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Abstract. Bayart and Ruzsa [Difference sets and frequently hypercyclic weighted shifts.
Ergod. Th. & Dynam. Sys. 35 (2015), 691-709] have recently shown that every frequently
hypercyclic weighted shift on £7 is chaotic. This contrasts with an earlier result of Bayart
and Grivaux [Frequently hypercyclic operators. Trans. Amer. Math. Soc. 358 (2006),
5083-5117], who constructed a non-chaotic frequently hypercyclic weighted shift on cp.
We first generalize the Bayart—Ruzsa theorem to all Banach sequence spaces in which the
unit sequences form a boundedly complete unconditional basis. We then study the relation-
ship between frequent hypercyclicity and chaos for weighted shifts on Fréchet sequence
spaces, in particular, on Kothe sequence spaces, and then on the special class of power
series spaces. We obtain, rather curiously, that every frequently hypercyclic weighted shift
on H(D) is chaotic, while H(C) admits a non-chaotic frequently hypercyclic weighted
shift.

Key words: chaotic operator, frequently hypercyclic operator, Kéthe sequence space,
power series space, weighted shift operator
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1. Introduction

Chaos and frequent hypercyclicity are two of the most important notions in linear
dynamics. An operator 7' on a separable Fréchet space X is called chaotic if it admits
a dense orbit (i.e., it is hypercyclic) and if it has a dense set of periodic points. If one

o
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demands from an orbit that it combines both aspects of chaos, i.e., that it is dense and
that it returns often, one arrives at the notion of frequent hypercyclicity. A vector x € X is
called frequently hypercyclic for T if, for any non-empty open set U in X,

dens{n >0:T"x € U} > 0;

recall that for a subset A C N, dens(A) = lim infy_ o (1/(N + 1))card{n < N : n € A}
denotes its lower (asymptotic) density. The operator 7 is called frequently hypercyclic if it
admits a frequently hypercyclic vector. This notion was introduced by Bayart and Grivaux
[3, 4]. For more information on linear dynamics, refer to [6, 14].

The precise relationship between chaos and frequent hypercyclicity has been intriguing
researchers for the last decade. Despite appearances, these notions have turned out to be
independent. First, Bayart and Grivaux [5] showed that a frequently hypercyclic operator
need not be chaotic. Indeed, they constructed a frequently hypercyclic weighted backward
shift on ¢ that does not even have a single non-trivial periodic point; see also [11].
Recently, the third author [17] constructed operators on any of the spaces 7,1 < p < oo,
and ¢y that are chaotic but not frequently hypercyclic.

One of the best understood classes of operators in linear dynamics is that of weighted
(backward) shifts on sequence spaces. Given a sequence w = (wj), of non-zero scalars,
the corresponding weighted shift operator is formally given by

By (xn)nzo = (Wp41Xn41 )nzO-

For these operators, under suitable assumptions, chaos does imply frequent hypercyclicity.

Indeed, let X be a Fréchet sequence space, that is, a Fréchet space of (real or complex)
sequences x = (X, ),>0 such that each coordinate functional x + x,,n > 0, is continuous.
By the closed graph theorem, a weighted shift By, defines a (continuous) operator on X
as soon as it maps the space X into itself. Let e,, n > 0, denote the unit sequences. Under
the assumption that (e,), is an unconditional basis in the Fréchet sequence space X, a
weighted shift By, on X is known to be chaotic if and only if the series

1
Z — e, (1.1
w1 ...Wy

n>0

converges in X; see [13]. It then follows from the Frequent Hypercyclicity Criterion that,
in this case, By, is also frequently hypercyclic; see [14, Corollary 9.14].

We know from the result of Bayart and Grivaux cited above that not every frequently
hypercyclic weighted shift on cg is chaotic. In light of this, the following recent result of
Bayart and Ruzsa [7] came as a surprise.

THEOREM 1.1. (Bayart, Ruzsa) Let 1 < p < oo and let w = (wy,), be a bounded
sequence of non-zero scalars. Then the weighted shift By, is frequently hypercyclic on
2P if and only if it is chaotic.

So what do the spaces £” possess that cg does not? This question was the starting point
for our present investigation. In §2, we show that the result of Bayart and Ruzsa extends to
all Banach sequence spaces for which (e, ), is a boundedly complete unconditional basis.
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Going beyond the class of Banach spaces, we then turned our attention to Kéthe sequence
spaces, which are important generalizations of the spaces £ and cg. The Kothe sequence
space of order p is defined as

AP(A) = {x = (x)nz0 : forall m > 1, > |xyPamy < oo},

n>0

while the Kothe sequence space of order O is given by
co(A) = {x — (nso : forallm > 1, lim |xp|dmn = 0},
- n—o0

where A = (@p,n)m>1,>0 1S @ matrix of strictly positive numbers such that, for all m >
1,n >0, any < ams1,. In particular, if a,, , = 1 for every m, n, then AP (A) = £P and
co(A) = cg. Thus one could naively imagine that on Kothe sequence spaces of order p
each frequently hypercyclic weighted shift is chaotic, while on K&the sequence spaces of
order O there exists a frequently hypercyclic weighted shift that is not chaotic. However, it
is not unusual that A” (A) = ¢o(A) for any 1 < p < oo. This is, for instance, the case for
the space H(C) of entire functions and for the space H (D) of holomorphic functions on
the unit disk. The link between chaotic and frequently hypercyclic weighted shifts on these
spaces is therefore particularly intriguing.

In order to be able to deal with these spaces, the main part of the paper is devoted
to Fréchet sequence spaces, in varying degrees of generality. Two interesting phenomena
arise. First, as we see in §3, there are simple Fréchet sequence spaces that do not support
any weighted shift, and there are natural Kothe sequence spaces that do not support any
hypercyclic weighted shift, so that our study may become vacuous. Second, bounded
completeness is no longer sufficient for ensuring that frequent hypercyclicity implies
chaos. Still, in §2 we obtain a version of the Bayart—Ruzsa theorem for a class of Fréchet
sequence spaces. In §3 we spell out this result in the case of Kothe sequence spaces, and we
state sufficient conditions for the existence of a frequently hypercyclic weighted shift that is
not chaotic. This allows us to obtain the puzzling result that every frequently hypercyclic
weighted shift on H (D) is chaotic, while there exists a frequently hypercyclic weighted
shift on H (C) that is not chaotic.

Finally, in §4, we generalize these two examples by studying the particularly important
class of power series spaces (of finite or infinite type). We will obtain a full characterization
of when every frequently hypercyclic weighted shift is chaotic on a class of power series
spaces that satisfy some regularity assumption. In particular, it appears that on the one
hand there are Kothe sequence spaces cg(A), different from any AP(A), 1 < p < o0, on
which any frequently hypercyclic weighted shift is chaotic; on the other hand, there are
Kothe sequence spaces AP (A), different from cg(A), on which there exists a non-chaotic
frequently hypercyclic weighted shift.

2. When frequent hypercyclicity implies chaos for weighted shifts

2.1. The Bayart—Ruzsa theorem on Banach sequence spaces. The purpose of this
subsection is to extend Theorem 1.1 to a large class of Banach sequence spaces. Before
stating this result we remark that Bayart and Ruzsa obtained a stronger version of their
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result: even U/-frequent hypercyclicity implies chaos (see [7, Theorem 4]). An operator T
on a Fréchet space X is called U-frequently hypercyclic if there is a vector x € X, also
called U-frequently hypercyclic, such that, for any non-empty open set U in X,

dens{n >0:T"x e U} > 0,

where, for a subset A C Ny, dens(A) = lim SUPN_ oo (1/(N 4 1))card{n < N : n € A}
denotes its upper (asymptotic) density. This notion is obviously weaker than frequent
hypercyclicity.

In our result, as is usual in the context of weighted shifts, we demand that (e,), is an
unconditional basis, which is the case both for ¢y and the spaces £7. What distinguishes
these spaces, however, is that (e,), is boundedly complete in £” but not in cg. Recall that
a basis (fy), in a Fréchet space X is called boundedly complete if, for any sequence of
scalars x = (x,),, whenever the sequence

(320

is bounded in X, it converges in X; see [2].

N>0

THEOREM 2.1. Let X be a Banach sequence space for which (e,), is a boundedly
complete unconditional basis. Let By, be a weighted shift on X. Then the following
assertions are equivalent:

(1) By is U-frequently hypercyclic on X;

(i) By is frequently hypercyclic on X;
(iii) By is chaotic on X;
(iv) the series Y, .o(1/(wi ... wy))ey is convergent in X.

As mentioned in the introduction, the implications (iv)=—=-(iii))==(ii) hold in all
Banach sequence spaces in which (e, ), is an unconditional basis, while the implication
(il)==(i) is trivial. It remains therefore to show that (i) implies (iv) under bounded
completeness.

The following lemma will be crucial in the proof. A subset A C Ny is called syndetic if
it is infinite and of bounded gaps, that is, sup,, ¢ 4 infca m>n(Mm —n) < 00.

LEMMA 2.2. Let X be a Banach space with an unconditional basis ( f,)n>0. Let (n)n>0
be a sequence of scalars and A C Ny a subset of positive upper density such that, for some
R > 0, the family

(NLHZ 3 am_nfm_n)

neA meA
n<N n<m<n+M

M,N>R

is bounded in X. Then there is a syndetic set F C Nq such that the sequence

( > anfn>

neF,n<N N=0

is bounded in X.
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The proof is based on Theorem 2.3 below, which is an improvement of a result due
to Erd6s and Sarkozy that was implicitly obtained by Bayart and Ruzsa in order to prove
Theorem 1.1. Note that these authors only state a weaker version [7, Theorem 8].

THEOREM 2.3. (Bayart, Ruzsa) Let A C Ny be a set of upper density § := dens(A) > 0,
and let 0 < & < 8%. Then there exists a strictly increasing sequence (N 7)j of positive
integers such that the set

dn <N, neANn(A—k
{keNO: im ¥4 =NjineAn( )}>32—g}
j—o0 Nj-l—l

is syndetic.

