' <np and EY > {§(n—1p > gnp.

We conclude that P(Y < Bnp) = o(1/n) from P(Y <EY —1) < exp(—32/EY) (see [22,
Theorem 2.10]) by setting ¢ := ﬁnp and using np > 10°log n. O

As mentioned earlier, the bound on k(n) established in [17] for rainbow Hamilton cycles
is not best possible. As it turns out, the bound on k in Theorem 3.1 above can be improved
as well. Indeed, such an improvement has recently been established in [9], where Lovasz’s
local lemma is used. However, we observe that the method of proof above is more robust
in the sense that one can, for instance, prove that suitably bounded colourings of sparse
random graphs are H-rainbow — something that does not seem to be within the reach of
the method of proof in [9] (we omit the details).

4. Sparse regularity

In this section we will introduce one of the main tools for our proof, a sparse version of
the regularity lemma developed by Rodl and one of the current authors (see [23, 25]).
Before stating this lemma we introduce the necessary definitions.

Let G=(V,E) be a graph, and suppose p € (0,1] and ¢ > 0 are reals. For disjoint
non-empty sets U, W = V the p-density of the pair (U, W) is defined as dg (U, W) =
eq(U, W)/(p|U||W ). The pair (U, W) is (e, p)-regular if |dg ,(U', W') —dg,(U, W)| < ¢ for
all U = U and W = W with |U’| > ¢|U| and |W'| > ¢|W|.

An (e, p)-regular partition of G = (V,E) is an e-equipartition VoUV{U---UV, of V, that
is, with [Vo| < elV| and |Vi| = --- = [V,|, such that (V}, V) is an (g, p)-regular pair in G
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for all but at most &(}) pairs ij € (). The partition classes ¥; with i € [r] are called the
clusters of the partition and V) is the exceptional set.

The sparse regularity lemma asserts the existence of (e, p)-regular partitions for sparse
graphs G without ‘dense spots’. To quantify this latter property we need the following
notion. Let # > 0 and K > 1 be real numbers. We say that G = (V, E) is (n,K)-bounded
with respect to p if for all disjoint sets X, Y < V with |X|,|Y| > n|V]| we have eg(X,Y) <
KplX||Y].

Lemma 4.1 (sparse regularity lemma). For each ¢ >0, K > 1, and ry > 1 there are con-
stants ry, v, and ny such that for any p € (0,1] the following holds. Any graph G = (V,E)
which has at least ny vertices and is (v, K)-bounded with respect to p admits an (&, p)-regular
g-equipartition with r clusters, for some ro < r < ry.

As it turns out, we shall only make use of what one could call ‘one-sided regularity’.
We call a pair (U, W) (&, d, p)-dense if dg,(U',W') >d—c¢forall U< U and W' = W
with |U’| > ¢|U| and |W'| > ¢|W|. Clearly, an (e, p)-regular pair (U, W) is (& d, p)-dense
for d = dg (U, W). Occasionally, in informal discussions, when the particular value of d
or ¢ is not immediately relevant, we say that an (g, p)-regular pair (U, W) is (¢, p)-dense or
p-dense.

An g-equipartition VoUV U---UV, of a graph G = (V,E) is an (&,d, p)-dense partition
with reduced graph R if V(R) = [r] and the pair (V;,V;) is (¢,d, p)-dense in G whenever
ij € E(R). Note that, given an (¢, p)-regular partition as in Lemma 4.1 and a real number d,
one has an (¢, d, p)-dense partition of G with the reduced graph R, with ij € E(R) if and
only if only (V;, V) is (e, p)-regular and d¢,(V;, V;) > d.

It follows directly from the definition that sub-pairs of p-dense pairs again form p-dense
pairs.

Proposition 4.2. Let (X,Y) be (¢, d,p)-dense and suppose X' = X satisfies |X'| > ulX]|.
Then (X',Y) is (4>d, p)-dense.

In addition, neighbourhoods of most vertices in a p-dense pair are not much smaller
than expected. Again, this is a direct consequence of the definition of p-dense pairs.

Proposition 4.3. Let (X,Y) be (¢,d, p)-dense. Then less than ¢|X| vertices x € X are such
that |Ny (x)| < (d —¢)p|Y|.

Some properties of the graph G translate to certain properties of the reduced graph R of
the partition constructed by the sparse regularity lemma. For example, the following well-
known consequence of Lemma 4.1 is a minimum degree version of the sparse regularity
lemma. For a proof see the appendix of [§].

Lemma 4.4 (sparse regularity lemma, minimum degree version for G, ,). For all o € [0,1],

e > 0, and every integer ry, there is an integer r1 > 1 such that for all d € [0, 1] the following
holds a.as. for I' =G, if log*n/(pn) = o(1). Let G = (V,E) be a spanning subgraph of T
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Ui—1 U; Vi+1

Vi—1 Vi Ui+1

Ui—1  Ci—1,3 Ci—1,4 Ci,1 Ci,2 Ui Ci,3 Ci,4 Ci+1,1 Ci41,2 Uit+1

Figure 1. The ladder R; and the spin graph R, for the special case t = 2.

with degs(v) > adegr(v) for all v € V. Then there is an (e, d, p)-dense partition of G with
reduced graph R of minimum degree §(R) > (« —d — &)|V(R)| with ro < |V(R)| < ry.

We remark that we do observe ‘more’ than a mere inheritance of properties here: the
graph G we started with is sparse, but the reduced graph R we obtain in Lemma 4.4
is dense. This will enable us to apply results obtained for dense graphs to the reduced
graph R, and hence use such dense results to draw conclusions about sparse graphs.

5. Main lemmas

In this section we will formulate the main lemmas and outline how they will be combined
in Section 8 to give the proof of Theorem 1.1. For this we first need to define two (families
of) special graphs.

For r,teN, let U= {uy,...,u;}, V="{v1,...,0,}, C= {c,-,j,c;,j: i€[rl,je 21}, and
B = {bi;,b;;:i€[r],j € [2t]}. Let the ladder R} be the graph with vertex set UUV and
edge set E(R;) := {uw;: i,j € [r],|i — j| < 1}. Let the spin graph R., be the graph with
vertex set UUVUCUB and the following edge set (see Figure 1):

ER.,) = |J ({u,-v,-, bigbi bisbiprs CisCipos Cirip Uibijui, cijui)
i €l #1
T El] ’op ’ ’
! 2 2 2/ )
//I/C’Ek[fi[i]zt] U{bi,kbi,ﬂ Cir—1,Ci k> Ciul,fci’,k})-

Now we can state our four main lemmas, two partition lemmas and two embedding
lemmas. We start with the lemma for G, which constructs a partition of the host graph G.
This lemma is a consequence of the sparse regularity lemma (Lemma 4.4) and asserts the
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existence of a p-dense partition of G such that its reduced graph contains a spin graph.
We will indicate below why this is useful for the embedding of H. The lemma for G
produces clusters of very different sizes: a set of larger clusters U; and V; which we call
big clusters and which will accommodate most of the vertices of H later, and a set of
smaller clusters B, ;,B; > Cijs and C’ The B;; and B’ are called balancing clusters and
the C;; and C;; connecting clusters. They will be used to host a small number of vertices
of H. These Vertlces balance and connect the pieces of H that are embedded into the big

clusters. The proof of Lemma 5.1 is given in Section 9.

Lemma 5.1 (lemma for G'). For all integers t,ro > 0 and reals ns,y > 0 there are positive
reals n., and d such that, for all ¢ > 0, there is an ry for which the following holds a.a.s.
for I'=G,, with log* n/(pn) = o(1). Let G = (V,E) be a spanning subgraph of T with
deg;(v) > (% + y)degr(v) for all v € V. Then there is an ro <r < ry, a subset Vo of V
with |Vo| < en, and a mapping g from V \ Vy to the spin graph R,;, such that for every
€ [r],j € [2t] we have
(G Uil 1Vil = (1 = n¢)3; for Ui =g~ (w;) and Vi := g~ (vy),
(G2) |Cijl, IC 1, |Bijl, | BY | > g for Cij =g~ (ci)), Cf; =g~ (¢};), Bij =g " (bij), and
Bl(,j = gil(b;,j):
(G3) the pair (g7(x),g~"(y)) is (e, d, p)-dense for all xy € E(Ry,).

Since the dependences of the constants appearing in this lemma are quite involved, we
remark that their quantification is as follows:

Vt:r()yn(},’y Hné,d VS E|r1.

Our second lemma provides a partition of H that fits the structure of the partition of
G generated by Lemma 5.1. We will first state this lemma and then explain the different
properties which it guarantees. A set S of vertices in a graph H is called /-independent
for an integer / if each pair of distinct vertices in S has distance at least / + 1 in H.

Lemma 5.2 (lemma for H). For all integers A there is an integer t > 0 such that, for any

ny > 0 and any integer r > 1, there is a f > 0 for which the following holds for all integers

m and all bipartite graphs H on m vertices with A(H) < A and bw(H) < fm. There is a

homomorphism h from H to the spin graph R, ., such that for every i € [r], j € [2t] we have

(HY) Uil [Vi] < (L+na)5 for Ui :=h~" () and Vi := h™'(v),

(H2) Lci,,\, ICL 1Bl 1BL| < 2 for Coj = hYeiy), €Ly = hY(c,,), Bry == h™(byy), and

= h_l(bf,k),

(H3) C,], Cl], B,], and El’j are 3-independent in H,

(H4) degy, (v) = degy (v) < A—1 for all yy' € (¥)U (B'f) degg (v) = degg (V) for all
»y € Ci/,jr degpij(y) = degy;;,(y) for all y,y" € Bi,j’

where C; = Ukem (~3,;k and L(i, j) :== Ukem Ei’k U Uk<j El’k Further, let X; with i € [r] be

the set of vertices in V; with neighbours outside U;. Then

(H5) |X| < nulVil.
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The quantification of the constants appearing in this lemma is as follows:
YA 3t VY, r 3IP.

This lemma asserts the existence of a homomorphism h from H to a spin graph R,;.
Recall that R, is contained in the reduced graph of the p-dense partition provided by
Lemma 5.1. As we will see, we can fix the parameters in this lemma such that, when
we apply it together with Lemma 5.1, the homomorphism h has the following additional
property. The number L of vertices that it maps to a vertex a of the spin graph is less
than the number L contained in the corresponding cluster 4 provided by Lemma 5.1
(compare (G1) and (G2) with (H1) and (H2) and recall that m is slightly smaller than n).
If A is a big cluster, then the numbers L and L differ only slightly (these vertices will
be embedded using the constrained blow-up lemma), but for balancing and connecting
clusters A the number L is much smaller than L (this is necessary for the embedding
of these vertices using the connection lemma). With property (H5) Lemma 5.2 further
guarantees that only a few edges of H are not assigned either to two connecting or
balancing clusters, or to two big clusters. This is helpful because it implies that we do
not have to take care of ‘too many dependences’ between the applications of the blow-up
lemma and the connection lemma. The remaining properties (H3)-(H4) of Lemma 5.2
are technical but required for the application of the connection lemma (see conditions (B)
and (C) of Lemma 5.4).

The vertices in 6,-, j and 6{ j are also called connecting vertices of H, and the vertices in
B;; and E{J are called balancing vertices.

We next describe the two embedding lemmas, the constrained blow-up lemma
(Lemma 5.3) and the connection lemma (Lemma 5.4), which we would like to use
on the partitions of G and H provided by Lemmas 5.1 and 5.2. The connecting lemma
will be used to embed the connecting and balancing vertices into the connecting and
balancing clusters after all the other vertices are embedded into the big clusters with the
help of the constrained blow-up lemma.

The constrained blow-up lemma states that bipartite graphs H with bounded maximum
degree can be embedded into a p-dense pair G = (U, V') whose cluster sizes are just slightly
bigger than the partition classes of H. This lemma further guarantees the following. If
we specify a small family of small special sets in one of the partition classes of H and a
small family of small forbidden sets in the corresponding cluster of G, then no special set
is mapped to a forbidden set.

