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Abstract Harish-Chandra induction and restriction functors play a key role in the representation theory
of reductive groups over finite fields. In this paper, extending earlier work of Dat, we introduce and
study generalisations of these functors which apply to a wide range of finite and profinite groups, typical
examples being compact open subgroups of reductive groups over non-archimedean local fields. We prove
that these generalisations are compatible with two of the tools commonly used to study the (smooth,
complex) representations of such groups, namely Clifford theory and the orbit method. As a test case, we
examine in detail the induction and restriction of representations from and to the Siegel Levi subgroup
of the symplectic group Spy over a finite local principal ideal ring of length two. We obtain in this
case a Mackey-type formula for the composition of these induction and restriction functors which is a
perfect analogue of the well-known formula for the composition of Harish-Chandra functors. In a different
direction, we study representations of the Iwahori subgroup Iyy of GLn (F), where F is a non-archimedean
local field. We establish a bijection between the set of irreducible representations of I, and tuples of
primitive irreducible representations of smaller Iwahori subgroups, where primitivity is defined by the
vanishing of suitable restriction functors.
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1. Introduction

1.1. Overview

Harish-Chandra (or parabolic) induction and restriction are fundamental operations
in the representation theory of reductive groups over finite fields, allowing efficient
transport of representations between such groups and establishing a close connection
to the representation theory of finite Coxeter groups; see [32, 46] for a particularly
elegant development of this connection for finite classical groups. Let us briefly recall
the definition of these functors. Let G be the group of rational points of a connected
reductive group defined over a finite field, and let L and U be the respective groups
of rational points of a Levi factor of and the unipotent radical of a rational parabolic
subgroup P of G. Then the Harish-Chandra induction functor if is the functor from
the complex representations of L to the complex representations of G given by tensor
product with the H(G)-H(L) bimodule H(G)ey, where H denotes the complex group
algebra and ey is the idempotent associated with the trivial representation of U. Dually,
tensoring with the bimodule ey (G) gives the Harish-Chandra restriction functor rf
that is adjoint to iE. The two functors are related by a variant of Mackey’s double-coset

formula:

G:G ~ ;L L
rpip = @ hglg-1 Adyg o1 gnL (1.1)
geWL\W¢g /WL

where W denotes the Weyl group. See [13] for the precise general formulation and proof,
and for a sampling of the applications of this formula; and see [17, 41] for the original
work of Harish-Chandra.

In this paper we study induction and restriction functors which generalise the
Harish-Chandra functors to a rich family of profinite groups, to which the family of
reductive groups over finite fields is only a partial first approximation. Our motivating
examples are classical groups over compact discrete valuation rings, but our framework
covers many other cases, including arbitrary open compact subgroups of reductive
groups over local fields. Certain representations of such open compact subgroups play
an important role in the construction and classification of smooth representations of the
reductive groups via the theory of types. However, the representation theory of these
compact subgroups per se is not so well understood.

Before we introduce the functors that are at the heart of the present paper we remark
that the most obvious generalisation of the Harish-Chandra functors to the setting
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considered here tends to produce representations whose decomposition into irreducibles is
rather complicated, and in this sense lacks the efficiency of the ‘classical’ Harish-Chandra
functors, for which the problem of decomposing induced representations is tractable
through Weyl group calculations, thanks to (1.1) (see [24] for a comprehensive account).

For a concrete example of this inefficiency, let o be the ring of integers in a
non-archimedean local field F (so F is either the field of Laurent series over a finite
field, or a finite extension of the p-adic numbers). Let p denote the maximal ideal of o,
and for every { € N set 0y = o/pe. Let Ty, € Br € GL,, denote the standard diagonal
torus and the standard upper-triangular Borel subgroup in the general linear group,
and let Uy, denote the unipotent radical of By,. The classical Harish-Chandra induction
functor from representations of Ty, (01) to representations of GLy, (07) is given by tensor
product with the bimodule H(GLn (01))ey, (o,)- There is an obvious way to generalise
this definition to GLn (0g) for £ > 1, by taking the tensor product with the bimodule
H(GLn (0¢))eu,, (o,)- In particular, this functor sends the trivial representation of Tr, (0¢)
to the permutation representation of GLn (0¢) given by

H(GLn (00))eu,, (o) ®¢(Th (00)) 1 = H(GLn (0¢)/ Bn (0¢)). (1.2)

When £ =1 the Mackey formula (1.1) gives a decomposition of (1.2) according to the
regular representation of the symmetric group on n letters. For £ > 1 the decomposition of
(1.2) into irreducibles gets very quickly out of control, owing to the complicated nature of
the double-coset space By, (0¢)\ GLn (0¢)/ Bn (0¢). Misleadingly simple is the case n = 2,
where the induced representation has {+1 irreducible components (see [5]); already for
n =3 the decomposition of the induced representation is rather complicated and, in
particular, depends on the degree of the residue field 07 = o/p, see [37].

Our proposed variant of Harish-Chandra induction, in this GL;, example, sends the
trivial representation of Tr, (0¢) to the image of the intertwining operator

H(GLn (0¢)/ Bn (0¢)) = H(GLn (0¢)/ By, (0¢))

which averages right Bp (0¢)-invariant functions on GLy (o) by the right action of
UL (0¢), where t means transpose, to obtain right BY, (0¢)-invariant functions. This image
is isomorphic—regardless of {—to the module H(GLn (071)/Bn (01)), on which GLn (0¢)
acts through the quotient map GLn (0¢) = GLn (01).

This process of passing to the image of a canonical intertwining operator between two
induced representations fits into a rather general setting, which we shall now describe. In
the main body of the paper we study representations of profinite groups, such as groups
of matrices over compact discrete valuation rings; but our results also apply to (and are
interesting for) finite groups, such as matrix groups over the finite rings 0¢, and in order
to minimise the technicalities in this introduction we shall restrict our attention here to
the finite case.

Let G be a finite group, and suppose that U, L and V are subgroups of G such that L
normalises U and V, and such that the map

UxLxV—G
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given by multiplication in G is injective. We let ey and ey denote the idempotents in
the complex group algebra H(G) associated to the trivial representations of U and V,
and we consider the J{(G)-H (L) bimodule H(G)eyev. Let iy,v be the functor from the
category R(L) of complex representations of L to the category of complex representations
of G defined by tensoring with this bimodule:

iu,v : R(L) = R(G), M H(G)euev ®F¢(L) M.
Similarly, define
ru,v : R(G) = R(L), N euevH(G) ®g(g) N

This definition, suitably extended to profinite groups, generalises the parahoric functors
defined by Dat in [10] for the purpose of studying representations of p-adic reductive
groups. (Note, though, that we consider only complex representations, whereas Dat
studied representations over more general commutative rings.) In the situations studied
by Dat, which we shall recall in detail in Example 2.4, G is the isotropy group of a point
in the Bruhat—Tits building of a reductive group G, and the product ULV is a parahoric
subgroup of G. The main novelty of the above definition relative to Dat’s is that we do
not require the product ULV to be a group; for instance, ULV may be the intersection
with G of a Bruhat cell of G. One source of motivation for considering this more general
situation is a question raised by Dat [10, Question 2.15], to which we shall provide a
negative answer in Corollary 5.21. The precise relationship between our definition and
Dat’s is discussed in more detail in Examples 2.4 and 2.12, Remark 2.8, and in §5.5.

1.2. Description of the main results

Basic properties of the functors iy,v and ry,v, in the abstract setting for profinite
groups, are presented in § 2. For instance, these functors are adjoints on both sides; they
do not depend on the order of U and V, up to natural isomorphism; they preserve finite
dimensionality; and they satisfy a version of ‘induction in stages’.

The analysis of the functors iy, and ry,v becomes considerably less complicated in
cases where the product map U x L xV — G is a bijection. In many examples, such as
the GLy, example considered above, this is not the case, but there is a normal subgroup
Go <0 G such that the product map Up x Ly x Vg — Gy is a bijection, where Hp means
HN Gop. In the GLy, example we can take Gp to be the principal congruence subgroup
Go ={g € GLn (0¢) | g =1 modulo p}.

Suppose that G admits such a normal subgroup Gp. The representation categories R(L)
and R(G) decompose according to Lo- and Gp-isotypic components, and the individual
components can be described using Clifford theory. In §3 we prove that the Clifford
analysis is compatible with the induction and restriction functors iy,v and ru,v.

More precisely, let \ be an irreducible representation of Lo, and let @ =iy, v, () be
the corresponding (irreducible) induced representation of Go. Let L() and G(¢) denote
the inertia groups of P and @. We prove in Theorems 3.4, 3.6 and 3.14 that there is a
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commutative diagram for induction (and a similar diagram for restriction) :

R(L),, U,y R(G),
=] u(e),v(e) TZ
R(LW))y, R(G(9))
RY(L(b),/Lo) — DLV gy (G0)/Go)

where R(H)q stands for the representations of H whose restriction to Ho <H is a sum
of conjugates of the irreducible representation 6; and RY (H(6)/Hp) stands for projective
representations (for a certain cocycle y) of the quotient H(0)/Hp.

As for the groups Lo and Gg, in many of our motivating examples they are amenable
to the orbit method: their irreducible representations correspond bijectively to coadjoint
orbits in the Pontryagin duals of certain Lie algebras lp and go. This situation is
studied in §4, where we show that under appropriate assumptions the induction
functor iy,,v, : R(Lo) = R(Go) corresponds to a natural inclusion of coadjoint orbits
A* 1 Lo\lp — Go\go. That is, the diagram

i
Irr (Lo) S AR (Go)

~ A* R
Lo\lo ——— Go\go

commutes.

Returning from the abstract setting to our motivating examples, the functors iy, v
and ry,v provide a new approach to the representation theory of classical groups over
compact discrete valuation rings, and the results of §§3 and 4 provide tools to analyse
these functors. In §5 we illustrate the method for the symplectic group Spy (02). The
main result (Theorem 5.2) is a Mackey-type formula for the composition of restriction
and induction to/from the Siegel Levi subgroup. The formula is the same as the usual
formula (1.1) for the composition of Harish-Chandra induction and restriction for the
corresponding group Spy (071) over the residue field of o, which lends some support to
the analogy between our functors and the Harish-Chandra functors. This analogy is
further supported by an analysis for the groups GLy, which is presented in [9] and in
the forthcoming paper [8].

The general methods developed in §§ 3 and 4 and used in § 5 apply equally well to Dat’s
parahoric induction and restriction functors. In §5.5 we prove that, for the Siegel Levi
subgroup of Spy, Dat’s parahoric induction and restriction functors are not isomorphic
to the functors appearing in our Mackey formula; this gives a negative answer to Dat’s
question [10, Question 2.15]. We also prove that the parahoric induction and restriction
functors do not satisfy the analogue of (1.1) in this example.
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While our primary motivation for studying the functors iy,v and ry,v is their
application to classical groups, these functors are defined in much broader generality,
and we believe that they have a useful role to play in the representation theory of more
general matrix groups. In §6 we use these functors to study one such example, the
representation theory of the Iwahori subgroup I, of GLy (0). The Iwahori in SL, was
previously studied from a similar point of view in [10] and [7]. The main result of this
section, Theorem 6.11, states that the functors iy,v and ry,v in this context give a
bijection

Irr (I,) «— | | Prim(In,) x - x Prim (In,) (1.3)

ni+--+nrg=n

between the irreducible representations of I, and tuples of primitive irreducible
representations of smaller Iwahori subgroups (where primitivity is defined by the
vanishing of the functors ry,v). The problem of classifying the irreducible representations
of I, remains a very difficult one—it contains the problem of counting the conjugacy
classes in the group of upper-triangular matrices over the residue field o7—but the
bijection (1.3) shows that part of this classification is very simple and combinatorial
in nature.

1.3. Related constructions

Representations of open compact subgroups of reductive groups over local fields have
received much attention in the past two decades. One approach, taken by Lusztig and
Stasinski, is to generalise Deligne-Lusztig theory [12] (which is itself a generalisation
of the Harish-Chandra theory) to such groups; see [34, 44], and also [6] and [35].
Another approach, taken by Hill [18-21], consists of a direct Clifford-theoretic analysis
of representations according to their restrictions to congruence kernels. In particular, in
[18] Hill establishes a Jordan decomposition for characters of general linear groups over
rings of integers in p-adic fields, analogous to the Jordan decomposition of irreducible
characters of finite reductive groups established by Lusztig, cf. [33]. Hill’'s work relies
on an analysis of certain Hecke algebras building on the work of Howe and Moy
[23]. Another approach was proposed by the third author in [36] using a different
variant of Harish-Chandra induction that allows one to import representations from
automorphism groups of finite modules over discrete valuation rings, yielding a complete
and characteristic-independent treatment in rank two. The work of Dat [10], in which
representations of parahoric subgroups of p-adic reductive groups are studied using
methods closely related to those of the present paper, has already been mentioned above.

It would be of great interest to understand how all these approaches align with the one
taken in this paper. The relationship between our work and that of Dat is addressed in
Examples 2.4 and 2.12, Remark 2.8, and §5.5. As for the other works cited above, let us
make a couple of general observations.

The first point to note is that the natural filtration on the valuation ring o does not
enter a priori into the definition of our induction/restriction functors, and in this sense
our approach is more elementary than those of the above-cited works. For instance,
induction functors of the form iy v are used in [9] to give a simple construction of a
‘principal series’ of representations of GLy (R), where R is any finite commutative ring.
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A second difference is one of scope. Our focus here is on producing induced
representations with tractable intertwining properties, rather than on producing all or
most of the irreducible representations of a given group. To give an example, we note
that in the case of G =GL; (0), L=T; (0), U=U, (o) and V =U} (o) as in (1.2),
all of the representations of G which are of types (3) and (4) in the classification of
Stasinski [43, § 2.1] (or equivalently types (iii) and (iv) in [36, § 5.2]) are annihilated by the
restriction functor ry;, (0),U8 (o) * R(GL32 (0)) = R(T2 (0)); hence these representations
do not appear as subrepresentations of iU2 (0),U% (o) (M) for any representation M
of T (0). Our goal here is to develop an analogue of Harish-Chandra theory which
mirrors as closely as possible the theory for reductive groups over a finite field, yielding
a description of arbitrary representations in terms of ‘primitive’ ones, and of Weyl group
combinatorics. We leave untouched for now the problem of constructing or classifying
the primitive representations.

2. Notation, definitions, and basic properties

In this section we define and develop basic properties of the functors iy v and ry,v in
an abstract setting. The pivotal point in this section is Proposition 2.16, which allows
us to generalise many of Dat’s results from [10, §2] to the situation considered in this
paper. We begin by setting up the notation that will be used throughout the paper.

2.1. Notation

For a profinite group G we let R(G) denote the category of smooth, complex
representations of G, that is, linear representations ¢ : G — GL¢ (M) in which each
vector in M is fixed by some open subgroup of G. We denote such a representation either
by the map @ or by the space M, as convenient. If M is any representation of G (not
necessarily smooth), we let M* denote the G-subspace of vectors fixed by some open
subgroup of G.

Let H(G) denote the algebra of locally constant, complex-valued functions on G, with
product given by convolution with respect to some Haar measure on G. Different choices
of Haar measure give isomorphic algebras, the isomorphism being multiplication by the
ratio voly (G)/volz (G) of the total volumes of the two measures. The category R(G) is
equivalent to the category of nondegenerate left H(G)-modules, i.e. those modules M
which satisfy M = H(G)M. If G is finite then we usually use counting measure as the
Haar measure on G, in which case the map sending g € G to the d-function 84 at g
extends to an isomorphism from the complex group ring C(G) to H(G).

Let Irr (G) denote the set of isomorphism classes of irreducible smooth representations
of G. When chances for confusion are slim we also write p € Irr (G) for an actual
irreducible representation. For each p € Irr (G) let chp, € H(G) be the character g >
tr (p(g)) of p, and let e, € H(G) be the idempotent defined by

dimc (p)

vol (G) Chp (9*1 )'

€p:gH>
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If M is a smooth representation of G then e, acts on M by projecting M onto its
p-isotypical submodule. For the special case of the trivial representation we write eg for
the corresponding idempotent, namely, the function on G with constant value 1/vol (G).
The element eg acts on each smooth representation M by projecting onto the submodule
M of G-fixed vectors.

If M is a nondegenerate left H(G)-module, and N is a nondegenerate right
H(G)-module, then by definition

N®jc(g)M =N®M/spanfnfem—n@fm|neN, meM, fe H(G)).