Proof of Lemma 2.2. Let (o), and A C Ng be as in the statement of the lemma, with
8 :=dens(A) > 0, and fix 0 < & < 8%. By Theorem 2.3 there exists a strictly increasing
sequence (N ); of positive integers such that the set

d{n < N; : AN(A—k
:{keNoz lim cardin = Nj :n € ( )}>82—8}
) N;+1

is syndetic. For N, M > 0, we set

YN.M = N—‘i‘] Z Z Um—n fm—n-

neA meA
n<N n<m<n+M

Reordering the (finite) sum, we get

M
cardijn < N:ne AN(A—-k)}
YNM = o Z > wfi=) N1 o fi. (2.1)
k 0 neA, nva —k k=0
n<

Since ( f), is an unconditional basis there exists a constant C > 0 such that whenever
X =73 ,-0Xnfn € X and b = (b,), is a bounded sequence of scalars, Y, bpxn fr € X
and

= Cllblleo ; (2.2)

” Zb Xn fo

see [2, Proposition 3.1.3]. Taking for b a suitable 0-1-sequence, we obtain from (2.1) and
(2.2) that

anfn

n>0

Z cardin < N:ne AN(A—k)}
N +1

1
>
lynmll = c

o fi H (2.3)

keF, k<M
By definition of F and another application of unconditionality, we have that for any

M > 0 and for all sufficiently large j,

Z cardfn < Nj:n € AN (A —k)} 82 —¢

N;+1

oy fx

>

> wfi-

keF, k<M

(2.4)

keF, k<M
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It then follows from (2.3) and (2.4) that for any M > 0 and all sufficiently large j,

2
Y ki = s lywmll.
keF, k<M
The hypothesis now implies that
(T wn)
keF, k<M M=R
is bounded in X. O

Remark 2.4.
(a) Obviously, the hypothesis of the lemma holds in particular if the family

( > am_nfm_n>

meA neA,M=>0
n<m=<n+M
is bounded in X. This is the condition that will be satisfied in our application of the
lemma.
(b) Using essentially the same proof, one can show that the lemma also holds for
Fréchet spaces. However, in that setting the hypothesis is too strong for our intended
application; see the proof of Theorem 2.9.

We will apply Lemma 2.2 to the unit sequence (e;,), in a Banach sequence space X and
to a sequence (w;, ), that arises in a natural way from the weights of a weighted shift By, .
In fact, as is usual in this context, we define a sequence v = (v,),>0 by

1
vy =——, nx0 2.5)

wi ... Wy

note that vg = 1. Conversely, given a sequence v = (v,),>0 of non-zero scalars with
vo = 1, we recover the sequence w by setting

wy = 2L s (2.6)
Un

LEMMA 2.5. Let X be a Banach sequence space for which (e,),, is an unconditional basis.
Let By, be a weighted shift on X, and let v be the sequence associated with w by (2.5). If
A C Ny is a subset of positive upper density such that, for some R > 0, the family

(7 X X v

neA meA
n<N n<m<n+M

M,N>R

is bounded in X, then the sequence

( 3 )

is bounded in X.

https://doi.org/10.1017/etds.2020.122 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.122

3640 S. Charpentier, K. Grosse-Erdmann and Q. Menet

Proof. We know from Lemma 2.2 that

neF,n<N N=0

is bounded in X for some syndetic set ' C Ny. By the definition of B,, we have that

Bw( Z Unen) = Z Up Byen, = Z UpWp€n—1

neF,0<n<N neF,0<n<N neF, 1<n<N

= E Un—1€n—1-

neF,1<n<N

Now, since F is syndetic there is some K > 0 such that

No= (J(F ~h.

k<K

which implies that

K
Z B{Z( Z Unen> = Z My, NUn€p

k=0 neF,0<n<N 0<n<Fy
with certain integers m, y > 1, where Fy = max{n € F : n < N}, withmax & = —1.
The result now follows by the continuity of B,,, the unconditionality of the basis and
the fact that Fy — oo as N — oo. O]

Remark 2.6. Instead of filling the gaps of F via a backward shift, as in the proof
of the lemma, one may also fill them by a forward shift. Let w = (w,)u>0 be a
sequence of non-zero scalars. The corresponding forward shift F,, is defined by F,x =
ZZO:1 Wp—1Xp—1€,. Then the preceding lemma also holds if F, is an operator on X and v
satisfies w;,, = v,41/v,, n > 0.

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. As mentioned before, it suffices to show that (i) implies (iv).
Let x = (x,), € X be a U-frequently hypercyclic vector for B,,. Let C be a constant
due to unconditionality appearing in (2.2). Then the set
lleoll
A:=1neNy:|B)x — < —
{n 0:1Byx —eol < °C

has positive upper density. Since

B x = Z Wit] - - » WepnXk+n€k = Z
k=0 k>0

Uk

Xk+n€k> 2.7
Vk+n

where v is the sequence associated with w by (2.5), we have that for every n € A,

1

‘ v

lleoll
—xpep —eo| < C||Byx —epll < >

n
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Hence

Xn

Un

>1/2 (2.8)

for every n € A.
By (2.7) and (2.8), we note that for every n € A and every integer M > 0,

Xm Xk+n
H } Um—n€m—n| < 2C H E Um—n—"=@n—n| =2C E Uk ek
v,
meA meA " 0<k<M
n<m<n+M n<m<n+M k+neA

<2C%|B"x|| <2C?(||B"x — eo|l + lleoll)
< C(1420)|eoll.

Applying Lemma 2.5, taking account of Remark 2.4(a), we obtain that

1
(o) = (X e

is bounded in X. Since the basis (e;), is boundedly complete we can finally
deduce (iv). O]

Remark 2.7. Since the proof uses bounded completeness of the basis only in the last step,
we have also proved the following. Let X be a Banach sequence space for which (e;),
is an unconditional basis. If a weighted shift B,, on X is /-frequently hypercyclic then
(anN(l/(wl ... wp))en) N0 is bounded in X.

Can one go beyond bounded completeness? There is an indication that this might be
difficult: it is known that if (e, ), is an unconditional basis in a Banach sequence space
X, then it fails to be boundedly complete if and only if X contains a copy of cq (see [2,
Theorem 3.3.2] for the precise statement), and we know from Bayart and Grivaux [5] that
Theorem 2.1 fails on ¢p. But it is not clear how to exploit these facts.

Question 2.8. Is there a Banach sequence space X for which (e;), is a non-boundedly
complete unconditional basis so that every frequently hypercyclic weighted shift on X is
chaotic (and so that there are such shifts)?

2.2. The Bayart—Ruzsa theorem on Fréchet sequence spaces. Letus now turn to Fréchet
sequence spaces in which (e,), is an unconditional basis. We will see that in this setting,
bounded completeness of the basis no longer suffices to have all frequently hypercyclic
weighted shifts chaotic; see the summary at the end of the paper. The reason is that with
any application of the continuity of the weighted shift we potentially lose quality of the
seminorm. To be more precise, let us fix an increasing sequence (|| - ||;;)m>1 of seminorms
defining the topology of X. Then continuity of an iterate B, ,
any m > 1, || B, x ||, is majorized by a multiple of || x||, but where ¢ may depend on n and
m; this makes our Banach space proof break down. It turns out that it suffices to impose
the property of topologizability on the weighted shifts, see [9].

n > 1, of B, means that, for
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(T) Any weighted shift By, on X is topologizable, that is, for any m > 1 there is some
q(m) > 1 such that for any n > 0 there is some constant Cp, , > 0 such that, forany x € X,

|B:Lx||m = Cm,n”x”q(m)-

The property (T) is a condition on the space X, and it is independent of the particular
sequence (|| - [lm)m>1 chosen. We then have the following generalization of Theorem 2.1.

THEOREM 2.9. Let X be a Fréchet sequence space that satisfies (T) and for which (ey)n
is a boundedly complete unconditional basis. Let By, be a weighted shift on X. Then the
following assertions are equivalent:

(i) By is U-frequently hypercyclic on X;

(1) By is frequently hypercyclic on X;
(iii)) By is chaotic on X;
(iv) the series Y, .o(1/(w1 ... wp))ey is convergent in X.

Proof. First, the unconditionality of the basis implies that, whenever x = ano xpen, € X
and b = (by), is a bounded sequence of scalars, then x = ano byx,e, € X;in addition,
for any m > 1, there exist a constant K,, > 0 and some p(m) > 1 such that, for all such x
and b,

; (2.9)

Z bux,ey

n>0

= Knllblloo

E Xnén

n>0

m p(m)
see [2, Proposition 3.1.3] in the case of a Banach space, but the proof works as well for
Fréchet spaces, using [15, Theorem 3.3.9].