The existence of these forbidden sets is in fact a main difference from the classical
blow-up lemma which is used in the dense setting, where a small family of special vertices
of H can be guaranteed to be mapped to a required set of linear size in G. This is very
useful in a dense graph, because its neighbourhoods (into which we would like to embed
neighbours of already embedded vertices) are of linear size. In contrast, the property of
having forbidden sets will be crucial for the sparse setting when we apply this lemma
together with the connection lemma in the proof of Theorem 1.1 in order to handle the
‘dependences’ between these applications. The proof of this lemma is given in Section 11
and relies on techniques developed in [4].
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Lemma 5.3 (constrained blow-up lemma). For every integer A > 1 and for all positive
reals d and n, there exist positive constants ¢ and p such that for all positive integers ry
there is a c such that, for all integers 1 <r <ry, the following holds a.as. for I' =G,
with p > c(logn/n)'/2. Let G = (U,V) < T be an (¢,d, p)-dense pair with |U|,|V| > n/r and
let H be a bipartite graph on vertex classes uuv of sizes |(~J|, |I~/\ < (1 —mn)n/r and with
A(H) < A. Moreover, suppose that there is a family H = (Z) of special A-sets in V such
that each T € V is contained in at most A special sets and a family B = (K) of forbidden
A-sets in V with |B| < u|V|*. Then there is an embedding of H into G such that no special
set is mapped to a forbidden set.

The quantification of the constants appearing in this lemma is as follows:
VYA, d,yw deun Vr dc

At first sight, the role of the integer r in Lemma 5.3 (and also in Lemma 5.4 below)
seems a little obscure. The only reason for stating the lemma as above is that it is more
readily applicable in this form, since we will need it for pairs of partition classes (U, V)
whose size in relation to n will be determined by the regularity lemma.

Our last main lemma, the connection lemma (Lemma 5.4), embeds graphs H into
graphs G forming a system of p-dense pairs. In contrast to the blow-up lemma, however,
the graph H has to be much smaller than the graph G now (see condition (A)). In
addition, each vertex y of H is equipped with a candidate set C(y) in G from which
the connection lemma will choose the image of y in the embedding. Lemma 5.4 requires
that these candidate sets are big (condition (D)) and that pairs of candidate sets that
correspond to an edge of H form p-dense pairs (condition (E)). The remaining conditions
((B) and (C)) are conditions on the neighbourhoods and degrees of the vertices in H (with
respect to the given partition of H). For their statement we need the following additional
definition.

For a graph H on vertex set V = V;U---UV, and y € V; with i € [¢] define the left
degree of y with respect to the partition V,U---UV, to be

i—1
Ideg(y; Vis.... Vi) =y degy, ().
j=1

When clear from the context we may also omit the partition and simply write 1deg(y).
For two sets of vertices S, T we denote the common neighbourhood of (the vertices of) S
in T by N}(S) :=\yes N7(5).

Lemma 5.4 (connection lemma). For all integers A > 1, t > 0 and reals d > 0, there are ¢,
& > 0 such that for all positive integers rq there is a ¢ > 1 such that, for all integers 1 <r <
r1, the following holds a.a.s. for T = G,, with p > c(logn/n)'/A. Let G =T be any graph
on vertex set W = W{U---UW, and let H be any graph on vertex set W =Ww,U---UW,.
Suppose further that for each i € [t] each vertex w € W,» is equipped with an arbitrary set
X5 € V(I')\ W with the property that the indexed set system (er: w e W,) consists of
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pairwise disjoint sets such that the following holds. We define the external degree of w to
be edeg(w) := | X5/, its candidate set C(w) = W; to be C(W) := Ny,.(X5), and require that

(A) Wil = n/r and |Wi| < &n/r,

(B) W,— is a 3-independent set in H,

(C) edeg(w) + 1deg(w) = edeg(v) + 1deg(v) and degy(w) + edeg(w) < A for all w,v € Wi,
(D) |C(W)| > ((d — &)p)®ee™)|W| for all % € Wi, and

(E) (C(w), C(v)) forms an (&,d, p)-dense pair for all wo € E(H).

Then there is an embedding of H into G such that every vertex w € W is mapped to a vertex
in its candidate set C(w).

The quantification of the constants appearing in this lemma is as follows:
VA, t,d e & Vry de

The proof of this lemma is inherent in [26]. For the details in our setting see the
appendix of [8].

6. Stars in random graphs

In this section we formulate two lemmas concerning properties of random graphs that
will be useful when analysing neighbourhood properties of p-dense pairs in the following
section. More precisely, we consider the following question here. Given a set of vertices X
in a random graph I' = G, , together with a family F of pairwise disjoint /-sets in V(I"), we
would like to determine how many pairs (x, F) with x € X and F € F have the property
that x lies in the common neighbourhood of the vertices in F.

Definition 6.1 (stars). Let G = (V,E) be a graph, let X be a subset of V' and let F be
a family of pairwise disjoint /-sets in V' \ X for some /. Then the number of stars in G
between X and F is

#stars®(X, F) .= |{(x,F): x € X, F € F, F = Ng(x) }. (6.1)

Observe that in a random graph I' =G, , and for fixed sets X and F the random
variable # stars' (X, F) has binomial distribution Bi(|X||F],p’). This will be used in the
proofs of the following lemmas. The first of these lemmas states that in G,, the number
of stars between X and F does not exceed its expectation by more than seven times as
long as X and F are not too small. This is a straightforward consequence of Chernoff’s
inequality.

Lemma 6.2 (star lemma for big sets). For every positive integer A and every positive real
v, there is a ¢ such that if p > c(logn/n)'/? the following holds a.a.s. for T = Gn,p on vertex
set V. Let X be any subset of V and let F be any family of pairwise disjoint A-sets in
VAX. If va < |X| < |F| < n, then

#stars" (X, F) < Tp2|X || F).
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Proof. Given A and v, let ¢ be such that 7¢Av? > 3A. From Chernoff’s inequality (see [22,
Chapter 2]) we know that P[Y > 7TEY] <exp(—7EY) for a binomially distributed
random variable Y. We conclude that for fixed X and F,

P[# stars' (X, F) > Tp*|X||F] < exp(~=Tp*|X||F])
< exp(—7c*(log n/n)v’n?) < exp(—3Anlogn)

by the choice of ¢. Thus the probability that there are sets X and F violating the assertion
of the lemma is at most

2" exp(—3Anlogn) < exp(2Anlogn — 3Anlogn),

which tends to 0 as n tends to infinity. |

We will also need a variant of Lemma 6.2 for smaller sets X and families 7. As a
trade-off, the bound on the number of stars provided by the next lemma will be somewhat
worse. Lemma 6.3 appears almost in this form in [26]. The only (slight) modification that
we need here is that X is allowed to be bigger than F. However, the same proof as
presented in [26] still works for this modified version. For details see the appendix of [8].

Lemma 6.3 (star lemma for small sets). For all positive integers A and positive reals &,
there are positive constants v and ¢ such that if p > c(logn/n)'/2, then the following holds
a.a.s. for I' = G, , on vertex set V. Let X be any subset of V and let F be any family of
pairwise disjoint A-sets in V \ X. If |X| < vap®|F| and |X|,|F| < &n, then

#stars’ (X, F) < pP|X || F| + 6Enp?|F|. (6.2)

7. Common neighbourhoods in p-dense pairs

As discussed in Section 4, it follows directly from the definition of p-denseness that sub-
pairs of dense pairs again form dense pairs. In order to apply Lemma 5.3 and Lemma 5.4
together, we will need corresponding results on common neighbourhoods in systems of
dense pairs (see Lemmas 7.2 and 7.5). For this it is necessary to first introduce some
notation.

Let G=(V,E) be a graph, let /,T > 0 be integers, let p, ¢, d be positive reals, and
let X, Y, Z =V be disjoint vertex sets. Recall that for a set B of vertices from V' and
a vertex set Y = V, we call the set N{(B) = (,c5 Ny (b) the common neighbourhood of
(the vertices in) B in Y.

Definition 7.1 (bad and good vertex sets). Let G, 7/, T, p, ¢, d, X, Y, and Z be as above.
We define the following family of /-sets in X with small common neighbourhood in Y :

badf;fp(X, Y) = {B € (jf) : INQ(B)| < (d —a)/pf|Y|}. (7.1)

If (X,Y) has p-density dg,(X,Y)>d—e, then all /-sets T € (%) that are not in

bady; (X,Y) are called p-good in (X,Y).
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Further, let

Bad%/

gdp(X)Y:Z)

be the family of /- sets B e ( ) that contain an /’-set B’ = B with // > 0 such that either
ING(B)| < (d— ) p’'|Y| or (NP (B'),Z) is not (&, d, p)-dense in G.

The following lemma states that p-dense pairs in random graphs have the property that
most /-sets have big common neighbourhoods. Results of this type (with a slightly smaller
exponent in the edge probability p) were established in [24]. The proof of Lemma 7.2 can
be found in the appendix of [§].

Lemma 7.2 (common neighbourhood lemma). For all integers A,/ > 1 and positive reals
d, ¢ and u, there is an ¢ >0 such that for all ¢ >0 there is a ¢ > 1 such that, if p >
c(logn/n)'/2, then the following holds a.a.s. for T = Gup. For ny > EpAin, my > EpPin, let
G = (XUY,E) be any bipartite subgraph of'F with | X|=ny and |Y| =m. If (X,Y) is an
(e,d, p)-dense pair, then \badg;p(X Y)| < pnf.

Thus we know that typical vertex sets in dense pairs inside random graphs are p-good.
In the next lemma we observe that families of such p-good vertex sets exhibit strong
expansion properties.

Given A and p, we say that a bipartite graph G = (XUY ,E) is (A, f)-expanding if, for
any family F < ( ) of pairwise disjoint p-good A-sets in (X, Y) with |F| < 4, we have
INY(F) = fIF|.

Lemma 7.3 (expansion lemma). For all positive integers A and positive reals d and ¢, there
exist positive v and c such that if p > c(logn/n)'/2, then the following holds a.a.s. for T =
Gup. Let G = (XUY ,E) be a bipartite subgraph of T. If (X, Y ) is an (e, d, p)-dense pair, then
(X,Y) is (1/p®, vap)-expanding.

Proof. Given A, d, ¢, set § :=d —¢, £ :=06%/7, and let v/ and ¢ be the constants from
Lemma 6.3 for this A and . Further, choose v such that v < £ andv < V. Let F = (A) bea
family of pairwise disjoint p-good A-sets with |F|] < 1/ pA. LetU=N Q (F) be the common
neighbourhood of F in Y. We wish to show that |U| > (vap®)|F|. Suppose the contrary.
Then |U| < v'np?|F|, |[U| < vnp®|F| <vn < én and |F| < 1/p® < ?n/logn < én for n
sufficiently large and so we can apply Lemma 6.3 with parameters A and ¢ to U and F.
Since every member of F is p-good in (X, Y), we thus have

08 p2n|F| < #starsC(U, F) < #stars’ (U, ]—') p AU|IF| + 6Enp | F|
< pA(vnp™)| F||F| + 6Enp™| F| < vap®| F| + 6Znp™ | F| < Ténp™| F,

which yields that §* < 7¢, a contradiction. L]

In the remainder of this section we are interested in the inheritance of p-denseness to
sub-pairs (X', Y’) of p-dense pairs (X, Y ) in a graph G = (V, E). It comes as a surprise that
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even for sets X’ and Y’ that are much smaller than the sets considered in the definition
of p-denseness, such sub-pairs are typically dense. Phenomena of this type were observed
in [24, 18].

Here, we will consider sub-pairs induced by neighbourhoods of vertices v € V' (which
may or may not be in XUY), ie., sub-pairs (X’,Y’) where X’ (or Y’ or both) is the
neighbourhood of v in Y (or in X). Further, we only consider the case when G is a
subgraph of a random graph G, .

In [26] an inheritance result of this form was obtained for triples of dense pairs. More
precisely, the following holds for subgraphs G of G,,. For sufficiently large vertex set
X, Y, and Z in G such that (X,Y) and (Y,Z) form p-dense pairs, we have that most
vertices x € X are such that (Ny(x), Y) again forms a p-dense pair (with slightly changed
parameters). If, moreover, (X, Z) forms a p-dense pair too, then (Ny (x), Nz(x)) is typically
also a p-dense pair.

Lemma 7.4 (inheritance lemma for vertices [26]). For all integers A > 0 and positive
reals dy, ¢ and p, there is an ¢ such that for all ¢ >0 there is a ¢ > 1 such that, if
p > c(logn/n)V/A, then the following holds a.a.s. for T = Gnp. For ny, n3 > EpAn and
ny = EpA2n let G = (XUYUZ,E) be any tripartite subgraph of T with |X| = ny, |Y| = na,
and |Z| =n3. If (X,Y) and (Y ,Z) are (&,d, p)-dense pairs in G with d > dy, then there are
at most uny vertices x € X such that (N(x)NY,Z) is not an (¢,d, p)-dense pair in G.

If, in addition, (X,Z) is (¢,d, p)-dense and ni, ny, n3 > Ep®~2n, then there are at most un,
vertices x € X such that (N(x)NY,N(x)NZ) is not an (¢,d, p)-dense pair in G.