Equivalently, viewing N and M as smooth representations of G, N ®3((G) M is the space
of coinvariants for the action g:n®m — ng~' ® gm of G on N ®c M.

If H is a closed subgroup of G, then H(G) is a smooth representation of H under both
left and right translation, and consequently H(G) is an H(H)-bimodule. Given a smooth
representation M of H we write

constant

ind§ M = {f: G oY M | f(hg) = h-f(g),¥h € H, g € G}

for the induced representation, on which G acts by right translation. This is isomorphic
to the tensor product H(G) ®3¢(H) M. If the subgroup H is a semidirect product U x L,
then representations may be induced from L to G by first inflating to H (i.e. pulling
back along the quotient map H — L), and then applying the functor indﬁ. The resulting
functor from R(L) to R(G) is isomorphic to the functor of tensor product with the
H(G)-H(L) bimodule H(G)ey = H(G/U), where H(G/U) denotes the space of locally
constant functions on G/U.

Whenever a group G acts on a set X we write G(x) for the stabiliser in G of x € X.

The first three chapters of [38] are a convenient reference for all of the above. Many
of the examples considered here will be groups of matrices over compact subrings of
non-archimedean local fields; see [38, Chapter V], for instance, for more background on
these.

2.2. Virtual Iwahori decompositions

Let us begin by describing the kind of groups that we shall be interested in, and giving
several examples.

Definition 2.1. Let G be a profinite group. A wirtual Iwahori decomposition of G is a
triple of closed subgroups (U, L, V) of G, where L normalises U and V, such that

(1) The multiplication map UxL xV — G is an open embedding (and therefore a
homeomorphism onto its image).

(2) G contains arbitrarily small open, normal subgroups K for which the multiplication
map
(UNK) x (LNK) x (VNK) - K

is a homeomorphism.
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An Twahori decomposition of G is a virtual Iwahori decomposition for which the
multiplication map in (1) is surjective (and therefore, a homeomorphism).

The following immediate observation shows that the notion of virtual Iwahori
decomposition is inherited by subgroups and quotients.

Observation 2.2. Let (U, L, V) be a virtual Iwahori decomposition of G.

(1) If J is a closed subgroup of G, then (UNJ,LNJ,VN]J) is a virtual Iwahori
decomposition of J.

(2) It (X,H,Y) is a virtual Iwahori decomposition of L, then (UxX;H,YxV) is a
virtual Iwahori decomposition of G.

(3) If K is an open normal subgroup of G with an Iwahori decomposition as in part
(2) of Definition 2.1, then (U/(UNK),L/(LNK),V/(VNK)) is a virtual Iwahori
decomposition of G/K.

The concept of Iwahori decomposition first appeared in the work of Iwahori and
Matsumoto on p-adic Chevalley groups [26]. The ‘virtual’ version defined above is likewise
motivated by examples occurring naturally in the study of reductive groups:

Example 2.3. Let G be a connected reductive group over a non-archimedean local field
F, and let G be any compact open subgroup of G(F). There is a maximal F-split torus
T C G (depending on G) with the property that if L is an F-rational Levi subgroup of G
containing T, and U and V are the unipotent radicals of an opposite pair of F-rational
parabolic subgroups of G with common Levi factor L, then the triple of subgroups
(GNU(F),GNL(F),GNV(F)) is a virtual Iwahori decomposition of G. This follows from
the Bruhat—Tits theory: one can take T to be any torus whose associated apartment in
the affine building of G(F) contains a point fixed by G. An explicit filtration of G by
open normal subgroups admitting Iwahori decompositions is constructed in [39, §1.2];
cf. [10, 2.11].

Example 2.4. Keeping the notation of the previous example, let us recall the Iwahori
decompositions used by Dat in his construction of parahoric induction and restriction;
see [10, 2.11] for more details. Let x be a point in the Bruhat-Tits building of G(F),
lying in the apartment associated to some maximal split torus T. Let G = G(F)(x) be the
stabiliser of x in G(F); this is a compact open subgroup of G(F). The Bruhat—Tits theory
distinguishes an open subgroup G of G, the pro-p radical. Let P =LU and Q =LV
be an opposite pair of rational parabolic subgroups of G whose common Levi factor
L contains T. In addition to the groups U= GNU(F), L=GNL(F), and V=GNV(F)
considered in the previous example, we consider U™ =UNG* and V* = VNG™. Then
(U, L,V*t) and (U, L,V) are virtual Iwahori decompositions of G, with the property
that the products Gp = ULV and Gq = ULV are subgroups of G (and so, (U,L, V")
and (U™, L, V) are Iwahori decompositions of the groups Gp and Ggq). By contrast, for
the virtual Iwahori decomposition (U, L, V) considered in Example 2.3, the product ULV
is generally not a subgroup of G.
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Example 2.5. For a specific instance of the previous two examples, let G = GLy,, and let
F be a non-archimedean local field with ring of integers o and maximal ideal p. For each
positive integer { we let 0 = o/p*.

Given an ordered partition n =nj + - - +ny of n as a sum of positive integers, let L =
GLn,; x -+ x GLn,, be the corresponding block-diagonal Levi subgroup of G; let U be the
group of upper-triangular matrices in G with diagonal blocks Tn;xn; X+ X Tn, xnm;
let P = LU be the parabolic subgroup of block-upper-triangular matrices; and let Q@ = LV
be the opposite parabolic subgroup of block-lower-triangular matrices.

The group G = G(0) = GLn, (0) is the stabiliser of a vertex in the building of G(F), lying
in the apartment associated to the diagonal torus T. The group L = L(0) is the group of
block-diagonal matrices in G; similarly U = U(o) and V = V(o). The triple (U,L,V) is a
virtual Iwahori decomposition of G: the principal congruence subgroups

K¢ := ker (GLn (0) = GLy, (0¢))

all admit Iwahori decompositions. Passing to quotients by the K, yields virtual Iwahori
decompositions of the finite groups GLn (0¢).

The pro-p radical G is the first principal congruence subgroup Kj. The subgroups
Gp =ULV*" and Gg =U'LV are the preimages of the parabolic subgroups P(o7)
and Q(o1) (respectively) under the reduction-mod-p map G — G(o1). For instance, if
the partition is n =14 ---+1, then Gp is the standard Twahori subgroup of GLy (0),
comprising those matrices which are upper-triangular modulo p. By contrast, ULV is in
this example the set of o-points of the open Bruhat cell PQ C Gj this is clearly not a
subgroup of G.

Let us return now to the general setting of Definition 2.1. If G is finite then the condition
(2) of that definition is always satisfied, e.g. by the trivial subgroup K ={1}. Since the
smooth representation theory of a profinite group G is determined in a very simple
way by the representations of the finite quotients of G, the condition (2) is therefore
not essential to much of the sequel. On the other hand, this condition is convenient in
places for shortening some proofs, and it is satisfied by all of our motivating examples.
Nevertheless, let us note the following quite general construction of examples which satisfy
condition (1) without—at least a priori—satisfying (2).

Example 2.6. Let G be a totally disconnected locally compact group and let o«: G — §
be a topological group automorphism. Suppose that the contraction subgroups
Uy ={geGla™(g) >Tasn—> o0} and Vyu=1U

o1

are closed in §. This is always the case, for example, if G is a p-adic Lie group.
These contraction subgroups are both normalised by the closed subgroup

Lo={ge§G|{a"(g) | n € Z}is precompact in G},

and the multiplication map
Ug X Lo x Vo = G
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is an open embedding. So if G is any compact open subgroup of G, then the triple
(U NG, L NG, V5 NG) satisfies condition (1) of Definition 2.1. Moreover, G contains
arbitrarily small open subgroups K for which the multiplication map

(Ug NK) x (Lo NK) x (V4 NK) = K

is a homeomorphism (the so-called tidy subgroups for o). It is not clear to us whether
G contains arbitrarily small open normal subgroups K with this property. If G is an
analytic Lie group over a local field and the automorphism « is analytic (keeping the
assumption that the contraction groups are closed), then it is at least true that § contains
arbitrarily small open subgroups K with Iwahori decomposition (Uy N K, L N K, V5 NK);
cf. Example 4.8 for the characteristic 0 case. We thank George Willis and Helge Glockner
for a discussion of this example. See [1] and [16] for details.

2.3. Definition and basic properties of the functors i and r

We now come to the main definition of the paper. Whenever H is a closed subgroup of
a profinite group G, the space H(G) is a bimodule over H(H). If L, U and V are closed
subgroups of G, and L normalises U and V, then the action of (L) on H(G) commutes
with the idempotents ey € H(U) and ey € H(V). Thus H(G)eyevy is an H(G)-H(L)
bimodule, and ey ey H(G) is an H(L)-H(G) bimodule.

Definition 2.7. Let (U,L,V) be a virtual Iwahori decomposition of a profinite group G.
Define the following functors:

iu,v : R(L) = R(G), iu,v: M H(G)eyev ®g¢(L) M
ru,v: R(G) = R(L), ru,v:Nr— euevH(G) ®3(G) N.

Remark 2.8. The definition in the case where ULV is a subgroup of G is due to Dat, who
considered situations like Example 2.4; see [10, 2.6, 2.11]. The novelty of Definition 2.7 is
that we relax the requirement that ULV be a group, so as to cover cases like Example 2.3.
See Example 2.12 and § 5.5 for a discussion of the relationship between this more general
definition and Dat’s definition of parahoric induction. Note that Dat makes a further
assumption in [10], namely that the group L should contain an open normal subgroup
L7 such that the set ULV is a pro-p subgroup of G. This assumption, which is needed
to ensure the integrality of certain constructions in [10], plays no role here, where all
representations are over C.

Let us make a few further remarks on Definition 2.7. Firstly, since H(G)eyey is the
image of the bimodule map f > fey from H(G)ey to H(G)ey, and since every M € R(L)
is a direct sum of representations of finite quotients of L, and hence flat as a module over
H(L), the module iy, v (M) is isomorphic to the image of the map

fom—fey@m
_—

Jv : H(G)eu ®ger) M H(G)ev ®g¢(r) M. (2.9)
The module H(G)eu ®3(1) M is isomorphic as a representation of G to the induced
representation indfu (M), where M is inflated to a representation of LU by letting U act
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trivially (cf. §2.1). We similarly have H(G)ev ®g¢1) M = indf, (M), and the map Jv
corresponds in this picture to the ‘standard intertwining operator’

Jv :ind&, (M) — indS, (M), Jv(f):gr Jv f(vg) dv.
Similarly, ru,v (N) is isomorphic to the image of the canonical projection
eu: NV > Nu, nr—)J un du
u

from the V-invariants to the U-invariants of N.

As a final remark on Definition 2.7, we note that the definition makes sense if we
assume only that L, U and V are closed subgroups of G such that L normalises U and
V. Some of the properties of the functors iy, v and ry,v that we shall establish below
remain valid in this degree of generality: e.g., parts (1), (2), (4) and (7) of Theorem 2.18.
For the applications we have in mind, the assumption that (U, L, V) is a virtual Iwahori
decomposition is both a natural and a useful one.

Example 2.10. Let G be a reductive group over a finite field, and let LU and LV be an
opposite pair of parabolic subgroups of G. A theorem of Howlett and Lehrer (see [25,
Theorem 2.4]) asserts that in this case the map (2.9) is an isomorphism for every M €
R(L), and this implies that the functor iy,v is equal to the Harish-Chandra induction
functor M > H(G)ev ®g¢(1) M (and isomorphic to the analogous functor with U in place
of V). Similarly, ry, v is isomorphic to the functor of Harish-Chandra restriction. See [13,
Chapter 4] for background on Harish-Chandra functors for finite reductive groups.

Example 2.11. Example 2.10 notwithstanding, the map (2.9) is usually far from being an
isomorphism. For instance, if G is a compact open subgroup of a reductive group G(F)
as in Example 2.3, and (U, L, V) is the virtual Iwahori decomposition of G corresponding
to an opposite pair of proper parabolic subgroups of G, then the subgroups LU and
LV have infinite index in G, and hence the representations indfu (M) and indfv M)
are infinite-dimensional for every M € R(L). By contrast, the representation iy,v (M) is
finite-dimensional whenever M is: see Theorem 2.18(6).

Example 2.12 (Parahoric induction [10]). We return to the setting of Example 2.4: G is
the stabiliser of a point in the Bruhat—Tits building of the reductive group G(F); P = LU
and Q =LV are a suitably chosen pair of opposite parabolic subgroups; U, L and V
denote the intersections with G of U(F), L(F) and V(F); and U™ denotes the intersection
of U with the pro-p-radical of G. In [10], Dat considers the parahoric induction functor
iy+,v : R(L) = R(G) associated to the virtual Iwahori decomposition (U, L, V) of G.
The product Gq = UTLV is a group, and it is straightforward to see that the functor
iy+,v factors into the composition
. 4G
R(L) UV, R(Gg) e, R(G). (2.13)
Dat observed [10, p.275] that the functor iy+ v : R(L) — R(Gq) can be viewed as a kind
of generalised ‘inflation’ from L to the parahoric subgroup Gq, and that the composition
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(2.13) bears a resemblance to the functor of parabolic induction, which inflates smooth
representations of L(F) to Q(F), then induces to G(F).

As we observed in Example 2.3, the triple (U,L,V) gives a second virtual Iwahori
decomposition of G, and thus a second induction functor iy v : R(L) = R(G). Since
ULV is not necessarily a subgroup of G, the functor iy,v does not a priori admit a
decomposition as in (2.13). Now, U™ is a subgroup of U, and so we have ey = eyey-+,
and consequently

H(G)euey € H(G)ey+ev. (2.14)

Thus iy,v is a subfunctor of iy+ v.

In [10, Question 2.15], Dat asks whether there exists a distribution D on G such that
eu+ev = Deyey. The existence of such a D would imply that the inclusion (2.14) is
in fact an equality, so that the functor iy v is equal to the parahoric induction functor
iu+,v. Dat proves that this is indeed the case when L is a minimal Levi subgroup of
G. In §5.5 we shall produce an example where the inclusion (2.14) is proper, showing in
particular that there does not always exist a distribution D as above, and the functor
iu,v is generally a proper subfunctor of the parahoric induction functor iy+ v.

Example 2.15. Suppose that (U, L, V) is a virtual Iwahori decomposition of G such that
the subgroups U and V commute with one another. Then the product H:= ULV is an
open subgroup of G, isomorphic to (U x V) x L. We have eyey = eyxv, and there are
isomorphisms of H(G)-H(L) bimodules

H(G)euev = H(G)euxv = H(G/(Ux V)).

Consequently the functor iy, v is of the form R(L) Anf, R(H) Jnd, R(G) discussed in §2.1.

We shall now establish some basic properties of the functors iy, v and ry,v. Many
of these properties were established in [10] for the case where (U, L, V) is an actual, as
opposed to a virtual, Iwahori decomposition of G. The proofs in [10] mostly carry over
with only minor changes to the case of a virtual Iwahori decomposition, thanks to the
following analogue of [10, Proposition 2.2]. The proofs of these propositions, though, are
quite different.

Proposition 2.16. Let G be a profinite group and let L, U and V be closed subgroups of
G such that L normalises U and V. For every M € R(G) there is a linear automorphism
zm € GL (M), commuting with the actions of L, ey and ey, such that zKAl eyev is an
idempotent in End (M).

Proof. Each smooth representation M € R(G) may be regarded as a representation of the
infinite dihedral group ' = (s, t | s2 =t = 1), by sending s > 2ey — 1 and t > 2ey — 1.
Since G is profinite, every M € R(G) is isomorphic to a direct sum of finite-dimensional
unitary representations of G, which restrict to finite-dimensional unitary representations
of T' (unitary because the idempotents ey and ey are self-adjoint in H(G)). It follows that
every M € R(G) is semisimple as a representation of I', and so M decomposes (uniquely)
as the direct sum of its I'-isotypic components.
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We claim that in each irreducible representation W of T" there is a nonzero zy € C such
that 2\7\) pq is an idempotent in GL (W), where p = %(s +1)and q = %(tJr 1). Indeed,
since the dihedral group has an abelian normal subgroup of index two, every irreducible
representation of T is either one- or two-dimensional. In the one-dimensional case p and
q commute and so we may take zy, = 1. In the two-dimensional case, pq and (pq)2 are
two nonzero maps between the one-dimensional subspaces qW and pW, and so there is
a (unique) nonzero scalar zyy such that pq = 7‘\7\/] (pq)z.