It suffices again to prove that (i) implies (iv). Thus, let x = (x,),, € X be aU-frequently
hypercyclic vector for B, and m > 1. We fix s > 1 such that ||eg||; > 0 and we let

u=gq(pim)), r=p(pw), t=max(p(s),p(p[)))

where ¢ (-) comes from property (T). Since x is U-frequently hypercyclic and ||eg||s > O,
the set

lleolls
A= eNg: ||B"x — < —=
{n 0: 1Byx —eolls < 2K,

has positive upper density. By (2.9) we obtain for any n € A

1
—Xn€0 — €0

v = lwy ... wpxpeg — eplls < KS”BZ;X - eO”p(s)
n

K
lleolls
2 b

< K||By,x —eoll; <

where v is the sequence associated with w by (2.5). We continue as in the proof
of Theorem 2.1, obtaining first that |x,/v,| > 1/2 for any n € A, and then for any
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integer M > 0,

H E Um—n€m—n

meA
n<m=<n+M

< 2K, Kpih)IByxll pipery) < 2K Kpiry(I1Byyx — eoll: + lleolls)

,
< 2K, Ky (”el' + ||eo||,>.
2K,
This shows that the family

( )3 ,,,m)

meA
n<m=<n+M

neA,M>0

is bounded with respect to the seminorm || - ||,-; note, however, that A depends on r. Writing

for N,M >0
1
YN.M = N+1 § E Um—n€m—n>

neA meA
n<N n<m<n+M

we obtain also that the family (yn ) ¥ m>0 is bounded with respect to the seminorm || - ||
Let § :=dens(A) and 0 < € < 82. Then, exactly as in the proof of Lemma 2.2, we
obtain by a double application of unconditionality that there is a syndetic set F' C Np so

that
K, K
C = sup Z vkeg| =< sup l;—p(u)”yNj,M”p(p(u))
M=0 Il i rem u  jzlM=0 6°—¢
K, K
= sup u—p(u)HYNj,MIIr<OO.

jlm=0 8% —¢

In particular, there is some K > 0 such that

No=J(F-h,

k<K
and by property (T) there is a constant C > 0 such that, for anyx € Xand0 <n <K,
1Bl pomy < Cllxlg(pamy = Cllx -

Following now exactly the proof of Lemma 2.5 we obtain, together with an application of
unconditionality, that for any N > 0,

E Unén

0<n<Fy

< K.(K +1CC,

m

where Fy = max{n € F : n < N}, withmax @ = —1.
Note that m > 1 is arbitrary here. Since Fy — oo as N — 00, another application of
unconditionality shows that the sequence

1
(Z oa) =( X v

0<n<N
is bounded in X, so that the bounded completeness of the basis implies (iv). O
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Remark 2.10.

(a) Of course, one could just demand that condition (T) holds for a given weighted shift
By, on X, and then we could conclude that, for this shift, frequent hypercyclicity
implies chaos. But given the simplicity of the characterization of chaos, it would be
much easier to show directly that By, is chaotic.

(b) Remark 2.7 also applies to Fréchet sequence spaces.

3. Chaotic and frequently hypercyclic weighted shifts on Kothe sequence spaces
In this section, we aim to apply Theorem 2.9 to a particularly interesting class of Fréchet
sequence spaces, the Kothe sequence spaces, also called Kothe echelon spaces; see [8, 16,
Ch. 27].

Let A = (am.n)m>1.n>0 be a matrix of strictly positive numbers such that, for all m > 1,
n=>0,

Amp = Amln-
Such a matrix is called a Kothe matrix.
Let 1 < p < co. We recall that the Kothe sequence space of order p is defined as

AP (A) = {x = (Xp)n>o : forallm > 1, Z [xXn P amn < oo},

n>0

while the Kothe sequence spaces of order 0 and oo are given by

co(A) = {x — (nso : forallm > 1, lim |xp|dmn = 0},
- n— 00

AP(A) = {x = (tnzo < forall m = 1, sup Pnldmn < oo}.
n>0

The topologies are respectively induced by the (semi)norms

1/p
lxllm = (Z |xn|pam,n> , m>1, forl <p<oo,

n>0

[x|lm = sup [xplamn, m >1, fororder O and oo.
n>0

We note that for each of the spaces AP (A), 1 < p < 0o, and cg(A), the sequence (ey),
is an unconditional basis. On the other hand, the space A°°(A) only has (e,), as a basis if
it coincides with co(A) (which can happen, see Proposition 3.2); hence we will only study
weighted shifts on Kothe sequence spaces of finite order.

Remark 3.1. It is easy to see that a Kothe sequence space X = AP(A), 1 < p < oo, or
X = co(A) is normable and hence a Banach space if and only if

Ju>1,Vm>1 : supam” < 00.

n>0 Au.n

In the first case, X = {(Xp)n : D_,o0 dunlxn|? < 00} is a weighted €P-space, which
implies that any frequently hypercycﬁc weighted shift on X is chaotic. In the second case,
X is a weighted cp-space, so that there is a frequently hypercyclic weighted shift on X that
is not chaotic.
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Now, in order to apply Theorem 2.9 we need to ensure that the sequence (e,), is
boundedly complete. For the Kothe sequence spaces of order p € [1, 00), this is clearly
always the case. For the simplest Kothe sequence space of order 0, cg, or more generally,
when c¢p(A) is a Banach space, then the sequence (e,), is not boundedly complete. But
this is not so for all Kothe sequence spaces of order 0. Let us assume that (ey), is
boundedly complete in co(A), and let x = (x,,),, be an arbitrary sequence in A°°(A). Then
the sequence (Z,Ilvzo Xnen)N>0 1s bounded in cp(A) and thus x belongs to co(A). Therefore
co(A) = A*°(A). It is just as easy to see that if cg(A) = L°°(A) then (e,), is boundedly
complete in co(A).

Now, the identity cg(A) = A°°(A) can be characterized in terms of the entries of A; see
[16, Theorem 27.9]. Thus we have the following.

PROPOSITION 3.2. Let A be a Kothe matrix. Then the following assertions are equivalent:

(1)  (en)n is a boundedly complete basis for co(A);
(i) co(A) = A>(A);
(iii) A satisfies the condition

a
VI C Ninfinite, ¥m > 1, 3u > 1: inf —2 = 0. (BC)

nel ayn
We mention in passing that Ch. 27 of Meise and Vogt [16] contains characterizations
of various other interesting properties of Kothe sequence spaces in terms of the Kothe

matrix A. We single out the following result that will be used later; see [16, Proposition
27.16] and use that AP (A) C A9(A) C co(A) C A®(A)ifl < p <q < oo.

PROPOSITION 3.3. Let A be a Kothe matrix. Then the following assertions are equivalent:
(i) for some p € [1, 00), co(A) = AP(A);

(ii) for some p € [1, 00), A*°(A) = AP (A);

(iii) for some p # q in[1, 00), AP(A) = A1(A);

@iv) forall p € [1, 00), AP(A) = co(A) = A (A);

(v) A satisfies the condition

Vmz1 3pz1: Y 2 oo, (N)
n>0 Gn

Of course, (N) implies (BC). Note that (N) also characterizes when cg(A) (or any A” (A),
p € [1, oo]) is nuclear; see [16, Proposition 28.16].

It is now an easy matter to apply Theorem 2.9 to (certain) Kothe sequence spaces and
thus obtain conditions under which any frequently hypercyclic weighted shift on such
a space is chaotic. However, before stating this result in §3.2, we will observe a rather
unexpected phenomenon: there are some Kothe sequence spaces that do not support any
hypercyclic weighted shift.

3.1. Existence of (chaotic or frequently) hypercyclic weighted shifts on Kothe sequence
spaces. Letus pause briefly in order to reflect on the question we are trying to discuss. On
the positive side, we want to show that on a given Fréchet sequence space, every frequently
hypercyclic weighted shift is chaotic. Now it might be that the problem is meaningless
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because there might not be any frequently hypercyclic weighted shifts on the space. Indeed,
for (frequent) hypercyclicity it helps if the weights are big, while the continuity of the
weighted shift limits their growth. There is then a trade-off.

Moreover, it is known that there are separable infinite-dimensional Banach spaces that
do not support any chaotic or any frequently hypercyclic operator; see [10, 19]. For shifts,
we do have a characterization of frequently hypercyclic weighted shifts on an arbitrary
Fréchet sequence space in which (e,), is an unconditional basis; see [11, Theorem 6.2].
However, the conditions are rather involved. So let us approach the problem from above
(are there any weighted shifts? are there hypercyclic weighted shifts?) and from below (are
there chaotic weighted shifts?).

3.1.1. Existence of weighted shifts. The existence of weighted shifts on (most) Banach
or Fréchet sequence spaces is easily characterized.
PROPOSITION 3.4.

(@) Any Banach sequence space that contains all finite sequences admits a weighted shift.
(b) Let X be a Fréchet sequence space in which (e,)n>0 is a basis. Let (|| - ||m)m be an

increasing sequence of seminorms that generates the topology of X. Then X admits
a weighted shift if and only if

Vm>1,3u>1,Vn>20: |legllm #0= llen+1ll #O0. (3.1)

Proof. We first show the sufficiency of (3.1) in (b). For any m > 1, let w,, =: u > 1 be
given by this condition. Since (e, ), is a basis, the Banach—Steinhaus theorem implies that
there are v,,, > 1 and C,,, > O such that, forallx € X,n > 0andm > 1,

”xnen”um =< Cm||x||vm~ (3.2)
Let

e,
a, = max Cy, llen |l ,
m=n llen+1 ”um

note that this is well defined by (3.1) if we let 8 =0.
Now let w = (wy),>1 be a sequence of non-zero scalars such that

Z [wnt1lan < oo.

n>0

Then we have that, forany m > 1 and x € X,

llen llm
Y lwnixnsienlm < Y [wasil————xn s 16011l

1=0 n=0 ”en-‘rl”p,m
llenllm
= (Z |wn+llcm— ”x”vm
1=0 ||en+l||um
m—1
llenllm
< D0 i 1Cn—""— ) Jwagtlan ) l1x ], < oo,
0 ||en+l||um n>m

so that B, defines a weighted shift on X.
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The necessity of (3.1) follows directly from the continuity of any given weighted
shift on X.

For (a) note that in the Banach space case, (3.1) is automatic. Moreover, inequality (3.2)
holds even without the basis assumption when one allows the constant C,, to depend on n
since the projections x — x,e,, n > 1, are continuous; the proof can then be continued as
before. O

In particular, any Kéthe sequence space of finite order admits a weighted shift.

Example 3.5. We give here an example of a Fréchet sequence space in which (e, ), is a
basis but that admits no weighted shift. Indeed, let

X = {(xn)n : Z |x2n] < OO}

n>0

This turns into a Fréchet sequence space under the seminorms

lxllm = max |x2,41]+ E lx2,], m > 1.
0<n<m
n>0

Then X does not admit any weighted shift because no weight can turn all sequences into
¢!-sequences.