In order to combine the constrained blow-up lemma (Lemma 5.3) and the connection
lemma (Lemma 5.4) in the proof of Theorem 1.1 we will need a version of this result for
/-sets. Such a lemma, stating that common neighbourhoods of certain /-sets again form
p-dense pairs, can be obtained by an inductive argument from the first part of Lemma 7.4.
For a proof see the appendix of [§].

Lemma 7.5 (inheritance lemma for /-sets). For all integers A,/ > 0 and positive reals
do, ¢, and u, there is an ¢ such that for all ¢ >0 there is a ¢> 1 such that, if p >
c(logn/n)l/A, then the following holds a.a.s. for T = G,,. For ni,ny > ép»~'n and ny >
EpA'~n let G = (XUYUZ,E) be any tripartite subgraph of T with |X|=ny, |Y| = na,
and |Z| = n3. Assume further that (X,Y) and (Y,Z) are (¢, d, p)-dense pairs with d > d.
Then

| Bad(’), (X, Y, Z)| < purf.
8. Proof of Theorem 1.1

In this section we present a proof of Theorem 1.1 that combines our four main lemmas,
namely the lemma for G (Lemma 5.1), the lemma for H (Lemma 5.2), the constrained
blow-up lemma (Lemma 5.3), and the connection lemma (Lemma 5.4). This proof follows
the outline given in Section 5. In addition we will apply the inheritance lemma for /-sets
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(Lemma 7.5), which supplies an appropriate interface between the constrained blow-up
lemma and the connection lemma.

Proof of Theorem 1.1. We first set up the constants. Given 5, 7y, and A, let t be the
constant promised by the lemma for H (Lemma 5.2) for input A. Set

ne :=n/10 and ro=1, (8.1)

and apply the lemma for G (Lemma 5.1) with input ¢, ro, ., and y in order to obtain 5,
and d. Next, the connection lemma (Lemma 5.4) with input A, 2¢t, and d provides us with
e, and &q. We apply the constrained blow-up lemma (Lemma 5.3) with A, d, and #/2 in
order to obtain &y and ug . With this we set

Ny = min{n /10, &eng, 1/(A+ 1)) (8.2)
Choose p > 0 such that
1006 1 < ur, (8.3)
and apply Lemma 7.5 with Aand / =A — 1, dy =d, ¢ = &, and u to obtain ¢,;. Let
&5 =mL/2r (8.4)
and continue the application of Lemma 7.5 with &, to obtain ¢,;. Now we can fix
¢ 1= min{&cy, &pr, &5} (8.5)

and continue the application of Lemma 5.1 with input ¢ to get . Let 5, and 7., be such

that

M hyoand 2 g (8.6)
1—ne Ne

and let ¢, and ¢y, be the constants obtained from the continued application of Lemma 5.4

with r; replaced by 7, and Lemma 5.3 with r| replaced by 7y, respectively.

We continue the application of Lemma 5.2 with input #,,. For each r € [r1], Lemma 5.2
provides a value f3,, among all of which we choose the smallest one and set  to this
value. Finally, we set ¢ := max{cy., CcL, €5}

Consider a graph T’ = G,, with p > c¢(logn/n)!/2. Then T a.a.s. satisfies the properties
stated in Lemmas 5.1, 5.3, 5.4 and 7.5, with the parameters previously specified. We assume
in the following that this is the case, and show that then the following also holds. For
all subgraphs G = I' and all graphs H such that G and H have the properties required
by Theorem 1.1, we have H < G. To summarize the definition of the constants above, we
can now assume that I" satisfies the conclusion of the following lemmas:

N

(L5.1) Lemma 5.1 for parameters ¢, ro = 1, 5q, 7, 15, d, & and ry, i.e., if G is any spanning
subgraph of I satisfying the requirements of Lemma 5.1, then we obtain a partition
of G as specified in the lemma with these parameters,

(L5.3) Lemma 5.3 for parameters A, d, /2, &1, tp, and 7y,

(L5.4) Lemma 5.4 for parameters A, 2t, d, &cr, ¢, and Fey,

(L7.5) Lemma 7.5 for parameters A, / = A —1,dy =d, ¢ = ec, p, &5, and &;s.
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Now suppose we are given a graph G = (V,E) < I' with deg;(v) > (% + y)degr(v) for
allv e V and |[V| =n, and a graph H = (IZE) with W| = (1 — n)n. Before we show that
H can be embedded into G, we will use the lemma for G (Lemma 5.1) and the lemma for
H (Lemma 5.2) to prepare G and H for this embedding.

First we use the fact that I' has property (L5.1). Hence, for the graph G we obtain
an r with 1 <r <ry from Lemma 5.1, together with a set Vy, = V with |V,y| < en, and
a mapping g: V \ Vo — R,; such that (G1)-(G3) of Lemma 5.1 are fulfilled. For all
ielr],je[2t] let Uy, Vi, Cij, Cl-’,j, B;;, and B[,j be the sets defined in Lemma 5.1. Recall
that these sets were called big clusters, connecting clusters, and balancing clusters. With
this the graph G is prepared for the embedding. We now turn to the graph H.

We assume for simplicity that 2r/(1 — ) and r/(tn,) are integers and define

ra i=2r/(1—ng) and re = 2r/n.. (8.7)

We apply Lemma 5.2, which we have already provided with A and #,. For input H this
lemma provides a homomorphism h from H to R,; such that (H1)-(HS) of Lemma 5.2
are fulfilled. For all i€ [r],j € [2t] let l~]i, ?,-, éi,j, E‘i’,j, E,-,j, B! ., and )~(,- be the sets
whose existence is guaranteed by Lemma 5.2. Further, set C; := C;jU---UC;y, a- =
6,-,10“-06,;2,, that is, C; consists of connecting clusters and a of connecting vertices.
Define C/, 6[, B;, B, B!, and f?l’ analogously (B; consists of balancing clusters and B; of
balancing vertices).

Our next goal will be to appeal to property (L5.3), which asserts that we can apply
the constrained blow-up lemma (Lemma 5.3) for each p-dense pair (U;, V;) with i € [r]
individually and embed H [(~J,»UI~/i] into this pair. For this we fix i € [r]. We will first
set up special A-sets H; and forbidden A-sets B; for the application of Lemma 5.3. The
idea is as follows. With the help of Lemma 5.3 we will embed all vertices in (NJiL'JI~/i. But
all connecting and balancing vertices of H remain unembedded. They will be handled
by the connection lemma, Lemma 5.4, later on. However, these two lemmas cannot
operate independently. If, for example, a connecting vertex y has three neighbours in Vi,
then these neighbours will already be mapped to vertices vy,v2,03 in V; (by the blow-up
lemma) when we want to embed y. Accordingly the image of y in the embedding is
confined to the common neighbourhood of the vertices vy, v2,v3 in G. In other words, this
common neighbourhood will be the candidate set C(y) in the application of Lemma 5.4.
This lemma requires, however, that candidate sets are not too small (condition (D) of
Lemma 5.4) and, in addition, that candidate sets of any two adjacent vertices induce
p-dense pairs (condition (E)). Hence we need to be prepared for these requirements. This
will be done via the special and forbidden sets. The family of special sets H; will contain
neighbourhoods in V; of connecting or balancing vertices y of H (observe that such
vertices do not have neighbours in U;: see Figure 1). The family of forbidden sets B;
will consist of sets in V; which are ‘bad’ for the embedding of these neighbourhoods in
view of (D) and (E) of Lemma 5.4 (recall that Lemma 5.3 does not map special sets to
forbidden sets). Accordingly, B; contains A-sets that have small common neighbourhoods
or do not induce p-dense pairs in one of the relevant balancing or connecting clusters.
We will next give the details of this construction of H; and B;.

/
i
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We start with the special A-sets H;. As explained, we would like to include in the
family H; all neighbourhoods of vertices w of vertices outside U;UV;. Such neighbourhoods
clearly lie entirely in the set X; provided by Lemma 5.2. However, they need not necessarily
be A-sets (in fact, by (H4) of Lemma 5.2, they are of size at most A — 1). Therefore we
have to ‘pad’ these neighbourhoods in order to obtain A-sets. This is done as follows. We
start by picking an arbitrary set of A|X | vertices (which will be used for the ‘padding’)
in V; \X We add these vertices to X; and call the resulting set X’ This is possible
because (HS) of Lemma 5.2 and (8.2) imply that

X/ < (A4 DIXi| < (A+ Dl Vil < |Vil.

Now let )7, be the set of vertices in Ean with neighbours in 17, These are the vertices
for whose neighbourhoods we will include A-sets in H;. It follows from the definition of
X; that \Y| A\Xl Lety € Y, < B;UC.. By the definition of X; we have Ny(y) < X,
Next, we let

)N(y be the set of neighbours of y in V. (8.8)

As explained, y has strictly less than A neighbours in V; and hence we choose additional
vertices from X/ \ X;. In this way we obtain for each y € Y; a A-set Ny € X| with

Ny, () = Ny, () = %; = Ny, (89)

We make sure, in this process, that for any two different y and ¥’ we never include the
same additional vertex from X’ \X This is possible because \X’ \ X| A|X | > \Yi\. We
can thus guarantee that

each vertex in )~(l’ is contained in at most A sets Nj. (8.10)
The family of special A-sets for the application of Lemma 5.3 on (U, V;) is then
Hi:={Ny:J €Y} (8.11)

Note that this is indeed a family of A-sets encoding all neighbourhoods in U:UV; of
vertices outside this set.

Now we turn to the family B; of forbidden A-sets. Recall that this family should contain
sets that are forbidden for the embedding of the special A-sets because their common
neighbourhood in a (relevant) balancing or connecting cluster is small or does not induce
a p-dense pair. More precisely, we are interested in A-sets S that have one of the following
properties: either S has a small common neighbourhood in some cluster from B; or
from C; (observe that only balancing vertices from B; and connecting vertices from C;
have neighbours in I~/i); or the neighbourhood N{(S) of S in a cluster D from B; or C,,
respectively, is such that (N})(S),D’) is not p-dense for some cluster D’ from BjU Bj_,
or C/UC/, (observe that edges between balancing vertices run only between B; and
B/U E{H and edges between connecting vertices only between C; and C| U EI{H).

For technical reasons, however, we need to digress from this strategy slightly. We want
to bound the number of A-sets in ; with the help of the inheritance lemma for /-sets,
Lemma 7.5, later. Notice that, thanks to the lower bound on n, in Lemma 7.5, this lemma
cannot be applied (in a meaningful way) to A-sets. But it can be applied to (A — 1)-sets.
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Therefore, we will not consider A-sets directly but first construct an auxiliary family of
(A — 1)-sets and then, again, ‘pad’ these sets to obtain a family of A-sets. Observe that the
strategy outlined while setting up the special sets H; still works with these (A — 1)-sets:
neighbourhoods of connecting or balancing vertices in V; are of size at most A — 1 by (H4)
of Lemma 5.2.