Having established the claim, we let zpm € GL (M) be the automorphism of M which
acts as the scalar zy on the W-isotypical component of M. It is clear from the
construction that zyq commutes with ey and ey, and that ZKA] eyev is an idempotent.
If T € End (M) commutes with ey and ey then T preserves the I'-isotypic components,
and so commutes with zpq. In particular, zpm commutes with the L-action on M. O

Remark 2.17. If W is a two-dimensional irreducible unitary representation of the infinite
dihedral group, then zy, = cos? (aw), where oy is the angle between the images of p
and q in the Hilbert space W. Thus the eigenvalues of zp all lie in the interval (0, 1].
If the multiplication map U x L x V — G is a homeomorphism, and M is an irreducible
representation of G, then zp is the scalar operator

ZM =

dimry,v (M)/dimM if ry,v (M) # 0,
1 if ru,v M)=0

)

see [7, Proposition 1.11]. Moreover, Dat has shown that if L contains an open normal
subgroup LT such that ULTV is a pro-p subgroup of G, then the eigenvalues lie in Z[1/p];
see [10, Proposition 2.2].

With the automorphisms zpq in hand, many of the arguments from [10, § 2] carry over
to our setting, and establish the following properties of the functors iy, v and ry v.

Theorem 2.18. Let (U,L,V) be a virtual Twahori decomposition of a profinite group G,
and consider the functors iu,v and ru,v. Then:

(1) There are natural isomorphisms iu,v = iv,u and ru,v =1rv,u.

(2) iu,v is naturally isomorphic to the functor
i/u,v : M = Homgq(r) (eveud(G), M),

and is therefore right-adjoint to ry,v.

(3) ru,v is naturally isomorphic to the functor
ry,v o N = Homge(g) (H(G)eveu,N)™,

and is therefore right-adjoint to iy, v .

https://doi.org/10.1017/51474748017000305 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000305

A variant of Harish-Chandra functors 1007

(4) Let (U,L, V') be a second virtual Twahori decomposition of G, such that
U=Uunuyunv’, v=vnu)wvnv,
U =Uunuyu nv), and V' =Vnuv nv).
Then iy,v =iu/,v/ end Tu,v =TUr/,Vv/.

(5) Let K be an open normal subgroup of G with an Iwahori decomposition
(Uk, Lk, Vk) = (UNK,LNK,VNXK). The diagrams

R(L) v R(G) and  R(G) fuv R(L)
infT Tinf infT Tinf
R(L/Lx) — K R(6/K) R(G/K) — LK (1 /L)

commute up to natural isomorphism. (Here inf denotes inflation.)

(6) iu,v (M) is nonzero whenever M is nonzero, and iu,v (M) is finite-dimensional
whenever M is finite-dimensional.

(7) If (X, H,Y) is a virtual Twahori decomposition of L, then
iu,voix,y =iuxx,yxV
as functors R(H) — R(G).

Parts (2) and (3) are instances of the following general fact, whose proof generalises
the argument of [10, Corollaire 2.7]:

Lemma 2.19. Let H and K be closed subgroups of a profinite group G. Let X € H(G)
be an H(H)-H(K) subbimodule, and denote by X* the image of X under the involution
*(g) = f(g—") on H(G); note that X* is an H(K)-H(H) bimodule. Suppose that for every
open normal subgroup H1 € H there is an open normal subgroup G1 C G satisfying

er; X € eg, H(G). (2.20)
Then the functors R(K) — R(H) defined by
M= X®g¢k) M and M > Homgeg) (X*, M)>
are naturally isomorphic.
Proof. Consider the natural transformation
@ : X ®g¢(k) M = Homge() (X, M),  @(x1®@m) :x5 > (x5x1)lk-m

where (x%x1)|k means the restriction of the convolution product x3x7 € H(G) to the
subgroup K. Fix an open normal subgroup H; € H. We show that the map @ restricts
to an isomorphism between the respective subspaces of Hi-fixed vectors.

Let Gy be an open normal subgroup of G satisfying condition (2.20), so that the
subspace en, X C H(G) consists exclusively of Gi-invariant functions. We may then
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replace G by G/G7, and assume for the rest of the proof that G is a finite group.
Furthermore, the module M decomposes as a direct sum of finite-dimensional modules,
and the natural map ® commutes with direct sums, so we may assume that M is
finite-dimensional.
Now, the pairing
X*xX—>C (x5,x1) > (x5%1)(1)

is nondegenerate, since it is the restriction to X of the natural L2-inner product on H(G).
It follows from this, and from the standard duality theory of finite-dimensional vector
spaces, that the map

Y:X®cM — Homc (X*,M) VY(x1®@m):x5— (x5%1)(1)-m
is an isomorphism. The map ¥ descends to an isomorphism of K-coinvariants
X ®g¢(k) M —> (Home (X*, M), (2.21)

where the K-action on Homg (X*, M) is by conjugation. Averaging over K gives an
isomorphism of K-coinvariants with K-invariants:

— —1
(Home (X*, M) M Homgg () (X', M), (2.22)

and the map @ is the composition of the isomorphisms (2.21) and (2.22). O

Proof of Theorem 2.18. To prove part (1), let zg¢(g) be the automorphism of H(G)
obtained by applying Proposition 2.16 to the left-translation action of G. Then the maps

f»—)z;C]<G)euf

euev}((G)Meveuﬂ{(G) and eveuJ{(G) 9eue\/g'f(G)

are mutually inverse isomorphisms of H(L)-H(G) bimodules, giving rise to a natural
isomorphism of functors ry,v = ry,u. A similar argument, using the right action of G
on H(G), gives iu,v =ivu.

To prove part (2) we apply Lemma 2.19 with H= G, K =1L, and X = H(G)eyey. The
hypothesis (2.20) is trivially satisfied and we conclude that the functor iy v is naturally
isomorphic to i{_l,V' The standard ®-Hom adjunction implies that i{_l,v is right-adjoint to
rv,u, and we have rv,y = ru,v by part (1); see [38, 1.2.2 (Corollaire)] for a formulation
and proof of the adjunction in the present context.

To prove part (3) we apply Lemma 2.19 again, this time with H=L1, K= G and
X =eyevH(G). To verify the hypothesis (2.20), fix an open normal subgroup H; C
L. Then there is an open normal subgroup Gop € G having an Iwahori decomposition
(Up, Lo, Vo), where Lo is contained in Hy. Here Yy means YN Gy for every subset Y C G.
We then have

e, euevf}f(G) - e]_oeuevf}f(G) = eu(euoeLOevo)eva{(G) - GGO}C(G),

so (2.20) is satisfied by G1 = Go. Now Lemma 2.19 implies that ry,v is isomorphic to
r{J,w which is right-adjoint to iy,v by the argument of part (2) .
Part (4) follows from Proposition 2.16, as in [10, Lemme 2.9].
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Part (5) follows from the equality ex = euyerevy, as was remarked in [10, p. 272].
It is also a consequence of Theorem 3.4, below.

The finite-dimensionality assertion in part (6) follows from part (5) : every
finite-dimensional smooth representation of L is inflated from a representation of
some finite quotient L/Lk, and the functor iy u, v/ v, obviously preserves finite
dimensionality. To prove that iy,v (M) # 0 as long as M # 0, fix a nonzero m € M and
let f e indgu (M) be the function supported on the open set ULV C G, and given there
by f(ulv) = 1-m. The image of f under the intertwiner Jy : ind%, (M) — ind%, (M) (see
(2.9)) is nonzero, because

VO = | av=m,
and so iy,v (M) = Im (Jv) is nonzero.
For part (7), convolution over L gives an isomorphism of H(G)-H(H) bimodules

H(G)euey ®g.f(]_) H(L)exey = H(G)eyevexey.

Now ex commutes with ey since X normalises V, and we have eyyex = eyxx and eyey =
evxV, and so we have produced an isomorphism between the bimodules representing the
functors iy, v oix,y and iuxx,yxv- O

If the triple (U,L,V) is an actual Iwahori decomposition of G, then the functors iy,v
and ry,v enjoy the following additional properties, which we recall from [10] and [7] for
the reader’s convenience:

Theorem 2.23. Suppose that (U, L, V) is an Twahori decomposition of a profinite group
G. Then:

) iu,v sends Irr (L) to Irr (G), while ry,v sends Irr (G) to Irr (L) L{0}.

) ru,voiu,v = idIR(L)'
3) IfMelr(G) and ru,v (M) #0, then iy,vru,v (M) =M.

) If M e It (G), then either Homp (MY, MV) is zero, in which case ry,v (M) = 0;
or Homp (Mu, MV) 18 one-dimensional, in which case it is spanned by the operator
eveu, which is an isomorphism, and ry,v (M) = MU =MV,

(5) Given M e Irr (G) and N € Irr (L), one has M =iy v (N) if and only if N is a
common subrepresentation of MY and MV .

(6) For each (@,M) € Irr (G) there is a nonzero scalar ¢ such that

euepev = ceueru‘v ((p)ev
as operators on H(G).

Proof. Parts (1) and (2) are proved in [10, Corollaire 2.10]. Part (4) is proved in [7,
Lemma 1.10], and part (5) follows from parts (4) and (3).

To prove part (3) : if ry,v (M) # 0 then the adjunction in part (2) of Theorem 2.18 gives
a nonzero intertwiner M — iy, v ru,v (M). Both of these representations are irreducible
(by part (1)), and so they are isomorphic.
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Part (6) follows from the character formula for ry v proved in [7, Proposition 1.11].
That formula implies that there is a nonzero s € C such that

Chru)\, (9) H)=s Ju Jv che (viu) dudv

for all 1 € L. Writing ~ to indicate equality up to a nonzero scalar multiple, the operator

euey y ()eV is thus given by

r r r

—1
CUCry v (@)CV ™ Juli v ChrU,V (o) (1" Hulvdudldv

r r r

~ (J J che (vi U Tuy ) duy dv1)ulvdudldv
JuJLJv uJv

r r r

~ (J J che (v]_ll_]uT1)du1 dv1)u(u1lv1)vdudldv
JuJLJv uJv

r r

~ J che (g~ Mugvdudg dv
Julelv

~eyegpey

where in the third step we used invariance of the Haar measures, and in fourth we used

the fact that the product of the Haar measures on U, L and V is a Haar measure on
G =ULV. O

3. Relations of the functors i and r with Clifford theory

The functors iy, v and ry,v can be difficult to work with, since the bimodule H(G)euev
is not obviously the space of functions on any nice G x L-space. The situation where
(U,L,V) is an actual, rather than a virtual, Iwahori decomposition of G is significantly
easier to deal with; see §§4 and 6, for instance. If G admits only a virtual Iwahori
decomposition, then G contains an open normal subgroup Go which admits an actual
Iwahori decomposition (this is part of the definition). In this section we firstly recall
how Clifford theory reduces the study of representations of G to that of projective
representations of certain subgroups of G/Gp; and then we show how the induction
and restriction functors i and r are compatible with this reduction.

3.1. Review of Clifford theory

Let us recall the basic assertions of Clifford theory. Details can be found in [28], for
example.

Let Go be an open normal subgroup of a profinite group G. Then G acts by conjugation
on the set Irr (Gp) of isomorphism classes of irreducible representations of Gg. For each
@ € Irr (Go) we let R(G),, denote the category of smooth representations of G whose
restriction to Gg contains only representations in the G-orbit G- . The first assertion
of Clifford theory is:

R(G) is equivalent to the product H R(G)
G-9eG\Irr (Go)

o (C1)
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Fix an irreducible representation ¢ : Go — GL (W) of Gp, and let G(¢) denote the
stabiliser of ¢ in G. Since @ is smooth, it is trivial on some open normal subgroup Gogo
of G, and replacing G by G/Gpp we might as well assume—as we shall, for the rest of
§3.1—that G is finite. We use the counting measure on G to define the convolution on
H(G), so that the d-functions 84 satisfy 840n = dgh.-

Representations may be induced from G(¢) to G in the usual way (see §2.1). The
second assertion of Clifford theory is:

The functor ind: R(G(@)), - R(G),, is an equivalence of categories. (C2)

An inverse is given by the functor which sends a representation M € R(G) o O its
G(¢)-subspace e, M, where e, € H(Go) is the central idempotent associated to ¢. Note
that the category fR(G((p))(p is equivalent, in an obvious way, to the category of modules
over the direct-summand e, H(G(@)) of the algebra H(G(¢)).

Let G denote the quotient G/Gg, and let 0 : G — G be the quotient map. Schur’s lemma
implies that ¢ admits a projective extension to G(¢), i.e. a map @’ : G(¢) - GL (W)
which becomes a group homomorphism upon passing to the quotient PGL (W), and
which satisfies

©'(909) = @(go)e'(g) and ¢'(ggo) = @'(9)®(g0)

for all g € G(¢) and all go € Go. These two properties imply that there is a two-cocycle
v :G(@) x G(g) — C* whose inflation to a cocycle on G(¢), which we also denote by
v, satisfies
®'(91)¢(92) =v(91,92) "' 9'(9192)- (3.1)
We call y~! the two-cocycle associated to ¢’; the cocycles associated to different
choices of projective extensions of ¢ are cohomologous. The projective representation ¢’
may be regarded as a module over the twisted group algebra gv! (G(¢)), a construction
that we now recall. To a two-cocycle & on a finite group I', one may associate the twisted
group algebra H*(T'), that is, the algebra of complex-valued functions on G, with twisted
convolution multiplication -« defined on the basis {64 | g € T'} of 6-functions by

gy g, = (91,92)dg;g,-

We let R* (') denote the category of H*(T')-modules. An immediate consequence of
the definition is that if &, 3 : T xI' = C* are two-cocycles, and M and N are modules
over H*(T) and HP(T') respectively, then M ® N is naturally an H*P (I")-module with
respect to the diagonal action.

Returning to our setup, if M is an Y (G(@))-module, then by inflation M
is also an HY(G(¢))-module. As W e Ry~ (G(p)) we get that MW is an
HYY (G(@))-module, i.e. an ordinary (as opposed to a projective) representation of
G(¢), and the third assertion of Clifford theory is:

M- MW
_—

The functor ®¢’ : RY(G(¢)) R(G(@)), is an equivalence of categories.

(C3)

An equivalent formulation of (C3), which we shall use below, is that the map

08¢ : H(G(9))ep — T (G(¢)) B End (W) Sgeq - So(g) @ ¢'(9)
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is an isomorphism of algebras. Then the equivalence (C3) decomposes as

M MW
_—

(08¢")"
—_—

RY (G(o)) Mod (Y (G(¢)) ® End (W))

Here Mod (R) denotes the category of left R-modules.
This ends our review of Clifford theory. We shall now explain the compatibility with
the functors i and r.

R(G()p  (32)

3.2. Induction and Clifford theory

In this section we let G be a profinite group, with a virtual Iwahori decomposition
(U,L,V) as in Definition 2.1. We also fix one open normal subgroup Go C G for which
the product mapping

Up x Lo x Vo — Go

is a homeomorphism, where Hp := HN Gy for every subgroup H € G. We consider the
induction functors

i=iy,v: R(L) - R(G) and ip= iUy, Vo - R(Lo) = R(Gop),

along with their adjoint restriction functors r and rg, as in Definition 2.7.

It follows from part (1) of Theorem 2.23 that the functor ip sends irreducible
representations of Lo to irreducible representations of Gp, and thus produces a map
from Irr (Lo) to Irr (Go).

Lemma 3.3. The map ip : Irr (Lp) — Irr (Go) is L-equivariant and injective.

Proof. L normalises Up and Vp, and so commutes with ey, and ey,. The injectivity
follows from part (2) of Theorem 2.23. O

The functors i and r are compatible with the decomposition (C1), in the following
sense.

Theorem 3.4. With the above notation one has i(R(L)y,) € R(G);, (), for every b €
Irr (Lp).