3.1.2. Existence of hypercyclic weighted shifts. For a general Banach or Fréchet
sequence space, the existence of hypercyclic weighted shifts seems to be a complicated
matter. Thus we restrict our attention to Kothe sequence spaces.

Note that a weighted shift B,, defines an operator on a Ktthe sequence space AP (A) or
co(A) if and only if

Vm>1,u>1,C>0,Vn>1: [wal?@mn-1 < Cayn onAP(A),
B B B |wn|am,n—l < Cau,n on co(A).

For later use we note here that, in terms of the associated sequence v (see (2.5) and (2.6)),
the conditions can be written as

|Un—1|pam,n—l = C|Un|pap_,n on AP (A),

szl,Eluzl,C>O,Vnzl:{ (3.3)

[vn—1 |am,n—1 = C|Un|ap,,n on co(A).

PROPOSITION 3.6. Let X = AP(A), 1 < p <00, or X = co(A) be a Kothe sequence
space. Then there exists a hypercyclic weighted shift on X if and only if there exist a
strictly increasing sequence (my)i of positive integers and a positive sequence (Cy ) such
that

. Amyyq.n
Vn>1, v,:=inf C—=" >0
k=1 Amy,n—1
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and

1
Vm > 1, liminf —am,N =0.

N—o0 l—l
Proof. Let By, be a hypercyclic weighted shift on X. In this proof, let p = 1 for the space

co(A). By continuity, there exist a strictly increasing sequence (my )i of positive integers
and a positive sequence (Cy )i such that, for every n > 1 and k > 1, we have
|wn|pamk,n71 = Ckamk+1,n§

hence, for any n > 1

. Amy.n
v 1= inf Cp —2 > qw,|P > 0.
k=1 Amyn—1

Moreover, since By, is hypercyclic, we have that, for every m > 1,
.. 1 1
lzlvm inf —~—4m,N = hm inf —am,N =0;
—00 nei Vn N—o00 ]_[ 1 |w, |P

see [14, Theorem 4.8]. This shows necessity.
The sufficiency is easily seen by considering the weighted shift B,, with w, = v,}/ P
n > 1, and using the fact that a,, , < a1, forallm > 1,n > 0. O]

Under an additional assumption on the Kothe matrix A, the characterizing condition
can be simplified.

COROLLARY 3.7. Let X = AP(A), 1 < p <00, or X =co(A) be a Kithe sequence
space. Suppose that

Am,n+1

Vm,j>1,3/>1,C>0, ¥n>0: <l (3.4)
aln Ajn
Then there exists a hypercyclic weighted shift on X if and only if
N
=1, C>0,Vm>1: liminf Mamw —0. (3.5)
N—oco CN Hn:l Apn

Proof. The condition is necessary even without assumption (3.4) on A. Indeed, if X
supports a hypercyclic weighted shift then by the previous proposition there is a strictly
positive sequence (v,), as well as mp, u :=my > 1 and C > 0 such that

Au.n

Au.n . 1
v, <C . <C ,n>1, and hmmfN—am,N:O,mzl.

Amy,n—1 T aip-t1 N—o0 nnzl Vn

This implies (3.5).

On the other hand, suppose that (3.5) holds with some @ > 1 and C > 0. Then one
obtains by (3.4) a strictly increasing sequence (my); of positive integers and a positive
sequence (C,’{)k such that, forall k > 1 and n > 0,

An+1 <c arnk+1,n+1.

aln Amy.n
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In particular, setting Cy = C C,/c, we deduce that for any n > 1,

. Amyyy.n Ay.n
= inf C—L% > c Z&" S

k=1 Amy,n—1 aln—1
and that for every m > 1,
.. 1 1
lim inf ———au.n < hm inf 5 amn = 0. ]
N—o0 l_[nzl Vn N—oco CN anl(au,n/al,n—l)

A Kothe sequence space without hypercyclic weighted shifts can arise quite naturally.

Example 3.8. Let X be the sequence space given by

X = {x = (Xn)n>0: Z |xn|,02n < oo forall p > 0}.

n>0

This can be considered as the space of entire functions with certain lacunary power series.
Then X is the Kothe sequence space AI(A) with a,, , = mzn, m>1,n > 0. It is easily
verified that (3.4) holds but (3.5) does not. Thus, X supports no hypercyclic weighted
shift.

This example will be generalized in Example 4.3(a).

3.1.3. Existence of chaotic weighted shifts. This case can be treated exactly as the
existence of hypercyclic shifts. Note, however, that the characterizing condition of chaos,
1/ 1—[’11\121 wy)N>0 € X (see condition (1.1)) depends on the order of the Kothe sequence
space.

PROPOSITION 3.9. Let X = AP(A), 1 < p <00, or X = co(A) be a Kothe sequence
space. Then there exists a chaotic weighted shift on X if and only if there exist a strictly
increasing sequence (my)y of positive integers and a positive sequence (Cy)y such that

1
Vo > 1, v, := inf Ck A S 0 and (—/) €X,
- P/ N=0

k>1 Amg,.n—1 n=1 Vn
where p = 1 if X = co(A).

COROLLARY 3.10. Let X = AP(A), 1 < p < o0, or X = co(A) be a Kothe sequence
space such that (3.4) holds. Then there exists a chaotic weighted shift on X if and only if

N 1/p
l_[ In—1

Ju>1,C>0: <—> € X,
CN T 1“;]/5 N=0

where p = 1 if X = co(A).

3.2. When frequent hypercyclicity implies chaos on Kothe sequence spaces. Let us spell
out Theorem 2.9 in the case of Kothe sequence spaces.
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THEOREM 3.11. Let X be a Kothe sequence space AP(A), or a Kothe sequence space
co(A) that satisfies (BC). Suppose that the following condition holds:
(TK) for any strictly positive sequence v = (vy)p, if

Vm>1,3u>1,C>0,Vn>1: vy_1amp—1 < Cvzaun,
then
Vm>1,3u>1,Vj>1, 3C; >0,Vn>j: vy_jamn—j < Cjvnau,. (3.6)

Let By, be a weighted shift on X. Then the following assertions are equivalent:
(1) By is U-frequently hypercyclic on X;

(1) By is frequently hypercyclic on X;

(iii) By is chaotic on X;

(iv) the series Zn>0(1/(w1 ... Wy))ey is convergent in X.

Indeed, since By, being an operator on X can be expressed by condition (3.3), with a
similar condition for B3, it is straightforward to see that condition (T) for the space X is
equivalent to condition (TK) for the K&the matrix A.

In the case of Kothe sequence spaces AP (A) we have already examples to which the
theorem is applicable: these are given by the classical £”-spaces since they are Banach
spaces and thus satisfy (T) trivially. But there also are non-Banach examples and even
examples of order 0.

PROPOSITION 3.12. Every frequently hypercyclic weighted shift on H(D) is chaotic.

Proof. The space H (D) of holomorphic functions on the unit disk D) can be identified
with the Kothe sequence spaces co(A) or AP(A) for any 1 < p < oo by letting a,,,, =
1/(1 + 1/m)". These spaces coincide since A satisfies (N), and it suffices to show that A
satisfies (TK). Let (v,,), be a strictly positive sequence such that

Vm>1, u>1,C>0,Vo>1: vy_1amp—1 < Cvopay,.

We can first show that lim supn(vn_l/vn)l/" < 1. Indeed, given m > 1, u>1,C >0
such that, for every n > 1, vy_1amn—1 < Cvpay ,, we get

Un—1 <C Aun C (1+l/m)"
1+ 1/

Un Amn—1 1+ 1/m

and thus lim supn(vn_1/vn)1/" <{A+1/m)/(1+1/u) <1+ 1/m. Since this inequality
holds for every m > 1, we deduce that lim sup,, (v, —1 /vn)l/” <1

We now show that if lim sup,, (v,—1/v,)"/" < 1 then (3.6) holds. Let m > 1, u = m +
1, j > 1. We need to find a constant C; > 0 such that, for every n > j,

Up—j Cj < 14+ 1/m )n
< - .
U (14 1/m)’ 1+1/(m+1)
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1/n

We remark that such a constant will exist if lim sup,, (v,—j/v,) /" < 1, and since

Nl/nooJ-1 1/n
lim sup (U"_]> < 1_[ lim sup (—Un_l_l>
Un

n =0 n Un—I
Jj—1 Vi1 1/(n—1)
< 1_[ lim sup (max (1, . )) <1,
-0 n Un—1
we get the desired result. O

Note that the above result is not vacuous since H (D) supports chaotic weighted
shifts such as the differentiation operator [18]. Examples of K&the matrices A to which
Theorem 3.11 applies and where all the spaces cg(A) and A”(A), 1 < p < oo, are different
can also be found (see Example 4.15(a)).

3.3. When frequent hypercyclicity does not imply chaos on Kothe sequence spaces. We
now show that some Kothe sequence spaces, even of order p € [1, 00), support frequently
hypercyclic, non-chaotic weighted shifts.

For this we recall the following result; see [11, Theorem 6.2]. If X is a Fréchet sequence
space in which (e, ), is an unconditional basis, then a weighted shift B, on X is frequently
hypercyclic if and only if there exist a sequence (¢,),>1 of positive numbers with &, — 0
as r — oo and a sequence (A, ),> of pairwise disjoint sets of positive lower density such
that:

(i) foranyr > 1,

E Untréntr convergesin X;

neA,
(i) foranyr,s > 1,anym € Ag,andany j =0,...,r,
E Un—m+jln—m+j| = min(e;, &),
neaA, s
n>m

where v is the sequence associated with w via (2.5).
Recall also that, by (1.1), By, is chaotic if and only if

Z vpe, convergesin X. (3.7
n>0

For the existence of a non-chaotic frequently hypercyclic weighted shift we will modify
the construction of such a shift in ¢ as given in [11, Theorem 7.3]. The following was
shown in the proof there.

LEMMA 3.13. [11] There exists a strictly increasing sequence (Ni)k>0 of non-negative
integers with No = 0 and pairwise disjoint sets Ay, r > 1, of positive lower density with
the following properties.