But now let us finally give the details. We first define the auxiliary family of (A — 1)-sets

as follows:
G,A—1 G,A—1
B, = U Bad) % [(Vi.Cij.Ci ;) U () Bad® (Vi.Bi.Biy). (8.12)
i'e{ii+1},j.7 €2t J.Jj'el2d]
((:i,jyg;/’j/ JER,; (bt/ah;‘// )ERr,r

We next bound the size of this family by appealing to property (L7.5), and hence
Lemma 7.5, with the tripartite graphs G[V;, Ci;, C; ;] and G[V;, Bi;, B; ;] with indices as in
the definition of B;. For this we need to check the conditions appearing in this lemma. By
the definition of R, and (G3) of Lemma 5.1 all pairs (C; j, Cl.’,’j,) and (B, Blf’j,) appearing in
the definition of B; as well as the pairs (V;, C; ;) and (V;, B; ;) with j € [2t] are (e, d, p)-dense.
For the vertex sets of these dense pairs we know |V;], |C1.’,,j,|, |B{’j,\ > nin/2r > &p*'n and
|Cijl,|Bijl = nin/2r = & sn by (G1) and (G2) of Lemma 5.1 and (8.4). Thus, since ¢ < &5,
property (L7.5) implies that the family

G,A—1 / G.A—1 /
Badﬁmdvp (Vi, Cij, C,-,,j/) and Bad&bd’p (Vi, Bij, B,-’j/)

is of size u|V;|*~! at most. It follows from (8.12) that |B;| < 8t*u|V;|*~!, which is at most
usL|Vi|2~! by (8.3). The family of forbidden A-sets is then defined by

Bi :=B, x V;, and we have |B;| < . |Vi|*. (8.13)

Having defined the special and forbidden A-sets, we are now ready to appeal to (L5.3)
and use the constrained blow-up lemma (Lemma 5.3) with parameters A, d, 1/2, &y,
[, Fur, and ry separately for each pair of graphs G; := (U, V) and H; := H[U,UV].
Let us quickly check that the constant r; and the graphs G; and H; satisfy the required
conditions. Observe first that 1 < ry. = 2r/(1 —n¢) < 2r1/(1 — n6) < 75 by (8.7) and (8.6).
Moreover (U;, V;) is an (e, d, p)-dense pair by (G3) of Lemma 5.1 and (8.5). (G1) implies

Ul > (1=n)5- 2 =
o T

and similarly |V;| > n/ry.. By (H1) of Lemma 5.2 we have

~ m n n o 6HnE : n
Wil <0 +n)5- <0 +n)d—n)= <A +ny—n)5- < (1— 3N — ) 7=
2r 2r 2r 2r
n sz n
<A=1ipd—n)=—< 01 -Ltp—
(1=t —n)g 2t

and similarly \IZ\ < (1 — g)n/rBL. For the application of Lemma 5.3, let the families
of special and forbidden A-sets be defined in (8.11) and (8.13), respectively. Observe
that (8.10) and (8.13) guarantee that the required conditions (of Lemma 5.3) are satisfied.
Consequently there is an embedding of H; into G; for each i € [r] such that no special
A-set is mapped to a forbidden A-set. Denote the united embedding resulting from these
r applications of the constrained blow-up lemma by fy, : Uie[r] ﬁ,- U I7i - Uie[r] U, UV,
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Wi Wi,z Wis Wi.a
Ui Ci,3 Ci4 Cit1,1 Cit1,2 Ui+1

/ /
i,2 3

Wiia Wis

Figure 2. The partition W; = W;1U---UW;g, of G} = G[W;] for the special case t = 2.

It remains to verify that f,; can be extended to an embedding of all vertices of H into
G. We still need to take care of the balancing and connecting vertices. For this purpose
we will, again, fix i € [r] and use property (L5.4), which states that the conclusion of the
connection lemma (Lemma 5.4) holds for parameters A, 2t, d, &, &, and 7o, We will
apply this lemma with input ro, to the graphs G} := G[W;] and H/ .= H [Wi], where W;
and W, and their partitions for the application of the connection lemma are as follows

(see Figure 2). Let W; := W;1U---UW,g,, where for all j € [t],k € [21] we set
Wij = Citjs Wit = Cisijs Wizsj = Ciyp s
Wissj = Ciiy s Wistrk = Bix, Wigr+k = Biy.

(This means that we propose the clusters to the connection lemma in the following order:
the connecting clusters without primes come first, then the connecting clusters with primes,
then the balancing clusters without primes, and finally the balancing clusters with primes.)

The partition W; := W;;U---UW,s, of the vertex set W; of H/ is defined accordingly,
ie, for all j € [t],k € [2t] we set

Wij = Cittjs Wiisj = Cit1,j, Wiz = Ciryjo
Wiserj = Cliy s Wisrsk = Biy, Wigik = Bij.
To check whether we can apply the connecting lemma, observe first that
1< 2r/ne <2r1/ne < Far

by (8.6). For y € Wu with JE 81 recall from (8.8) (using that each vertex in H has
neighbours in at most one set V;: see Figure 1) that

)N(; is the set of neighbours of y in ViU IN/,-H and set X5 := fBL()N(;). (8.14)
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Then the indexed set system ()N(; 1y € fW,,) consists of pairwise disjoint sets because
VNVi,j is 3-independent in H by (H3) of Lemma 5.2. Thus also (X; 1y € W]) consists of
pairwise disjoint sets, as required by Lemma 5.4. Now let the external degree and the
candidate set of y € Wi,_,- be defined as in Lemma 5.4, i.e.,

edeg(y) .= |X5| and C(y) := NW”( ). (8.15)

Observe that this implies C(y) = W;; if )?5 =0 and hence X3 = 0. Now we will check
that conditions (A)—(E) of Lemma 5.4 are satisfied. From (G2) of Lemma 5.1 and (H2)
of Lemma 5.2 it follows that

@3, »7)

<2) n
|W!]| 77( 2 — and

FeL
H) m n gy g N G n
|W1]| < 77H2 < nH? = — < S
r Ng TeL I'eL

and thus we have condition (A). By (H3) of Lemma 5.2 we also get condition (B) of
Lemma 5.4. Further, it follows from (H4) of Lemma 5.2 that edeg(y) = edeg(y’) and
Ideg(y) = ldeg(y’) for all ¥, € W;; with j € [8t]. In addition A(H) < A and hence

815i

degy (V) + edeg(y) =" [N, ()] + X5

INw, I+ [Ny, (V)] < degy(v) < A

and thus condition (C) of Lemma 5.4 1s~s4tisﬁed To check conditions (D) and (E)
of Lemma 54, observe that for all y € C;; with i’ € {i,i+ 1} and j € [2{] we have

C(y) =Cj > as v has no neighbours in V: or V,H and hence the external edeg(y) =0
(see (8.14) and (8.15)). Thus (D) is satisfied for y € C, P and similarly for y € B'; j- For all

y € Ci; with t < j < 2t, on the other hand, we have Xj = N; € (V’) by (8.8). Recall that
N5 was a special A-set in the application of the restrlcted blow -up lemma on G; = (U, V)
and H; = H[?]:L'JIZ] owing to (8.11). Therefore N; is not mapped to a forbidden A-set
in B; = (%) by fu and thus, by (8.12), to no A-set in Baded;(K,C,],C/ ) X V; with
i€ {i,i+1},j,j € [2] and (cij, ¢ ;) € Ry, We infer that the set fBL(X )=X;5 € (

satisfies |Nc (X)) = (d— gcp )°dee) edegm\C /| and is such that

8I4

edeg( y) )

(NCI,J(Xv), ) 18 (ecL,d, p)-dense for all ' € {i,i + 1}, j,j € [2t] with (cij, ¢} ;) € Rey.
(8.16)
Since we chose C(y) = N"(X5) N C,] in (8.15) we also get condition (D) of Lemma 5.4 for

y e 6” with t < j <2t. Fory € Cl+1,J with j € [t] the same argument applies with X~
N; € (V’“) and for 7 € B;; with j € [21] the same argument applies with X5 = N; € (A).
Now 1t will be easy to see that we get (E) of Lemma 5.4. Indeed, recall again that
C@y)= ; for ally € C ; and C@y)= l.’,’j, forally e Ei’,’j, with i’ € {i,i+ 1} and j € [21].
In additlon the mapping h constructed by Lemma 5.2 is a homomorphism from H to R,;.
Hence (8.16) and property (G3) of Lemma 5.1 assert that condition (E) of Lemma 5.4 is
satisfied for all edges yy' of H = H[,I/Ivfi] with at least one end, say y, in a cluster Ei’,’j,
or E{,, Iz This is true because then C(y) = W;y, where Wi,k is the cluster containing y, and

C(y') = N (Xy) N Wiy, where /I/Iv/,-,k/ is the cluster containing . Moreover, since h is a
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homomorphism, all edges yy' in Hl = H [W] have at least one end in a cluster C, y or
B{,’j,.

So conditions (A)—(E) are satisfied and we can apply Lemma 5.4 to get embeddings of
H = H[W] into G; = G[W] for all i € [r] that map vertices y € Wi (i.e., connecting and
balancing vertices) to vertices y € W; in their candidate sets C(y). Let fo. be the united
embedding resulting from these r applications of the connection lemma and denote the
embedding that unites f, and fe by f.

To finish the proof we verify that f is an embedding of H into G. Let Xy be an edge of
H. By definition of the spin graph R.; and since the mapping h constructed by Lemma 5.2
is a homomorphism from H to R,;, we only need to distinguish the following cases for
i € [r] and j,j € [2t] (see also Figure 1).

Case 1. IfX € V;and § € Uj, then f(X) = f5.(X) and f(7) = f5.(7), and thus the constrained
blow- -up lemma guarantees that f(X)f(y) is an edge of G;.

Case 2. If x € W and y € Wi, then f(xX) = fo(x) and f(¥) = fc(¥), and thus the connec-
tion lemma guarantees that f(X)f(y) is an edge of Gi.

Case 3.If x e V, and y € W,, then either y € C,j or ye BZJ for some j. Moreover,
f(X) = fz(x) and therefore by (8.15) the candidate set C(y) of y satisfies C(y) =
Nc,(f(x)) or C(y) = N, (f(x)), respectively. As f(y) = fa(¥) € C(y) we also get
that f(X)f(y) is an edge of G in this case.

It follows that f maps all edges of H to edges of G, which finishes the proof of the
theorem. U

9. A p-dense partition of G

For the proof of the lemma for G we shall apply the minimum degree version of the sparse
regularity lemma (Lemma 4.4). Observe that this lemma guarantees that the reduced graph
of the regular partition we obtain is dense. Thus we can apply Theorem 2.1 to this reduced
graph. In the proof of Lemma 5.1 we use this theorem to find a copy of the ladder R
in the reduced graph (the graphs R’ and R,, are defined in Section 5 on page 646; see
also Figure 1). Then we further partition the clusters in this ladder to obtain a regular
partition whose reduced graph contains a spin graph R.,. Recall that this partition will
consist of a series of so-called big clusters, which we denote by U; and V;, and a series of
smaller clusters called balancing clusters, B}, B,], and connecting clusters, C;j, Cu’ with
i €[r], j € [2t]. We will now give details.

Proof of Lemma 5.1.  Given ¢, rg, 3¢, and y choose 7, such that

Ne 4 770

= 2ty < 9.1

L (Be2)em < ©.1)
and set d :=7y/4. Apply Theorem 2.1 with input rg :=2, A =3 and y/2 to obtain the
constants f§ and kyx := ng. For input ¢ set

ro == max{2ro + 1,kp,3/B,6/7,2/6,10/1;}, 9.2)
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I ws)

Figure 3. Cutting off a set of balancing clusters from f~'(u;) and f~!(w;). These clusters build p-dense pairs
(thanks to the triangle uv;w; in R) in the form of a Cs.

and choose ¢ such that
¢/m. <e/2 and ¢ < min{y/4,n7,/10}. (9.3)

Lemma 4.4 applied with o := % +7, ¢, ry then gives us the missing constant r;.

Assume that I" is a typical graph from G, , with log* n/(pn) = o(1), in the sense that it sat-
isfies the conclusion of Lemma 4.4, and let G = (V, E) < I satisfy deg;(v) > (% + y)degr(v)
for all v € V. Lemma 4.4 applied with « = % +7, ¢, ry, and d to G gives us an (¢,d, p)-
dense partition V = V{UV{U---UV), of G with reduced graph R’ with [V (R')| =’ such
that 2rg + 1 < rj < r’ < ry and with minimum degree at least (3 +y —d —&)r' > (3 + 3
by (9.3). If ¥’ is odd, then set Vj := VjUV), and r := (' — 1)/2, otherwise set Vy := V]
and r :=r'/2. Clearly ro < r < ry, the graph R := R’[2r] still has minimum degree at least
(% + $)2r and |Vo| < &'n+ (n/ry) < (ne/5)n by the choice of ry and ¢ It follows from
Theorem 2.1 applied with A =3 and y/2 that R contains a copy of the ladder R’ on 2r
vertices (R has bandwidth 2 < - 2r by the choice of rj, in (9.2)). Hence we can rename
the vertices of the graph R = R'[2r] with uy,vy,...,u,,v, according to the spanning copy
of R’. This naturally defines an equipartite mapping f from V \ ¥} to the vertices of the
ladder R, where f maps all vertices in some cluster V; with i € [2r] to a vertex uy or vy
of R for some index i € [r]. We will show that subdividing the clusters f~!(x) for all
x € V(R;) will give the desired mapping g.

We will now construct the balancing clusters B;; and B[’j with i € [r], j € [2¢] and
afterwards turn to the connecting clusters C;; and Ci”j and big clusters U; and V; with
ier], je€[21].