Proof. We first claim that H(G)ey ey is isomorphic, as an H(G)-H (L) bimodule, to some
submodule of H(G)eu,ev,. This is because

S{(G)euev - J‘C(G)euoev = }C(G)eveuo - J'C(G)evoeuo = %(G)euoevo,

where the inclusions hold because Up and Vp are subgroups of U and V, respectively,
and the isomorphisms hold by part (1) of Theorem 2.18.
For each N € R(L),, we now have (up to G-equivariant isomorphism)

i(N) < f]'f(G)equVO ®3¢(L) N C H(G)euoevo ®3(Lo) resIEO (N) (3.5)

where the first inclusion holds because of the inclusion of bimodules established above,
and the second inclusion holds because the tensor product over H(L) is a quotient—and
therefore also a submodule—of the tensor product over the subalgebra 3(Lp). The
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restriction to Gp of the right-hand side in (3.5) is a direct sum of G-conjugates
of ip (reSIL‘O (N)), where res%O (N) is a direct sum of L-conjugates of 1. Since ip is
L-equivariant this implies that the restriction of i (N) to Gg is a direct sum of G-conjugates

of ip (V), as claimed. O

For the rest of this section we shall fix an irreducible representation VP : Ly — GL (W)
of Ly, and study the functor i on the subcategory fR(L)w. There is an open normal
subgroup Goo € G with an Iwahori decomposition Goo = UpoLoo Voo, such that 1 is
trivial on Log. Part (5) of Theorem 2.18 allows us to replace G by the quotient G/Goo,
and so we may assume without loss of generality for the rest of this section that G is a
finite group. We consequently take all Haar measures to be counting measures, so that
the & functions on elements of G satisfy 64dn = dgn inside H(G).

To simplify the notation let us write @ for ip (). Lemma 3.3 implies that G(¢)NL =
L(Y). Let U(¢) and V(@) denote the inertia groups of ¢ in U and V, respectively, and
consider the functor

i = Tu(e), V() F RILW))y, = R(G(9)),,

given by tensor product with the eH(G(@))-eyH(L(1)) bimodule exH(G(¢))ey

€V(e)Cu-
The functors i and r are compatible with the equivalence (C2) as follows:

®)

Theorem 3.6. The diagram

RLA)) —— = R(G(0)),

commutes up to a natural isomorphism.

Proof. We replace the right-hand vertical arrow in the diagram by its inverse, and prove
that the diagram

R(L)y ———— R(G),,
indT Le(p (37)
R(L(W))yy ———> R(G(9)),

commutes up to natural isomorphism. This amounts to producing an isomorphism of
G(¢)-L(1p) bimodules

epH(G)euevey = e (G(@))ey(ep)ev(p)ew- (3.8)
We first claim that

epH(G)euevey = epH(G(@))eu(p)evey, (3.9)
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the equality holding inside H(G). For vectors x and y we write x ~ y if they differ by a
nonzero scalar multiple. To prove (3.9) we compute for every g € G:
dgeuevey = dgeul(euyepev,)evey ~dgeuleuyeqpev,)evey
= dgeuepevey ~ Z dguegpeu(p)evey,
uel/U(ep)

where in the first step we have used that ey, is an idempotent which commutes with
ey, and in the second step we have used part (6) of Theorem 2.23. Orthogonality of
characters then implies

epdgeuevey ~ Z €p€(gu)-pdgull(p)eVvey
uel/U(e)

epdguey(g)evey if Fu e U with gu € G(o),

0 otherwise.

This shows that every element of the left-hand side of (3.9) can be written as an element
of the right-hand side, and vice versa.
Now, the G(@) x L(1)-equivariant map

fi>fe

eoH(G(@))eu(p)ev(p)ew ——> eeH(G(@))eu(p)evey (3.10)

is obviously surjective. It is injective as well, for if f € H(G(@))ey () then

fey ~ Z fev((p)év = Z oy,

veV(p)\V veV(p)\V

where the functions 8, (as v varies over V(@)\V) are supported on the disjoint cosets
G(@)v and are therefore linearly independent. Thus the map (3.10) is an isomorphism.
Composing with the equality (3.9) gives the desired isomorphism (3.8). O

We are still fixing an irreducible representation ¥ : Ly — GL (W) and letting ¢ denote
the induced representation ip () : Go — GL(ip (W)). Consider the quotients

G(9) =G(9)/Go, L) =L{)/Lo, U(p)=U(p)/Uy, V(e)=V(p)/Vo.

Choose a projective extension ¢’ of ¢ to G(¢), and let v~! be the associated
two-cocycle as in (3.1). Part (2) of Theorem 2.23 implies that there is an Lp-equivariant
isomorphism

©: W = o(eu,)e(ev,)io (W),

unique up to a nonzero scalar multiple. Since the subgroup L(1{») normalises the subgroups
Up and Vp it follows that ¢’(l) commutes with ¢(eu,)@(ev,) for every le L(),
and therefore @’(l) stabilises the subspace @(eu,)@(ev,)io (W) Cio (W). The map
Y’ L(p) - GL (W) defined by

V() =0"e'(H® (3.11)
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is then a projective extension of {P to L(1), independent of the choice of ®. (However, it
does depend on the choice of @’.) An easy argument shows that the resulting two-cocycle
on L(\) is just the restriction of the two-cocycle y to L(1), and we shall therefore denote
both two-cocycles by the same letter.

Lemma 3.12. Given a projective extension @’ of @ as above, there are unique scalars
ax,by € C* forx e U((p) and y € V(@) such that the elements

e%/ == Z axdx and e% Z by oy
() |u< (0 ( )
er(‘D) yeV(p)

are idempotents in HY(G(@)), commute with the subalgebra HY(L(\)), and such that
the image of the elements eu(p)€e and ey y)eq under the isomorphism of algebras

08¢’ H(G(9))ep — TV (G(¢)) ®End (io (W))

are e%&(\o) ® @(eu,) and e%é(p) ® @(ev,), respectively.

Proof. We prove the lemma for the U-subgroups. The proof for the V-subgroups is
identical.

We know, by Parts (2) and (4) of Theorem 2.23, that @(eu,)io (W)=W as
representations of Lo, and in particular that @(eu,)io (W) is irreducible over L.

Let u € U(g). Since Up is a normal subgroup of U(¢), we know that u commutes
with ey, in H(G(¢)), and so @’(u) induces a linear automorphism of the subspace
@(eu,)io (W). Moreover, for 1€ Ly we have that ulu= """ e UN Gy = Up. Writing
ul = luug with ug € Up, we observe that on @(eu,)io (W) the operator ¢’(u) commutes
with @(1) for every 1€ Lp. Hence, by Schur’s lemma, the operator ¢’(u) acts on
@ (eu,)io (W) as a nonzero scalar a,, € C*. The scalar a,, depends only on the class of
u in the quotient U(@) = U(¢)/Up, and so for each x € U(¢p) we may define ay := ag,
where X € U(¢) is any lift of x.

The image of the idempotent ey(y)eo under 6 ® @’ is therefore

0® ¢ (eu(p)ee) = T Z 6(5u) ® @' (1)
Ul &
1
== dx ® @' (X) @ (uo)
T(e)l Ul xeu%)
u0€U0

Z Sx® @' (X)oleu,) = e%&(p)@)(p(euo).
xeU(p)

(<P)

From the fact that the element ey(y)eq is an idempotent which commutes with the
elements of L({) in H(G(@)), and the fact that O ® ¢’ is an algebra homomorphism, it
follows immediately that e® s an idempotent which commutes with the subalgebra

N U(e)
3 (T)).
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Finally, the uniqueness of the scalars ax follows from the linear independence of the
elements dx ® @(eu,) in HY(G(¢)) ® End (ip (W)). O

Remark 3.13. From the proof of Lemma 3.12 it follows that the restriction of y to U(¢)
and to V((p) is cohomologous to the trivial two-cocycle. Indeed, following the proof of the
lemma, we see that for x1,x, € H((p) one has ay,; ax,Y(X1,X2) = ax;x,. In other words,
a:U(g) — C* is a coboundary which provides a trivialisation of the restriction of y
to U(@). The same is true for V(¢) and b. By changing the choice of @’ by a suitable
coboundary, one can therefore arrange that all the numbers ax and by are 1. We shall
continue to work with an arbitrary choice of ¢’ in what follows.

is an 3 (G(@))-FHY(L({)) bimodule.

We denote by i 1 @)) the functor of tensor product with

() V(o)

this bimodule. Likewise, we denote by r¥ the functor of tensor product with the

u( ) V(o)

HY(L(WP))-HY (G(@)) bimodule 62(@)63( )J{V(G( @)). The arguments of Theorem 2.18

carry over to this twisted setting, and show that the functors i 17 and r

U(e),V(e) (w)V()

are two-sided adjoints, and that up to natural isomorphism they do not depend on the
order of U(¢p) and V(o).

Our induction functors are compatible with the final assertion (C3) of Clifford theory,
as follows:
Theorem 3.14. Let @’ be a projective extension of @, with corresponding cocycle y~ !,
and let P’ be the projective extension of \b defined by (3.11). The diagram

®
<
Ik ,_\
é

U(tp) V()

RY (L(W))
is commutative up to natural isomorphism.

Example 3.15. Suppose that the irreducible representation 1 of Ly satisfies G(ip ) =

~ — T . o£/ o e . .
L(})Gp. We then have G(¢) = L() in Theorem 3.14, and (o), V() the identity

functor, and so we conclude from Theorems 3.6 and 3.14 that in this case
iu,v i R(L)y, = R(G)jy ()
is an equivalence of categories. Specific examples of this kind arise in § 5.

The proof of Theorem 3.14 uses the following lemma, whose proof is a matter of
straightforward linear algebra:
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Lemma 3.16. Let E be a finite-dimensional vector space over C, and let S: E — E be a
linear endomorphism. Let A C Endc (E) be the centraliser of S in Endc (E). Then we
have isomorphisms

E® (Im (S))* _“®M e Hom (Im (S), E) =155 End (E)S

of End (E)-A-bimodules. O
In our application the space E will be ip (W), and the endomorphism S will be the

action of ey, ev,ey.

Proof of Theorem 3.14. Consider the functor

T : Mod (HY(L(})) ® End (W))) = Mod (HY (G(¢)) ® End (ip (W))

of tensor product with the bimodule HY (G(@))e u(@)egé )®(c (io (W) ®c W*), where
ip (W) is viewed as a left End(ip (W)) module and W* is viewed as a right
End (W)-module in the obvious way.

We shall decompose the equivalences @1’ and ®¢’ into compositions of two

equivalences, as in (3.2), and show both squares in the diagram

iy

R(L(W))y,

12
Il
©
®
)

(CEDN
Mod (#B(L()) ® End (W)) ———— Mod (3(¥ (G(¢)) ® End (io (W)))  (3:17)

W

Il
I12
®
o
2

e
U(e),V(e)

RP (L)) RY (G(9))

commute. 3
To show that the bottom square of (3.17) commutes, let M be an HY (L(¥)) module.
We have natural isomorphisms of HY (G(¢)) ® End (ip (W)) modules

T(M@W) = (3 (G(0))e 6% ) @ (1o (W) @ W) @scr (1 p)ind (w) (MEW)
= (HY(G(0))e® €% o) Boc(Tw)) M) @ (i0 (W) @ (W* @pna (w) W)
=08 ), V() M) ®i0 (W),

because W* ®gpnq (w) W = C, as W is finite-dimensional. Thus the bottom square of the
diagram commutes.

To show that the top square of (3.17) commutes, it is enough to construct a linear
isomorphism

F:eo3U(G(@))eu(e)evip)enr — 7 (Cl@))ed g, ®c (io (W) @c W)
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between the bimodules associated to the functors iy, and T, satisfying
F(f-h-K) = (00 ¢/)(F)- F(h) - (0@%")(K) (3.18)

for all f € epH(G(9)), h € eeH(G(@))ey(p)ev(p)ew and k € ey H(L(Y)).
We shall construct F as a composition F = F3F,F:

F —_— !’ !/ .
etpg'f(G((p))eU(cp)eV(q))ew E])%Y(G((P»e%((p)e%((p) ® End (io (W))@(euoevoew)

F — ’ ’

21 (G(0))efy )% @10 (W) ® (0(epeuseve) io (W)*

F3 @

?%Y(G(@))eu(@)egéw) ®ip (W) ®W*>

where the isomorphisms F1, F2 and F3 are defined below.

The map Fy is the restriction of the algebra isomorphism 0 ® ¢’ to the bimodule
e H(G(@))eu(p)ev(p)ew. The image is as claimed because of Lemma 3.12. By
definition, Fq satisfies

Fi(f-h-k) =(0®¢")(f)-F1(h)- (6@ ¢")(k)

(where f, h and k are as in (3.18)).

The map F; is the identity on the first tensor factor, while on the second factor it is the
isomorphism given by Lemma 3.16, with E =i (W) and S = @(ey,ev, ey ). Clearly F is
a map of left 7Y (G(¢)) ® End (ig (W)) modules. Turning to the right module structure,
fix 1e L(1). The operator @'(eyd1) € End (ip (W)) commutes with @(eyeu,ev,),
because L(1) centralises 1 and normalises Up and Vj. Therefore, @’(ey,d1) lies in the
algebra A of Lemma 3.16, and so the isomorphism F; satisfies

F2(F1(h)-0(1)® @'(ey1)) = FaF1(h) - (6(1) ® @' (ey,81))-

The map F3 is the identity on the first two tensor factors, while on the third factor it
is the linear dual ©* of the isomorphism © : W — @(eu,ev,)io (W). (Note that ey, acts
as the identity on W.) Clearly F3 is a map of left Y (G(¢)) ® End (ip (W)) modules.
The isomorphism © satisfies @’(ey,01) 0® = @ o1’ (ey,d1), by the definition (3.11) of V’,

and we therefore have
F3[F2F1(h) - (0() ® ¢'(ey,81))] = F(h) - (8(1) @b/ (ey,51))-

We have now shown that the isomorphism F satisfies (3.18), and this completes the proof
of Theorem 3.14. ]

4. The functor i and the orbit method

In this section we examine the induction functor iy v in situations to which the orbit
method applies, and show that it corresponds to a natural inclusion map on coadjoint
orbits. We begin with an abstract formulation and then discuss a natural family of groups
to which it applies, namely uniform pro-p-groups and finite p-groups of nilpotency class
less than p. In particular, this family includes many compact open subgroups in reductive
groups over p-adic fields.
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4.1. An abstract formulation

The orbit method in the context of profinite groups goes back to the work of Howe [22].
An abstract formulation was given by Boyarchenko and Sabitova in [4], and it is this
latter point of view that we shall adopt here.

Let G be a profinite group, let g be an abelian profinite group, and let exp : g — G be
a homeomorphism satisfying

(A) The formula Adg (x) := log (gexp (x)g~") for g € G, x € g, and log = exp™! defines
an action of G on g by group automorphisms.

(B) The pullback map exp*:H(G)¢ — H(g)®, from the Adg-invariant locally
constant functions on G to those on g, is an isomorphism of convolution algebras.

The adjoint action of G on g induces a coadjoint action on the Pontryagin dual group g.
It is shown in [4, Theorem 1.1] that for each irreducible smooth representation T of G,
with character ch € }C(G)G, there is an Adg-orbit QO C g such that

exp* (che ) = Q|7 1/? Z U, (4.1)
e

and the map chr > Q sets up a bijection Og : Irr (G) — G\g from the set of isomorphism
classes of irreducible representations of G to the set of coadjoint orbits in g.

Theorem 4.2. Let G, g and exp be as above. Let U, L and V be closed subgroups of G
such that:
(1) (WL,V) is an Iwahori decomposition of G.

(2) The preimages u,l,o of U, L,V under exp are subgroups of g, and g =u®[®b as
abelian groups.

(3) The map exp: g — G restricts to homeomorphisms
[->L, [du—LU and [Gov—> LV,
each of which satisfies the conditions (A) and (B).
Then the projection A\ of g onto its summand | induces an injective map
A IN[— G\, Q> AdL (QoA)
which makes the diagram

Trr (1) SRR (G)

o| loe

N —2A .G\
commutative.

We require the following lemma:
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Lemma 4.3. Let QO be an orbit in LU\[TL, corresponding via the orbit method to an
irreducible representation T of LU. Then T is trivial on U if and only if every ¥ € Q
is trivial on u.