(@) Forr > 1,ifn € A, then forany k > 0,

Ny <n < Ngy1 = N+ k <n < Ngy —r1.
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(b) Forr,s>1,ifn € A, m € As, n > m, then for any k > 0,
N <n—m < Nigy1 = N +max(r,s) <n—m < Ngy1 —max(r, s).

A frequently hypercyclic, non-chaotic weighted shift on cq is then given by the weight
w that is associated, via (2.6), with the following sequence v = (v;,),:

1

Un = on—Ng

for Ny <n < Ni41, k> 0.

For general spaces it seems natural to consider

v, = for Ny <n < Ng41, k>0,

bn—Nk,n
for suitable numbers b, ,. This leads us to the following condition for Kéthe sequence
spaces X; note that part (y) depends on which space AP (A) or co(A) one considers.

(B) There is a strictly positive upper triangular matrix
B = (bm,n)mzo,an

with increasing columns such that the following properties hold:

b.
Vm>1,3u>1,C>0,Vj>0, n>j: —mn ~c_2in . (@)
Apn+l bitint1
. Ama .
dm >1: inf > 0; B)
n>0 bO,n
and either (y), where
Vm>1: Y dmn. oo if X = AP(A),
. n>jm Jmn
EI(]m)mzl /Y: (V)
a
lim limsup —= =0 if X = co(A),
m—o0 , 500 ot
or (¥), where
7 bj
Vm>1,AN>0, p<1, ¥j>0, n> max(N, j): —mntl o p2itlatl,
m,n bj,n
L Am.n X
A i=1 . di)ik=1 /', Ym > 1: lim sup =0; &)
k=00 y>max(di.ng) bdk,n
I mmz1 S Vm > 1 lim 2 — g,
- n— 00 bjm,n

Here, (jin)m, (ni)k, and (dy ) are strictly increasing sequences of positive integers. Also
note that the nth column of the matrix B has (only) n + 1 entries, and these are supposed
to be increasing.

We have introduced the alternative and rather technical condition (¥) in order to
deal with some interesting spaces that do not satisfy (y). One example is given by the
power series space of order p > 1 and infinite type with o = (log(log(n + 3))),; see
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Theorem 4.6. Note, however, that the third condition in (¥) implies (y) when X = ¢y(A)
so that, for these spaces, condition () is of no interest.

THEOREM 3.14. Let X = AP(A), 1 < p < 00, or X = co(A) be a Kothe sequence space.
If condition (B) holds then X supports a chaotic weighted shift, and there exists a frequently
hypercyclic weighted shift that is not chaotic.

Proof. We start by showing that under condition (B) the hypotheses of Proposition 3.9 are
satisfied. By («), there exist a strictly increasing sequence (my)k>1 of positive integers and
a positive sequence (Cy)r>1 such that, forevery k > 1andn > j > 0,

men - _ C bjn

gy i1 bjyins1

Therefore, we have for every n > 1,

. Amyiq,n b'+1,n
vy = inf Cp —+1" > max L% 5 0.

k=1 Amyn—1 j=n—1 bj,nfl
It remains to show that if (y) or () holds then (1/]_[,11\/=1 v,i/p)Nzo € X, where p =1
for the space X = co(A). First, let (j,;), be a strictly increasing sequence of positive
integers. We then deduce that, for every m > 1 and every N > j,,, we have

1 - 1 !
—ap. N < - Am,N
N m, 1 N s
[Ti=1 va Zlmzl (bn.n/bn—1.0-1) 1_[n=jm B jnn/bjn=1.0-1)
N—-1
. 1 bjmfly].mfl Hn:jm bjmil’n 9m,N (38)
= N—1 .
(b/m_la/m_l/bovO) nnzjm b]mJl bJ"”N
am,N
< bpo—
bj"lsN

since B has increasing columns.

If (y) holds, then (3.8) implies that (1/]_[,]:’:1 v,l,/p)Nzo € X; note that a sequence x =
(x5)n belongs to cp(A) if and only if there is an increasing sequence (k;,),, of positive
integers such that sup~; ~|xk|am i — 0 asm — oo.

On the other hand, if (y) holds then for every m > 1 there exist J,, > 0 and p,, < 1 such
that, for every n > Ji, amn+1/amn < Pm(b1.n+1/bo,). We then deduce that, for every
N > J,,

1 Ay
0,n—1
am,N = (1_[ )am,N
bl,n

N
l_[n:l Vn n=1

I N
bO,n—l Amn—1
S(1122)( 1T Yo
n=1 b1 n=Jn+1 m.n
I
bOn—l
E N—J,
(2 Yoot
- bl,n
n=1

Since p,, < 1, it follows again that (1/TT"_, va/?)n=0 € X.
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We can thus deduce in each case from Proposition 3.9 that there exists a chaotic
weighted shift on X.

We now show that under condition (B), the space X also supports a weighted shift that
is frequently hypercyclic but not chaotic. We first consider a Kothe sequence space A7 (A).

Let B = (b n)m.n be a strictly positive upper triangular matrix that satisfies condition
(B), where we begin by the variant («), (8), and (y). Let (Ng)k>0 be a strictly increasing
sequence of non-negative integers with No = 0 and A,, r > 1, pairwise disjoint sets of
positive lower density such that (a) and (b) of Lemma 3.13 hold.

We then define a weighted shift B,, with weight w associated, via (2.6), with the
sequence v given by

1
bl/P

n—Ng,n

, Nk <n < Npgi, k>0 3.9

Uy =

note the power 1/p that is required by the form of the seminorms in A7 (A).
Then we have for Ny <n < Ny41 — 1,k >0,

(Un—l-l )p _ bn—Nk,n
Un bank+1,n+1 ’
while for n = Ny4+1 — 1, k > 0, we have that

<vn+l )p _ bank,n < bank,n
- - ’
Uy bon+1 ~ bu—Ng+1n+1

where we have used the fact that the columns of the matrix B are increasing. Thus, in view
of (3.3), condition () implies that By, is an operator on AP (A).
Next, let m > 1 be such that (8) holds. Then

. . am,N;
1n£ vzlszam,Nk = inf k>0,

k> k=0 bo Ny
which, by (3.7), implies that By, is not chaotic on A”(A).
It remains to show that By, is frequently hypercyclic on A”(A). It follows from (y) that
for any m > 1 there are j,, > 1 and n,, > j,, such that

a 1
X <o ")

nznpy Jmomt

where we may assume that (jy,),, and (#n,,),, are strictly increasing.
We will then consider the sets

A=A, r>1

It suffices to show that conditions (i) and (ii) in the characterization of frequent hyper-
cyclicity stated above hold for the sequence (AJ),>; of pairwise disjoint sets of positive
lower density.

Thus, let r > 1 and m > 1. Using condition (a) of Lemma 3.13 we see that

P Amn+r
E Upgrmntr = E § PO

b - .
neAl >0 neA. n+r—Ni.n+r
Ni=n<Niti
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Also by (a) we have that if n € A, Ny <n < Ng4p then n > Ny +k, so that for all
but finitely many k we have that n +r — Ny > j, hence by 1y N ntr = b}, ntr, Which
together with (y’) implies (i).

Now, let r,s > 1, m € A}, and j =0, ..., r. Using condition (b) of Lemma 3.13 we
see that

p L As n—m+j
z : Vn—m+ j@sn—m+j = z : z :

Brmt i — Neor—m i
neA, k=0 neA,n>m oty = Nin=m+
n=m Ny<n—m<Nyqy

a B .
< Z Z max(r,s),n—m+j ’

k>0 neAln>m Jmax(r.s) =t

Ny<n—m<Ny

where we have used the fact that if n € A, = A,,, m € A, = A,,, n>m, Ny <n —
m < Nigyp for k >0,and j =0, ...,r then, by (b), n —m + j — Ny > max(n,, ng) >
max(jy, js) = Jjmax(r.s)- Now, for these n, m, j we have that n — m + j > max(n,, ns) =
Nmax(r,s)- Hence, with condition ("), we have that

p ) Amax(r,s),v 1 . 1 1
Z Un—m+jdsn—m+j = Z < omax(r,s) mln(?’ E :

i WY
neA, V>Nmax(rs) Jmax(s)
n>m

This shows (ii), which completes the proof for A”(A) under condition (B) with (), (8),
and (y).

The proof for co(A) is very similar if one takes p = 1 in (3.9) and notes again that
x = (xp)n € co(A) if and only if there is an increasing sequence (k,,),, of positive integers
such that sup>; |xk|ami — 0 asm — oo.

Next suppoge that (B) holds with («), (8), and (¥), where it suffices to consider the
case when X = A”(A); see the remark before the statement of the theorem. Choose again
(Nk)k=0 and (A, ),>1 according to Lemma 3.13. Throughout the remainder of the proof,
form > 1,let v, = N and p,, = p be given by the first condition in (¥). We may assume
that (v, ), is strictly increasing.

Also, let (dy)x and (j,,)m be the sequences of integers given by the second and third
conditions in (¥). Then we can find inductively strictly increasing sequences (x)g>1,
(l,/{)kz 1 of strictly positive integers such that,if k > land 1 <m <k,

am,Nll/{-i-d[k - 1 310
by oy 2 G0
Uy /,@* I
and
am,N],/('f'jm B 1
< (1= P @.11)
bjmlel/(‘i’jm 2

and we set [p = l(’) = dop = 0. We may also assume that

L, >dy, k>1.
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We then set
N,£=Nl]/€,d]/c=d1k, k> 0.

It follows from (a) and (b) of Lemma 3.13 that we have:
(@) Forr > 1,ifn € A,, then for any k > 0,

Ny <n<Np = N +d,<n<N —r.
(') Forr,s > 1,ifn € A;,,m € A;, n > m, then for any k > 0,
Ny <n—m < Ny, = Ny+max(r,s) <n—m < Ny | —max(r, s).

