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ABSTRACT

We prove the test function conjecture of Kottwitz and the first named author for local
models of Shimura varieties with parahoric level structure attached to Weil-restricted
groups, as defined by B. Levin. Our result covers the (modified) local models attached
to all connected reductive groups over p-adic local fields with p > 5. In addition, we give
a self-contained study of relative affine Grassmannians and loop groups formed using
general relative effective Cartier divisors in a relative curve over an arbitrary Noetherian
affine scheme.
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1. Introduction

Building upon the work of Pappas and Zhu [PZ13|, Levin defines in [Lev16] candidates for
parahoric local models of Shimura varieties for reductive groups of the form Resgr(Go) where
Gy splits over a tamely ramified extension of K, and K/F is a finite (possibly wildly ramified)
extension. The present paper is a follow-up of [HR18], in which we prove the test function
conjecture for these local models. The method follows closely [HR18], and we only explain new
arguments in detail, but repeat as much as necessary for the sake of readability. For a detailed
introduction and further references we refer the reader to the introduction of [HR18].

Let us mention that the paper is supplemented in §3 by a general study of relative
affine Grassmannians and loop groups formed using a general Cartier divisor as in the work
of Beilinson and Drinfeld [BD99]. This unifies the frameworks of [PZ13, Lev16] in mixed
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TEST FUNCTIONS FOR LOCAL MODELS OF WEIL-RESTRICTED GROUPS

characteristic, of [Heil0, Zhul4, Zhul5, Ricl6b] in equal characteristic, and of [FP15, Fed16]
on the Grothendieck—Serre conjecture; cf. Examples 3.1 below. As an application, we identify
the torus fixed points and their attractor and repeller loci in the sense of Drinfeld [Dril3]
(cf. also [Hes81]) for these relative affine Grassmannians; cf. Theorem 3.17.

1.1 Formulation of the main result

Let p be a prime number. Let F'/Q, be a finite extension with residue field kr of cardinality g.
Let F'/F be a separable closure, and denote by I'r the Galois group with inertia subgroup Ir
and fixed geometric Frobenius lift ®r € I'p.

Let K/F be a finite extension, and let Gy be a (connected) reductive K-group which
splits over a tamely ramified extension. We are interested in the group of Weil restrictions
G = Resg/ r(Go) which is a reductive F-group but now possibly wildly ramified depending on

Let G be a parahoric Op-group scheme in the sense of Bruhat and Tits [BT84] with generic
fiber G. Note that G = Resp,. /0, (Go) for a unique parahoric Og-group scheme Gy with generic
fiber Go; cf. Corollary 4.8. We fix {u} a (not necessarily minuscule) conjugacy class of geometric
cocharacters in G defined over a finite (separable) extension E/F.

Attached to the triple (G, {u},G) is the (flat) local model

My = MG gu1.6)s

which is a flat projective Opg-scheme; cf. [PZ13] if K = F and [Levl6] for general K/F
(cf. also Definition 4.18). The generic fiber M,y g is naturally the Schubert variety in the affine
Grassmannian of G/ E associated with the class {y}. The special fiber My, ;. is equidimensional,
but neither irreducible nor a divisor with normal crossings in general.

Fix a prime number £ # p, and fix ¢~/ € Q, in order to define half Tate twists. Let d, be
the dimension of the generic fiber My, , and denote the normalized intersection complex by

def . = =
1Cy = j1Qeld)(d,/2) € DMy, Qe);

cf. §5.2.1. Under the geometric Satake equivalence [Gin95, Lus83, BD99, MV07, Ricl4, RZ15,
Zhul7], the complex ICy,; corresponds to the LGE = GY x T g-representation Vi,y of highest

weight {u} defined in [Hail4, 6.1]; cf. [HR18, Corollary 3.12]. Note that we have G¥ = Ind?f{(Gé’)

as groups over Q, under which Vi = By Vy,; cf. Lemma 5.6.

Let Ey/F be the maximal unramified subextension of E/F, and let &5 = &g, = @Efoﬂ and

4E = qE, = q[EozF I. The semisimple trace of Frobenius function on the sheaf of nearby cycles
T{SZ}: M{M}(kE) — @g, xr = (—1)d” tI‘SS((I)E ’ \I}M{u} (IC{M})E)

is naturally a function in the center Z(G(Ey), G(Opg,)) of the parahoric Hecke algebra; cf. [PZ13,

Theorem 10.14], [Lev16, Theorem 5.3.3] and §6.3. We remark that 7y lives in the center of

the Qg-valued Hecke algebra attached to function field analogues of (GEO,QOEO,EO); we are
implicitly identifying this with Z(G(Ep),G(Og,)) via Lemma 4.12.

Our main result, the test function conjecture for local models for Weil-restricted groups,
characterizes the function 77%,, extending the main result of [HR18] to the Weil-restricted
situation. It confirms that even for these local models, the local geometry of Shimura varieties
at places of parahoric bad reduction can be related to automorphic-type data, as required by
the Langlands—Kottwitz method.
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MAIN THEOREM. Let (G,{u},G) be a triple as above. Let E/F be a finite separable extension
over which {u} is defined, and let Ey/F be the maximal unramified subextension. Then

ss  __ _ss
iy = Hup

where 27, = 25, € Z(G(Ey),G(0g,)) is the unique function which acts on any G(Og,)-

spherical smooth irreducible Q-representation = by the scalar

tr(s(m) | Ind, 0 (Vi) 150,

where s(m) € [(GV)Po x ®p )ss/(GY) o is the Satake parameter for = [Hail5]. The function

qg) T takes values in Z and is independent of £ # p and ¢*/? € Q.

The construction of s(m) is also reviewed in [HR18, §7.2], and the values of 2y, are studied
in [HR18, §7.7]; cf. §6.5. The definition of the local models M. (u) depends on certain auxiliary
choices (cf. Remark 4.19), but the function 7{;y depends canonically only on the data (G, {1}, 9).

As an application of our main theorem we prove in §7 the test function conjecture for
(modified) local models attached to all groups and prime numbers p > 5. This relies on the fact
that when p > 5 any adjoint reductive F-group is isomorphic to a product of Weil restrictions of
scalars of tamely ramified groups; cf. (7.1) below. In Theorem 6.7 and § 6.3 we also show that the
variant of the main theorem holds, where semisimple traces are replaced by traces with respect
to any fixed lift &g of geometric Frobenius.

1.2 Other results

Our methods can be used to obtain results on the fixed point (respectively, attractor and repeller)
locus of G,-actions on fusion Grassmannians (cf. Theorem A below), and the special fiber of
local models (cf. Theorem B below).

1.2.1 Fusion Grassmannians. Let F be any field, and let G be a reductive F-group. For
each n > 0, there is the fusion Grassmannian Grg,, — A’ defined in [BD99] which parametrizes
isomorphism classes of G-bundles on the affine line together with a trivialization away from
n points. Given a cocharacter x: G,, r — G, we obtain a fiberwise G,,-action on the family
Grg,, — AL, and we are interested in determining the diagram on the fixed point ind-scheme
and attractor (respectively, repeller) ind-scheme

(GrG,n)O < (GrG,n)i - GrG,n§
cf. (2.1). Let M C G be the centralizer of y, which is a Levi subgroup. The dynamic method
promulgated in [CGP10] defines a pair of parabolic subgroups (P*,P~) in G such that
Pt NP~ = M; see the formulation of Theorem 3.17. The natural maps M < P* — G induce
maps of fusion Grassmannians
GI‘M,n < Grpﬂ:m — GI‘GJL.

An extension of the method used in the proof of [HR18, Proposition 3.4] allows us to prove the
following result.
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THEOREM A. For each n € Zxq, there is a commutative diagram of A’-ind-schemes

Gruyn Grps , — Grgp

K LN
(GrG,n)O I — (GrG,n)i —— GrG,n

where the vertical maps are isomorphisms.

Theorem A is a special case of Theorem 3.17 which applies to general reductive group schemes
over A’% which are not necessarily defined over F. Let us point out that [HR18, Proposition 3.4]
implies that Theorem A holds fiberwise. However, we do not know how to prove sufficiently good
flatness properties of Grg, — AL in order to deduce the more general result from the fiberwise
result.

The tensor structure on the constant term functors in geometric Langlands is constructed
in [BD99, MVO07]. In [Gai07, Reil2], it is explained how to use the nearby cycles to define the
fusion structure used in the geometric Satake isomorphism. Theorem A together with [Ricl9,
Theorem 3.3] gives another way of constructing the tensor structure on the constant term
functors, even without passing to the underlying reduced ind-schemes; cf. the proof of [HR18,
Theorem 3.16].

1.2.2 Special fibers of local models. As in [HR18, §6.3.1], we use the commutation of nearby
cycles with constant terms to determine the irreducible components of the geometric special fiber
My, i of the local models. Recall that, by construction (cf. Definition 4.18), there is a closed
embedding

My i = Hgo

where Flg is the (partial) affine flag variety attached to the function field analogue G /kp[u]
of G/Op; cf. Theorem 4.13 and Proposition 4.15(ii). As envisioned by Kottwitz and Rapoport,
the geometric special fiber My, 3 should be the union of the Schubert varieties F l;bwk C Hg
where w ranges over the {u}-admissible set Admfu} C We\W/W¢ where G = G¢ and W =
W (G, F) denotes the Iwahori-Weyl group. Here we are identifying the Iwahori-Weyl groups
attached to G/F and G*/kp(u) by Lemma 4.11. The following result verifies their prediction;
cf. Theorem 5.14.