Notice that 6(R) > (% + %)Zr implies that every edge u;v; of R’ < R is contained in
more than yr triangles in R. Therefore, we can choose vertices w; of R for all i € [r]
such that wv;w; forms a triangle in R and no vertex of R serves as w; more than 2/y
times. We continue by choosing in cluster f~'(u;) arbitrary disjoint vertex sets Bii,...,Bi,
Bl ..., By, of size nyn/(2r) each, for all i € [r]. We will show below that Y w) is
large enough so that these sets can be chosen. We then remove all vertices in these
sets from f~!(u;). Similarly, we choose in cluster f~!(w;) arbitrary disjoint vertex sets
Bisst,---» Bio, Biy,..., B, of size ngn/(2r) each, for all i € [r]. We also remove these sets
from f~!(w;). Observe that this construction asserts the following property. For all i € [r]
and j, j',j",j" € [t] each of the pairs (f~'(v:), Bi)), (Bij, B} ;), (Bi ;s Bjyy jo)s (Bl jus Bigwjo),
and (Bj,4 7, f~(v;)) is a sub-pair of a p-dense pair corresponding to an edge of R[{u;, v;, wi}]
(see Figure 3). Accordingly this is a sequence of p-dense pairs in the form of a Cs, as
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Ui Ci—1,2 Cia Ui Ci2 Cit11 Uit

M (wima) ™ (wisn)
7 (wimn) ) ) 7 (vig1)
C} C; i C
Via 2 ! Vi 2 il Vit1
Figure 4. Partitioning the remaining vertices of cluster f ;) and f ) into sets C;;UC;,UU; and C’ UC UV,
(for the special case t = 1). These clusters form p-dense palrs (thanks to the ladder R in R) as 1ndlcated by the

edges.

needed for the balancing clusters in view of condition (G3) (see also Figure 1). Hence we
call the sets B;; and B ; with i € [r], j € [2] balancing clusters from now on, and claim
that they have the required properties. This claim will be verified below.

We now turn to the construction of the connecting clusters and big clusters. Recall that
we have already removed balancing clusters from all clusters f~'(u;) and possibly from
some clusters f~!(v;) (because v; might have served as wy) with i € [r]. For each i € [r] we
arbitrarily partition the remaining vertices of cluster f~!(u;) into sets Ci1U---UCipUU; and
the remaining vertices of cluster f~!(v;) into sets Ci’,lU e UC{’ZIL'JV,- such that |C; ], \Ci”j| =
nen/(2r) for all i € [r],j € [2¢]. This gives us the connecting and the big clusters, and
we claim that these clusters also have the required properties. Observe, again, that for
all ie[r], 7 € {i—1i,i+1}\ {0}, j,j/ € [2t], each of the pairs (U V;), (Cy;, Vi), and
(Cijs Ci,] ) is a sub-pair of a p-dense pair corresponding to an edge of R (see Figure 4).

We will now show that the balancing clusters, connecting clusters and big clusters satisfy
conditions (G1)—(G3). Note that condition (G2) concerning the sizes of the connecting and
balancing clusters is satisfied by construction. To determine the sizes of the big clusters,
observe that from each cluster ij with j € [2r] vertices, at most 2t - 2/y balancing clusters
were removed. In addition, at most 2¢ connecting clusters were split off from VJf. Since
VA Vol = (1 —ne/5)n we get

e\ 1 4 , N n
Vil |U;| > —— == (=42t n.—>1—n;)=—
Vil 1Uil < 5>2r <y ) n62r ( 17()2;’

by (9.1). This is condition (G1). It remains to verify condition (G3). It can easily be
checked that for all xy € E(R, ) the corresponding pair (g7!(x),g~'(y)) is a sub-pair
of some cluster pair (f~(x'), f~1(y’)) with x’y’ € E(R) by construction. In addition, all
big, Connecting, and balancing clusters are of size at least n,n/(2r). Hence we have
g1 (x)| > no\f Y(x) and |g7'(y)| = nLlf~1(y")|. We conclude from Proposition 4.2 that
(g7 %(x),g7'(y)) is (e d,p)-dense since &/n, <& by (9.3). This finishes the verification
of (G3). L]

10. A partition of H

Hajnal and Szemerédi determined the minimum degree that forces a certain number of
vertex-disjoint K, copies in G. In addition their result guarantees that the remaining
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Figure 5. The graph R in Proposition 10.2.

vertices can be covered by copies of K,_i. Another way to express this, which actually
resembles the original formulation, is obtained by considering the complement G of G
and its maximum degree. Then, so the theorem asserts, the graph G contains a certain
number of vertex-disjoint independent sets of almost equal sizes. In other words, G admits
a vertex colouring such that the sizes of the colour classes differ by at most 1. Such a
colouring is also called equitable colouring.

Theorem 10.1 (Hajnal and Szemerédi [20]). Let G be a graph on n vertices with maximum
degree A(G) < A. Then there is an equitable vertex colouring of G with A+ 1 colours.

In the proof of Lemma 5.2 presented in this section we will use this theorem in order
to guarantee property (H3). This will be the very last step in the proof, however. First, we
need to take care of the remaining properties.

Before we start, let us agree on some terminology that will turn out to be useful in the
proof of Lemma 5.2. When defining a homomorphism h from a graph H to a graph R,
we write h(S) := z for a set S of vertices in H and a vertex z in R to say that all vertices
from S are mapped to z. Recall that we have a bandwidth hypothesis on H. Consider an
ordering of the vertices of H achieving its bandwidth. Then we can deal with the vertices
of H in this order. In particular, we can refer to vertices as the first or last vertices in
some set, meaning that they are the vertices with the smallest or largest label from this
set.

We start with the following proposition.

Proposition 10.2. Let R be the following graph with six vertices and six edges:

R = ({zo,zl, e, ZS}, {ZOZI, 2122, 72223, 2324 2423, 2521})

(see Figure 5 for a picture of R). For every real ij > 0 there exists a real § > 0 such that
the following holds. Consider an arbitrary bipartite graph H with i vertices, colour classes
Z% and Z', and bw(H) < pim, and let T denote the union of the first fin vertices and the
last B vertices of H. Then there exists a homomorphism h: V(H) — V(R) from H to R
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such that for all j € {0,1} and all k € [2,5]

T = s < () < 5+ (10.1)
(24 < 7im, (10.2)
WTNZ/)y=z. (10.3)

Roughly speaking, Proposition 10.2 shows that we can find a homomorphism from a
bipartite graph H to a graph R which consists of an edge z°z! which has an attached
5-cycle in such a way that most of the vertices of H are mapped about evenly to the
vertices z¥ and z!. If we knew that the colour classes of H were of almost equal size, then
this would be a trivial task, but since this is not guaranteed, we will have to make use of

the additional vertices z2,...,z>.

Proof of Proposition 10.2.  Given 7, choose an integer # > 6 and a real § > 0 such that

; <n and p:= % (10.4)
For the sake of a simpler exposition we assume that im// and fim are integers. Now
consider a graph H as given in the statement of the proposition. Partition V (H) along the
ordering induced by the bandwidth labelling into sets Wy,..., W, of sizes |W;| = in// for
i € [/]. For each W;, consider its last 5 vertices and partition them into sets X, ilseees Xis
of size |X;x| = Bm. For i € [/], let

v
Wi =W\ (X;1U---UX;s), W= U Wi,

and note that

Forie[/], j€ {0,1},and 1 <
Wl =winz/, X/ =XyunZzl

Thanks to the fact that bw(H) < B, we know that there are no edges between W; and
Wy for i 1 € [/]. In a first round, for each i € [/] we will either map all vertices from
Wij to z/ for both j € {0,1} (call such a mapping a normal embedding of W;) or we map
all vertices from Wij to z!/ for both j € {0,1} (call this an inverted embedding). We will
do this in such a way that the difference between the number of vertices that get sent to
z% and the number of those that get sent to z! is as small as possible. Since |W;| < L the
difference is therefore at most L. If, in addition, we guarantee that both Wy and W, receive
a normal embedding, it is at most 2L. So, to summarize and to describe the mapping
more precisely: there exist integers ¢; € {0,1} for all i € [/] such that ¢; =0 = ¢, and
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the function h : W — {z° 2!}, defined by

; o ifg;=0
Wiy — J
hwe) = {zl—f if ;= 1,

is a homomorphism from H[W] to R[{z° z!}], satisfying that for both j € {0,1}

/ m / -
() < = +2L (2 +2)/ — (2 +2>5ﬁm
(104) 2 51 10 m
3 (/_2/_/2) S3 (10.5)

In the second round we extend this homomorphism to the vertices in the classes Xix.
Recall that these vertices are by definition situated after those in W; and before those
in Wiq. The idea for the extension is simple. If W; and W;.; have been embedded in
the same way by h (either both normal or both inverted), then we map all the vertices
from all X;; to z° and z!' accordingly. If they have been embedded in different ways (one
normal and one inverted), then we walk around the 5-cycle z!,...,z° z! to switch colour
classes.

Here is the precise definition. Consider an arbitrary i € [/]. Since h(WO) and h(W}) are
already defined, choose (and fix) j € {0,1} in such a way that h(W] ) = z!'. Note that this
implies that h(W,' /) = z°. Now define h; : | ;_o Xix — Ui, {z"} as follows.

Suppose first that @i = @iy1. Observe that in this case we must also have h( 1+1) z
and h( Wilgj ) = z°. So we can happily define, for all k € [5],

1

h(X))=z' and h(X}’)=z".

Now suppose that (p, =%+ @iy1. Since we are still assuming that j is such that h( WJ) =zl
and thus h(W,'™/) = 2, the fact that ¢; # ¢ implies that h( 1+1) =z and h( Wl+_11) =zl
In this case we define h as follows:

h(w,' =) h( hln ( (X5 (x| (X5 W)
— 50 _ Zz = — 4 1 =l — ;I
h(W) hi<xi{1) MX{,;) hi(X1y) (XL, |hi(XYs) h(WH)
= 1 " = 53 =73 — 5 — 5 70

Finally, we set h : V(H) — V(R) by letting h(x) := h(x) if x € W; for some i € [/] and
h(x) = hi(x) if x € X;) for some i € [/] and k € [5].
In order to verify that this is a homomorphism from H to the sets R, we first let

X% = WX}y =W X =W Xl =W,

Using this notation, it is clear that any edge xx’ in H[W; U Uk:1 Xix U Wiyq] with x € Z/
and x’ € Z'7/ is of the form

xx' € (X) x X uX) < X\ ux]

1—j
ik+1 1 X X )

ik+

for some k € [0, 6]. It is therefore easy to check in the above table that & maps xx’ to an
edge of R.
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4 2 0
q; 2 4q; qit+1 Zit1

biy22

/ / / /
1,2 i,2 biya2 bit2,2

Figure 6. The subgraph R[{z? ..... 25 qf‘ qf qlzJr1 qu 10+1 ..... z+11] of R, in the proof of Lemma 5.2.

We conclude the proof by showing that the cardinalities of the pre-images of the vertices
in R match the required sizes. In the second round we mapped a total of
_ 5 09
/- 5pm = 2 < i
additional vertices from H to the vertices of R, which guarantees that
(105) m

|h=1(z7) < 5 +im for all j € {0,1), |h~'(z")| <7m for all k € [2,5].

Finally, the lower bound in (10.1) immediately follows from the upper bounds:

N\§|

BN = m— () =z

k=2

— Sipm. I

We remark that Proposition 10.2 (and thus Lemma 5.2) would remain true if we
replaced the 5-cycle in R by a 3-cycle. However, we need the properties of the 5-cycle in
the proof of the main theorem. Now we will prove Lemma 5.2.

Proof of Lemma 5.2. Given the integer A, set t := (A + 1)}(A’+1). Given a real
0 <#ny <1 and integers m and r, set ij :=#n,/20 < 1/20 and apply Proposition 10.2 to
obtain a real § > 0. Choose f > 0 sufficiently small that all the inequalities

% —4B > B/B. 4Pr< ”’—” 16Afr < m( - 45) ( - 517) (10.6)

hold. Again, we assume that m/r and fm are integers.

Next we consider the spin graph R,; with t =1, ie., let R := R, ;. For the sake of
simpler reference, we will change the names of its vertices as follows. For all i € [r] we set
(see Figure 6)

0 ._ 1._ 2. 5.
zp =, z; =0, zi =byy, z3 —b,l, 7 b,z, z; == bia,

2 . 3. . —
q4i ‘=Ci1, q; =iy qi = Ci, qi _ ci,z‘

i i
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Note that for every i € [r] the graph R[{z?,...,z}] is isomorphic to the graph R defined
in Proposition 10.2.

Partition V(H) along the ordering (induced by the bandwidth labelling) into sets
Si,..., 8, of sizes |S;| = m/r for i € [r].