We now define a weighted shift B,, via a sequence v exactly as in (3.9) but with (Ny)x
replaced by (N ,:)k. Conditions () and (8) imply again that By, is an operator on X that is
not chaotic. It remains to show that conditions (i) and (ii) in the characterization of frequent
hypercyclicity hold.

Letr > 1, m > 1. It follows with (a’) that, for k > 0,

D T e D Dl = N CAE)

nea, neA, bn—&—r—Nlé,n—&-r n>Nj+d bn—N,i,n
Ny<n<N;_, n>N;+d;
By the first condition in (¥) we have for alln > N ,2
Amn+1 < Am.n
b — pm b )
n+1-N.n+1 n—N.n

provided that k is so big that N, ,Q > vy,,. If, in addition, k > m, then summing a geometric
series gives us with (3.10) that

a 7 /
Yy A o L S ik (3.13)
WEN ] byu_nin U= Pmbg N+a; — 1= Pm 2
Altogether, it follows from (3.12) and (3.13) that, for any r > l and m > 1,
Z U5+ram,n+r = Z Z U;f+ram,n+r < Q.
neA, k>0 neA,
N,ifn<N,i+]
This shows condition (i).
Finally, for any m > 1, let §,, be an integer such that
8m >Ny —Ni, 0<k<m. (3.14)

We may assume that (8,,), is strictly increasing. We will then consider the sets
A; = Amax(”rajrvsr)’ rz L.

It suffices now to show that condition (ii) above holds for the sequence (A/),>1.
To this end, let r, s > 1. By (b’) and the definition of the A)., we have that if n € A,
meA,and N, <n—m < N/2+1 (k > 0) then

n—m > max(Vr, Vs) = Vmax(r,s) (3.15)
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and

n—m> N,i + max(j,, js) = N,é + Jmax(r.s)s (3.16)
moreover, we can remark that k > max(r, s), since

n—m > N, +max (8, 8) = Nj + Smax(r.s)

and since it follows from (3.14) that N + Smax(rs) > Ny, 4 forevery k < max(r, s).
Now let m € A} and j =0, ..., r. Then we have for k > 0, using (b’) once more and
also (3.16), that

Ao
p ) s,n—m+j
E Uyt js,n—m+j =< E b
n—m+j—Nyn—m+j

neA, neA,
! ! ! !
Ny<n—m<N; Np<n—m<Np,
Z Amax(r,s),n— j
< (r,s),n—m+j ,

b, o ,
n*mZN,:Jrjmax(r,s) n—m+j—N; ,n—m+j

Z Amax(r,s),n—m (3.17)

bn—m—NIQ,n—m

IA

”_’"zNji"ijax(ns)
Moreover, by (3.15) and the first condition in (), we have

Amax(r,s),n+1—m Amax(r,s),n—m
=< Pmax(r,s) b—

bn+1—m—N,§,n+1—m n—m—Ny,n—m

whenevern —m > N, ,i Thus, with (3.17) and (3.11), we obtain after summing a geometric
series that

p < 1 amax(rys)aNji‘F]‘max(r,s) < i
Un_m+jas,nfm+j = 1_ b. L = ok
neA’ ’Omax(r’s) ]max(r,x),Nk+]max(r,s)
.
Ny <n—m <N,i+]
whenever k£ > max(r, s).
Altogether, we have that
2
p R p . =
z : Un—m+jdsn—m+j = Z Z Un—m-+j%dsn—m+j = max(r,s)
neA, k>max(r,s) neA;
n>m

’ !’
Nkfn—m<Nk

i (2 2)
=min | —, — |.
2r° 28

This shows condition (ii), which completes the proof for A”(A) also under condition (B)
with (@), (B), and (). U

+1

Let us mention that Theorem 3.14 can be applied to the space cq (take A = (1)m>1.2>0
and B = (m + 1);>0.,>m) to recover the result of Bayart and Grivaux [5]. An example of
a non-Banach space to which it is applicable is the space H (C) of entire functions, which
can be identified with the Kothe sequence spaces co(A) or A?(A) forany 1 < p < oo by
letting a,, , = m".
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PROPOSITION 3.15. There exists a frequently hypercyclic weighted shift on H(C) that is
not chaotic.

Proof. Let A be the Kothe matrix given by a,, , = m". We consider the upper triangular
matrix B = (b n)m>0n>m given by by , = 2™" and we show that condition (B) holds.
We first remark that B has increasing columns. Condition («) is satisfied by considering
w =4m and C = 1 since forevery n > j > 0,

am,n 1 1 bj,n

= < =
qn+ly, — ontj+l

Apn+1 bjfint1

Condition () is trivially satisfied for any m since bg, = 1 for every n > 0; finally,
condition (y) is satisfied for j = m since forevery n > j, ap /b, = (m/2™)". It follows
from Theorem 3.14 that there exists a frequently hypercyclic weighted shift on H(C) that

is not chaotic. O]

In view of Propositions 3.12 and 3.15, we see that among Koéthe sequence spaces
satisfying (N), there are examples for which frequent hypercyclicity implies chaos and
others for which this is not the case. Actually, this is also the case among Kothe sequence
spaces not satisfying (N) (see Example 4.15).

Thus, we have now a sufficient and a necessary condition for frequent hypercyclicity to
imply chaos concerning weighted shifts on Kéthe sequence spaces. We are still quite far
from a characterization. For instance, one may ask the following.

Question 3.16.

(a) Is there a Kothe matrix A so that, on cg(A), every frequently hypercyclic weighted
shift is chaotic (and there are such shifts) while A”(A) admits a frequently hyper-
cyclic, non-chaotic weighted shift? This would invert the known behaviour for cg
and £7.

(b) Is there a Kothe matrix A so that, for some p > 1, every frequently hypercyclic
weighted shift is chaotic on A? (A) (and there are such shifts) while, for some g # p,
A1(A) admits a frequently hypercyclic, non-chaotic weighted shift? Note that, so far,
all our conditions are blind to the order p once it is not zero.

In summary, there exist a Kothe sequence space that does not support any chaotic
or frequently hypercyclic weighted shift (Example 3.8), one where every frequently
hypercyclic weighted shift is chaotic and where there are such shifts (¢7 or H(D); see
[7] and Proposition 3.12), and one that supports a chaotic weighted shift and a frequently
hypercyclic, non-chaotic shift (co or H(C); see [5] and Proposition 3.15). The only
remaining case is the following.

Question 3.17. Is there a Kothe sequence space supporting frequently hypercyclic
weighted shifts but no chaotic weighted shift?

4. Chaotic and frequently hypercyclic weighted shifts on power series spaces

In this section, we will apply the results of the previous section to so-called power
series spaces which generalize the spaces H(D) and H(C); see [16, Ch. 29]. Let
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o = (an)n>0 be an increasing sequence of strictly positive numbers that tends to infinity,
and let r € RU {oo}.
Let 1 < p < oo. Then the power series space of order p and type r is defined as

Apr(@) = {x = (Xp)n>o : forallt < r, Z |x,|Pe™n < oo},

n>0

while the power series space of order O and type r is given by
Cor(a) = {x = (Xp)n>o : forallt < r, lim |x,|e’® = O},
- n— o0

which are topologized by the obvious (semi)norms. If r = oo then the space is said to be
of infinite type, otherwise of finite type. Power series spaces are particular Kothe sequence
spaces.

Many interesting spaces are or can be considered as power series spaces, for example,
the space s of rapidly decreasing sequences (any p, r = 0o, o = (log(n + 2)),), the
space H(C) of entire functions (any p, r = 0o, @« = (n + 1),,), and the space H (Dg) of
holomorphic functions on the disk of radius R > 0 (any p, r =log R, = (n+ 1),,). A
recent addition is the space ces(p+), | < p < oo, which was studied in [1] and shown to
coincide with Ay (1/p)—1(@) for o = (log(n + 2)),.

In the literature, authors are often content with considering one particular order, such
as p = 2 (see [16, Ch. 29]) or p = 1, but see, for example, [12] for the full family.

4.1. Power series spaces of infinite type. Power series spaces of infinite type are special
Kothe sequence spaces with Kéthe matrix A = (ay;,,)m » given by
amp =m*, m=>1,n>0.

The following is easily verified; see Remark 3.1, Propositions 3.2 and 3.3, and the proof
of [16, Proposition 29.6].

PROPOSITION 4.1. Let X = Ap (), 1 < p <00, or X = Co o) be a power series
space of infinite type. Then it is a non-Banach Fréchet space for which the basis (ey)y is
boundedly complete. In addition, its Kothe matrix satisfies condition (N) if and only if

log(n)
p < 0

n>1 On

Moreover, we know from §3.1 that power series spaces always support weighted shifts.
As for the existence of (frequently) hypercyclic or chaotic weighted shifts, we have the
following.

PROPOSITION 4.2. Let X = Ap o), 1 < p <00, or X = Co o) be a power series

space of infinite type.
(@) Then X supports a hypercyclic weighted shift if and only if
N-1
o
lim sup Lo
N—o0 aN
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(b) Moreover, X supports a chaotic weighted shift if and only if

N—1
lim —Z"ZO I _ 00
N—o00 oy
Proof. 1Tt is readily verified that the Kothe matrix (m*"),, , satisfies condition (3.4).
(a) Suppose that lim supN_wo((X:f:’:_ol oap)/ay) =o00. Choose w >2 and C > 1.
Writing any given m > 1 as m = u” with some p > 0, we see that

meN 1
lim inf ————— = lim inf =0
N—oo CN/,LZH | On N—oo CN ay ((1/ay) Zn | tnt+1—p)

Hence, by Corollary 3.7, there exists a hypercyclic weighted shift on X.
On the other hand, if lim sup 1\,_)00((2,],\’:_01 op)/any) < oo then, since o is
an increasing sequence, we also have limsupy_, ., (N/ay) <limsupy_, . ((1/

Oto)(Z 0 an)/aN) < o00.Let u > 1and C > 0, and choose
m > sup CN/U‘NM(I/(YN) P .
N=>0
Then we have that, for all N > 0,
moN m oN
N = < N ) > 1.
CNMZn=1 on CN/O‘NM(I/C‘N) Zn:l On

Hence, by Corollary 3.7, X admits no hypercyclic weighted shift.
(b) The proof, based this time on Corollary 3.10, is very similar and therefore
omitted. O

In what follows we study properties of power series spaces based on the behaviour of
the quotients
Ot
27}
as n — 00; note that these quotients are all at least 1. Thus, the following is of interest.