Proof. If every P € Q is trivial on u, then the character formula (4.1) ensures that the
character of T is constant on U, and therefore that T is trivial on U. Conversely, if T is
trivial on U then its character is constant on U, with constant value dim (1) = [Q['/2,
and so (4.1) implies that } ,,c.o W(y) = Q| for every y € u. Since each P (y) is a complex
number of modulus one, this equality forces P (y) = 1 for every 1V and every y. O

Note that by Theorem 2.23(1) the functor i=1iy,v:R(L) - R(G) preserves
irreducibility, and therefore induces a map i:Irr (L) — Irr (G). We recall the following
characterisation of the map i from Theorem 2.23(4) : given irreducible representations

T € R(G) and o € R(L), one has T =i(0) if and only if 0 is a common subrepresentation
of T! v

and TV.
Proof of Theorem 4.2. Fix an orbit Q € L\[ and let o= O? (Q) err (L) be the

corresponding irreducible representation of L. Let T= Oa] (A*Q) e Irr (G) be the
corresponding irreducible representation of G. We show that o is isomorphic to
a subrepresentation of TY. The same argument shows that o is isomorphic to a
subrepresentation of TV, and then Theorem 2.23(4) gives T =i (o) as required.

The characters chy, where p ranges over Irr (LU), constitute a linear basis for the space
HLU)H, We let P (LU - #(LU)™Y be the projection

chp if p is trivial on U

P(chp) =
0 otherwise.
On the other hand, the functions
Xy = W["12 Y,
PpeV¥

as W ranges over LU\[u, constitute a basis for H(fu)""

operator on H(lu)"Y defined by

, and we let Q be the idempotent

xy if every ¥ € ¥ is trivial on u

Qxw) =

0 otherwise.

Lemma 4.3 implies the commutativity of the middle square in the diagram

}C(G)G restrict J—C(LU)LU P J{(LU)Lu restrict :}(<L)L
lexp* exp* exp™* ‘exp* (4.4)
fH(g) G restrict g{([u)l_u Q %([u)l_u restrict fH([)L

where ‘restrict’ means restriction of functions. The two outer squares in the diagram
obviously commute. For each irreducible representation p of G, the composition along
the top row of (4.4) sends the character of p to the character of pU.
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o~

Choose a point 1V in the orbit Q C [, and write A*Q ={o A, @1,...,@n}. Since the
character oA €7 is trivial on u, and has P oAl =, we find that the composition
along the bottom row of (4.4) sends xAxq = exp™ (chr) to the function

A*Q|‘/2<w+ > @i[)-

@i=l onu

Since this sum contains p—and hence xo = exp* (chg )—with a positive coefficient, we
conclude from the commutativity of (4.4) that T contains a copy of o. O

4.2. Application to (pro-) p-groups

The results of the previous subsection apply to a rich and well-behaved family of (pro-)
p-groups which we now discuss. Roughly speaking these groups admit good linearisations,
that is, to each such group one may associate a Lie algebra that carries complete
information on the group.

Uniform pro-p-groups. A finite p-group is called powerful if [G,G] C GP when p
is odd (and [G,G] ¢ G* when p =2). Here G™ is the group generated by m-powers.
A pro-p group is called powerful if it is the inverse limit of finite powerful groups. A
pro-p group is called wuniform if it is powerful, finitely generated (as a pro-p group),
and torsion-free. To each uniform pro-p group G one may associate a uniform Zp-Lie
algebra g = Lie (G), that is, a Zp-Lie algebra which is free of finite rank as a Zp-module,
and which satisfies [g, glric C pg for p odd (and [g, glLic C 4g for p = 2); see [14] for a
comprehensive treatment. This association defines an equivalence of categories between
the category of uniform pro-p-groups and uniform Zp-Lie algebras. Starting with a
uniform Lie algebra g this association is made concrete using the Campbell-Hausdorff
series
H(u,v) = log (exp (u) exp (v)) = u+v+ (Lie brackets) € Q{u,v)),

which is expressible in terms of u,v € g by means of the Lie bracket, and which allows
one to define a uniform pro-p group G having the same underlying set as g and group
operation u-v = H(u,v). Let exp denote the identity map on g, thought of as a map
from the Lie algebra g to the group G. This map is well-behaved with respect to passage
to subgroups or quotients: Lie subalgebras of g correspond bijectively to closed uniform
subgroups of G, and ideals in g correspond to normal subgroups in G; see [14, §4.5].
Moreover, it is shown in [4, Theorem 2.6] that for p # 2 this map exp satisfies the
conditions (A) and (B) from §4.1, meaning that the orbit method applies and gives a
bijection Og : Irr (G) — G\g. This generalises an earlier result of Howe [22, Theorem 1.1].

Finite p-groups of nilpotency class less than p. There is a similar Lie-type
correspondence for finite p-groups of nilpotency class less than p. To each group G
of this type one may associate a finite Z-Lie algebra g = Lie (G) which is nilpotent of
class less than p, and whose additive group is a p-group, such that G is isomorphic to
the group exp (g) whose underlying set is g and whose multiplication is given by the
Campbell-Hausdorff series (which is finite, in this case); see [29, §10.2]. If p is odd then
the orbit method applies to the map exp : g — G; see [4, Theorem 2.6].
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Application of Theorem 4.2.  For the rest of this section let G = exp (g) be either a
uniform pro-p group or a finite p-group of nilpotency class less than p, with corresponding
Lie algebra g. For each subalgebra b of g we write H for the corresponding subgroup
exp (h) of G.

Definition 4.5. An Twahori decomposition of g is a triple of Lie subalgebras (u,[,v) of g
such that [[,u] € u, [l,v] € v, and such that g = u® @V as Zp-modules (in the uniform
pro-p case) or as Z-modules (in the finite p-group case).

Lemma 4.6. If (u,[,v) is an Iwahori decomposition of g, then (U,L,V) is an Iwahori
decomposition of G.

Proof. The Lie correspondence ensures that U, L and V are closed subgroups of G such
that L normalises U and V. The subgroups V and B := UL have trivial intersection in
G, because the subalgebras v and u@® [ have trivial intersection in g, and so the product
map Ux L xV — G is injective. We shall now show that this map is surjective.

We must show that for each x € b:=u@®[ and each y € v one has exp (x+y) € BV.
The Campbell-Hausdorff formula implies that exp (x +y) = exp (x) exp (z1) exp (y) for
some z1 € g1 = [g, gl. Writing z1 = x1 +y1, where x; € b and yy € v, another application
of Campbell-Hausdorff gives exp (z1) = exp (x1)exp (z2) exp (y1) for some zp € g =
[g,91]. Continuing in this way we find z, € gn = [g,9n—1], Xn—1 € b and yn_1 € v,
for every n € N, such that exp (zn—1) = exp (xn—1) exp (zn) exp (Yyn—1), and we deduce
that

exp(x+y) € (] Bexp(gn)V = B( M exp <gn>)v By,
n>0 n>0
where the first equality holds because the groups exp (gn) form a descending chain and
G is compact, and the second holds because g is either uniform or nilpotent.

We are left to verify condition (2) of Definition 2.1. If G is finite this condition is
trivially satisfied, so suppose that G is a uniform pro-p group. For each m > 0 the
triple (p™u,p™I,p™v) is an Iwahori decomposition of the ideal p™g of g, and so the
above argument shows that the open normal subgroups Ky =exp (p™g) of G satisfy
condition (2). O

We now have the following corollary of Theorem 4.2:

Corollary 4.7. Let p be an odd prime. Let G be either a uniform pro-p group, or a finite
p-group of nilpotency class less than p. Let (u,[,0) be an Twahori decomposition of the
Lie algebra g of G, and let (U,L,V) be the corresponding Iwahori decomposition of G.
The diagram

Irr (L) WY I (G)

nN—A LG\

is commutative.
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Proof. This follows from Theorem 4.2. The hypothesis (1) of that theorem is satisfied
because of Lemma 4.6; hypothesis (2) is satisfied by assumption; and the hypothesis (3)
is satisfied because of [4, Theorem 2.6]. O

We remark that for uniform pro-2-groups the orbit method does not fully apply, though
one has weaker versions; see [4, 27].

Example 4.8. In ‘real life’ one may find a rich supply of groups to which the corollary
may be applied. Let G be a p-adic Lie group, let « be an automorphism of G, and denote
by & the derived automorphism of the Lie algebra g of G. Then

Uy :={xeg|a(x) > 0asn— oo} and vy :=1uy 1
are nilpotent Lie subalgebras of g, normalised by the subalgebra
lo ' =1{x € g [ {a}(x) | n € Z} is precompact in g},

and we have g =uy @ lq D0y as Qp-vector spaces. Moreover, uy, [ and vy are the
respective Lie algebras of the closed subgroups Uy, £« and V4 of G, where we are using
the notation of Example 2.6. These assertions are proved in [45, Theorem 3.5]. It is shown
in [15, Lemma 3.3] that g contains arbitrary small open uniform Zp-Lie subalgebras ¢
having € = (ux NE) B (I« N€) @ (v NE). The compact open subgroups K = exp (£) of G
then have Iwahori decompositions (Uy NK, Ly NK; Vo NK). If p is odd, Corollary 4.7
describes the induction functor iy, nk,venk : R(LaxNK) = R(K) in terms of the orbit
method and of the projection £ — [4 NE.

Example 4.9. For a finite example, let 0 be a compact discrete valuation ring with
maximal ideal p and residue characteristic p. Let K = Ky be the first principal congruence
subgroup in GLy (0/]32)7 for £ > 1. Then K is a finite p-group of nilpotency class £ —1,
with Lie algebra ¢ = Mn(p/pe). As explained in Example 2.5, each partition n =mnj +
-+« +nyy gives an Iwahori decomposition (UNK,LNK; VNK) of K, corresponding to the
decomposition of ¢ into block-upper-triangular, block-diagonal and block-lower-triangular
matrices. If p > £ —1 and odd, Corollary 4.7 gives a description of the resulting induction
functor iunk, vk : R(LNK) — R(K) in terms of the orbit method and the projection of
£ onto its subalgebra of block-diagonal matrices.

Remark 4.10. We have taken the point of view of the theory of uniform groups due
to its fairly concrete and algebraic formulation. Historically, the Lie correspondence for
(pro-)p-groups goes back to the seminal work of Lazard [30], [31]. The technique of
obtaining Iwahori decompositions of groups from decompositions of Lie algebras is well
known in the setting of p-adic reductive groups: see [2] and [11], for example.

5. Case study: Siegel Levi subgroup in Sp4 (02)

Let o be a compact discrete valuation ring with maximal ideal p, a fixed uniformiser 7
and finite residue field k of odd characteristic. Let 0¢ := o/p®. In this section we illustrate
how the results of the previous sections may be applied to study the representations
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of the symplectic group Spy (02) that are induced, in the sense of Definition 2.7, from
the Siegel Levi subgroup of 2 x 2 block-diagonal matrices. Note that this is equivalent
to studying those induced representations of Spy (0) which factor through Spy (02): see
Theorem 2.18(5). The main results in this section are a double-coset formula, a la Mackey,
for the composition of induction and restriction for these groups (Theorem 5.2); and an
answer to a question of Dat regarding parahoric induction (Corollary 5.21).

Let us introduce the notation used to state the Mackey formula. Let

-1
G =Spy (02) ={g € GLa (02) | g*jg =j}, where j = [1 - } . (5.1)
1
This group admits a virtual Iwahori decomposition (U, L, V), with

o

u= {[1 ﬂ ‘ m e Ma(o02), m:mt}, and V=U",

aeGL; (02)} ,

t —t . .
where (-)° means transpose and (-)”~ means transpose inverse. We consider the
associated functors

i€ :=iyv:R(QL) = R(G) and 1P :=ryv:R(G) - R(L).
The subgroup L = GL; (02) has a virtual Iwahori decomposition (U, D,V’), where
D = {diag (o, 8, ", 67 ") | &, 8 € 03},
U= {diag([1 ?],[_‘B 1]) ‘ B eoz} and V' = (W)L
We consider the associated functors
ik = iu, v : R(D) - R(L) and rh = ru, v R(L) = R(D).

We let
Wg :=Ng(D)/D and Wp:=Nr(D)/D

denote the Weyl groups of D in G and in L, respectively. We write Adg for the conjugation
action of a group on itself and subsets thereof, and with a slight abuse of notation also
for the corresponding action on representations.

Theorem 5.2. There is a natural isomorphism of functors R(L) — R(L),

G:G ~ :L L
T = S igrg-1nL Adg Ting-114-
geWI\Wg /Wi
Remarks 5.3. Let us unpack Theorem 5.2 a little.

(1) The right-hand side of the formula in Theorem 5.2 is a sum over a set of
representatives g € Ng (D) for the double cosets of W1 in W; the resulting functor
does not depend on the choices made, up to natural isomorphism.

https://doi.org/10.1017/51474748017000305 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000305

A variant of Harish-Chandra functors 1025

(2) For each g € Ng(D), the intersection gLg~' NL is either L or D. The functors i
and rLD were defined above; the functors iIL‘ and r% are, by definition, the identity
functors on R(L).

(3) The group Wy is the two-element group generated (modulo D) by the matrix
t=diag (0,0) € L, where 0=, '] € GLz (02).

The eight-element dihedral group Wg is generated (modulo D) by Wi together
with the matrix

Defining

(0
S = |:O'1 i| € G,

we have the double-coset decomposition
Wg = WL UWLsWL LWL wWW1.

The element s normalises L, while wLw ! NL = D. Putting all of this together,
the formula in Theorem 5.2 takes the following more explicit form:

18 if = id @ Ads ®i5 Adyw 1] -

(4) Note that the definition of the functors if and 1°, and the statement of
Theorem 5.2, continue to make sense when o3 is replaced by o¢, or indeed by any
finite (or profinite) commutative ring. Over o7, the formula is valid: as explained
in Example 2.10, the functors if, r%, iLD and r]LD are isomorphic in that case to
Harish-Chandra functors, and the formula in Theorem 5.2 is an instance of the
well-known formula (1.1) for the composition of these functors (cf. [13, Theorem
5.1]). We do not know whether the formula in Theorem 5.2 is valid for Sp4 over
more general rings; the proof presented below relies on some very special features

of 0.

Our strategy for proving Theorem 5.2 is as follows. Reduction modulo 7t gives rise to
a surjective group homomorphism G = Spy (02) — Spy (k), whose kernel is an abelian
group isomorphic to the Lie algebra spy(k). In §§5.1 and 5.2 we apply the orbit
method and Clifford theory to reduce Theorem 5.2 to a statement about orbits and
representations of stabilisers for the adjoint action of Spy (k) on sp4 (k). In §§5.3 and 5.4
we verify the theorem through a case-by-case analysis of the orbits (with some details
postponed to Appendix A).

For the semisimple orbits our induction and restriction functors correspond to
Harish-Chandra induction and restriction for (reductive) subgroups of Spy (k), and our
Mackey formula follows from the well-known Mackey formula (1.1) for Harish-Chandra
functors. The computation for the non-semisimple orbits—and in particular, for the one
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nilpotent orbit that is relevant here—is more subtle. In Corollary 5.17 we shall see that
it is precisely this nilpotent orbit that witnesses the difference between our induction
functor and Dat’s parahoric induction.

5.1. The congruence subgroup

Let Go denote the kernel of the reduction map Spy (02) — Spy (k), and let
g =spa(k) = {y € Ma(k) [ jy+y'j =0}

viewed as an additive abelian group on which G acts via the adjoint action of its quotient
Sp4 (k). To reduce the notational load we shall write

' (modulo ), geG,yeg.

9-y=Adg(y) =9gyg™
Lemma 5.4. The map exp : g — Go defined as the composition
§ L= msps (02) S5 6o
1s a G-equivariant group isomorphism.
Proof. Clear. O

For every subgroup H of G we set
Ho:=HNGp, H :=HGy/Go=H/Hp, and b:=1log(Hop),

where log : Go — g denotes the inverse to exp. In particular, [ is the additive subgroup
of M4 (k) consisting of the block-diagonal matrices diag (x, —x!), for x € M2 (k).

It is easily checked that the triple of subgroups (u, [, v) forms an Iwahori decomposition
of g, and it follows that the triple (U, Lo, Vo) is an Iwahori decomposition of Gop.
Similarly, (u/,0,0") is an Iwahori decomposition of [, and so (Ug, Do, V) is an Iwahori
decomposition of Lg.

Lemma 5.5. Choose and fix a nontrivial character ¢ :k — C*. For each y € g, denote by
@y : Go — C* the character

@y :g+> Cotr(log(g)y).

The mapping y — @y is a G-equivariant bijection g = Tir (Go), which restricts to an
L-equivariant bijection | —> Irr (Lo), and to a D-equivariant bijection 0 = It (Do).