THEOREM B. The smooth locus (M} )™ is fiberwise dense in My,,\, and on reduced subschemes
a union of the Schubert varieties

(M{u}ff)fed = U ]:l;;l,}fc'
wEAdmgu}

In particular, the geometric special fiber M (u} . 18 generically reduced.

If pt |m(Gger)|, then Theorem B is [PZ13, Theorem 9.3] for K = F, and [Levl6,
Theorem 2.3.5] when K # F. We have removed this condition on p and thereby conclude that
the Kottwitz—Rapoport strata in the special fiber are enumerated by the {u}-admissible set for
all local models constructed in [PZ13, Lev16].

1.3 Overview
In §2 we recall a few facts about G,,-actions for convenience. The following § 3 studies relative
affine Grassmannians formed using a general Cartier divisor. In §4 we recall the definition of
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Weil-restricted local models and results from [Lev16] which are needed in the sequel. These
results are applied in §5 to study G,,-actions on Beilinson-Drinfeld affine Grassmannians for
Weil-restricted groups. In §6 we formulate and prove the test function conjecture for Weil-
restricted local models.

1.4 Conventions on ind-algebraic spaces

Let O be a ring, and denote by O-Alg the category of O-algebras equipped with the fpqc
topology. An O-space X is a sheaf on the site O-Alg, and we denote the category of O-spaces by
Spp- As each object in the site O-Alg is quasi-compact, the pretopology on O-Alg is generated
by finite covering families, and hence filtered colimits exist in Spp and can be computed in the
category of presheaves.

The category Spp contains the category of O-schemes Schp as a full subcategory. An O-
algebraic space is a O-space X such that X — X x ¢ X is relatively representable, and such that
there exists an étale surjective map from a scheme U — X. By a theorem of Gabber [StaPro,
Tag 03WS8] this agrees with the usual definition of algebraic spaces using étale or fppf sheaves.

The category of O-algebraic spaces is denoted AlgSpy. There are full embeddings Schp C
AlgSppy C Spp. A map of O-spaces X — Y is called representable (respectively, schematic)
if for every scheme T — Y the fiber product X xy T is representable by an algebraic space
(respectively, scheme).

An O-ind-algebraic space (respectively, O-ind-scheme) is a contravariant functor

X:O-Alg — Sets

such that there exists a presentation as presheaves X = colim;X; where {X;}icr is a
filtered system of O-algebraic spaces (respectively, O-schemes) X; with transition maps being
(schematic) closed immersions. Since filtered colimits in Spy can be computed in presheaves,
every O-ind-algebraic space (respectively, O-ind-scheme) is an O-space. The category of O-
ind-algebraic spaces (respectively, O-ind-schemes) IndAlgSpy (respectively, IndSche) is the full
subcategory of Sppn whose objects are O-ind-algebraic spaces (respectively, O-ind-schemes).
If X = colim; X; and Y = colim;Y; are presentations of ind-algebraic spaces (respectively,
ind-schemes), and if each X; is quasi-compact, then as sets

Homgp,, (X,Y) = lim; colim; Homsg,,, (X;,Yj),

because every map X; — Y factors over some Y; by quasi-compactness of X;. The category
IndAlgSpe (respectively, IndSchp) is closed under fiber products, that is, colim; j)(X; X0 Y;)
is a presentation of X xo Y. If P is a property of algebraic spaces (respectively, schemes), then
an O-ind-algebraic space (respectively, O-ind-scheme) X is said to have ind-P if there exists a
presentation X = colim; X; where each X; has property P. A map f: X — Y of O-ind-algebraic
spaces (respectively, O-ind-schemes) is said to have property P if f is representable and, for
all schemes T' — Y, the pullback f xy T has property P. Note that every representable quasi-
compact map of O-ind-schemes is schematic.

2. Actions of G, on ind-algebraic spaces

We recall the setup and some notation from [Dril3, Ric19]. Let O be a ring, and let X be an
O-algebraic space (or O-ind-algebraic space) equipped with an action of G,, which is trivial
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on O. There are the following three functors on the category of O-algebras:

X% R+ Homp"(R,X),
X*: R— Homp;"((ARp)", X), (2.1)
X~: R~ Hom%" ((Ak)~, X),

where (AL)T (respectively, (AL)7) is AL with the usual (respectively, opposite) Gy,-action. The
functor X° is the functor of G,,-fixed points in X, and X* (respectively, X ) is called the
attractor (respectively, repeller). Informally speaking, Xt (respectively, X ) is the space of
points z such that the limit limy .o A - & (respectively, limy_, o A - z) exists. The functors (2.1)
come equipped with natural maps

XY« X* > X, (2.2)

where X* — X0 (respectively, X* — X) is given by evaluating a morphism at the zero section
(respectively, at the unit section). We say that the G,,-action on an algebraic space X is étale
(respectively, Zariski) locally linearizable if the G,,-action lifts — necessarily uniquely — to an étale
cover which is affine; cf. [Ric19, Definition 1.6]. We say that a G,,-action on an S-ind-algebraic
space X is étale (respectively, Zariski) locally linearizable if there is a Gy,,-stable presentation with
equivariant transition maps X = colim; X; where the G,,-action on each X is étale (respectively,
Zariski) locally linearizable. We use the following representability properties of the functors (2.1);
cf. [HR18, Theorem 2.1].

THEOREM 2.1. Let X = colim; X; be an O-ind-algebraic space equipped with an étale locally
linearizable G,,-action.

(i) The subfunctor X° = colim; X is representable by a closed sub-ind-algebraic space of X .

(ii) The functor X* = colim; XZ-i is representable, and the map X* — X is representable
and quasi-compact. The map X* — X is ind-affine with geometrically connected fibers and
induces a bijection on connected components mo(X*) ~ my(X°) of the underlying topological
spaces.

(iii) If X = colim; X; is of ind-finite presentation (respectively, an ind-scheme; respectively,
separated), so are X° and X*.

The proof is like that of [HR18, Theorem 2.1], using the representability results of [Ricl9,
Theorem 1.8]. We record the following lemma for later use.

LEMMA 2.2. For n € Zsg, let Xi,...,X, be O-algebraic spaces (or O-ind-algebraic spaces)
equipped with an étale locally linearizable Gy,-action. Then the diagonal G,,-action on the
product [[7"_, X; is étale locally linearizable, and the canonical maps

n 0 n n 4+ n
<H Xi> = I_IXZQ and <H X@) — l_IXljE
=1 =1 =1

i=1
are isomorphisms.
Proof. If, for each 4, the map U; — Xj is an étale local linearization, then the product [, U; —

[T;, X; is an étale local linearization. It is easy to check on the level of functors that the maps
are isomorphisms. O
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3. Affine Grassmannians for Cartier divisors

In this section we give a self-contained treatment of affine Grassmannians for non-constant group
schemes over relative curves which are formed using a formal neighborhood of a general Cartier
divisor. This extends the work of Beilinson and Drinfeld [BD99], and is inspired by the work of
Fedorov and Panin [FP15, Fed16] and Levin [Lev16].

3.1 Definitions and examples
Let O be a Noetherian ring. Let X be a smooth O-curve, that is, the structure map X — Spec(QO)
is of finite presentation and smooth of pure dimension 1. Let D C X be a relative effective Cartier
divisor which is finite and flat over O. Let G be a smooth affine X-group scheme.

To the triple (X, G, D), we associate the functor Grg = Gr(x g p) on the category of O-
algebras which assigns to every R the set of isomorphism classes of tuples (F, «) with

{]: a G-torsor on Xg, (3.1)

Q. ]:’(X\D)R = ‘FO‘(X\D)R a trivialization,

where Fy denotes the trivial G-torsor. Fpqc descent for schemes affine over X g implies that Grg
is an O-space. As G is smooth affine and hence of finite presentation, the functor Grg commutes
with filtered colimits of O-algebras. Further, if R is an O-algebra, then as functors on R-Alg,

Grg Xspec(0) Spec(R) = Grg|r-alg = Gr(xp.6x,,,Dp)- (3:2)

If we replace D by a positive multiple nD for some n > 1, then X\D = X\nD, and hence, as
O-functors,

Grx,g,p) = Gr(x,gnp)- (3.3)

The following examples are special cases of the general setup.

Ezample 3.1. (i) Affine Grassmannians/flag varieties. Let O = F be a field, and let D = {z}
for some point € X (F). Then on completed local rings O, ~ F[t;] where ¢, denotes a local
parameter at z € X.If G = G ®p X for some smooth affine F-group G, then Grg := Grg is (by the
Beauville-Laszlo theorem [BL95]) the ‘affine Grassmannian’ formed using the local parameter t,,,
that is, the ind-scheme given by the étale sheafification of the functor R — G(R(t.))/G(R[tz])-
In general, the functor Grg is the ‘twisted affine flag variety’ for the group scheme G ®x F[t,]
in the sense of [PRO§].

(ii) Mized characteristic. Let O = Op be the valuation ring of a finite extension F/Q,. Let
K/F be a finite totally ramified extension with uniformizer w € K. Let X = A%QF with global
coordinate denoted by z, and let D = {Q = 0}, where @ € Op|[z] is the minimal polynomial
of w over F' (an Eisenstein polynomial). Let G be the X-group scheme constructed in [PZ13,
Theorem 4.1] if K = F, and in [Lev16, Theorem 3.3.3] otherwise; here it is denoted by G (see
Theorem 4.13). Then Grg is the Op-ind-scheme defined in [PZ13, Equation (6.11)] if K = F,
and in [Lev16, Definition 4.1.1] otherwise; here we denote it by Grg (see §4.4.1).