Example 4.3.
(a) Suppose that

.. . O0p4
lim inf 2L & 1.
n—o00 oy

Then the corresponding power series spaces of infinite type do not support any
hypercyclic weighted shifts. Indeed, there is then some nyp > 0 and p > 1 such that
Otk /Oy > ,ok for all n > ng and k > 0. Hence, for any N > ny,
N—1 -
Zn n() 20

1
Z—kS 5

so that the assertion follows from the previous proposition.
(b) On the other hand, if

. Up41
lim
n—oo o

=1
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then any corresponding power series spaces of infinite type supports a chaotic
weighted shift. In fact, in that case, for every ¢ > 0, there exists some ng > 0 such
that o, fotpre > 1/(1 + e)k for every n > ng and k > 0, and thus we have that

ZN] N—ny
n=n 1

lim inf >11m1nf Z (1+ )k = —.
g £

N—o00

Since this inequality holds for every ¢ > 0, the assertion follows again from the
previous proposition.

We return to the question of whether every frequently hypercyclic weighted shift is
chaotic. In the context of power series spaces of infinite type, condition (TK) turns out to
be too strong and does not allow the existence of hypercyclic weighted shifts, as shown by
the following result.

THEOREM 4.4. Let X = Ap (), 1 < p < 00, or X = Cyo(@) be a power series space
of infinite type. If condition (TK) holds then X does not support hypercyclic weighted
shifts.

Proof. Letv, = 1/2%% 1% forn > 0. Then, for any m > 1, when choosing p1 = 2m, we
have for any n > 1 that

1

Jorrra = w2 S 0 Q) = Uy

Un—19mn—1 =

Thus, by (TK), taking m = 1, there is some @ > 1 such that for any j > 1 there is some
constant C; > 0 such that, for any n > j,

1 -c 1 ”
St = S e

hence
Qon—j+1Fton < Ciu®
and thus
Jon—j Sp—j+- -t op_1 Sop_ji1+ - +ap <logy Cj + ay log, w.

We then have that, for any j > 1,

lim sup = < lim sup
n—oo  Op n—00

( log; C; " log, M) _log p
Jotn J J
We choose j > 1 such that (log, 1)/j < % Then there is some ng > j such that, for every

n = no,

Op—j

=

N =

27}
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It follows that
N—vj

ZN—l o 1 L(N—no)/j]
lim sup =2=""" < Jim sup (— Z Z an)

o o
N—o0 N N—o00 N V=0 n=N—(+1)j+1

L(N—no)/j] AN i L(N—no)/j] 1
< lim sup ( Z j—_w> < lim sup (j Z §> < 0.
N—oo V=0 aN N—00 v=0

We then deduce from Proposition 4.2 that X does not support hypercyclic weighted
shifts. O

This result is surely disappointing. It shows that our sufficient condition for frequent
hypercyclicity to imply chaos obtained in §2.2 is not good enough in the present context;
recall that, for Kothe sequence spaces, (TK) is equivalent to (T).

Question 4.5. Does there exist a power series space of infinite type that supports chaotic
weighted shifts and for which every frequently hypercyclic weighted shift is chaotic?

In the opposite direction we have the following result.

THEOREM 4.6. Let X = Ap (), 1 < p < 00, or X = Co o) be a power series space
of infinite type. Suppose that either

Je€(0,1), VC >0, Jj=1: ) et toni=Co oo if X =A)(),
n>j
VC=>0, 3j>1:liminf(o—j + - - +ay—1 — Cop) > —00 if X =Cp0(a);
n—oQ ;
or

. An+1
lim
n—>oo o

=1.

Then X supports a chaotic weighted shift, and there exists a frequently hypercyclic
weighted shift on X that is not chaotic.

Proof. We will apply Theorem 3.14. First of all, for an arbitrary ¢ € (0, 1), define the
upper triangular matrix B = (b,,,) by
1

byn=——"79¥—¥9—¥—n>m>0,
m.n gn—mt+ep—1 - -

where we interpret by, = 1, n > 0. Then B has increasing columns. Let m > 1, and
choose u > m/e. Then we have forn > j > 0,

amn bjyiner _ (m/e)™ <1
Aunt+l  bjn S+l

so that part (o) of condition (B) holds. Part (8) is trivially satisfied.
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Now suppose that the first hypothesis holds, and let X = A, o (o). Then choose as € a
corresponding value. Let m > 1, and let C > 0 be such that m = €. Then
Gmn_ gonj+tani—Can
bjn
Hence the hypothesis implies that part (y) of condition (B) also holds in this case. For
X = Cp,00(a), one first needs to note that the hypothesis also holds for 2C, so that we
have, for the j > 1 given by the hypothesis,

n>j=>0.

apj+---+ap1—Cap=(ty—j+---+ao,_1 —2Ca,) + Cay — 0,

which implies part (y) also in this case by the same argument as above.

Finally, suppose that the second hypothesis is satisfied, where the space X is now
arbitrary. For simplicity let us take & = % Let m > 1, and choose 1 > 0 such that
m!'*" < 2m. Then there is some N > 0 such that @, < (1 + n)a, for all n > N. Hence
we have for all j > 0 and n > max(XN, j) that

Am.n+1 bj,n _ m%n+l - (ml—&-n)ﬂln - <m1+'7)a0 -1
Am.n bj+l,n+l 2m)en — 2m - 2m
which shows the first condition in (¥).

Next we fix a strictly increasing sequence (di)r>1 of positive integers such that, for
all k > 1, 2% > k2(1 + k). We then choose 7 > 0 such that (1 4 nz)% < 2 for k > 1.
Finally, there are vy > O such that o, 1 < (1 + ng)e, forallk > 1 and n > v, and we can
assume that (vg)g is strictly increasing. Thus we have for k > 1, n > v, and 1 <m <k
that

d,
Am,n+dy _ ma'”rdk - m(1+7lk) kay, - ]n_2 %n - 1 %n < 1 O(o.
bggntd, 20Tkt = pdien A\ 2% T \k+1 T \k+1
This shows the second condition in (y) with ny = vy +dj, k > 1.
Taking j,, = d,,, for m > 1, and choosing m = k above, we have that, for all m > 1 and

n Z nm7
am,n-‘rjm < < 1 )aﬂ
b]m A+ jm N m + 1 .
Thus the third condition in (¥) also holds. O

Thus we have by Example 4.3 and Theorem 4.6 the following.

COROLLARY 4.7. Let X = Ap (@), 1 < p <00, or X = Coo(a) be a power series

space of infinite type.
(@ If
lim inf 2L -
n—0o o
then X supports no hypercyclic weighted shift.
() If
lim 2t

n—00 @
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then X supports a chaotic weighted shift, and there exists a frequently hypercyclic
weighted shift on X that is not chaotic.

Corollary 4.7(b) applies in particular to the space H(C) of entire functions (see also
Proposition 3.15) and the space s.

PROPOSITION 4.8. The space s of rapidly decreasing sequences admits a frequently
hypercyclic weighted shift that is not chaotic.

We end our study of power series spaces of infinite type by giving an example of such a
space supporting a chaotic weighted shift but to which Theorem 4.6 is not applicable.

Example 4.9. Consider the sequence space

X:{(x,,)n:‘v’mzl, ( sup |xn|>mk!—>0ask—>oo}.

k=1 p<2k
This is a power series space Cp (o) With o given by
ap=k! if2F'<n <2k k>1,

and g = 1. Then we have for k=1 - N <2k k> 2, that

2k—|

N-1 _
Don—0 %n - 2n—gk-241 %n _ 22k — 1)! = oo
oy - k! k!

as N — oo, so that by Proposition 4.2 the space Cpo(«) admits chaotic and hence
frequently hypercyclic weighted shifts.
On the other hand, we have for any j > 1 and any k sufficiently large that

0[2k+1_j + - '+C¥2k _a2k+l = ]k' —(k+ 1)' s

so that lim infy, 0o (0ty—j + - - - + @p—1 — @) = —00. And, of course, lim sup,,_, . (@y+1/
a,) > 1. Theorem 4.6 is thus not applicable, and we do not know whether every frequently
hypercyclic weighted shift on Co o () is chaotic or not.

4.2. Power series spaces of finite type. We turn to power series spaces of finite type.
We first note that, since ¢’® = ¢ ¢(=")% one can change the finite type r by a diagonal
transform into any other finite type; hence any weighted shift on a power series space
of finite type is conjugate to a weighted shift on a power series space of type 0. In the
following it will therefore suffice to do the proofs in the case of r = 0.
Now, power series spaces of type 0 are special Kothe sequence spaces with Kothe matrix
A = (m, n),, , given by
! | > ()
Amp = (l—f—l/m)a"’ m=>1,n>0.
We again have the following; see Remark 3.1, Propositions 3.2 and 3.3, and the proof of
[16, Proposition 29.6].
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PROPOSITION 4.10. Let X = Ap, (o), 1 < p <00, or X = Cy () be a power series
space of finite type. Then it is a non-Banach Fréchet space for which the basis (ey), is
boundedly complete. In addition, its Kothe matrix satisfies condition (N) if and only if

. log(n)
lim

n—oo oy

=0.

Moreover, by §3.1, these spaces always support weighted shifts. The characterizing
conditions of Propositions 3.6 and 3.9 for the existence of hypercyclic or chaotic weighted
shifts do not seem to simplify easily. Thus we will be content with the following.