Proof. Let (z,y) := Cotr(zy) for z,y € M4(k). It is well known that the map My (k) —
My (k) sending y to (-,y) is an isomorphism. By Pontryagin duality this map restricts to
an isomorphism between g and the dual of M4 (k)/g*, where g+ ={z € M4 (k) | (z,9) =
1} Let g/ ={z e My (k) | jz—z'% =0}. For each z€ ¢’ and y € g we have tr(zy) =
tr (Adj (z) Adj (y)) = —tr (zy), showing that g’ € g-. We also have M4 (k) = g @ g’ (this
is the eigenspace decomposition for the involution y + Adj (y')), and since g and its dual
My (k) /g have the same cardinality we must have g’ = g*. Thus the pairing (-, -) restricts
to an isomorphism g — g. Composing with the isomorphism log: g — Go = Irr (Gp)
shows that y + ¢y is an isomorphism g — Irr (Go). The G-equivariance of this map
follows from the invariance of the trace. Similar arguments apply to [ and 0. O
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Theorem 4.2, applied to this particularly simple setting, gives the following
identification of the induction maps

io :=1iu,,v, : Irr (Lo) = Irr (Gp) and  ij = fug,vg s I (Do) — Irr (Lp).
Lemma 5.6. The diagram

i/

Irr (D) ——— Irr (L) — 0 I (Go)
UH(PyTN Y= @y | = yn—)(py[~
2 inclusion [ inclusion g

15 commutative.

Proof. In view of Theorem 4.2 and Lemma 5.4, it is enough to observe that the diagram

g
g

commutes, where A is the projection of g = u@® [® v onto its summand [, and A’ is the
projection of [ onto its summand ?. O

(AN*

)
Y ’ ()
0

inclusion

A*

ﬁé-.—)

inclusion

5.2. Application of Clifford theory

We shall use Theorems 3.4, 3.6 and 3.14 to transport the functors ig and rf to the
setting of (projective) representations of the centralisers L(y) = L(¢y) € GL; (k) and
G(y) = G(@y) C Spy (k) associated to the characters @y.

The first assertion (C1) of Clifford theory decomposes the categories R(D), R(L) and
R(G) as products over the sets D\ Irr (Dg), L\ Irr (Lp) and G\ Irr (Gp), respectively. For
each y € g, let @y be the character in Irr (Go) defined in Lemma 5.5. We denote by

ES :R(G) — R(G) g,
the projection onto the subcategory associated to (the G-orbit of) the character ¢. We
similarly define EL‘ and EE , for y € ['and y € 0 respectively.

For each y € [ we write

G(y,l):=={geGlg-yel

for the set of elements in G which conjugate y back into I. Notice that G(y,[) is stable
under left multiplication by L, and under right multiplication by G(y).

The first step is to show that we may deal with ordinary, as opposed to projective,
representations of the centralisers.
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Lemma 5.7. There is a family of maps ((Pg)ye[ with the following properties:

(1) @y is a one-dimensional (ordinary) representation of the centraliser G(y) that
extends @y.

(2) For each g € G(y,1) one has Adg (¢y) = @g.y-

(3) @y(g)=1 forallg e U(y)UV(y).

(4) Ifyed then @;(g) =1 forallg e UW(y)UV'(y).
Proof. For eachy € [ C M4(k), let H(y) denote the centraliser of y in the group GL4 (02)
(which acts on M4 (k) through the adjoint action of its quotient GL4 (k)). Singla showed
in [40, Proposition 2.2] that the character ¢y extends to a linear character of H(y). If ¢
is such an extension, then for each g € G(y, [) the character Adg (¢'(y)) is an extension
of gy to H(g-y). Moreover, if g € G(y) then Adg (¢y) = ¢, We may thus choose a
family of characters ¢ satisfying (1) and (2) by fixing one y in each G-orbit, choosing
an extension @y, as above, and then defining @g.,, := Adg (@) for each g € G(y, ).

We prove that the characters ¢, constructed above are trivial on U(y) and V(y) by
showing that these two groups belong to the commutator subgroup of H(y). Indeed, let
m € M3(02) be any matrix such that the 4 x4 matrix uw=[" 7] lies in H(y). Then
the matrices u’/ = [ ™/2] and z = [ _1] also lie in H(y), and we have u = [u’, z]. This
shows that U(y) lies in [H(y), H(y)l, and a similar argument applies to V(y). Thus the
family ¢, constructed above satisfies condition (3).

Finally, if y € 9, then a similar argument to the above shows that U’(y) and V'(y)
belong to the commutator subgroup of the centraliser of y inside the block-diagonal
subgroup diag (GL3 (02), GL2 (62)) € GL4 (02), and so property (4) is also satisfied. O

For the rest of §5 we fix a family of characters (p{J as in Lemma 5.7. As explained in
§ 3.1, Clifford theory gives equivalences of categories

FLR(L(y) 2% R(L(y)), U, R(L),,

Y

and
FS R(G(y)) 2%, R(G cOREIle
S R@G) 2% RGY),, "W, 7(G),,.

Lemma 5.8. For eachy €[, each g € G(y,[) and each h € Ng(L), the diagrams

R(G)p, — T R(G)y,, and R(L)y, — e R(L),
Fy ]ng Fy [ T%
— Adgy — — Ady, —
R(G(y)) ——=R(G(9-v)) R(L(y) ————=R(L(h-y))

commute up to natural isomorphism.

Proof. The commutativity of the second diagram follows from property (2) of Lemma 5.7,
and from the well-known fact that Ady oindhy) = indhh.y) o Adp. The commutativity
of the first diagram follows from the same argument, plus the fact that Adg is isomorphic

to the identity functor on R(G) for every g € G. O
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For each y € [ we consider the functors

e =i v REW) > REGW) and 1Y RG(y) — RCW).

Lemma 5.9. For eachy € [ the diagrams

:G gL L .G
1LF_\J By

R(L)y, ——=R(G)y, and R(G),, ———=R(L),,

FL| =~ NTFS FS[N =~ Flg
ig(y) B i rg(yy) a

R((y) —2— R(G(y)) R(G(y) — L R(L(y))

commute up to natural isomorphism.

Proof. The fact that @y, is trivial on the subgroups U(y) and V(y) ensures that the
functions a and b of Lemma 3.12 are identically equal to 1, and thus that the functor

igl(Jy),V(y) appearing in Theorem 3.14 is equal to ig((y)

of the i-diagram; taking adjoints proves the commutativity of the r-diagram. O

. This proves the commutativity

Combining Lemmas 5.8 and 5.9 gives immediately:

Lemma 5.10. For eachy € | and each g € G(y, ) the diagram

:R(L)(py - fR(G)(’oy - :R( )(pg_‘J :R(L)(pg,y
& i it "
iSW) Ad NEJCRY)
- T(y) = = T(gy) =
R(L(y)) ——— R(G(y)) ————R(G(g-y)) ———— R(L(g-y))
commutes up to natural isomorphism. O

Now we use Clifford theory to analyse the right-hand side id ® Adg & iLD Ad,, rLD of the
Mackey formula (cf. Remarks 5.3(3)). For each pair of elements y,z € [, define a functor

Ady ifz=1-y
0 ifz¢L-y.

Alz)y) 1 R(L(yY)) = R(L(2), Alzy) =

Note that A(z,1) is well-defined up to natural isomorphism, because Ad; = id on R(L(y))
for every 1 € L(y).

Lemma 5.11. For each y,z € [ the diagrams

ELE] EL Ads E
fR(L)(py - - s IR(L)% and R(L)(py - s (L)(pz
F§ ]F; FLT FL
R(Ty) ——EY (T2 R(T(y) — B g T

commute up to natural isomorphism.
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Proof. The commutativity of the first diagram follows from Lemma 5.8, and from the
fact that E%Eb =0 unless y and z are L-conjugate. The commutativity of the second
diagram follows from a similar argument, plus the equality Adg Eb = ESL,y Ads. O

The analysis of the functors iLD and rLD follows the above analysis of i](_; and rg. Because
D is abelian we have D(y) = D for each y € 0. Clifford theory gives an equivalence of
categories

0. RD) 2%, D), ,
Y Py
such that for each h € Ng(D) the diagram

D D
F 2,

RD) —2 D)

commutes up to natural isomorphism.
We consider the functors

iI;(y)':i _
D T Uy(y),V5(y)

). BT 5
Y= W), Vi) - R(EW)) > R(D).

Sa

:R(D) - R(L(y)) and =
For each y, z € [, we define the functor

2(z,y) : R(L(Y)) = R(L(2))
as the direct sum, over d € 0, of the compositions

_ rgd) iBW'd)

R(L(y)) M) R(f(d)) D . fR(ﬁ) ﬂ) :R(ﬁ) D fR(f(w Q) A(z,w-d) _

R(L(z2)).
Lemma 5.12. For each y,z € [ the diagram

EL(ik Adywrh )EL

R(L),, SR,
F‘ST FL
R(I(y) —=Y L (I(2)

commutes up to natural isomorphism.

Proof. Decomposing the category R(D) over Irr (Dg) = 0, we have

ib Adwrp = Pip Adw EQ rp = EPip B Adw EZ 1p

ded ded
_ L L D D.L L
= @Ew,dlD ED JAdy EDrp EL
deo
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where in the last equality we have used Theorem 3.4. After applying Lemma 5.11 to the
functors Eb Esv. q and EEE%, we are left to prove the commutativity of

Ed ™ Adw ib
:R(L)(Pd :R(D)Lpd :R(D)‘Pwd - R(L)(Pw-d
¥ " FB.dT o
B rgd) I Ad I iBw-d) _
R(L(d)) = R(D) = R(D) — R(L(w-d))
for each d € 9. This follows from Theorem 3.14, just as in Lemma 5.10. U

The end result of our Clifford analysis is as follows:

Corollary 5.13. Theorem 5.2 is equivalent to the assertion that for everyy € [ and every
g € G(y, ), there is a natural isomorphism

G(g-y) G ~ =
o 2o ity =931 D A9y, s 1) Ads P gy, v)
of functors R(L(y)) — R(L(g-y)).
Proof. By Lemma 5.5 and (C1) we have
G:G L. .G:G¢L
rfip = @ Ezrfip By
Ly, Lzel\!l

Theorem 3.4 implies that

ELrfif B =ELrf ESESIF EL,
and ES ES =0 unless z and y lie in the same G-orbit. This proves that

rPif = D Ef, rf if Ey. (5.14)
Lyel\l
9€l\G(y,0)/G(y)

Clifford theory likewise gives a decomposition

id®Ads ®ip Adwrp = @) (ELE; ®ELAdSEf @ ELip Adyrp E),
Ly, L-zeL\I

and Lemmas 5.11 and 5.12 imply that each term in the sum vanishes if z and y are not
G-conjugate. This proves that

id® Ads @i Adyy 1E = b (Eg.Ey ®Fgy AdsEL @Eg ip Adwrp Ey).
LyeL\l,
9el\G(y,0)/G(y)

(5.15)

Thus the reformulation of Theorem 5.2 given in Remarks 5.3(3) is equivalent to the
existence of a natural isomorphism, for each y € [ and each g € G(y,[), between the
(y, g) terms on the right-hand sides of (5.14) and (5.15). Conjugating each of these terms
by the equivalences FL‘ and Fg_y, and applying Lemmas 5.10, 5.11 and 5.12, we bring
Theorem 5.2 into the asserted form. O
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5.3. Centralisers

We now present the facts about the centralisers G(y) and L(y) and about the orbit spaces
L\G(y,)/G(y) that will be needed for the proof of Theorem 5.2. More details, and the
proofs of the assertions made here, are given in Appendix A.

Fix x € Mz (k), and let y = diag (x, —x') be the corresponding element of I. We divide
our analysis according to the Jordan normal form of x. Up to conjugacy by L = GL; (k),
the following nine cases exhaust all of the possibilities. In the following s, t, w and o are
as in Remarks 5.3. We shall write ‘L\G(y,l)/G(y) ={g,h,k}’ to mean that G(y,[) =
LgG(y) U LhG(y) uLkG(y).

Case 1. x =diag (¢, 1), u € k. In this case L(y) =L = GL; (k). There are two subcases:
1A 1 £ 0. Here G(y) = L(y), and 1\G(y, )/G(y) = {1, 5, w}.
1B: u = 0. Here G(y) = G and I\G(y,)/G(y) = {1}.

Case 2. x =diag(u,Vv), u # v. In this case L(y) = D. There are three subcases:

2A: p# £v, p# 0 # v. Here G(y) = L(y), and L\G(y,1)/G(y) ={1,s,w, wt}.

2A*: v =0. Here G(y) is a reductive group over k; L(y) =D is a rational maximal
torus, whose Weyl group in G(y) is generated (modulo D) by the involution t~'wt; and
U(y) and V(y) are the unipotent radicals of an opposite pair of rational Borel subgroups
of G(y) containing L(y). We have L\G( )/G(y) ={1,w}

2B: p=—v. In this case we have G(y) = Ady (L), U(y) = Adw (V) and V(y) =
Adyy (W), while L\G(y, 1)/G(y) = {1, w, wt).
Case 3. x = [:;3 g], u € k non-square, @ € k, € k*. In this case ko := M (k)(x) is a
quadratic field extension of k, and L(y) = {diag (a,a™ ") | a € kJ} = kJ. There are two
subcases.

3A: ot # 0. We have G(y) = L(y) and L\G(y, 0/G(y) =1{1,s}.

3B: o = 0. Here G(y) is a reductive group over k; (y) is a rational maximal torus of
G(y) whose Weyl group is generated by s; and U(y) and V(y) are the unipotent radicals
of an opposite pair of rational Borel subgroups of G(y) containing L(y). In this case

I\G(y,)/G(y) = {1}

Cased4. x=[" :J. In this case L(y) = {diag (a,a™t) | a € k[x]} = GLq (k[e]/(¢?)). There
are two subcases.

4A: 1 # 0. Here G(y) = L(y) and L\G(y,1)/G(y) = {1,s}.

4B: p = 0. The subgroups U(y) and V(y) commute with one another in G(y), and we
have

G(y) = (U(y) x V(y)) x (L(y) x 5)
where S is the two-element group generated by s. We have L\G(y,[)/G(y) = {1}

5.4. Proof of Theorem 5.2

In this section we shall use the results of the previous section to prove that for each y € [
and each g € G(y,[), there is a natural isomorphism

1"7((; ‘J)) Ady i G((;’)) =A(9-v,y) D A9y, s-y) Ads PE(9-y,y) (5.16)
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of functors R(L(y)) — R(L(g-y)). By Corollary 5.13, this constitutes a proof of
Theorem 5.2. We recall from §5.2 that

Ady ifz=1- Tlvo. T
May) =4 Y a2y =@ (s A alay))
0 ifz¢L-y deo

for all y,z e L.

The proof of (5.16) goes through a case-by-case analysis of the various possibilities for
y = diag (x, —x'). The cases are labelled as in §5.3. The reader who is more interested
in ideas than in details might like to focus on cases 1A , 2A* and 4B, which together
contain all of the techniques used in the other cases.

Case 1A. Take y =diag(m,p,—1,—p),  #0. We must consider g=1, g =s and

g=w. B
For g =1, the left-hand side of (5.16) is the identity on R(L), because all of the
centralisers are equal to L. We have A(y,s-y) =0 because y and s-y = —y are not

L-conjugate. The only diagonal matrix d € 0 that is L-conjugate to y is d =y itself, and
we have A(y,w-y) =0, and so =(y,y) = 0. Thus the only nonzero term on the right-hand
side of (5.16) is A(y,y), which is the identity on R(L). Thus the two sides of (5.16) are
isomorphic.

For g = s all of the centralisers are again equal to L, and so the left-hand side of (5.16)
equals Adg. One finds as above that the only nonzero term on the right-hand side is
A(s-y,s-y) Adg, which equals Ads.

For g = w we have w-y = diag ( — p, 1, 1, —t), and so the centralisers of g -y are as in

case 2B. The left-hand side of (5.16) is thus equal to r%(w'y) Ad,,. Since A(w-y,y) and
A(w-y,s-y) are both zero, the only potentially nonzero term on the right-hand side of
(5.16) is Z(w-y,y). Since the only diagonal matrix that is L-conjugate to y is y itself,
we have

Zw-y,y) = A(w-y,w-y)i%(w'y) Ady r%(y) Aly,y) = Adw k.
Now, we have G(w-y) = Ady, (L), U(w-y) = Ady, (V/), and V(w-y) = Ad,, (U) (see
case 2B in §5.3), and therefore

G(wy) _ ~ ~ _ L
1"ﬁ Adw = rﬁ(wy),V(wy) Adw = Adw I‘v)w = Adw I"W’V = Adw Ir—

D

where we used Theorem 2.18(1) to switch U’ and V’. This completes the proof of (5.16)
in case 1A.