(iii) Equal characteristic. Let F be a field, and let C' be a smooth affine F-curve. Let O =T'(C, O¢)
be the global sections, and let X = C xp C = Cp. Let Gy be a smooth affine O-group scheme,
and let G = Go ®p X. Let D := A(C) be the diagonal divisor in X. If C' = AL, then Grg is the
ind-scheme defined in [Zhul4, Equation (3.1.1)]. If x € C(F) is a point, and O, — O denotes
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the completed local ring, then Grg ®» Oy is the ind-scheme defined in [Ric16b, Definition 2.3].
Let us remark that this is a special case of the general setup in [Heil0, §2].

(iv) Fusion Grassmannians. Let F' be a field, and let C' be an affine curve over F. The dth
symmetric product C@ is by [SGA4, Example XVII, Proposition 6.3.9] the moduli space of
degree-d effective Cartier divisors on C. Let Spec(Q) := C@D and let D := C@ be the universal
degree-d divisor on X :=C XFC(d) = Cp. For a smooth affine F-group scheme G, let G = GRr X.
Then the ind-scheme Grg Xgpec(0) C? is the fusion Grassmannian defined in [BD99, 5.3.11].

(v) Generically trivial bundles. If X = A}, and G is split reductive, then the functor Grg in (3.1)
is the moduli space of objects used in [Fed16, Theorem 2].

3.1.1 Loop groups. The functor Grg is related to loop groups as follows. For an O-algebra
R, let (Xg/DRr)™ be the formal affine! scheme defined by Dg in Xg, and denote by R[D] its

ring of regular functions. Explicitly, if Zr C Ox,, is the ideal sheaf for Dg, then (Dg, Ox,/Tp)

is an affine scheme Spec(A,) for all n > 1, and R[D] o lim A, = hmF(DR,(’)XR/I") Let

Dy = Spec(R[D]) be the associated affine (true) scheme. The map (XR/DR) — Xpg uniquely
extends to a map p: Dy — Xr by [Bha16 Theorem 1.1],2 and p~!(Dg) =~ Dg defines a relative
effective Cartier divisor on D Rr. Let Do R= DR\DR As Dp is a Cartier divisor in DR, it is locally
principal, and hence the complement D := Spec(R(D)) is an affine scheme. The (twisted) loop
group LG = Lp@G is the functor on the category of O-algebras

LG: R~ G(R(D)). (3.4)
The positive (twisted) loop group LG = LBQ is the functor on the category of O-algebras
LTG: R~ G(R[D]). (3.5)

As every Cartier divisor is locally defined by a single non-zero divisor, we see that L*G C LG is
a subgroup functor. Let us explain why these functors are representable in this generality.

LEMMA 3.2. (i) The functor L*G (respectively, LG) is representable by an affine scheme
(respectively, ind-affine ind-scheme). In particular, L*G and LG are O-spaces.
(ii) The scheme L*G is a faithfully flat affine O-group scheme which is pro-smooth.

Proof. Part (i) is true for every affine scheme G of finite presentation over O: Let G = A}, first.
Denote by Ip the invertible ideal defined by D in O[D]. By the preceding discussion, the ring
O[D]/Ip is isomorphic to the global sections of D and both are finite locally free O-modules;
cf. [StaPro, Tag 0BIC]. For any a € Z, we form I, as an invertible O[D]-module. For a < b,
denote by Ej,p the O-module If /I% which is also finite locally free (hence reflexive) by an
induction argument. As b varies, the set of O-modules {Ej, ) }>o forms an inverse system, and
O[D] = limy>0Ej ) by definition. It follows that I}, = limy>,E|, ) for any a € Z. In particular,
we get O(D) = colimglimp>, Eyp- As Ejqp is a reflexive O-module, we get for every O-algebra
R that

E[a,b] ®o R = Hom(’)—Mod((E[a,b])*7 R) = HomO—SCh(SpeC(R)’V[a,b])> (3'6)

! One can show that a formal completion (X/X’)”™ of a scheme X along an affine closed subscheme X’ C X is of
the form Spf(A) for an admissible topological ring A.

2When Xg is quasi-projective, one can invoke the more elementary result of [BD99, 2.12.6].
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where Vi, = Spec(Sym®(E[a’b])*) for every pair b > a. Taking limits shows that
Ab(R[D]) = R[D] = limyo(Ej 4 ®o R)

is identified with the R-points of the affine O-scheme lim>o Vg 5. The same argument shows that
R — AL (R(D)) is representable by the ind-affine ind-scheme colim,limp 4V, . This gives part
(i) in the case G = A},. For the general case, one verifies that the LT-construction (respectively, L-
construction) commutes with taking finite products and equalizers, and that finite products and
equalizers are constructed termwise in the category of ind-schemes. Hence, the lemma, follows for
LAY (respectively, LA%). A finite presentation G = Spec(Olt1,....,tn]/(f1,-- -, fm)) realizes G
as the equalizer of the two maps ¢, ¥ : A}, — A7y where ¢ is given by the functions f1,..., fi, and
1 is the composition of the structure map with the zero section. Hence, L™G (respectively, LG) is
the equalizer of LT and LT (respectively, Ly and Lt)) in the category of schemes (respectively,
ind-schemes). As equalizers define closed subschemes and LTA7 is affine (respectively, LAY
ind-affine), (i) follows.

Part (ii) is true for every smooth affine O-scheme G, necessarily of finite presentation. For
n >0, let D,, = Spec(O[D]/I}5) be the nth infinitesimal neighborhood of D in X. The Weil
restriction of scalars G, := Resp, j0(G xx Dy) is a smooth affine O-group scheme; cf. [BLRI0,
§ 7.6, Theorem 4, Proposition 5]. For varying n, these groups fit into an inverse system G,, — G,
for m > n, and the natural map of functors

LG = limps0Gn (3.7)

is an isomorphism. This proves (ii), and the lemma follows. |

Remark 3.3. If nD is a positive multiple of D, then there is a canonical isomorphism O[D] =g
O[nD] (respectively, O(D) = O(nD)). Indeed, as I,p = I}, C Ip, the ring O[D] is complete
with respect to the I, p-adic topology, and hence O[D] ~ limy>o R[D]/I*, = R[nD].

LEMMA 3.4. (i) The loop group LG represents the functor on the category of O-algebras which
assigns to every R the set of isomorphism classes of triples (F,a, ), where F is a G-torsor on

Xr, and a: F|x,\py —> Fo (respectively, B: Fy —> Flp,) is a trivialization over Xr\Dp
(respectively, ﬁR).

(ii) The projection LG — Grg, (F,a, 3) — (F, ) is a right L*G-torsor in the étale topology,
and induces an isomorphism of sheaves LG/ LTG = Grg.

Proof. Part (i) is deduced from the Beauville-Laszlo theorem [BLI5]; cf. [BD99, §2.12] for a
further discussion (cf. also [PZ13, Lemma 6.1]). For (ii), it is enough to prove that the projection
LG — Grg admits sections étale locally.

Let R be an O-algebra, and let F — D r be a G-torsor. We have to show that F is trivial étale
locally on R, that is, admits a Dp-section étale locally on R. By applying the lifting criterion
for smoothness and an algebraization result for sections (algebraization is easy because F is
affine), it is enough to show that the restriction F|p, — Dp admits a section étale locally on R.
Since the functor F|p,: R-Alg — Sets, B — F(Dp) commutes with filtered colimits (because
F is a scheme locally of finite presentation [StaPro, 01ZC]), we may assume without loss of
generality that R is a strictly Henselian local O-algebra. Now by assumption on D the R-algebra
R':=T(Dg,Op,,) is finite, and hence a direct product of Henselian local rings R’ = Ry X - - - X Rp;
cf. [StaPro, 04GH]. As R is strictly Henselian, each R; is strictly Henselian as well (because a
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finite extension of a separably closed field is separably closed). But each non-empty smooth
scheme over a finite product of strictly Henselian local rings admits a section by Hensel’s lemma.
This finishes the proof. O

Lemma 3.4(ii) shows that there is a transitive action map
LQ X0 Grg —> Grg. (3.8)
Let us look at the fibers of (3.8) over O.

COROLLARY 3.5. (i) Let F be a field, and let O — F' be a ring morphism. The underlying reduced
subscheme Dpyeq C Dp is an effective Cartier divisor on X, and we write Dpyeq = Y 1y D;
where D; are distinct irreducible, that is, the D; are closed points of Xp. There is a canonical
isomorphism of F-spaces

Gr(X,g,D) ®o F i) H Gr(XF,gF,Di)
i=1
compatible with the action of LG x g py ®0 F ~ ;2 LG(x1.¢r.Dy)-
(ii) Let O = F be a field, and let D = [z| be the divisor on X defined by a closed point x € X.
The residue field K := k(x) is a finite field extension, and we assume that K/F is separable.
There is a canonical isomorphism of F-spaces

GT(X,g,D) i) ReSK/F(Gr(XK,gXK,D))

compatible with the action of LG x g py ~ ResK/F(LQ(XKgXK’D)).