Example 4.11.
(a) Suppose that

. Opt1
lim =

n—00 @

Then the corresponding power series spaces of finite type do not support any
hypercyclic weighted shifts. We will show this for A, ; (@), the argument for Cy, ()
being similar.

Thus, let B, be a weighted shift on A (). By continuity there then exist
w > 1and C > 1 such that, forevery n > 1, |w,|”ai -1 < Cay, and thus |w,|? <
C2%=1/(1 4+ 1/u)* . Therefore we get for n > 1 that

QQu.n
HZ: 1 lwi]?

s

L 1 1—[ (1+1/p)*
C (14 1/2p))en 2%-1

_ 1+ 1/ l:[‘ L+ 1/
—\cr/eman-1/an (1 4+ 1/(2u)) e a1 /ak

Now, since &y, 41/, — 0o and therefore n/w«;, — 0asn — oo, there is some N > 0
so that, foralln > N,

1+1/n - and 141/
Cn/onQ0n—1/0n (1 4+ 1/(2u)) — 20n—1/0n

Thus we have for alln > N,
N—
o 1—[ L\
Hk | lwklP - Dot /ax ’

which contradicts [14, Theorem 4.8]. We conclude that B,, is not hypercyclic.
(b)  On the other hand, if

. p+1
lim sup

n—oo oy

<X

then any corresponding power series space of finite type supports a chaotic weighted
shift. Specifically, we will show that the weighted shift B,, with w, = 2 foralln > 1
is chaotic on any such space, which we will prove again only for A, ;(«). To this
end, let m > 1. It then follows from the hypothesis that there are n,,, > 0 and u > 1
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such that, for every n > n,,,

2P op/an n 1
= < —_—
1+ ]/m)anfl ((1 —+ l/m)anl/an) -+ I/M)a” ’

note that o, — 00 asn — 00. Thus there is a constant C > 0 such that, foralln > 1,
p <C
Wpamn—1 = Cdyn,

so that By, is an operator on A, ,(«). Moreover, for every m > 1, we have that

1
> o < S g <

n>0
which shows that B, is chaotic; see (1.1).

Concerning the condition (TK), power series spaces of finite type behave quite
differently from their counterparts of infinite type; see Theorem 4.4.

THEOREM 4.12. Let X = Ap,(a), 1 < p < o0, or X = Co () be a power series space
of finite type. Suppose that

. . Op+j
lim sup lim sup

j—ooo n—oo  Qp

< Q.

Then X supports a chaotic weighted shift.
Moreover, for any weighted shift By, on X, the following assertions are equivalent:
(i) By is U-frequently hypercyclic on X;
(1) By is frequently hypercyclic on X;
(iii)) By is chaotic on X;
(iv) the series Y, .o(1/(w1 ... wp))ey is convergent in X.

Proof. Since « is increasing, the first limsup in the hypothesis is a supremum. Thus, the
first assertion follows from Example 4.11(b). In addition, there is some § > 0 such that, for
all j > 1,
day <oty 4.1)
holds for all sufficiently large 7.
To complete the proof it suffices, by Theorem 3.11, to show that condition (TK) is

satisfied. To this end, let (v,),>0 be a strictly positive sequence so that, for any m > 1,
there are w,, > 1 and C,, > 0 such that, for alln > 1,

Upn—1ampn—1 = Cmvnaum,na
hence
+ 1/m)%n-1 A4+ 1/m)%n
—————— = (v, .
(1 + 1/ tm) (T4 1/ pn)
Let (n,,), be a strictly increasing sequence of positive integers such that, for all n > n,,,
# S 1
(1 + 1/ )

V-1 < Cpuy
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Thus, if we define M,, = log(1 + 1/m) for n,, <n < nyy1, m > 1, with M,, = log 2 for
0 <n < ny, then (M,), is a decreasing positive sequence that converges to 0 and is such

that, for all n > nq,
Up—1 = vneMnan-

Now let m > 1. Then there is some @ > 1 such that

1 1
10g<1 + —) <4 log(l + —). 4.2)
" m
Let j > 1. Then we have for alln > n + j that

Ampn—j 1\%
Un—j aun Un (1 + 1/m)%n-i CXP(Mn—j+105n—j+1 +- o+ Myap) |1+ ;

1 1
Un exp(—log(l + Z)aﬂj + Mo, + 10g<1 + ;)an).

Since (M},),, tends to 0, we have by (4.2) that for all n sufficiently large

i tog( 1+ ~ s10g( 1+ — Jan ):
vn_ja—fvnexp —log +Z op—j + o0 log —0—% oy )
w.n

hence, by (4.1) we have for all large n that

IA

Am.n—j

Un—j = Up.

Aun
This shows that (TK) holds. O]

As for the existence of non-chaotic frequently hypercyclic weighted shifts, we have the
following.

THEOREM 4.13. Let X = Ap,(a), 1 < p < 00, or X = Co () be a power series space
of finite type. Suppose that

Un+1

lim sup < 0

n—00 Oy

and

Je € (0,1), V6 >0, 3j=1: Y e it <00 if X = Ap, (),

n>j
. .. 2 Opyj / .
lim sup lim inf =00 if X = Co,().

oo 00

Then X supports a chaotic weighted shift, and there exists a frequently hypercyclic
weighted shift on X that is not chaotic.

Proof. We will show that the hypothesis implies condition (B) under the alternative (y) in
Theorem 3.14.

We first consider the case when X = A, (o). Lete € (0, 1) be given by the hypothesis.
We then define the upper triangular matrix B = (b, ) by

by =&%", n>=>m=>0.
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Note that B has increasing columns. Let m > 1, and choose © > 1 such that

M 1
w m

where M = sup,,o(@p+1/a,). Then we have forn > j > 0,
Amn bjt+1n+1 _ (L4 1/p)%n+1 < ((1 + I/M)M)a" <1
Aun+1 bj,n A+ 1/ mye — 1+1/m -

so that part () of condition (B) holds.
Next, choose m so that (1 + 1/m) < 1. Then

Am.n _ ; >
bo g% (1 + 1/m)en —
for all n > 0, so that part (8) also holds.

Finally, let m > 1, and define § >0 by &’ =1/(1 + 1/m). Then we have, for
nzjzl,

m,n — Efan7j+8an ,
bjn
so that by considering the integer j given in the hypothesis for € and §, we can deduce that
(y) also holds. This completes the proof for X = A, (@).
If X = Co (@), itis easy to see that the hypothesis implies that
V8 >0, 3j>1: lim g -t —q,

n—o0

where ¢ € (0, 1) can be chosen arbitrarily; see also the proof of the following corollary.
Then we proceed as in the case of X = A, (@). O]

The following is immediate from the previous results.

COROLLARY 4.14. Let X = Ap,(a), 1 < p <00, or X = Cy,(a) be a power series
space of finite type.
(@ If
. Up+1
lim =

n—oo o

then X supports no hypercyclic weighted shift.
(d) If
. . Op+j
lim sup lim sup —= < oo
j—o00 n—00 oy

then X supports a chaotic weighted shift, and every frequently hypercyclic weighted
shift on X is chaotic.

© If

. Ap+1 . N Ry
limsup —— < 00 and lim sup lim inf it R

n—> 00 07 jsoo 00y

then X supports a chaotic weighted shift, and there exists a frequently hypercyclic
weighted shift on X that is not chaotic.
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Proof. In view of Example 4.11 and Theorems 4.12 and 4.13, we need only show that, for
X = Ap (), the hypothesis in (c) implies the one in Theorem 4.13. Thus, let ¢ € (0, 1)
be arbitrary, and let § > 0, where we may assume that § < 1/2. Then the hypothesis in (c)
implies that there are some j > 1 and some N; > j such that, foralln > N;, 0, ; < daty,.

This implies that

Z 8—0(,,71'+2501,, < Z 880[".

n>N; n>N;
But since we also have that a4 j /o, > 2 for all large n, the latter series converges, which
had to be shown. O]

Corollary 4.14(b) applies in particular to the space H (D) of holomorphic functions on
the unit disk D; see also Proposition 3.12.

The following table summarizes our findings for power series spaces A (o), 1 < p <
00, and Co () of finite or infinite type when « satisfies

. An+1
p = lim
n—>oo o,

€ [1, 4o0];

see Corollaries 4.7 and 4.14. In this table, ‘=" indicates that every frequently hypercyclic
weighted shift is chaotic (and that there are chaotic and hence frequently hypercyclic
weighted shifts), ‘7’ that some frequently hypercyclic weighted shifts are not chaotic, and
‘%’ that there are no hypercyclic (and hence no frequently hypercyclic) weighted shifts.

H r < oo ‘ example H r =00 ‘ example

p=1 = H(D) £ | HO),s
l<p<oo #* X
p =00 X X

The specific examples in the table are all nuclear spaces. We end by adding some
non-nuclear examples. This will support the claim made at the end of the introduction.

Example 4.15.
(a) Let the Kothe matrix A be given by

1

= r o
Then the corresponding Kothe sequence spaces are power series spaces of type 0 with
on =log(n + 1), n > 1. Thus, on any such space, there are frequently hypercyclic
weighted shifts, and they are all chaotic since lim,, (¢, +1/®,) = 1. Since condition
(N) is not satisfied (see Proposition 4.10), all the spaces co(A) and AP (A), 1 < p <
00, are different by Proposition 3.3. Note that AL(A) is the space ces(1+) studied in
[1]; see our discussion at the beginning of this section.

(b) Let the Kothe matrix A be given by

Amp m>1, n>0.

amp = (logn +1)", m =1, n=0.

Then the corresponding Kéthe sequence spaces are power series spaces of infinite
type with o, = log(log(n + 1)), n > 2. On any such space there are frequently
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hypercyclic weighted shifts that are not chaotic since lim, (coty+1/c¢,) = 1. Since
condition (N) is not satisfied (see Proposition 4.1), all the spaces co(A) and AP (A),
1 < p < o0, are different by Proposition 3.3.
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