Define sets Ti fori € [r] and k € [0, 5] with | T;x| = fm such that T;o U - - - U T;4 contain
the last 58m vertices of S; and T;s contains the first fm vertices of S;; (according to the
ordering). Set S; := 8§\ (Tj;U---U T;4) and observe that this implies that T is the set
of the last Bm vertices of S; and T;s is the set of the first fm vertices in S;, ;. Set

= |Si| = (m/r) — 4fm = C _ 4ﬁ>m > Bm/B;  thus pin > pm. (10.7)

Denote by Z° and Z' the two colour classes of the bipartite graph H. For i € [/], k € [0, 5]
and j € [0,1] let
S/ =8nz), T) =TynZl

Now for each i € [r] apply Proposition 10.2 to H; := H[S;] and R; := R[{z?,...,z}}].
Observe that
— (10.7) _
bw(H;) < bw(H) < fm < pm,

so we obtain a homomorphism h; : S; — {20,...,z>} of H; to R, Combining these yields
a homomorphism

r r
7. 0 5
h.USi—>U{zi,...,zi ,
i=1 i=1
r

from H {U S,} to R {Q{z?,...,zf}}

i=1

with the property that for every i € [r], j € [0,1] and k € [2,5]

- Ny \ m
< LA,
+ m < <1+ 10) > and

(10.8)

_ (10.2) m
(k) < am < T 2

Thanks to (10.7), we know that fim > fm, and therefore applying the information from
(10.3) in Proposition 10.2 yields that for all i € [r] and j € [0,1]

WT}) =z and h(T)) =z,

In the second round, our task is to extend this homomorphism to the vertices in S; \ S;
by defining a function

} 1 4 5 2 3 1
hi : Tig U U Tig = {2,476 Qi 1> Gip15 Ziv1 )
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for each i € [r] as follows:

WTH) =20 |h(TY) = g} |hi(T) = g} |h(TY) = g7,

(Tzlz) =dq; 'h Txls = q:+1

Now set h(x) = h(x) if x € S; for some i € [r] and h(x) := h;i(x) if x € Tix for some i € [r]
and k € [4].

Let us verify that h is a homomorphism from H to R. For edges xx’ with both endpoints
inside a set S; we do not need to check anything, because here h(x) = h(x) and h(x') = h(x')
and we know from Proposition 10.2 that h is a homomorphism. Due to the bandwidth
condition bw(H) < fm, any other edge xx’ with x € Z° and x’ € Z! is of the form

h; (T704) = q,2+1

h(T14) —Z+1‘h(sz Zi

W(T) =zl

WTY) =z |h(T}) =z

xx' € (T x TR U(T X Tihy) U(Tgy x Th)

L, 1

for some i € [/] and 0 < k,k + 1 < 5. It is therefore easy to check in the above table that
h maps xx’ to an edge of R.

What can we say about the cardinalities of the pre-images? In the second round we
have mapped 4fmr additional vertices from H to vertices in R, and hence for any vertex
z in R with z ¢ {z°,z}}, i € [£], we have

l’l

10.6
)| < 4pmr < T2
and therefore the required upper bounds immediately follow from (10.8).
At this point we have found a homomorphism s from H to R = R,; of which we know
that it satisfies properties (H1) and (H2).
So far we have been working with the graph R = R, ;, and therefore we know which

vertices have been mapped to u; = z and v; = z}:

(10.9)

Uii=h"'w) =h'(z)) and V;:=h"'(w) =h""(z}).
Moreover, for i € [r] and k € [2,5] set
zf=h"'z) and QF :=h"'(q)).

Let us deal with property (HS) next. By definition, a vertex in X; < V; must have at
least one neighbour in Q? or Q¢ or Z? or Z?>. We know from (10.9) that the two latter sets
contain at most 4fmr vertices each, and each of their vertices has at most A neighbours.

Thus
X A - (199 107; 1 _
X< ac16pmr < (1 —ap) (5 —50)m L i 5 -5

(108) ~
< ’Mh ( )| < nH|h71(Zi1)| = na|Vil,
which shows that (HS) is also satisfied.

Next we would like to split up the sets Zl-k and Qi-‘ fori € [r] and k € [2,5] into smaller
sets in order to meet the additional requirements (H3) and (H4). This means that we need
to partition them further into sets of vertices which have no path of length 1, 2, or 3
between them and which have the same degree into certain sets.
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To achieve this, first denote by H? the third power of H. Then an upper bound on the
maximum degree of H? is obviously given by

A+AA—1)+AA—1)A—1) <A

Hence H? has a vertex colouring ¢ : V(H) — N with at most A* + 1 colours. Notice that
a set of vertices that receives the same colour by ¢ forms a 3-independent set in H. To
formalize this argument, we define a ‘fingerprint’ function

r 5
f:UUZ"UQ 0,A] x [0,A] x [0,A] x [A3 +1]

as follows:

f(%z{@%ﬂWA%gwm&®&Ade) if y € (Uia(Q uzh) \ 21,
(degy, (v), deggrigs (v), degzruzs(y). c(y) if y € Z{,
for some i € [r].

Recall that we defined t := (A + 1)}(A% + 1), so let us identify the codomain of f with
the set [t]. Now for i € [r] and j € [t] we set

B :=Z20 1Y), Buyj =Z 0fl()
Bl =2} 0f7'() Bl =2 0f(j)
Cij = 0N 1), Ciwj =0} N0,
Cly =001, Clyy =000

Note, for example, that for y € E,-,j the third component of f(y) is exactly equal to
deg;; (). Now, for any

. (Ciy By, Cl B,
yye(zuzuzuz’

we have f(y) = j = f()’) and hence any of the parameters required in (H3) and (H4) have
the same value for y and y'.

The only thing missing before the proof of Lemma 5.2 is complete is that we need
to guarantee that every y € Z2UZUQ? U Q? has at most A — 1 neighbours in V;, as
required in the first line of (H4). If a vertex y does not satisfy this, it must have all 1ts A
neighbours in V.. Since by definition of V; these nelghbours have been mapped to z!, we
can map y to z° (instead of mapping it to z2, z7, g7 or g}).

Even if; in this way, all of the vertices in Z? U Z? U Q? U @} would have to be mapped

to z?, (10.9) assures us that these are at most 415 2 vertices. Since by (10.8) at most

)
)
)
)

(14 %)% have already been mapped to z? in the first round and by (10.9) at most 1o
in the second round, this does not violate the upper bound in (H1). U]

11. The constrained blow-up lemma

As explained earlier, the proof of the constrained blow-up lemma uses techniques
developed in [4, 27] adapted to our setting. In fact, the proof we present here follows
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the embedding strategy used in the proof of [4, Theorem 1.5]. This strategy is roughly
as follows. Assume we want to embed the bipartite graph H on vertex set UUV into
the host graph G on vertex set UUV. Then we consider injective mappings f : V-V,
and try to find one that can be extended to U such that the resulting mapping is an
embedding of H into G. To determine whether a particular mapping f can be extended in
this way we shall construct an auxiliary bipartite graph By, the so-called candidate graph
(see Definition 11.1), which contains a matching covering one of its partition classes if
and only if f can be extended. Accordingly, our goal will be to check whether B; contains
such a matching M, which we will do by appealing to Hall’s condition. On page 673
we will explain the details of this part of the proof, determine necessary conditions for
the application of Hall’s theorem, and collect them in the form of a matching lemma
(Lemma 11.8). It will then remain to show that there is a mapping f such that B; satisfies
the conditions of this matching lemma. This will require most of the work. The idea here
is as follows.

We will show that mappings f usually have the necessary properties as long as they
do not map neighbourhoods Ng(u) = V of vertices in # € U to certain ‘bad’ spots in
V. The existence of (many) mappings that avoid these ‘bad’ spots is verified with the
help of a hypergraph packing lemma (Lemma 11.6). This lemma states that half of all
possible mappings f avoid almost all ‘bad’ spots and can easily be turned into mappings
f" avoiding all ‘bad’ spots with the help of so-called switchings.

11.1. Candidate graphs

If we have injective mappings f : V — V as described in the previous paragraph we would
like to decide whether f can be extended to an embedding of H into G. Observe that in
such an embedding each vertex i € U has to be embedded into a vertex u € U such that
the following holds. The neighbourhood Ng(u) has its image f(Ng(u)) in the set Ng(u).
Determining which vertices u are ‘candidates’ for the embedding of u in this sense gives
rise to the following bipartite graph.

Definition 11.1 (candidate graph). Let H and G be bipartite graphs on vertex sets uuv
and UUV, respectively. For an injective function f : V-V we say that a vertex u € U is
an f-candidate for i € U if and only if f(Ny (1)) S Ng(u).

The candidate graph By(H,G) = (I~JUU, E;) for f is the bipartite graph with edge set

Ef == {tmue U x U: uis an f-candidate for u}.

Now it is easy to see that the mapping f described above can be extended to an
embeddmg of H into G if and only if the corresponding candidate graph has a matching
covering U. Clearly, if the candidate graph By(H, G) of f has vertices u € U of degree 0,
then B;(H, G) has no such matching and hence f cannot be extended. More generally we
would like to avoid that degBr(H,G)(’zl) is too small. Notice that this means precisely that
f should not map Ng(u) to a set B = V' that has a small common neighbourhood in G.
These sets B are the ‘bad’ spots (see the beginning of this section) that should be avoided

by f.
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We explained above that, in order to avoid ‘bad’ spots, we will have to change certain
mappings f slightly. The exact definition of this operation is as follows.

Definition 11.2 (switching). Let f,f': X — Y be injective functions. We say that f’ is
obtained from f by a switching if there are u,v € X with f’(u) = f(v) and f'(v) = f(u) and
f(w) = f'(w) for all w ¢ {u,v}. The switching distance dgy(f, ') of f and f’ is at most s if
the mapping f’ can be obtained from f by a sequence of at most s switchings.

These switchings will alter the candidate graph corresponding to the injective function
slightly (but not much: see Lemma 11.4). In order to quantify this, we further define the
neighbourhood distance between two bipartite graphs B and B’ which determines the
number of vertices (in one partition class) whose neighbourhoods differ in B and B’.

Definition 11.3 (neighbourhood distance). Let B = (UUU, E), B’ = (UUU, E’) be bipartite
graphs. We define the neighbourhood distance of B and B’ with respect to U as

dyg)(B.B) = |{ii U: Ng(ii) # Ng(u)}.

The next simple lemma now examines the effect of switchings on the neighbourhood
distance of candidate graphs and shows that functions with small switching distance
correspond to candidate graphs with small neighbourhood distance.

Lemma 11.4 (switching lemma). Let H and G be bipartite graphs on vertex sets UUV and
UUV, respectively, such that degy (D) < A for all v € V and let f.f: V >V be injective
Sfunctions with switching distance dg(f,f') <s. Then the neighbourhood distance of the
candidate graphs By(H,G) and By (H, G) satisfies

dy(g)(Bf(H.G), By:(H, G)) < 2sA.

Proof. We proceed by induction on s. For s = 0 the lemma is trivially true. Thus, consider
s> 0 and let g be a function with dgw(f,g) < s— 1 and dsy(g, f’) = 1. Define

N(f.f') == {i € U: Np,.6)(@i) # N, 1,6)()}-
Clearly, [N(f,f)| =dyg)(Bs(H,G),Bp(H,G)) and N(f,f') = N(f,g) UN(g,f’). By the
induction hypothesis we have |[N(f,g)| < 2(s — 1)A. The remaining switching from g to f’
interchanges only the images of two vertices from V, say v; and v;. It follows that
N(g.f') = {u € Nu(@1) U Nu(©2) : Np,11,6) (1) # Np,,11.6)(W)},

which implies [N(g, f')] < 2A, and therefore we get |[N(f, f')| < 2sA. O
11.2. A hypergraph packing lemma

The main ingredient to the proof of the constrained blow-up lemma is the following

hypergraph packing result (Lemma 11.6). To understand what this lemma says and how
we will apply it, recall that we would like to embed the vertex set U of H into the vertex
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set U of G such that subsets of U that form neighbourhoods in the graph H avoiding
certain ‘bad’ spots in U. If H is a A-regular graph, then these neighbourhoods form A-sets.
In this case, as we will see, the ‘bad’ spots also form A-sets. Accordingly, we have to solve
the problem of packing the neighbourhood A-sets A/ and the ‘bad’ A-sets B8, which is a
hypergraph packing problem. Lemma 11.6 below states that this is possible under certain
conditions. One of these conditions is that the ‘bad’ sets should not ‘cluster’ too much
(although there might be many of them). The following definition makes this precise.

Definition 11.5 (corrupted sets). For A € N and a set V let B = (K) be a collection of
A-sets in V' and let x be a positive real. We say that all B € B are x-corrupted by B.
Recursively, for i € [A—1] an i-set B € () in V is called x-corrupted by B if it is
contained in more than x of the (i 4+ 1)-sets that are x-corrupted by 5.

Observe that, if a vertex v € V is not x-corrupted by B, then it is also not x’-corrupted
by B for any x’ > x.