Proof. For (i), we may by (3.2) assume O = F. It is immediate from Remark 3.3 that for any
O-algebra R, we have R[Dyeq] ~ R[D] (respectively, R(Dyeq) ~ R(D)). Further, there is a
canonical isomorphism

R[Dyed] — []RIDI <respectively, R(Dreqd) — HR((D,;)))
=1 =1

because X is of dimension 1, and hence D;ND; = ¥ for i # j. Part (i) follows from Lemma 3.4(ii).
For (ii), first note that if we consider D as the divisor on X defined by the K-point z, then
Gr(x,,gx,.,0) 18 the twisted affine Grassmannian over K; cf. Example 3.1(i). Let K/F be the

splitting field of K which is a finite Galois extension with Galois group I. There is a canonical
isomorphism of K-algebras

which is T-equivariant for the action v x (cyp)y = (v(cy))yy on the target. Applying this

isomorphism to D ®p K, we obtain by (i) a T-equivariant isomorphism

Gr(xg.0) @r K — [] Groxy gy, ) @x K (3.9)
P
compatible with the actions of the loop groups. The canonical descent datum on the source in
(3.9) induces a descent datum on the target of (3.9) which implies (ii). O
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Let us point out some useful compatibility with Weil restriction of scalars.

COROLLARY 3.6. Let X’ — X be a finite flat surjective map of smooth quasi-projective O-curves,
and assume G = ReSX//X(Q’) for a smooth affine X’-group scheme G'. If D' := D x x X', then
the natural map is an isomorphism of O-spaces

GI‘(X/’g/’D/) E) Gr(X,g,D): (]:/,O/) —> (ReSX//X(F,),RGSXI/X(Q/)). (310)

Proof. Since X’ — X is finite flat surjective, the closed subscheme D’ C X' is a relative effective
Cartier divisor which is finite flat over O. Hence, the functor Gr(xs g/ psy is well defined. Using
Lemma 3.4(ii), the map (3.10) is induced for any O-algebra R by the canonical map of R-algebras

Spec(R[D']) — Spec(R[D]) xx X" (respectively, Spec(R(D")) — Spec(R(D)) xx X').

If R is Noetherian, then the first map (hence the second map) is an isomorphism by [StaPro,
00MA] because X' — X is finite. In particular, (3.10) is an isomorphism for any Noetherian O-
algebra R. As both functors in (3.10) commute with filtered colimits of O-algebras, the corollary
follows. O

LEMMA 3.7. Let O’ — O be a finite étale map of Noetherian rings. Then the composition
X — Spec(O) — Spec(Q’) is a smooth curve as well, and there is a canonical isomorphism of
functors

Gr(X/(’)’,g,D) ~ ReSO/O’ (GT(X/O,Q,D))-

Proof. If T — Spec(Q') is a test scheme, then X xgpeq(0) (Spec(O) Xgpec(0) T') = X Xgpec(or) T-
The lemma follows immediately from the definitions. a

3.1.2 Basic representability properties. The starting point is the following lemma, and we
sketch its proof.

LEmMMA 3.8. If G = Gl,, x, then the functor Grg is representable by an ind-projective O-ind-
scheme.

Proof. Let R be an O-algebra. If G = Gl,, x, then Grg(R) classifies rank-n vector bundles £ on
Xp together with an isomorphism |y, ~ Of, where Ug := (X\D)g. Let Ip, C Ox, be the
invertible ideal sheaf defined by Dg C Xg. For N > 1, let Grg y be the O-space whose R-valued
points are rank-n vector bundles £ on Xg such that, as Ox,-modules,

(@B )" C € (TN

Every vector bundle is locally free and by bounding the poles (respectively, zeros) of basis
elements, one gets, as O-spaces,

colimy>1 Grg n = Grg.

We claim that each Grg y is representable by a Quot-scheme as follows. The Ox,-module Ex g 1=
(IBN /IN)"®0 R is coherent and locally free over R. Let Quot be the O-space whose R-points
are coherent Ox,-module quotients &5 r — Q which are locally free R-modules. The functor
Quot, is representable by a projective O-scheme by the theory of Quot-schemes applied to the
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finite flat O-scheme 2N D, and the coherent Osnyp = Ox /I]%N -module &y 0. More precisely, in
the notation of [Fan05, §5.1.4], one has a finite disjoint union

_ r,02ND
Quoty = H QUOth,O/zND/spec(O)v
TEZ)O

and the representability result is then a theorem of Grothendieck [Fan05, §5.5.2, Theorem 5.14].
Note that the structure sheaf Oonp is relatively ample for 2N D — Spec(Q) because the map
is finite (cf. [StaPro, Tag 01VG, 28.35.6]). Concretely, Quoty is the closed subscheme of the
Grassmannian

Quoty — Grass(En,0),

which is cut out by the condition that the quotients are stable under the finitely many nilpotent
operators up,...,u, on En o induced by some presentation 2ND = Spec(O[ui, ..., un|/J).
Hence, to prove the lemma it is enough to show that, as functors,

Grg N = Quoty, &+— (IB}J%V)"/,S, (3.11)

We need to check that Q := (IB}]: ) /€ is a locally free R-module. This follows from the
isomorphism as R-modules Of /€ ~ @~ 1'52_15 /IB}’;E , and the short exact sequence

0 — (Zp;N)'/€ — OF, /€ - OF, /(TN — 0;

cf. also the argument in [Zhul7, Lemma 1.1.5]. Conversely, let Q € Quoty(R), and define the

coherent Ox,-module

€ Eker(TpN)" — Exp — Q).

We need to show that £ is a rank-n vector bundle on Xg. Covering Xr with affine schemes,
we may assume Xp = Spec(S) is affine. Let p C S be a prime ideal lying over a prime ideal
m :=p N R C R. By [StaPro, Tag 00M] applied to the map of local rings R, — S, and the
module &, (note that &, is still Ry-flat), to prove &, is free over S, we are reduced to the case
where R is a field. In the case where R is a field, £ C (IB}J: )" is a torsion-free rank-n submodule,
and since X — Spec(R) is a smooth curve, £ is a vector bundle. O

Remark 3.9. Using Lemma 3.4(ii), the set Grgy,  (O) can be identified with the set of O[D]-
lattices in O( D)), that is, in the notation of Lemma 3.2, the set of O[D]-submodules M C O(D))
such that for some N > 0, (IN)* ¢ M c (I;™)" and (I5Y)"/M is a locally free O-module.

ProposiTION 3.10. If G — G is a monomorphism of smooth X-affine X-group schemes such
that the fppf quotient G/G is a X-quasi-affine scheme (respectively, X -affine scheme), then the
map Grg — Grg is representable by a quasi-compact immersion (respectively, closed immersion).

Proof. Following the proof of [Zhul7, Proposition 1.2.6], it is enough to establish the analogue
of [Zhul7, Lemma 1.2.7]. Let R an O-algebra, and let p: V — Dp be an affine scheme of finite
presentation. Let s be a section of p over ﬁj’% We need to prove that the presheaf assigning, to
any R-algebra R/, the set of sections s’ of p over D r such that /| po, = s| Do, is representable by a

closed subscheme of Spec(R). Indeed, choosing a closed embedding V' C A% for some n > 0 and
R
using that R[D] C R(D)) is injective, we reduce to the case V"= A% . The presheaf in question
R

is representable by the locus on Spec(R) where the class 5 of the section s € V(D%) = R(D)"
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in (R(D)/R[D])" vanishes. With the notation of Lemma 3.2, we have 5 € E|_yq ®o R for
some N > 0. As E|_y g is a reflexive O-module, we see that giving an element of E_y g ®o R
is equivalent to giving a map of R-schemes Spec(R) — V(E_yo ®o R). Then the presheaf
in question is representable by the equalizer of the two maps corresponding to the elements
5,0 € E|_n, ®o R which is a closed subscheme of Spec(R). O

COROLLARY 3.11. (i) If there exists a monomorphism G — Gl,, x such that the fppf quotient is a
X -quasi-affine scheme (respectively, an X -affine scheme), then Grg = colim; Grg ; is representable
by a separated O-ind-scheme of ind-finite type (respectively, separated ind-proper O-ind-scheme).
Each Grg; can be chosen to be LtG-stable.

(ii) If in (i) the representation G — Gl,, x exists étale locally on O, then Grg = colim; Grg ;
is a separated O-ind-algebraic space of ind-finite presentation (respectively, separated ind-proper
O-ind-algebraic space). Each Grg,; can be chosen to be L*G-stable.

(iii) If G = G ®p X is constant and G is a reductive O-group scheme, then Grg is representable
by an ind-proper O-ind-algebraic space.

Proof. Part (i) is immediate from Lemma 3.8 and Proposition 3.10.

For (ii), we use part (i) together with Lemma 3.12 below. Note that the diagonal of Grg being
representable by a closed immersion follows from the same property of Grgy, , and the effectivity
of descent for closed immersions. Further, if O — @’ is étale, then the method of Lemma 3.12
shows that an LG ®p O'-stable presentation of Grg ®o O’ induces an LT G-stable presentation
of Grg (because LG is affine and flat, and taking the scheme-theoretic image commutes with
flat base change).

For (iii), note that after an étale cover O — ', the group scheme Gor := G ®p O is split
reductive and, in particular, linearly reductive. If we choose a closed immersion Gor — Gl o,
then the quotient Gl,, o /Gor is representable by an affine scheme by [Alp14, Corollary 9.7.7],
and (iii) follows from (ii). O

LEMMA 3.12. Let X be an O-space with schematic diagonal, and such that there exists a étale
surjective (as sheaves) map of O-spaces U — X with U an O-ind-scheme. If either U — X is
quasi-compact or U is quasi-separated, then X is an O-ind-algebraic space.