Case 2A. Take y = diag (1, v,—p,—V), where p and v are nonzero and p # +v. We
must consider g =1, g=s, g =w and g = wt. For each of these g the matrix g-y is
again of the form 2A, and so all of the centralisers appearing in (5.16) are equal to D,
and the left-hand side of (5.16) is equal to the functor Adg on R(D).

For g =1 the functor A(y,y) equals the identity, while A(y,s-y) =0 (because y and

s-y are not L-conjugate) and =(y,y) = 0 (because the only diagonal matrices that are
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L-conjugate to y are y and t-y, and neither of these is L-conjugate to w-y). So both
sides of (5.16) equal the identity.

For g = s the functor A(s-y,s-y) is the identity, while A(s-y,y) and =Z(s-y,s-y) are
both zero. So both sides of (5.16) equal Ads.

For g =w, the only potentially nonzero term on the right-hand side of (5.16) is
Z(w-y,y). There are two diagonal matrices d € 0 that are L-conjugate to y, namely
y itself and t-y. Since w-y =diag (—u,v,u,v) and wt-y = diag (—v,u,v,—u) are
not L-conjugate, we have A(w-y,wt-y) =0, and so the summand in Z(w-y,w-y)
corresponding to d = t-y is equal to zero. Therefore,

_ .L(w- L
Zw-y,y) = Aw-y,woy) itV Ady r Y Ay, y) = Ady

as required.

For g =wt the argument of the previous paragraph shows that the right-hand side
of (5.16) is equal to Z(wt-y,y), and that only the d =ty summand in the latter is
nonzero. We have

T(wty) Ady, rLﬁ(ty) A(t-y,y) = Ad,, Ad¢

Z(wt-y,y) = A(wt-y,wt-y)ig
because A(t-1y,y) = Ady and all of the centralisers equal D. This completes the proof of

(5.16) in case 2A.
Case 2A*. Let y = diag (1,0, —p, 0) where n # 0. We must consider g =1 and g = w.

For g =1, the left-hand side of (5.16) equals S8

D D
are isomorphic to the functors of Harish-Chandra

. We are in the situation of

Example 2.10, and so r%(y) and i%(y)

restriction and induction (respectively) for the maximal torus D c G(y). Since the Weyl
group of D in G(y) is equal to {I,t~'wt}, the usual Mackey formula (1.1) (cf. [13,
Theorem 5.1]) for the composition of Harish-Chandra functors gives

SV 8 =g Ad, 1y,

Still taking g = 1, we have A(g-y,s-y) = 0, and so the right-hand side of (5.16) equals
id ® =Z(y, y). The only diagonal matrices that are L-conjugate toy ared =y and d = t-y.
For d =y we have A(y,w-y) =0, and so the only potentially nonzero summand in
Z(y,y) is the one corresponding to d = t-y. Computing this summand, we find

Z(y,y) = Ay, wt-y) i%Wt.y) Adw r%tiy) Alt-y,y) = Ad—1 Ady Ady,

because L(wt-y) = L(t-y) = D. Thus the right-hand side of (5.16) is, like the left-hand
side, isomorphic to id @ Ad-1,,-
Now take g = w. Notice that w-y = —y. The left-hand side of (5.16) is
S Ady iE®) = Ady 12V iEY) = Ady, @ Ady,
where for the first isomorphism we have used Theorem 2.18(1), and for the second we
have used the Mackey formula (1.1) for Harish-Chandra induction together with the
equality wt—Twt = ts in G.
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Keeping g =w and turning to the right-hand side of (5.16), the term A(w-y,y)
vanishes, while the fact that w-y = ts-y implies that A(w-y,s-y) Ads = Ads. So we
are left to show that Z(w-y,y) = Ady,. The d =y term in Z(w-y,y) is equal to

A(w-y,w-y)iB Ady 12 A(y,y) = Adw,

while the d = t-y term vanishes because A(w -y, t-y) = 0. Thus both sides of (5.16) are
isomorphic to Ady, @ Adis in this case.

Case 3A. Take x = [B“u ﬁ], where p € k is a non-square and «, 3 € k™, and let y =

diag (x, —x!). We must consider g =1 and g =s. We have G(y) = G(s-y) =L(s-y) =
L(y), so that the left-hand side of (5.16) is equal to Adg for each g. Note that since y is
not L-conjugate to a diagonal matrix we have Z(z,y) = 0 for every z.

For g =1 we have A(y,y) = id while A(y,s-y) =0, so both sides of (5.16) equal the
identity.

For g =s we have A(s-y,y) =0 while A(s-y,s-y) =1id and so both sides of (5.16)
equal Ads. So (5.16) holds in case 3A.

Case 4A. Take x =[* :L], where p # 0, and let y = diag (x, —x!). The argument is the
same as in case 3A.

Case 1B. Take y = 0. We need only consider g = 1. Then (5.16) becomes the assertion
that o _ _

r% i% = id @ Ad, @i%Adw r%.
G
L —
Harish-Chandra induction and restriction for the Siegel Levi subgroup in G = Spy (k),
and the above formula is just the standard Mackey formula (1.1) for the composition of

these functors.

This is true: the functors i and 1“t6 identify, as in Example 2.10, with the functors of

Case 2B. Let y=diag(p,—p,—p, 1), p#0. We must consider g=1, g=w and
g =wt.
For g =1 the left-hand side of (5.16) is equal to

pade (032w (D) A q,, LI Ady, 1 = Ady (i@ Ady) Ady, 1 = id @ Ad

where we have identified i% and r% with Harish-Chandra functors and applied the

usual Mackey formula (1.1) for the group L = GL; (k) and its diagonal torus D. On
the right-hand side of (5.16) we have A(y,y) =id and A(y,s-y) = id, so we are left to
show that =(y,y) = 0. The only d € 0 with A(d,y) #0 are d =y and d =t-y. In both
of these cases we have A(y,w-d) =0, and so Z(y,y) = 0 as required.

The g =w and g = wt cases follow the argument for the ‘g =w component’ of case

1A. The left-hand side of (5.16) is isomorphic to Adg i%dg (L), while the right-hand side is

isomorphic to i% Adg, and the two sides are isomorphic to each other by Theorem 2.18(1).

Case 3B. Let x = [Bu B], u € k a non-square, f € kX, and take y = diag (x, —x*). We
need consider only g = 1. We have on the one hand A(y,s-y) = id, while on the other
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hand Z(y,y) = 0 (since y is not L-conjugate to any d € ), and so (5.16) reads

G(y).G(y) ~ .

) Ty @A
This is true: the functors on the right-hand side are isomorphic to Harish-Chandra
functors as in Example 2.10, and the above formula is the usual Mackey formula for
these functors.

Case 4B. Take x = [§ (1)} and y = diag (x, —x'). We need only consider g = 1. As in
case 3B, the right-hand side of (5.16) is id @ Ads, while the left-hand side is rg((lj)) ig((lj’)).
Since U(y) and V(y) commute, the latter functor is isomorphic as in Example 2.15 to

the tensor product with the H(L(y))-bimodule

) v TE W)ty v = H((Tly) x V(y)\G()/(Tly) x V()
= H((U(y) x Vy)\G(v)),

<l

with the last equality holding because U(y) x V(y) is normal in G(y). The semidirect
product decomposition of G(y) given in §5.3 for this case implies that

H((U(y) x VW)\G(y)) = H(L(y) x ) = H(L(y)) ® H(L(y))s

as H(L(y))-bimodules, and so the corresponding tensor product functor rg((lj)) ig((yy)) is

isomorphic to id @ Adg as required.
This completes the proof of (5.16) and hence, by Corollary 5.13, of Theorem 5.2. O

5.5. Comparison with parahoric induction

We now come to the second corollary of the analysis of §§5.1-5.3. In addition to the
virtual Iwahori decomposition (U, L, V) of G that we have been considering until now,
we shall also consider the triple (Up,L, V), which is a virtual Iwahori decomposition
of G because the subgroup Up C U is normalised by L. This second virtual Iwahori
decomposition gives rise to a second induction functor iy,,v : R(L) = R(G) which, as
we shall see below, is an example of Dat’s parahoric induction ([10], cf. Example 2.12). It
follows immediately from the definitions that we have a natural inclusion iy v € iu,,v-
We shall show that this inclusion is proper, and then we shall explain why this gives a
negative answer to [10, Question 2.15].

Corollary 5.17. Let x € Mz (k) and consider y = diag (x, —x") € . The restrictions of the
functors

iu,v, iug,v:R(L) = R(G)

to the subcategory SQ(L)%| are mutually nonisomorphic if x is nonzero and nilpotent; and
these restrictions are mutually isomorphic if x is zero or non-nilpotent.
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Proof. The computations of §5.2, in particular Lemma 5.9, show that there are
commutative (up to natural isomorphism) diagrams

R(L) g, — > R(G)y, and R()y, _ MY %G

F'y-TN T FL—]N T
- U(y),V(y) = = i ( =

R(T(y) —Y 2 Gy R(T(y) — 2~ R(G(y

(In the second diagram we have used the fact that the group Up is trivial, so that

o) V) = V) B B

If x is semisimple then G(y) is a finite reductive group, and U(y) and V(y) are the
unipotent radicals of an opposite pair of rational parabolic subgroups with common Levi
subgroup L(y). The functor iv(y)is the Harish-Chandra induction functor associated to
the parabolic subgroup L(y)V(y) of G(y), and as in Example 2.10 the natural inclusion

( ) V(y) - lv( ) is an lSOmOrphlSm

If x is neither semisimple nor nilpotent, as in Case 4A, then the groups U(y) and V(y)
are bot.h trlYIal, G(y) = L(y), and the functors i iU (y),V(y) and iy are both isomorphic
to the identity.

We are left to consider the case where x is nilpotent; say x = [8 (1)]. In this case we have

G(y) = (U(y) x V(y)) = (L(y) % S),

from which it follows (cf. Example 2.15) that the functors iU(y),V(y) and iy are
isomorphic, respectively, to the compositions

i) V) - REW) 25 R(WUly) x V(y)) x Ly)) 24 R(G(y)),
iv(y)  RILY) 25 R(V(Y) % Ly)) 25 RG(y)).

y),V

The functor W(y),V(y) thus scales the C-dimension of representations by a factor of

while iV(y) scales the dimension by

(G(y) : V(y) x L(y)] = IS [U(y)| = 2KI.
Thus iy,v is not isomorphic to iy,,v as functors on iR(L)%. O

The above proof also shows that the parahoric induction and restriction functors do
not satisfy the analogue of Theorem 5.2:

Corollary 5.18. Let x € Mz (k) be nonzero and nilpotent, and let y = diag (x, —x*'). The
restriction of the functor

'y, V iUy, v : R(L) = R(L)

to the subcategory R(L) @, 15 not isomorphic to id ® Ads.
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Proof. The proof of Corollary 5.17 showed that for each nonzero M € R(L)
proper inclusion iy, v (M) C iu,,v (M), and hence a proper inclusion

Endg (iu»v (M)) C Endg (iuo’v (M))
Homp (M, T'Uy,V iUy, V (M)).

Thus ru,,viu,,v (M) is not isomorphic to M @ Ads (M). O

oy there is a

Hom; (M, M@ Ads (M)

12

[le

Remarks 5.19. (1) A straightforward computation with the functors iV(y) and V()

using the semidirect product decomposition of E(y), shows that for each irreducible
M e fR(I_)(p‘J one has

kl+1 if M= Ads (M),

k| it M 2 Ads (M).

dime Endg (iu,,v (M) =

(2) The nilpotent orbit L-y is the only one on which the Mackey formula fails to hold
for the functors iy,,v and ry,,v: on all of the other orbits our proof of Theorem 5.2
carries over to the parahoric functors, thanks to Corollary 5.17.

Let us now explain the connection to parahoric induction. Let F be a non-archimedean
local field with ring of integers o, maximal ideal p and residue field k of odd characteristic.
As usual, we let 0 = 0/p®. Let G be the group Spy, realised as a subgroup of GL4 as in
(5.1). Let P =LU be the Siegel parabolic subgroup of block-upper-triangular matrices,
and let Q = LV be the opposite parabolic subgroup of block-lower-triangular matrices,
as above.

The group G(o) = Spy (0) is the stabiliser of a point in the Bruhat—Tits building of
G(F) lying in the apartment associated to the diagonal torus D. The pro-p radical of
G(0) is equal to the congruence subgroup

K1 =ker (G(0) = G(k)).

We have U(F) N G(0) = U(o), and likewise for L and V. Let U(o)™ = U(0) NKj.
We consider two induction functors R(L(0)) — R(G(0)): the parahoric induction
functor iU( )", V(o) defined by Dat, and the functor iy(s),v(o)- There is a natural inclusion

1U(0),V(0) S 1u(o)*, V(o) - (5.20)

As we explained in Example 2.12, an affirmative answer to [10, Question 2.15] would
imply that this inclusion is in fact an equality.

Corollary 5.21. The inclusion (5.20) is proper, and so [10, Question 2.15] has a negative
answer in this case.

Proof. Reduction modulo p? gives a surjective homomorphism G(o) — G(02), which
restricts to surjective homomorphisms on the subgroups U, L and V. Let Kz C G(o)
denote the kernel of this homomorphism. The triple (U(o) NK2,L(0) N K2, V(o) NK3) is
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an Iwahori decomposition of K3 : this follows easily from the corresponding decomposition
of the second congruence subgroup of GL4 (0) (cf. Example 2.5). Recalling the notation
G, L, U, V, etc. from previously in this section, and noting that Ug is the image of U(o)™
under the reduction map U(o) — U(oz), we conclude from Theorem 2.18(5) that the
diagrams

i(0),V(0) (o) *,V(0)

R(L(0)) —————— R(G(0)) and R(L(0)) ———— R(G(0))

infT Tinf infT Tinf
i uy,v

R(L) R(G) R(L) R(G)

commute. Corollary 5.17 shows that iy, v is a proper subfunctor of iy,,v, and so the
inclusion (5.20) is proper. O

6. Representations of the Iwahori subgroup of the general linear group

Let 0 be a compact discrete valuation ring with maximal ideal p. In this section we shall
present a simple application of the functors iy, and ry,v to the representation theory
of the Iwahori subgroups

In =In(0) ={g € GLn (0) | g is upper-triangular modulo p}.

We shall relate the representations of I, to representations of its block-diagonal
subgroups. Before stating the main result let us establish some notation (borrowed from
[3]) for these subgroups.

Let Py, denote the set of compositions (also called ordered partitions) of n: an element
o € Py is thus an ordered tuple of positive integers (o1, 2, ..., am) having Y a4 =n.
The blocks of « are the subsets

bi(x) ={1,...;001}, ba(x)={x1+1,...,01 + 2}, etc.

of {1,...,n}. We shall usually write n, instead of (n), for the composition with one block.
The set Py, is partially ordered by refinement: o < 3 if each block of (3 is a union of
blocks of . This partial order makes Py, into a lattice, the greatest lower bound a/\ 3
of two compositions being the composition whose blocks are the nonempty intersections
bi(x)Nbj(B) of the blocks of o and B. We also have an associative order-preserving
product
PaxPm = Prgm, (B -

given by concatenation.
Given a composition & € P, we denote by

Ix ={g € In | gij = 0 unless i and j lie in the same block of o}

the closed subgroup of «-block-diagonal matrices in I,. These groups are compatible
with the concatenation product:

Ioap=IaxIp (6.1)
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in an obvious way, and this gives an equivalence on smooth representations,

(MD(,MB)l—)Mo(®M[3 iR

R(Ta) x R(1p) (Tecp)-

We also consider the groups

U(,(—{gelTl

Vo = UL NIy

g is upper triangular; gi; = 1 for every i; and d
an
gij =0 if i #j and 1 and j lie in the same block of o ’

If B is a second composition with o < 3, we define
Uf =usnip and VB =Vvynig.

If x <P ePnandy <06 € P, then the isomorphism Ig.s = Ig x I of (6.1) restricts to
isomorphisms
U =ub xud and VEZ=VE V3. (6.2)

Example 6.3. If &« = (2,1) and 3 = (3), then

0* o 1 o 1
I"‘[pox X}’ ug:[ ]?]’ Vﬁ[p;&

0

where the blanks indicate zeros.