The hypergraph packing lemma now implies that A" and B can be packed if B contains
no corrupted sets. In fact this lemma states that half of all possible ways to map the
vertices of NV to B can be turned into such a packing by performing a sequence of a few
switchings.

Lemma 11.6 (hypergraph packing lemma [27]). For all integers A > 2 and £ > 1 and every
positive o there are positive constants 1,,,, and n,,, such that the following holds. Let B be a
A-uniform hypergraph on n' > n,,,; vertices such that no vertex of B is n,,,n'-corrupted by B.
Let N be a A-uniform hypergraph on n < n' vertices such that no vertex of N is contained
in more than ¢ edges of N.

Then, for at least half of all injective functions f: V(N) — V(B), there are packings f’
of N and B with switching distance dsw(f, f') < on.

When applying this lemma we also make use of the following lemma, which helps us
to bound corruption.

Lemma 11.7 (corruption lemma). Let n, A > 0 be integers and let p and n be positive reals.
Let V be a set of size n and let B = (Z) be a family of A-sets of size at most un®. Then at
most (A!/n2~Vun vertices are yn-corrupted by B.

Proof. For i € [Al, let B; be the family of all those i-sets B’ € (¥) that are yn-corrupted
by B. We will prove by induction on i (starting at i = A) that

Al
A pn’

|Bi| < (11.1)

For i = 1 this establishes the lemma. For i = A the assertion is true by assumption. Now

assume that (11.1) is true for i > 1. By definition every B’ € B;_; is contained in more
than nn sets B € ;. On the other hand, clearly every B € B; contains at most i sets from
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Bi_1. Double counting thus gives

ary Al ;
nn|Bi—1| < |{(B’,B) : B € Bi_1,B€ B;,B = B}| <ilBi| < i A/ll un',
n

which implies (11.1) for i replaced by i — 1. U]

11.3. A matching lemma

We indicated earlier that we are interested in determining whether a candidate graph has
a matching covering one of its partition classes. In order to do so we will make use of the
following matching lemma, which is an easy consequence of Hall’s theorem. This lemma
takes two graphs B and B’ as input that have small neighbourhood distance. In our
application these two graphs will be candidate graphs that correspond to two injective
mappings f and f’ with small switching distance (such as promised by the hypergraph
packing lemma, Lemma 11.6). Recall that Lemma 11.4 guarantees that mappings with
small switching distance correspond to candidate graphs with small neighbourhood
distance.

The matching lemma asserts that B’ has the desired matching if certain vertex degree
and neighbourhood conditions are satisfied. These conditions are somewhat technical.
They are tailored exactly to match the conditions that we establish for candidate graphs
in the proof of the constrained blow-up lemma (see Claims 11.11-11.13).

Lemma 11.8 (matching lemma). Let B = (UUU,E) and B' =(UUU,E’) be bipartite
graphs with |U| > |U| and d (B B') < 5. If there are positive integers x and ni,na, ns
such that

(1) degB«( >mn for allie U,

(ii) INg/(S ) = x|S| for all S = U with |S| < na,

(iii) e/ (S, S) < L |S||S| for all ScU, S < U with xn, < |S| < |S| <n;,

(iv) INg(S )OS\ > s for all Sc U, ScU with |S| >n3 and |S| > |U| —|S\,

then B' has a matching covering U.

Proof. We will check Hall’s condition in B’ for all sets S < U. We clearly have |N B,(§)\ >
|S| for |S| xn, by (i) (if \S\ > ny, then consider a subset of S of size n).

Next, consider the case xn, < |S | <n3.SetS := Np ( ) and assume, for a contradiction,
that |S| < \g\. Since |S] < |§\ < n3 we have |S|/n3 < 1. Therefore, applying (i), we can
conclude that

~ ny ~
ep(5.8) = INp(@)| = m|S| > o SIS
ues
which is a contradiction to (ii). Thus |N. B’(§)| > @,
Finally, for sets S of size at least n3 set S = U\NB/(g) and assume, again for
a contradiction, that |NB/(~)| < |§| This implies IS| > |U|— |§| Accordingly we can
apply (iv) to S and S and infer that |NB(S)OS| > 5. Since d U)(B B’) < s, at most s
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vertices from U have different neighbourhoods in B and B’, and so
INp(S)NS| = |{ieS : Np@)NS + 0}
>|{ieS :Np@)NS +0} —s=|Ng(S)NS| —s >0,

which is a contradiction as S = U \ N, B,(§), ]

11.4. Proof of Lemma 5.3

Now we are almost ready to present the proof of the constrained blow-up lemma
(Lemma 5.3). We just need one further technical lemma as preparation. This lemma
considers a family of pairwise disjoint A-sets S in a set S and states that a random
injective function from S to a set T usually has the following property. The images f(S)
of sets in S ‘almost’ avoid a small family of ‘bad’ sets 7 in T.

Lemma 11.9. For all positive integers A and positive reals  and us there is a p; > 0 such
that the following holds. Let S and T be disjoint sets, let S < (i) be a family of pairwise
disjoint A-sets in S with |S| < +(1— p,)|T|, and let T < (1) be a family of A-sets in T
with |T| < | T|%.

Then a random injective function f: S — T satisfies |f(S)\ 7| > (1 — p)|S| with prob-
ability at least 1 — BI5!,

Proof. Given A, 8, and pg, choose

-a(5()) 12
Hr= B\ us . .

Let S, T, S, and 7 be as required and let f be a random injective function from S to T.
We consider f as a consecutive random selection (without replacement) of images for the
elements of S where the images of the elements of the (disjoint) sets in S are chosen first.
Let S; be the ith such set in §. Then the probability that f maps S; to a set in 7, which
we denote by p;, is at most

A

o T T T (A)
X T A T X Mro) A Hr
U RO T

=D

where the second inequality follows from (i— 1)A < |US| < (1 —u)|T|. Let Z be a
random variable with distribution Bi(|S]|, p). It follows that P[|f(S)N7T| > z] < P[Z > z].

Since
PZ > 2] < <S>p - (e|5|p>z’
z z

BIS| AN BIS]
PIF(S)NT]| > BIS]] < (ﬂ”) —( <f)) w pgisi

which proves the lemma since [f(S) N 7| > B|S] holds if and only if |f(S) \ 7| < (1 — p)|S].
Ul

we infer that
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Now we can finally give the proof of Lemma 5.3.

Proof of Lemma 5.3. We first define a sequence of constants. Given A, d, and # fix
A" := A> + 1. Choose f and ¢ such that
A
N < 1 (1—p)d
prets s and g
Apply the hypergraph packing lemma, Lemma 11.6, with input A, / =2A+ 1, and ¢ to
obtain constants 7., and n,,,. Next, choose 7/, ts, and us such that

> 20. (11.3)

7];1.6 Al 2y 1 1
KMo o S < (1 —p).
A T U S
Lemma 11.9 with input A, f, us provides us with a constant u,. We apply Lemma 7.2
twice, once with input A=/, d, ¢ = %d, and p = uy /A and once with input A =/,
d, ¢ = %d, and p = u,, and get constants ¢,, and &,,, respectively. Now we can fix the
promised constant ¢ such that

(11.4)

. (e d eN . -
e < mln{g, ZA} and m < min{d, &,}. (11.5)
As last input let ry be given, and set
&= (1 —=n)/(rA). (11.6)

Let ¢,, be the maximum of the two constants obtained from the two applications of
Lemma 7.2 that we started above, with the additional parameter &,,. Further, let v and
¢,5 be the constants from Lemma 7.3 for input A, d, and ¢, and let ¢,, be the constant
from Lemma 6.2 for input A and v. Finally, we choose ¢ = max{c;,, ¢;3, s, }. With this we
have defined all necessary constants.

Now assume we are given any 1 <r <ry, and a random graph I' =G, , with p >
c(logn/n)"/2, where, without loss of generality, n is such that

(1— 77/)% Z Ny (11.7)

Then, with high probability, the graph I' satisfies the assertion of the different lemmas
concerning random graphs, that we started to apply in the definition of the constants.
More precisely, by the choice of the constants above:

(P1) ' satisfies the assertion of Lemma 6.2 for parameters A and v, i.e., for any set X
and any family F with the conditions required in this lemma, the conclusion of the
lemma holds.

(P2) Similarly I' satisfies the assertion of Lemma 7.2 for parameters A =/, d, ¢ = %d,
u= ugL/A, &,, and &,,. The same holds for parameters A =/, d, ¢ = %d, w=
&, and &5,

(P3) I' satisfies the assertion of Lemma 7.3 for parameters A, d, ¢, and v.

In the following we will assume that I' has these properties and show that it then also
satisfies the conclusion of the constrained blow-up lemma, Lemma 5.3.

Let G =T and H be two bipartite graphs on vertex sets UUV and uuv, respectively,
that fulfil the requirements of Lemma 5.3. Moreover, let H = (Z) be the family of special
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A-sets, and let B = (Z) be the family of forbidden A-sets. It is not difficult to see that by
possibly adding some edges to H, we can assume that the following holds.

(0) All vertices in jL[ have degree exactly A.
(V) All vertices in ¥ have degree maximal A + 1.

Our next step will be to split the partition class U of G and the corresponding partition
class U of H into A’ parts of equal size. From the partition of H we require that
no two vertices in one part have a common neighbour. This will guarantee that the
neighbourhoods of two different vertices from one part form disjoint vertex sets (which
we need because we would like to apply Lemma 7.3 later, in the proof of Claim 11.11,
and Lemma 7.3 asserts certain properties for families of disjoint vertex sets).

Let us now explain precisely how we split U and U. We assume for simplicity that
\U\ and |U| are divisible by A’, and partition the sets U arbitrarily into A’ parts U =
UiJ--- Uy of equal size, i.e., sets of size at least n/(rA’) Similarly let U=UU--UUx
be a partition of U into sets of equal size such that each U is 2-independent in H. Such a
partition exists by the theorem of Hajnal and Szemerédi (Theorem 10.1) applied to H 2[U]
because the maximum degree of H? is less than A’ = A + 1.

In Claim 11.10 below we will assert that there is an embedding f’ of V into V that
can be extended to each of the f]j separately such that we obtain an embedding of H
into G. To this end we will consider the candidate graphs By(H;, G;) defined by f’ (see
Definition 11.1), and show that there is an f’ such that each By/(H;, G;) has a matching
covering (7j. This, as discussed earlier, will ensure the existence of the desired embedding.
To prepare this argument, we first need to exclude some vertices of ¥V which are not
suitable for such an embedding. To identify these vertices we define the following family
of A-sets, which contains B and all sets in V' that have a small common neighbourhood
in some [NJ]».

Define 5/ :=BUJ

jen Bj, where

V A (7
B = {B € (A) L ING(B)NU;| < (1d) pA|Uj|} badfs, (V. U)). (11.8)

We claim that we obtain a set B’ that is not much larger than 5. Indeed, by Proposition 4.2
the pair

(V,Uj) is (eA',d, p)-dense for all j € [A], (11.9)

and A’ < g, by (11.5). Moreover, we have |U;| > n/(rA’) > n/(rnA’) > &,n by (11.6). We
can thus use the fact that our random graph I' satisfies property (P2) (with u = ug /A’) on
the bipartite subgraph G[VUU,] and conclude that |B;| < we | V|2 /A Since |B| < pigc |V
by assumption we infer

‘B‘ ﬂBLlV‘ + A s |V /A/_ZﬂBLlV‘
Set

Vi :=V\V" with V" :={veV:visn|,V|-corrupted by B’} (11.10)
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and delete all sets from B’ that contain vertices from V”. This determines the set V"
of vertices that we exclude from V' for the embedding. We will next show that we did
not exclude too many vertices in this process. For this we use the corruption lemma,
Lemma 11.7. Indeed, Lemma 11.7 applied with n replaced by |V|, with A, u = 2uy,, and
1, to V and B’ implies that

Al

2 2 VI '< V| and thus # = V| > (1= )|V, (11.11)

|VH| <
Miie)

Let
Hj:=H[U;UV] and G;:=G[U;UV"].

Now we are ready to state the claim announced above, which asserts that there is an
embedding f’ of the vertices in V into the vertices in ¥’ such that the corresponding
candidate graphs By /(H;, G;) have matchings covering (~Jj. As we will show, this claim
implies the assertion of the constrained blow-up lemma. Its proof, which we will provide
thereafter, requires the matching lemma (Lemma 11.8), and the hypergraph packing
lemma (Lemma 11.6).

Claim 11.10. There is an injection f' : V — V' with f(T) & B for all T € H such that for
all j € [A] the candidate graph By (H;, G;) has a matching covering U;.