Proof. Given a presentation U = colim;c; U; with U; being schemes, we need to construct a
presentation X = colim;c; X; with X; being algebraic spaces. For each i, consider U; C U — X.
We define X/ to be the scheme-theoretic image of the map

UxxU cUxxU 2> U (3.12)

This is well defined for the following reason. Since U; X x U is a quasi-compact scheme, the
map (3.12) factors through U; C U for some j > 4. In either case, U — X quasi-compact or
U quasi-separated, the map (3.12) is quasi-compact. By [StaPro, 01R8], the scheme-theoretic
image behaves well for quasi-compact maps, and X, C U; is a quasi-compact closed subscheme.
As scheme-theoretic images of quasi-compact maps commute with flat base change [StaPro, Tag
0811], the scheme X/ is equipped with a descent datum relative to U — X, and defines a closed
O-subspace X; C X together with an étale surjective map X! — X;. As X; C X is closed, the
diagonal of X; is schematic, and X; is a quasi-compact algebraic space. By construction the X;
form a filtered direct system indexed by the poset I, and the canonical map colim;c; X; — X is
an isomorphism (because U — X is a sheaf surjection, and colim; X/ = U by construction). 0O

Remark 3.13. It would be nice to give a proof of representability of Grg which does not refer to
the choice of an embedding G — Gl,, x.
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3.2 The open cell
In this subsection and the next, we apply our methods to prove Theorem 3.17, a generalization
of Theorem A from the introduction. The results are not used in the proof of our main theorem.

We specialize to the case where X = Al and where G = G ®p X is constant, that is, the
base change of a smooth affine O-group scheme G of finite presentation. In this case, we denote
LpG (respectively, L} G; respectively, Gr(x,g,py) by LG = LpG (respectively, LtG = LLG;
respectively, Grg = Gr(x ¢ p))-

Since D C A}g is assumed to be finite over O, the subscheme D C }P’%,) is closed and defines
a relative effective Cartier divisor. In particular, Lemma 3.4(ii) (the Beauville-Laszlo lemma)
implies that Gry1 o p) = Grey g p) by extending torsors trivially to co.

The negative loop group is the functor on the category of O-algebras

L™G: R+ G(PL\Dg). (3.13)
Then L~G is an O-space which is a subgroup functor L~G C LG.

LEMMA 3.14. The functor L~G is representable by an ind-affine ind-scheme locally of ind-finite
presentation over O.

Proof. That the affine schemes are of finite presentation follows from the fact that L~ G commutes
with filtered colimits (because G is of finite presentation). One verifies that L™ commutes with
finite products and equalizers, and hence the proof of representability is reduced to the case
G = A}Q; cf. the proof of Lemma 3.2. We have to show that the functor on the category of
QO-algebras R given by the global sections R — F(OP}% \ DR) is representable by an ind-affine ind-
scheme. But, as R-modules, I‘(OP}%\DR) = colim,, F(OP}% (nDR)), and we claim that F(Oph(nDR))
is finite locally free: indeed, this follows from the short exact sequence

0— OIP’}% — OP}%(TLDR) — I;)%R/OIP’}% — 0
and the vanishing of H%ar(IP’}%, OIP}% ). This proves the lemma. O

Now define L=~ G = ker(L~G — Q) for g = g(c0). Then the intersection L=~G N LTG is
trivial inside LG, and we consider the orbit map

LG — Grg, g > g -ep, (3.14)
where ey € Grg denotes the base point.

LEMMA 3.15. The map (3.14) is representable by an open immersion, and identifies L=~ G with
those pairs (F,«) where F is the trivial torsor.

Proof. The argument is the same as the deformation argument given in [HR18, Lemma 3.1], and
we do not repeat it here. O

3.3 Geometry of G,,-actions on Grg
We assume X = A}y, and G = G ®p X with G being a reductive O-group scheme with connected
(and hence geometrically connected) fibers. Let x: G, 0 — G be an O-rational cocharacter. The
cocharacter y induces via the composition

+
Gmo C LT Gmo =5 LG C LG (3.15)
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a left G,,-action on the affine Grassmannian Grg — Spec(O). As in (2.2), we obtain maps of
O-spaces
(Grg)o <« (Grg)i — Grg. (3.16)

Let us mention the following lemma which implies the ind-representability of the spaces (3.16),
in light of Theorem 2.1 and Corollary 3.11.

LEMMA 3.16. The G,,-action on Grg is étale locally linearizable.

Proof. After an étale cover O — (0, there exists a closed immersion Ger — Grgy
(cf. Proposition 3.11(iii)) which is G,,-equivariant with respect to the action on Grg,_, given by

the cocharacter G, o X Go — Gl 0. The proof of Lemma 3.12 shows that an LT Ge-stable
presentation of Grg,, by quasi-compact schemes induces an L+ G-stable presentation of Grg by
quasi-compact algebraic spaces. To prove the lemma it is enough to show that the G,,-action on
GrGln,(’)/ is Zariski locally linearizable, and we reduce to the case O = O, G = Gl,, 0. By [Conl4,
Propositions 6.2.11 and 3.1.9], Zariski locally on O the cocharacter x lies in a split maximal torus
in Gl,,,0 which is O-conjugate to the diagonal matrices in Gl,, 0, and hence is after conjugation
with a permutation matrix dominant. In this way, we reduce to the case where y is a standard

dominant cocharacter given by \ — diag(A®,...,\%") for some integers a; > --- > a,. With
the notation of Lemma 3.8, it is now immediate that the G,,-action on Quoty C Grass(En,0) is
linear, and compatible with the transition maps for varying N. The lemma follows. O

Our aim is to express (3.16) in terms of group-theoretical data related to the cocharacter x;
cf. Theorem 3.17 below.

Let x act on G via conjugation (A,g) — x(A\) - ¢ - x(¢)~!. The fixed points M = G°
(respectively, the attractor PT = G™; respectively, the repeller P~ = G~) define a closed
subgroup of G which is smooth of finite presentation over O; cf. [Marl5]. The group M is
the centralizer of y, and is by the classical theory over a field a reductive O-group scheme which
is fiberwise connected (hence fiberwise geometrically connected). By (2.2) we have natural maps
of O-groups

M « P* = G. (3.17)

THEOREM 3.17. The maps (3.17) induce a commutative diagram of O-ind-algebraic spaces

Grys Grp+ Grg

Lol Lil idl (3.18)

(Grg)? <— (Grg)* — Grg,
where the vertical maps (° and «* are isomorphisms.

Remark 3.18. (i) An interesting example to which Theorem 3.17 applies is the case of fusion
Grassmannians Grg — A%; cf. Example 3.1(iv) with® C = AL. Hence, Theorem 3.17 implies
Theorem A from the introduction. Note that the group G need not be defined over F, but
can be a general reductive group scheme over the nth symmetric power (A};)("). Changing
the setup slightly, the group G could even be a general reductive group scheme over A%

3 The case of general smooth F-curves C can be reduced to the special case of Ak, but we do not need this in the
present paper.
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(take D = Spec(O) = A%, X = A% x pAL and consider the divisor A% — A% Xx AL, (z;); = ((:)s,
>, x) for i =1,...,n). (ii) Note that Theorem 3.17 also generalizes [HR18, Proposition 3.4]
and justifies [HR18, sentence containing (3.33)].

3.3.1 Construction of ° and *. The strategy of construction is the same as in [HR18],
which we recall for the sake of readability.

As the G,-action on Gryy is trivial, the natural map Gry; — Grg factors as Gry; —
(Grg)? — Grg, which defines (°. For the map 1=, we use the Rees construction explained
in Heinloth [Heil8, 1.6.2]. The G,-action P* x G0 — PE,(p,A) = x(AF) - p- x(AF) 7! via
conjugation extends via the monoid action of A on (A})* in (2.1) to a monoid action

my: PE x AL — P* (3.19)

such that my(p,0) € M. We let gr, : P¥ x AL, — P x AL, (p,A) = (my(p,A), \), viewed as
an Aly-group homomorphism. Then the restriction gry|{1y is the identity, whereas gr, [0} is the
composition P* — M — P*. For a point (F*,a®) € Grp+(R), the Rees bundle is

def
= grx,*(}"i ai}%) € Grp+(A}), (3.20)

Rees, (F*, aF) AL’
where gr, . denotes the pushforward under the Al-group homomorphism. Then the restriction
Reesy (F*, a%)|q1y,, is equal to (F*,aF), whereas Reesy (F*,a¥)|(o), is the image of (F*,
*) under the composition Grp: — Grps — Grpz. One checks that Rees, (F*,a) is G-
equivariant, and hence defines an R-point of (Grp+)™. As the Rees construction is functorial,
we obtain a map of O-spaces

«

Rees, : Grps — (Grp=), (3.21)

which is inverse to the map (Grp+)* — Grp+ given by evaluating at the unit section. We define
the map Grpz — (Grg)® to be the composition Grp: ~ (Grp+)* — (Grg)® where the latter
map is deduced from the natural map Grp+ — Grg. This constructs the commutative diagram
(3.18).