Lemma 6.4.
(1) For each pair of compositions o« < f in Pn, the triple (u[,i, LX,VQ) is an Iwahori
decomposition of 1g.

(2) For each triple of compositions & < <y one has

Uy =Uuf xuy and VY=VExV].

(3) For each pair of compositions «, 3 € Pn, one has
U.gcc/\ﬁ = U|3 NIy and V&/\B = V[g NIy.

Proof. Part (1) is well known, and can be established by elementary linear algebra as in
[3, 3.11]. Part (2) follows immediately from the Iwahori decompositions. Part (3) boils
down to the (manifestly true) assertion that for integers i and j lying in the same block
of a, i and j lie in the same block of /A if and only if they lie in the same block of
3. O

Definition 6.5. For each pair of compositions & < 3 in Py, consider the functors
B = iy ve : R(la) = R(I) and — rye ve 1 R(1p) = R(la).

The functors if and 1% are examples of parahoric induction as defined in [10].
Theorems 2.18 and 2.23 give some basic properties of these functors. Let us mention

two that will be used below:

https://doi.org/10.1017/51474748017000305 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000305

A variant of Harish-Chandra functors 1041

Lemma 6.6. (1) If x < B <7y are compositions of n, then

Y o~ Y B Y ~ B Y
iy =1igiy and Ty =T lp -

(2) Ifa<PePn andy < b€ P, then the diagram

B

B s
g X1

R(Ig) x R(Ly) — = R(Ig) x R(Is)

of P

R(Tecy) — R(Ip-s)

commutes up to natural isomorphism, as does the corresponding diagram of adjoint
functors r.

Proof. Part (1) follows from part (2) of Lemma 6.4 and part (7) of Theorem 2.18. Part
(2) follows from the compatibility of the decompositions (6.1) and (6.2). O

Definition 6.7. An irreducible representation M of I, will be called primitive if rfy (M) =
0 for every composition o € P, except for & =n. We denote the set of isomorphism
classes of primitive irreducible representations by Prim (Ir,).

The following lemma is key to our analysis of the functors i and r.
Lemma 6.8. Let o, € P, be compositions of n, and let M be an irreducible

representation of In. If rg (M) and rg (M) are both nonzero, then so is 1y x5 (M).

Proof. Since the representation M is irreducible and smooth, it factors through the
quotient map Iy (0) — In(0/p*) for some £. The functors i and r commute with inflation
(Theorem 2.18(5)), and so we may replace o by o/p' and assume throughout the proof
that I, is a finite group.

We know that N :=r17; (M) is nonzero. Therefore, up to isomorphism, we can write

M =ig (N) = H(In)eu ev, ®x¢(1,) N = H(In)eu,ev,eu,ev, @1, N-

(In the last equality we used Proposition 2.16.)
We know that the subspace

g (M) = eugevy H(ln)eu,ev eu,ev, ®a¢(1,) N (6.9)

of M is nonzero. By part (2) of Lemma 6.4 we know that each element of Vo € Vynag

can be written as the product of an element of Vg with an element of VE Ap = VaNlg.
Therefore, using the Iwahori decomposition of I, with respect to «, we get that I, =
VeIl =V VP nplaUa, which allows us to replace H(In) by H(VP Ap) in (6.9) and

write
rg (M) = euBevﬁf}{(v&s/\ﬁ)euaevo‘euaeva ®3((14) N

= }C(VEAﬁ)eu[SeV[S eu(xevoceutxevtx ®3'C(LX) N)
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where the second equality holds because the elements of :H(VE /\(3) C H(Ig) commute
with ey, and ev,. So we see that rg (M) is generated as a representation of Ig by its
subspace

EUREVREULEVEULEV, ®9{(ID¢)N (6.10)

and hence that this subspace is nonzero.
We now write ey, = ey, eV, We use the fact that elements of H(VF,g) C H(1x)

commute with ey, and that eV, 5 €Va = EVong (by part (2) of Lemma 6.4), to obtain
evﬁ U eV, — e\/[3 e\/g(c/\[3 CULCV, — (2\/[3 euaengB ev, = e\/(3 eufxevw\[3 .

A similar argument shows that eugevgeu, = eu,ng€Vvyeu,, and so the subspace (6.10)
is equal to

€U p €V UGV np €U EV, Ba(1,) N
This nonzero subspace of M is contained in the subspace
€U H(In)evenpUaeVa ®3¢(14) N = €U H(Ianp)evaas eUaeVy ®gc(1,) N
= €UunpEVonp CULECV, ®5'C(I<x) N,

where we have used the Iwahori decomposition of I, with respect to a«/Af, and the
inclusion Iqnp € I«. But this last nonzero subspace of M is exactly rz/\ﬁ (M), so we
are done.

Let us now present the main results of this section:

Theorem 6.11. Let M be an irreducible representation of the Iwahori subgroup I, C
GLn (0). There is a unique composition o« = (X1,...,xm) of N, and unique primitive
irreducible representations Mi € Prim (1), such that

M=if M1®--®Mmu).

Proof. First note the following consequence of part (2) of Lemma 6.6: if My,...,Mn
are irreducible representations of Iy,,...,I«,,, then

M is primitive for alli = 17 (M1 ® - -®@Mpm) =0 forall y < «. (6.12)

Consider the set
Q={ocePn |y (M) #0}

which is nonempty since it contains the composition n. Let o = (x1,...,%m) be the
greatest lower bound of Q in the lattice Pn; Lemma 6.8 implies that & € Q. The (nonzero)
irreducible representation rj (M) of the group Iy decomposes uniquely as a tensor
product

m
i (M) = Q)M
i=1
of irreducible representations of the factors I, of Iy (cf. (6.1)). If ¥ < « then

1§ (@ M) =13 (M) =0
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by Lemma 6.6 part (1) and the minimality of «, and so all of the Mj’s are primitive by
(6.12). Since by part (3) of Theorem 2.23 we have M = i} riy (M), we are done with the
‘existence’ part of the proof.

The uniqueness follows from (6.12): if rjj (M) = N1 ®---® N, where the Nj are all
primitive, then we must have 3 = « by minimality, and then Nj = M; for each 1 by the
uniqueness of the tensor product decomposition. O

Lemma 6.8 also implies the following simple formula for the composition of induction
and restriction:

Proposition 6.13. For all o, 3 € Pry and all M € Trr (1«) one has

n:n

Proof. Ifrg (ig (M)) is nonzero, then—since rg, (ig M) =
implies that

M is also nonzero—Lemma 6.8

tonp (M) =1pap (ig (M) #0.
In other words, if r3 5 5 (M) = 0, then rj ig (M) = 0 too.
If rynp (M) #0, then we can use Theorem 2.23 and Lemma 6.6(1) to compute

IR (M) = 0l (I8 1% (M) 21 ilag 1&g (M) =R iR (i85 180 (M)
B

= donp Tanpg (M)
as claimed. O

Theorem 6.11 has the following corollary, which gives a neat description of the way
the representations of all the groups I, (for n > 0) fit in together. Namely, let X :=
Dn >0 Ko(R¢(In)) denote the direct sum of the Grothendieck groups of the categories of
finite-dimensional smooth representations of the groups I, with the convention that Ip
is the trivial group. The maps induced on Grothendieck groups by the functors

R(In) x R(Im) = R(Inem), (M1, M2) i?nf;l) (M7 ®M3)

equip K with a graded multiplication structure. It follows from Lemma 6.6 that this
multiplication is associative. Since the irreducible representations of I, constitute a
Z-basis for Ko(R¢(In)), Theorem 6.11 implies the following result:

Corollary 6.14. The ring X is isomorphic to Z(Un>o Prim (1)), the non-commutative
polynomial algebra with indeterminates the primitive irreducible representations. [
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Appendix A. Centralisers for the adjoint action of Sp, (k)

In this section we give proofs of the assertions in §5.3 regarding the centralisers G(y)
and L(y) and the spaces L\G(y, [)/G(y). Part of the computations here can be deduced
from [42], where the cardinalities of the centralisers of elements of Spy (k) are computed,
by using the Cayley map. As we require the precise structure of the centralisers we give
a detailed computation below.

Fix x € M2 (k), and let y = diag (x, —x!) be the corresponding element of I. Clearly we
have

L(y) = {diag (a,a™") | a € Ma(k)(x)},

where M;(k)(x) denotes the centraliser of x in the algebra M (k). Elements of M; (k)
are either scalar or regular (in the sense of admitting a cyclic vector in lkz). We therefore
have

Mz (k) if x is a scalar matrix,
Mz (k) (x) =
k[x] if x is non-scalar.

Turning to the centralisers in G = Spy, (k), let us first note that the matrices x and —x*
give rise to two k[T]-module structures on kz, and that the centraliser of y in GL4 (k) is
isomorphic, in an obvious way, to the automorphism group of the direct sum ki @ ki ot
of these modules.

Lemma A.1. For each x € M (k) with tr (x) =0, the centraliser GLa (k)(y) of y =
diag (x, —x') € My (k) inside GL4 (k) is given by

GL4 (k)(y) = £-GL2 (M2(k)(x)) - £~
where 0 =[; '] € GLz (k) and £ =[" ;] € GL4 (k).
Proof. If tr(x)=0 then oxo '=-—x' and so id@®o:kZ@kZ — k2 Galkixt is
a k[T]-module isomorphism. Conjugating GL; (M2 (k)(x)) = Aut (k2 @k2) by this
isomorphism gives the asserted description of GL4 (k)(y). O

We now proceed to the computation of L(y), G(y) and L\G(y, [)/G(y) in each of the
cases listed in §5.3. Note that tr (x) # 0 in the ‘A’ cases, while tr (x) = 0 in the ‘B’ cases.

Case 1. x = diag (u, ).

We have M3 (k)(x) = M2 (k), so L(y) = L. For G(y) and L\G(y, [)/G(y) there are two
subcases to consider:
1A: pn # 0. Since x and —x*! share no eigenvalue, there are no nonzero morphisms between
the k[T] modules k2 and k? t» and consequently we have Gy)=Ly) =L

We claim that LT\G(y, [)/G(y) ={1, s, w}. This is equivalent to the claim that there are,
up to conjugacy by L, three G-conjugates of y lying in [: namely y itself, s-y, and w-y.
Indeed, any G-conjugate of y in [ must be split and semisimple, and must therefore be
L-conjugate to a diagonal matrix z whose entries form a permutation of the entries of y.
Since z lies in [, and hence is of the form diag (z1,2z2,—2z1,—22), the only possibilities for
z are

diag (Ha Hy —Hy —H)> diag ( -, H)» diag ( — Y, _H)) or diag (H’ —H, —H, H)-
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The first three are equal to y, s -y and w -y respectively, while the last is L-conjugate to
w-y.

1B: p = 0. Obviously H(y for all H € G, and G(y,[) = G(y).

)=
Case 2. x =diag(n,v), p #v. o
We have Mj(k)(x) ={[* g]l«, B €k} =k®k, and so L(y) =D is the group of

diagonal matrices in G. There are three subcases to consider:

2A. v # £y, 1w # 0 # v. Similar arguments to those of Case 1A show that G(y) = L(y),
and that L\G(y,)/G(y) = {1, s,w, wt}.

2A". v = 0. The space Homy) (]ki, kixt) is one-dimensional, spanned by p = [© 1], and

so we have GL4 (k)(y) = { |:(cl Z:|

Applying the condition j~'gtj = g~ defining Spy (k) to a matrix of the above form, we
find that

a,d e D, b,ce]kp}.

E(y) = x2 51 B € GLa (k) | a181 =1=0282—Py ; = GLy(k) x SLy (k).

Y 52

The Weyl group of SL; (k) with respect to its diagonal torus is generated by the matrix
0, and so the Weyl group of G(y) with respect to D is generated by the matrix

Up to L-conjugacy, the G-conjugates of y lying in [ are y and —y =w-y, and so
L\G(y, 1)/G(y) = {1, w).

2B. v =—u. Let z=diag (—u, —u, 1, 1), so that y =w-z. Then G(y) = Ady (G(z z)),
and G(z) =L as in Case 1A Since Ad,,' ()NT=V’, and Ad,' (V)nL=1,
we have U(y) = Ady (V') and V(y) = Ady, (U/). The argument of Case 1A gives

L\G(y, /G (y) = {1, w, wt}.

Case 3. x:[u";3 i],ueknonsquare xek, B ek”.

In this case Ma(k)(x) = {[ uog] o "] &1,B1 €k} is a quadratic field extension of k,
which we shall denote by k. There are two subcases to consider.

3A. o #0. Similar arguments to those of case 1A (considering the eigenvalues in k)
show that G(y) = L(y), while T\G(y,)/G(y) = {1,s}.

3B. « = 0. Since tr (x) =0, Lemma A. 1 implies that Ads 1 : GL4 (k)(y) - GL2 (kp) is
an isomorphism. Observing that Ady—1 (j) = [G,] o], and that £t = £, we find that

the isomorphism Ady_1 sends G(y) to

Ads-1 (G(y)) ={g € GL2 (k2) | g*g =1},
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abl® [odto ! obto!
cd| |octo™! cato'|"
The map a +— oa'o™ ' is a nontrivial k-algebra automorphism of ky, and so is equal to
the nontrivial element a — a'¥l in Gal (ky/k).
Let k denote an algebraic closure of k. The above computations show that Ady-—1

restricts to an isomorphism from G(y) to the (unitary) group GU> (k) of fixed points of
the automorphism

where

t 1

_ _ ab alkl plk7!

The subgroup f(y) corresponds under this isomorphism to the non-split rational
maximal torus of diagonal matrices {diag (a,a ) |a e k3} in GU3 (k), while U(y)
and \_/(y) correspond to the unipotent radicals of rational Borel subgroups of upper-
/ lower-triangular matrices. The Weyl group of GU; (k) with respect to its diagonal
torus is generated by the matrix [ 1= Ads 1 (s).

The argument of case 1A shows that all of the G-conjugates of y lying in L are already
L-conjugate, and so we have L\G(y,I)/G(y) = {1}.
Case 4. x=[" :J.

We have My (k)(x) ={[*B]|o,p ek} = k[e]/(¢?). There are two subcases to

consider. _ B
4A. pn#0. Arguing as in case 1A once again, we find that G(y)=1L(y), while

L\G(y,1)/G(y) ={1,s}.
4B. u = 0. Arguing as in case 3B, we find that the isomorphism

Ads 1 : GL4 (k)(y) — GL2 (k[x])

of Lemma A. 1 restricts to an isomorphism between G(y) and the group Q c GL; (k[x])
of fixed points of the involution

# p#] !
GL; (k) — CL; (kix]), [‘Cl 2} i [S# 2#}

where # denotes the k-automorphism x — —x of k[x]. We have furthermore

a a#i| e GL> (k[x])

Ads1 (L(y)) = { ae k[x}x} = H,

Ads 1 (U(y)) = { K ﬂ e GL3 (k(x]) ‘ be x]k.[x]} =X, and

adzs (V) = {1 ] e 612 | ¢ e xibab =

Let S denote the two-element subgroup of G(y) generated by s, and let R denote the
subgroup Ady—1 (S) of Q; thus R is the two-element group generated by r = Ads—1 (s) =
L.
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The subgroups X and Y commute in Q, because x*> = 0. Since H normalises X and Y,
this implies that the product XHY is a subgroup of Q, equal to (X x Y) x H. Explicitly,

xiv—{[¢ 2]

i.e. the group of q € Q such that q is diagonal modulo x.
Now, for each q € Q, the reduction of q modulo x is a fixed point of the involution

GLa (1) > L2 (9, & 5] |¢ ‘;]_]

a € k[x]*, b,c Exk[x]},

and so q modulo x is either of the form [* 1] or [, ®]. Thus the homomorphism
Q — {£1}, g+ det(q modulo x)
has kernel XHY, and is split by the homomorphism
{£1}->Q, -l

This gives a decomposition Q = ((X xY) x H) x R. Since conjugation by r preserves H
and permutes X and Y, we may rewrite this decomposition as Q = (X x Y) x (H x R).
Applying Adys gives

G(y) = (U(y) x V(y)) < (L(y) x S).

As in Case 3B we have G-yNl=1L-y, and so L\G(y,)/G(y) ={1}.
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