Let us show that proving this claim suffices to establish the constrained blow-up
lemma. Indeed, let f': ¥ — V' be such an injection and denote by M; : (NJj - U;
the corresponding matching in By/(H;, G;) for j € [A]l. We claim that the function
g: UUV — UUV, defined by

. [Mw) weU,
gwy=¢ 0 )
flw) wev,
is an embedding of H into G. To see this, notice first that g is injective since f’ is an

injection and all M; are matchings. Furthermore, consider an edge uv of H with u € I~Jj
for some j € [A'] and v € V, and let

u = g(u) = M;@) and v:=g@®) = [

It follows from the definition of M; that uu is an edge of the candidate graph B (H;, G;).
Hence, by the definition of By/(H;, G;), u is an f’-candidate for u, i.e.,

f'(Nu; (@) = Ng,(u).

Since v = f'(v) € f'(Nu,(1)), this implies that uv is an edge of G. Because f” also satisfies
f'(T) ¢ B for all T € H, the embedding g also meets the remaining requirement of the
constrained blow-up lemma that no special A-set is mapped to a forbidden A-set. U]

To complete the proof of Lemma 5.3 we still need to prove Claim 11.10, which will
occupy us for the remainder of this section. We will assume throughout that we have the
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same set-up as in the preceding proof. In particular, all constants, sets, and graphs are
defined as there.

To prove Claim 11.10 we will use the matching lemma (Lemma 11.8) on candidate
graphs B = B;(H;,G;) and B’ = B;/(H,,G,) for injections f,f": V — V'. As we will see,
the following three claims imply that there are suitable f and f’ such that the conditions
of this lemma are satisfied. More precisely, Claim 11.11 will take care of conditions (i)
and (ii) in this lemma, Claim 11.12 of condition (iii), and Claim 11.13 of condition (iv).
Before proving these claims we will show that they imply Claim 11.10.

The first claim states that many injective mappings f : V — V' can be turned into
injective mappings f’ (with the help of a few switchings) such that the candidate graphs
By(Hj,Gj) for f’ satisfy certain degree and expansion properties.

Claim 11.11. For at least half of all injections f : V — V' there is an injection f’ I~/~—> v’
with dsw(f, f') < an/r such that the following is satisfied for all j € [A']. For all u € U; and
all S = U; with |S| < p™ we have

- A 3 3
degy 11,6, > (4)*p*1U;| and N5, ,6)(3)] = vap® 3], (11.12)
Further, no special A-set from H is mapped to a forbidden A-set from BB by f'.

The second claim asserts that all injective mappings f’ are such that the candidate
graphs By(Hj, G;) do not contain sets of certain sizes with too many edges between them.

Claim 11.12. All injections ' : V — V' satisfy the following for all je[Alandall S = Uy,
ScU. ifvn<IS| < S| < H(HMU;), then

es,11,6,)(S,5) < TpAIS|IS|.

The last of the three claims states that for random injective mappings f the graphs
By (Hj, G;) have edges between any pair of large enough sets S = U; and S = U;.

Claim 11.13. A random injection { : V — V' a.a.s. satisfies the following. For all j € [A]
and all S < U;, S < U; with [S| > %(g)A|Uj| and |S| > |U;| — |S|, we have

INBy(H;.6,)(S) N S| > 2an/r.

Proof of Claim 11.10. Our aim is to apply the matching lemma (Lemma 11.8) to the
candidate graphs By(H;, G;) and By (H;, G,) for all j € [A] with carefully chosen injections
f and f'.

Let f : V — V' be an injection satisfying the assertions of Claim 11.11 and Claim 11.13
and let f’ be the injection promised by Claim 11.11 for this f. Such an f exists as at least
half of all injections from V to V' satisfy the assertion of Claim 11.11 and almost all
of those satisfy the assertion of Claim 11.13. We will now show that for all j € [A’] the
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conditions of Lemma 11.8 are satisfied for input
B =Bf(Hj,Gj), B/=Bf/(Hj,Gj), s=20'n/r,
A _ A
x=vap®, m=(§)" YUl m=p7t s =1(4)" U
Claim 11.11 asserts that dg(f, f') < on/r. As I~Jj is 2-independent in H we have degHj('ﬁ) <
1 for all 7 € V. Thus the switching lemma, Lemma 11.4, applied to H; and G; and with s
replaced by on/r implies
dyg,) (B B) = dy g, (B;(H;}. G;), By (H;. Gj)) < 20n/r =s.

Moreover, by Claim 11.11, for all u € lNJj we have

- ~ d\A

degp () = degp ;1) > (4)"pAUj| = ny,
and thus condition (i) of Lemma 11.8 holds true. Further, we conclude from Claim 11.11
that [Np/(S)| > x|S| for all S < U; with [S| <p~™ =n,. This gives condition (i) of
Lemma 11.8. In addition, Claim 11.12 states that for all S = U;, § = U; with xn, =
vn < IS| < IS] < 1(9)*U;| = n3 we have

~ ~ ~ n ~
ew(S,S) = en,11,6,(S, ) < Tp*IS|IS| = ;;\SI\S\,

and accordingly condition (iii) of Lemma 11.8 is also satisfied. To see (iv), observe that
the choice of f and Claim 11.13 assert

INB(S) N S| = Np,1,6,(S) N S| > 20n/r =5

for all S <= U;, S < U; with |S|> %(%)A|Uj| =n; and |S| > |U| —|S|. Therefore, all
conditions of Lemma 11.8 are satisfied and we infer that for all j € [A'] the candidate
graph By(H;,G;) with f' as chosen above has a matching covering U. Moreover, by
Claim 11.11, f" maps no special A-set to a forbidden A-set. This establishes Claim 11.10.

UJ

It remains to show Claims 11.11-11.13. We start with Claim 11.11. For the proof of
this claim we apply the hypergraph packing lemma (Lemma 11.6).
Proof of Claim 11.11. Notice that (U) on page 676 implies that Ny (1) contains exactly
A elements for each u € U. Hence we may define the following family of A-sets. Let

N = {Ny@:uecUUH<c (Z)

We want to apply the hypergraph packing lemma (Lemma 11.6) with A, with / replaced
by 2A + 1, and with ¢ to the hypergraphs with vertex sets V and V' and edge sets N and
B, respectively (see (11.8) on page 676). We will first check that the necessary conditions
are satisfied.
Observe that
b}

VS A=V = A= gnfr 'S e and V)< V)
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Furthermore, a vertex v € V is neither contained in more than A sets from H nor is  in
Ny (@) for more than A + 1 vertices & € U (by (V) on page 676). Therefore the condition
Lemma 11.6 imposes on A is satisfied with # replaced by 2A 4 1. Moreover, according
to (11.10) no vertex in V' is n], |V |-corrupted by B'. Since

f (11.11) , 1 /(11.4) ,
Ml VI < my (I —m)7 0" < nuent,

this (together with the observation in Definition 11.5) implies that no vertex in V' is
el -corrupted by B’ and therefore all prerequisites of Lemma 11.6 are satisfied.

It follows that the conclusion of Lemma 11.6 holds for at least half of all injective
functions f : V-V, namely that there are packings f’ of (the hypergraphs with edges)
N and B with switching distance dsw(f, f') < o|ﬁ| < on/r. Clearly, such a packing f’ does
not send any special A-set from H to any forbidden A-set from B. Our next goal is to
show that f” satisfies the first part of (11.12) for all j € [A'] and & € I~Jj. For this purpose,
fix j and u. The definition of the candidate graph By (H;, G;), Definition 11.1, implies

degB/,(Hj,Gj)(iZ) = [{u € Uj: f'(Ng,(®)) < Ng,(u)}|
=|{u € U;j:ue Ng,(f'(Nu,@))}|
= ING, (' (Nw, @)1 > (34)*p*1U; .
where the first inequality follows from the fact that Ny, (u) € A and thus, as f" is a packing

of N and B', we have f'(Ny,(u1)) ¢ badd/2 dp(V Uj) < B’ (see the definition of 5’ in (11.8)).

Thls in turn means that all A-sets f'(Ny,(u)) with u € U are p-good (see Definition 7.1)

n (V,Uj), because (V,U;) has p-density at least d —eA’ > d by (11.9) and (11.5). With
this information at hand we can proceed to prove the second part of (11.12). Let Sc ﬁj
with § < 1 /p® and consider the family F < ( ) with

{f NH )MES}

Because U; is 2-independent in H the sets Ny(u) with u € S form a family of disjoint
A-sets in V. It follows that also the sets f'(Ny(i)) with % € S form a family of disjoint
A-sets in V. By (P3) on page 675 the conclusion of Lemma 7.3 holds for I'. We conclude
that the pair (V, U,) is (1/p®, vap®)-expanding. Since | F| = |S| < 1/p* by assumption and
all members of F are p-good in (V,U;), this implies that |Nm (F)| = vnp®|F|. On the
other hand NDj(.?-') = NBf,(H,,,Gj)(g) by the definition of By(H;, G, ) and F and thus we get
the second part of (11.12). ]

Recall that property (P1) states that I" satisfies the conclusion of Lemma 6.2 for certain
parameters. We will use this fact to prove Claim 11.12.

Proof of Claim 11.12. Fix f’ : VoV, je[A], S € Uj, and Sc U with vn < |S| <
S| < %(%)A\Uj\. For the candidate graphs By (H;, G;) of f’ we have
er;(Hj,Gj)(gaS) = \{Eu € § xS f,(NH(H)) c Ng(u)}‘
& #starsC (S, {f'(Nu(@) : 7 € S})
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< #stars' (S, {f'(Ny(@)) : 5 € §}) = # stars'(S, F),

where F' := {f'(Nu(W)) : & € S}. As before, the sets f'(Ny(#)) with # € S form a family
of |S| disjoint A-sets in V. Since vin < |S| < |S| |F'| < n we can appeal to property (P1)
(and hence Lemma 6.2) with the set X := S and the family F’ and infer that

eB,(1,6,(S.8) < #stars'(S, F') < Tp*| F'||S| = Tp* (SIS,

as required. U]

Finally, we prove Claim 11.13. For this proof we will use the fact that A-sets in p-
dense graphs have big common neighbourhoods (the conclusion of Lemma 7.2 holds by
property (P2)) together with Lemma 11.9.

Proof of Claim 11.13.  Let f be an injective function from V to V'. First, consider a fixed
j € [A'] and fixed sets S = U;, S <= U; with |S| > %(%)AlUjl and |S| > |U;| — |S|. Define

S:={Ny@:ueS} and T :=badf}, (V.5),

and observe that
INB,(,6,)(S)NS| = |{Ti € S: Ju e S with f(Ng,(@) < Ng,(u)}|
= |{i € S: NG, (f(Nu,(@)) NS # 0}
> [{i€S: f(Nu,@) ¢ badgs, (V'.8)} =If(S)\ T,

since all A-sets B ¢ badd/zdp(V’ S) satisfy |Ng (B)N S| > (%)ApA|S| > 0. Thus, to prove
the claim it suffices to show that a random injection f : V — V' violates | fO\T| >
20n/r with probability at most 571U because this 1mphes that f violates the conclusion
of Claim 11.13 for some j € [A'], and some S = Uj, S < U] with probability at most
0(2Vi121U)l - 5-1Uil) = o(1). For this purpose, we will use the fact that the pair (V',S) is
p-dense. Indeed, observe that

Ul — U] > n|U|
A N
by the assumptions of the constrained blow-up lemma, Lemma 5.3. As [V'| > (1 —y)|V]|

by (11.11) we can apply Proposition 4.2 twice to infer from the (¢, d, p)-density of (V, U)
that (V',8) is (&, d, p)-dense with & := ¢A’/(n(1 — n)). Furthermore, € < &,, by (11.5) and

S| > |U;| — S| > |Uj| — |U;| =

_6) U (11.6)
|V‘ (1 _'7) > &pn,  and 17' | A, 2 G2l
Hence we conclude from (P2) on page 675 (with = u;) that |7| = |bad5/§dp(V’,S)\ <
wo|V'[A. In addition
(1111 |V/| a4 1
HONUI<BI=1SI<ITI < =ng < S5 < x0=p)lV] (L13)
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Thus, we can apply Lemma 11.9 with A, 5, and u; to S = V,T=V' and to S and 7,
and conclude that f violates
1—=p)d*n _ (1—p)d®n s _ n

(11.13) A
T >(1— > (1-p)5(4 | > > > 20—
fSON\NTI>1=BIS| = (1—Pp)5 (%) U]l A A 10057 e

with probability at most
ﬁ\S\ < ﬁ%(%)AIU;‘\ < 5—‘Uj|’

where the first inequality follows from (11.13) and the second from (11.3). ]
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