We claim that the map (? (respectively, t*) is representable by a quasi-compact immersion.
By [Conl14, Theorem 2.4.1], the fppf quotient G /M is quasi-affine, and hence «° is representable
by a quasi-compact immersion by Proposition 3.10. Note that since M is reductive, the space

0 is even a closed immersion. For ¢+, we use that quasi-compact

Gryy is ind-proper and hence ¢
immersions are of effective descent (cf. [StaPro, Tag 0247, 02JR]), and after passing to an étale
ring extension of O, we reduce to the case where G is linearly reductive. As in the proof of
Corollary 3.11, we choose G — Gl,, o such that Gl, o /G is quasi-affine (or even affine). Let
Q" C Gl 0 (respectively, @~ C Gl,, o) be the attractor (respectively, repeller) subgroup defined
by the cocharacter G, o LN Gl,,0. Then we have Pt =Q* X@l,. 0 G- The quotient Q*/P*
is an algebraic space of finite presentation over O, and the map i: Q*/P* — Glyo /G is a
monomorphism of finite type (hence separated and quasi-finite, by [StaPro, Tag 0463, 59.27.10]).
Thus, QT /P is a scheme, and the map 4 is quasi-affine by Zariski’s main theorem. In particular,
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QT /P* is quasi-affine as well. Now there is a commutative diagram of O-spaces

GI‘P:I:

(GT)i GIG (3.22)
Grg: — (Gra, o)* — Grai, o,

constructed as follows. The map Grg — Graqy,, ,, is a quasi-compact immersion by Proposition 3.10,
and as Grg is ind-proper, it is a closed immersion. Hence, the square is Cartesian by general
properties of attractor (respectively, repeller) ind-schemes. This also constructs the dotted
arrow in (3.22) which is the map ¢*. Further, the map Grg+ — (GTGlmo)i is an isomorphism
by Lemma 3.19 below. The map Grp+ — Grp=+ is a quasi-compact immersion because QF/P*
is quasi-affine. Since (Grg)* — (Gray,, o) is a closed immersion, the map ¥ is a quasi-compact
immersion.

LEmMMA 3.19. If G = Gl,, 0, then the maps V and «* are isomorphisms.

Proof. As in the proof of Lemma 3.16, we reduce to the case where x is a standard dominant
cocharacter. Then y corresponds to a Z-grading on V := O", say V = @, Vi, compatible with
the standard O-basis of V. The group M (respectively, P*/P~) is a standard Levi (respectively,
standard parabolic) of automorphisms of V preserving the grading (respectively, the
ascending/descending filtration induced from the grading). In the description of Lemma 3.8,
the subfunctor Gry, (respectively, Grp+ ) consists of those vector bundles £ € Grg(R) compatible
with the grading (respectively, filtration induced by the grading) on V ®o Opy,. Likewise, the
grading on V induces in the notation of Lemma 3.8 gradings on Ex,0 =V ®p (IBN / Ig ) for each
N > 1. As in Lemma 3.16, we have a closed G,,-equivariant immersion, and hence the diagram
of O-schemes

Quoty, — Grass(Ey0)°

| |

Quot y — Grass(En,0)

is cartesian, and likewise on attractor (respectively, repeller) schemes. The equality Grass(Ex,0)° =
[Licz Grass(V; ®o (ZpN /X)) is immediate, and one checks that Grass(V ®o (ZpY /ZN))* is the
subfunctor of those subspaces in En,0 compatible with the filtration. The lemma follows. O

3.3.2 Proof of Theorem 3.17. We need a lemma first. By functoriality of the loop group
construction, the Gy,-action on G via y-conjugation gives a G,,-action on LG (respectively,
L*@G; respectively, L~G). There are natural monomorphisms on negative loop groups

LM — (LG)°, (3.23)
L~ P* — (LG)*. (3.24)

LEMMA 3.20. The maps (3.23) and (3.24) are isomorphisms.
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Proof. Replacing O by an étale cover, we may assume that there exists a closed embedding
G — Gl,, 0. By the proof of Lemma 3.14 (respectively, Lemma 3.2(i)), the induced map L~ G —
L~ Gl,, o is a closed immersion.

Let x': G0 EEIN Gl,,,0, and denote the fixed point group (respectively, attractor/repeller
group) by L (respectively, Q). It is straightforward to check L~ M = L~G'N L™ L (respectively,
L P* =L "GNL Q%) and (L~ G)* = LGN (L™ Gl,0)° (respectively, (L~G)* = L~G N
(L™ Gl,,0)F). Hence, we may assume G = Gl,, 0.

After passing to a Zariski cover of O, we may assume that x is a standard dominant
cocharacter; cf. proof of Lemma 3.16. We have for every O-algebra R,

(L™ Gl 0)°(R) = {g € G(PR\Dg) | ¥S € (R-Alg),A € G, (S): x(\)-g-x(N\) " = g}.

Let g € (L™ Gl,,,0)°(R). To show g € (L™ M)(R), we can take S = R|[t,t™1] to see that the desired
entries in the matrix g vanish. The case of (L~G)¥ is similar, and the lemma follows. a

First case. Let O = F be a field. By fpqc descent, we may assume that F' is algebraically closed.
Then Dyeq = Zle[:c,-] for pairwise distinct points x; € X(F). If d = 1, the maps :° and (T are
isomorphisms in light of Example 3.1(i) and [HR18, Proposition 3.4]. In general, by Corollary 3.5
each ind-scheme in (3.18) is a direct product of d copies (compatible with the maps) of classical
affine Grassmannians formed using local parameters at x;. The G,,-action on the product via
G,, C LEGm ~ Lt

[zl]GmXF"'XFL+ Gm

[zn]
is the diagonal action, and we conclude using Lemma 2.2 and the case d = 1.

Second case. Let O be an Artinian local ring with maximal ideal m, and residue field F.
Passing to the strict Henselization, we may assume that F' is separably closed. The restriction
of 1V (respectively, t*) to the open cell L=~ M (respectively, L=~ P%) is an isomorphism by
Lemma 3.20. By Lemma 3.15, there is the open subset

Vu def U m-L™ "M -eg (respectively, Vp= def U p- L~ P*t. eo),
m

p

of Grys (respectively, Grp+), where the union runs over all m € LM(O) (respectively, p €
LP*(0)). The LM-equivariance (respectively, LP*-equivariance) of :° (respectively, t*) implies
that 0|y, (respectively, Li|VP . ) is an isomorphism. As Grj; (respectively, Grp=+) is a nilpotent
thickening of Gry; ®p F' (respectively, Grp+ ®p F'), it is enough to show that V), (respectively,
Vp+) contains the special fiber. As G splits over F' (because separably closed), the points
Gry (F) C Gry (respectively, Grp+(F) C Grp+) are dense, which follows from the density
of A%(F) C AL and the cellular structure of these spaces. Thus, it suffices to show that
Gry (F) € Vi (respectively, Grp+(F) C Vp+). In view of Lemma 3.4(ii), it suffices to show
that the reduction map LM (Q) — LM (F) (respectively, LPT(0) — LP*(F)) is surjective. As
O is Artinian, the ring O(D)) is (semi-local) Artinian, and the reduction map O(D) — F(D)
is surjective with nilpotent kernel m(D)). Hence, the desired surjectivity follows from the formal
lifting criterion using the smoothness of M (respectively, P¥). This handles the second case.

The general case. Passing to an étale extension of O, we may assume that (3.18) is a diagram
of ind-schemes; cf. Corollary 3.11. In view of (3.2), the closed immersion (° (respectively, quasi-
compact immersion () is fiberwise bijective, and hence bijective. Now Theorem 3.17 follows
from Lemma 3.21 below using the second case.
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LEMMA 3.21. Let O be a Noetherian ring, and let 1: Y — Z be a quasi-compact immersion of
finite type O-schemes. If 1 is set-theoretically bijective, and if, for every maximal ideal m C O
and every n > 1, the reduction t ® O/m™ is an isomorphism, then ¢ is an isomorphism.

Proof. By [StaPro, Tag 01QV], the map ¢ factors as an open immersion followed by a closed
immersion: Y — Y — Z. As ¢ is bijective, we have Y = Y and ¢ is a bijective closed immersion.
Being an isomorphism is local on the target, and we may assume that Z = Spec(A) and hence Y =
Spec(B) are affine. The map of O-algebras t#: A — B is surjective (because closed immersion),
and each element in I := ker(:%) is nilpotent (because ¢# is bijective on spectra). It is enough to
show that for the localization I, = 0 for all maximal ideals m C O. Without loss of generality,
we may assume that O is local with maximal ideal m. If mA = A, that is, the fiber of Z over
m is empty, there is nothing to prove, and we may assume that mA C A is a proper ideal.
As A/m"A — B/m"B is an isomorphism for all n > 1, we have I C [),5; m"A. But since
m"A = (mA)" and mA C A is a proper ideal in a Noetherian ring, we have (1,5, m"4 = 0 by
Krull’s intersection theorem. The lemma follows. O

4. Local models for Weil-restricted groups

In this section we collect a few properties of the Weil-restricted affine Grassmannians as
constructed in [Lev16]. We provide proofs for several statements which appear to be well known
but for which we could not find proofs in the literature.

4.1 Notation
Let F'/Q, be a finite extension with ring of integers O, and residue field k with ¢ elements. Let
K/F be a finite extension with ring of integers Ok and residue field ko /k. Let K/F denote the
maximal unramified subextension of K/F, with the same residue field ko/k. Fix a uniformizer
w of K, and denote by @ € Ky[u] the minimal polynomial, that is, @ is the unique irreducible
normalized polynomial with Q(w) = 0. Note that Q € O, [u], and that Q = ul*%0l mod w.
Let F (respectively, K respectively, Ko) denote the completion of the maxunal unramified
extension of F (respectlvely, K; respectively, Kj) inside a fixed algebralc closure F, and let
o € Aut(F/F) denote the Frobenius generator. We note that £ = K.
In §4.4 below, we specialize the general setup of §3 to the case where O = Op, X = AéKo

is viewed as a smooth curve over O, and D is defined by {@ = 0}. We first summarize some
properties of parahoric groups for Weil-restricted groups (see §4.2), and the group schemes G,
over X = A}DKO constructed in [PZ13, Lev16] (see §4.3).

4.2 Parahoric group schemes for Weil-restricted groups
Let Go be a reductive K-group. Fix a maximal K-split torus Ap, and a maximal K -split torus
So containing Ag and defined over K. Let My = Zg,(Ao) denote the centralizer of Ay which is
a minimal K-Levi subgroup of Gy, and let Ty = Zg,(So) be the centralizer of Sy. Then Tj is a
maximal torus because G, j; is quasi-split by Steinberg’s theorem.

We are interested in parahorlc subgroups of the Weil restriction of scalars G := Resg/r(Go)-
We will first need to classify the maximal F-split tori in G.

LEMMA 4.1. Suppose Ty is any K-torus, so that T' = Resg /(1) is an F-torus. Then there is a
canonical isomorphism of groups

Xe(T)rp = Xu(To)ry- (4.1)
In particular, the F-split rank of T' is the K-split rank of T.
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Proof. Recall that T represents the functor on F-tori which sends the F-torus T” to
Homg—ori (T" ®p K, Ty) = Homp -nviod (X4 (T7), X+ (Tp)) = Homp p-mod (X4 (T7), Indgf( (X« (Tp)))-

We deduce that X.(Resg/r(T0)) = Ind?f{ (Xi(To)) = Xu(To) @zr ) Z[TF] (since [['p : T'k] < 00).
Then the Ho-version of Shapiro’s lemma gives (X«(To) ®zr,) Z[LF))rp = X«(To)ry, which
implies the lemma. O

Under the bijection
Homp(T", Resg p(Go)) = Homg (T, Go), (4.2)

T' — Res k/F(Go) is injective if and only if the corresponding morphism T} — G is injective.
Since any K-split torus is of the form T}, for a unique F-split torus 7", this shows that the rank
of a maximal F-split torus in Resg,p(Go) is the same as the rank of a maximal K-split torus
in Gg. For the maximal K-split torus Ag C Gg, we write Ag = Ag for a unique F-split torus A.
Using the canonical embedding A < Resg/r(Ax) = Resg/p(Ao), we see that A is the F-split
component of Resg/r(Ap) and also a maximal F-split torus in G.

From now on, we will abuse notation and denote by A the image of A — Res K/F(Ao) —
Resg/r(Go) = G (even though A is not a Weil restriction of a torus). The discussion following
(4.2) shows that Ay — A gives a bijection between maximal K-split tori in Gy and maximal
F-split tori in G.

Let us note that since Sy is K -split (and using K, 0QK, K = K ) there exists a unique subtorus
St = Resk/k,(So) which is a maximal Ko-split torus in Resk/k,(Go) defined over Ko and of
the same rank as Sp. We let S denote the image of Resg,/r(S)) < Resg,/r(Resg/k,(S0)) =

Resg/pSo which is a maximal F-split torus in G defined over F.

LEMMA 4.2. Letting M = Resg/p(Mo) and T = Resg/p(Tp), we have M = Zg(A) and T =
Z(9S) as subgroups of G = Resg/p(Go)-

Proof. Both containments ‘C’ are obvious. For ‘2’ we note that the torus A is the diagonal torus
inside [ [, 7 Ao®k . F'. Considering its centralizer inside [[x., 5 Go® Ky F proves M = Zg(A).
Since Z(S) is necessarily a maximal torus, the inclusion T' C Z5(S) is also an equality. O

The correspondence A <> Ay induces a correspondence between the apartments in the
(extended) Bruhat—Tits buildings Z(G, F') and £(Gy, K). We will show that there is a canonical
isomorphism

B(G,F) ~ B(Gy, K), (4.3)

equivariant for the action of G(F) = Go(K), and compatible with an identification of apartments
(G, A F) = (Gy, Ao, K).
The Iwahori-Weyl group W = W (G, A, F) is the group

W % Normg (A)(F)/M(F)q, (4.4)
where M (F'); is the unique parahoric subgroup of the minimal Levi M; cf. [HRO8, Ricl6al. (By
Lemma 4.2, M is a minimal F-Levi subgroup of G.) We define W = W (G, S, F') analogously. In

the following we will use the identification FopK = H[ Ko:F] K which is o-equivariant for the
action o(a;); = (0aj—1); on the product.
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LEMMA 4.3. There is a canonical identification of Iwahori—Weyl groups

W(G,AvF) = W(GOaAOaK) and W(Ga Sa F) = W(G07SOaF®F K H W GO,‘Sb? )
[Ko:F]

Proof. Asin Lemma 4.2, one shows Normg(A) = Resg/p(Normg, (Ao)), and hence Normg (A)(F)
= Normg, (Ap)(K). By Lemma 4.4 below, M (F); = My(K);. The first equality follows and the
second is similar. O

LEMMA 4.4. Let G(F); C G(F) denote the Kottwitz kernel, that is, G(F); = G(F) N G(F);
with
G(F)1 = ker(rg: G(F) — X*(ZX)),

where k¢ is the Kottwitz homomorphism of [Kot97, §7]. Then G(F), = Hiko: Go(K); and
G(F)1 = Go(K)1.

Proof. The result is clear when Gy is a torus: G(F); and ko Go(K)1 coincide with the
unique maximal bounded subgroup of

G(F)=Go(FerK)= [] Go(K).
[Ko:F]

Thus, by a variation of Lemma 4.1, kg: G(F) = X.(G)1, is the direct product over [Kp : K]-
many copies of kg, : GO(I? ) = X.«(Go)1,- Clearly the result holds for Gy = G s and hence for
Go,der = Gosc by reduction to the torus case. Finally, the general case follows by the method of
z-extensions as in the construction of kg, [Kot97, §7.4]. O

(G07 SO) F ®F K)

LEMMA 4.5. There is a canonical isomorphism of apartments <« (G, S, F) =
W(Go, S0, F Rp K) and

compatible with the action of the Iwahori-Weyl groups W (G, S, )
the action of the Frobenius o.

S,

Proof. Let ¢ (respectively, igo) denote the Bruhat—Tits échelonnage root system attached to
(G, S) (respectively, (Go, Sp)). Taking Ty = Tpsc in Lemma 4.1 and using [HR08, Lemma 15], we
obtain an equality of coroot lattices

QV(EG) H X TOSC H Qv EGo

[Ko:F) [Ko:F]

By considering minimal positive generators of these lattices, we deduce that Yo = H[ Ko:F] EVJGO.
As all identifications are canonical this isomorphism is compatible with the action of ¢ on both
sides. This gives the identification of affine root hyperplanes needed to prove the isomorphism
of apartments

(G, S8, F) = (G, S, F @5 K).

The isomorphism is equivariant for W (G, S, F)) = W(Gy, So, F @ K) and o. O
PROPOSITION 4.6. There is a canonical isomorphism B(G,F) ~ %(Gy, K), equivariant for the
action of G(F) = Go(K), and compatible with an identification of apartments </ (G, A, F) =
%(G(Jv Ay, K) .
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Proof. By construction B(Go, K) = (Go(K) x M(Go,SO, K))/ ~, where (g,2) ~ (¢, z') if there
exists n € Normg, (So)(K) such that n -z = 2’ and g~'¢'n € U Here U, is the subgroup of
Go(K) generated by the affine root groups Uqy, associated to a + r with a(z) +r = 0, for
(a,7) € X, X Z. Because S = Iixo: Ya,, the equivalence relation for G is the [Kg : F]-fold
product of the equivalence relation for Gy. Using Lemma 4.5, this proves

II #(Go.K) = %G, F ¢r K),
[Ko:F]

equivariantly for o, and the proposition follows by étale descent; cf. [BT84, §5.1]. O

Let f be a facet of &/ (G, A, F'), and denote by f the corresponding facet in <7 (Go, Ao, K).
Let Gr (respectively, Gg,) be the associated parahoric group scheme over Op (respectively, Ok).

PROPOSITION 4.7. There is a canonical isomorphism of Op-group schemes Gg ~ ReSOK/OF (Gg,)
inducing the identity on generic fibers.

Proof. By the defining property of parahoric group schemes, it suffices to check that the group
H := Resp, /0,.(Gf,) is a smooth affine Op-group scheme of finite type with (geometrically)
connected special fiber, with the property that H(O}) is the intersection of the Kottwitz kernel

G(F); with the pointwise fixer in G(F) of f which we view as a subset of the building over F;
cf. [HRO8]. The Op-group H is smooth affine and of finite type by general properties of Weil
restriction of scalars; cf. [BLRI0, § 7.6, Theorem 4, Proposition 5. If R = O /w50l then the
special fiber is given by

H @0 k = Resgy(Gg, oy R),

which is a successive extension of smooth (geometrlcally) connected groups, and hence

(geometrically) connected. As J[(x, F] K = K ®p F we have H(O #) = Hiky:r 96 (OF) which

is the intersection of [[ix .pGo(K)1 = G(F ), (Lemma 4.4) with the pomtwise fixer in

H[KO:F] GO(IV() of f, by Lemma 4.5. The proposition follows. a

COROLLARY 4.8. Every parahoric Op-group scheme of G is of the form Res@K/@F(ng) for a

unique facet fy C (G, K). O
The subgroup Wy = We(G, A, F') of W associated with f is the group

We % (Norme (A)(F) N Ge(Or)) /M (F);.

The isomorphism W (G, A, F) = W(Go, Ao, K) induces We¢(G, A, F) = Wg,(Go, Ag, K). Let us

point out a consequence of Proposition 4.6 which is used later.

COROLLARY 4.9. There is a canonical identification Z(G(F'),Ge(OF)) = Z(Go(K), Gg,(Ok))
of centers of parahoric Hecke algebras compatible with the Bernstein isomorphism of [Hail4,
Theorem 11.10.1], where the Haar measures are normalized to give G¢(Of) = G, (Ok ) volume 1.

Proof. In view of G¢(OF) = Gg,(Ok), the equality of the centers is clear, and all that remains is
to show the compatibility with the Bernstein isomorphism. This follows from the equality

Appi= M(F)/M(F)1 = My(K)/Mo(K)1 =: Ay,

combined with the definition of Bernstein isomorphisms given by the integration formula
(e.g. [Hail4, 11.11]) and the isomorphism of finite relative Weyl groups Wy (G, A, F') = Wy(Gl,
Ay, K) consistent with Lemma 4.3. O
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4.3 Group schemes over A

Let Gy be a reductive K-group Wthh splits over a tamely ramified extension, and let G :
Resg/r(Go). Fix a chain of subgroups Ag C Sp C To C My in G as in §4.2 with correspondlng
chain of subgroups A C S C T C M in G. Further, fix a parabolic K-subgroup Py containing
My in G, and let P := Resg/p(F) in G.

In [PZ13, §3], a reductive O [u*]-group scheme G, admitting a maximal torus, and with
connected fibers, is constructed. As observed in [Lev16, § 3.1; Proposition 3.3], the group scheme
G, is defined over O, [u] in the following sense.

PROPOSITION 4.10. (i) There exists a reductive Of,[u*]-group G, together with a tuple of
smooth closed Oj,[u*]-subgroups (Ay, Sy, Lo, My, Py) and an isomorphism of K-groups

(QO;AO,EO)IO)MO7£O) ®OKO[ui],ul—>w K ~ (G07 AOv SO7T05 MOa PO)a

where A, is a maximal Og,[u*]-split torus, S, a maximal Ok, [u®]-split torus defined over
Or,[uT], Ty its centralizer, M, the centralizer of A, (a minimal Levi), and P, a parabolic
Or, [u*]-subgroup with Levi M.

(ii) The base change QOKO (] Is quasi-split. In particular, T, is a maximal torus.

Proof. Let us recall some elements of the construction as needed later. Let K /K be a tamely
ramified Galois extension which splits Gg. After possibly enlarging K, we may assume:
(1) the group Gy is quasi-split over the maximal unramified subextension Kg of K /F;
(2) there exist a uniformizer @ € K and an integer é > 1 such that w = @°, and therefore
K < Ko[v]/Q(v?) via & < v;
(3) Ky contains a primitive éth root of unity (cf. [PZ13, §3.1]).

There is a cocartesian diagram? of O, -algebras

Ok, [v] Lindll ¢

] | 43

Oxolu] 352 K

One can prove that Oy [v]/Ok,[u] is a ramified Galois cover with group isomorphic to I =

Gal(K /K); for this we use that Ky contains a primitive éth root of unity. As in [PZ13, §3],
the O, [uT]-group scheme G|, is constructed in [Lev16, §3.1] by descending a suitable choice
of Chevalley model for G z along the étale ring extension Oy, [v £/ O, [uT]; see [PZ13, §3]
and [Lev16, §3.1] for details. See also Example 4.14. O

Let us denote
def
(szszs&Tg?Mg?PO) (G07A07507T07M07P0) ®(’)K [u¥] k‘()(( )) (4'6)

Then G2 is a reductive group over K} := ko(u)), and (A2, S3, T3, M{, P}) are analogous to the
corresponding groups above; cf. the discussion in [PZ13, 4.1.2-4.1.3] and [Lev16, 3.3]. Further,
we obtain a canonical identification of the apartments

M(GaAv F) = %(Go, Ay, K) = M(QO?AO? K‘((”)))? (4'7)

* This differs from [Lev16, §3.1] in that Levin uses instead of Ko the maximal unramified subextension of K /K;
this seems to be a mistake (e.g. the diagram corresponding to (4.5) is not cocartesian).
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for both k = Ky, ko; cf. [PZ13, 4.1.3] and [Lev16, Proposition 3.3.1 ff.]. In particular, we have
o (Go, Ay, Ko) = o (G, A%, Kg) for k = kg. Thus, we may think of G'(’) as an equal characteristic
analogue of Gy of the same Dynkin type.

We now introduce the equal characteristic analogue G” of G by restriction of scalars along
the unramified extension K(/F": we define the sextuple of k(u)-groups

(G*, A, S, T" M’ P°), (4.8)

where G = ResKg/Fb (G?) is a reductive group over F” := k((u)), and likewise (S°, T, M”, P’) are

obtained from (S5, T3, M, P§) by restriction of scalars along the unramified extension Kj/F”.
Here A’ is the maximal F’-split subtorus inside Res K’/ (A7),

Combining (4.7) with Proposition 4.6, we obtain a canonical identification of the apartments

A (G, AF) = (G, A, F). (4.9)
We shall use the following two results in §6 below.

LEMMA 4.11. There is an identification of Iwahori-Weyl groups W (G, A, F) = W(G", A°, F?)
which is compatible with the action on the apartments under the identification (4.9).

Proof. Over F we obtain a cg-equivariant isomorphism according to [PZ13, 4.1.2] and [Lev16,
3.3.0.1], compatible with the action on the apartments. The general case follows by taking o-fixed
points from [Ricl6a, §1.2] (cf. also [PZ13, 4.1.3] and [Lev16, Proposition 3.3.1 ii)]). O

Now let G = G be a parahoric Op-group scheme of G whose facet f is contained in (G,
A, F). Then under (4.9) we obtain a unique facet f* C o/(G”, A°, F*), and hence a parahoric
O pv-group scheme G’ := Gy, of G”.

LEMMA 4.12. There is a canonical identification Z(G(F),G(OFr)) = Z(G*(F"),G’(O)) of
centers of parahoric Hecke algebras, where the Haar measures are normalized to give G(Op)
(respectively, G*(Op)) volume 1.

Proof. Applying Lemma 4.11 for M, we obtain an identification of abelian groups
Appi= M(F)/M(F), = M°(F°)/M°(F)1 =: Ay, (4.10)

where M (F); (respectively, MP’(F”);) is the unique parahoric group scheme of M (F)
(respectively, M”(F®)). The result follows via the Bernstein isomorphisms [Hail4, Theorem
11.10.1]

Z(Q(F),G(Op)) =~ QuAyp VoA = QuAp) V0 EAT) ~ Z(G(F),G(OF)),

noting that the finite relative Weyl groups of (G, A, F') and (G, A”, F”) are isomorphic compatible
with the action on Apr = Ays. O

THEOREM 4.13. Fix (Gy, Ay, Sy, Ly) and Gy with f C &/(G, A, F) as above. There exists a
tuple of smooth affine O, [u]-group schemes (G, Ay, Sg, Ty) with geometrically connected fibers
satisfying the following properties.

(i) The restriction (G, Ay, So, To)lo, [wt] 15 (Go, Ao, So, L) as Ok, [u*]-groups.

(ii) The base change of G, under O, [u] — Of, u + w is the parahoric group G = Gs.
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(iii) The base change of G, under O, [u] — k[u], u — u for both k = Ko, ko is the parahoric
group scheme for Gy .., attached to f under (4.7).

(iv) The group A, is a split O, [u]-torus, S a Og,[u]-torus which splits over O p[u] and T
is a smooth affine O, [u]-group scheme such that T, ® k[u] is the neutral component of the
It (Iocally finite type) Néron model of Ty (), for k = Ko, ko.

The group G, is uniquely determined (up to unique isomorphism) by properties (i) and (iii)
for k = Ky, and so is the tuple (Ay, Sy, To) using (iv).

Proof. This is [Lev16, Theorem 3.3.3, Proposition 3.3.4]; cf. also [PZ13, Theorem 4.1, esp. 4.2.1]
for the uniqueness assertion. O

Example 4.14. Suppose Gy = Ty is a tamely ramified torus over K. Let Ty be the split torus
over Ok, such that Tj is given by a 1-cocycle

[7] € HY(T', Aut(Ty ®o,, K))-

Explicitly, i
TO = (RQSK/K(TH ®()KO K))F

We let Ty ®o,, Op[v] be the split torus over Og[v] := O, [v] (cf. (4.5)), which is endowed

with Galois actions 7(v) ® 5 for 4 € I which we view as Galois descent data used to give a torus
over Op,[u]. Explicitly, we define T,/ O, [u*] and To/Of,[u] by

Ty = (Resgypus) /oy, ] (T @ore, Qo)

and T as the (fiberwise) neutral component of

(ReS @y 1) /0, [u] (TH @O, Oolv]))"
Write Ggl([? /K) = (7) x (o) where 7 generates the inertia subgroup and o is a lift of a generator
of Gal(K"/K) for K"/K the maximal unramified subextension of K /K. Then T is realized
as an Aut(Ky/Kp)-descent of

(Reso, /0 ] (Th B0, O, [v1))7:

This shows that the formation of T, commutes with base change A}EO — A}(O, where Ey/K) is
any unramified extension. Similar remarks apply to 7.

4.4 Affine Grassmannians and local models

We continue with the notation as in §4.1. Recall that we fix a uniformizer @ € K with Eisenstein
polynomial @ € Og,[u]. Let (Go, Ao, So,T0) be tamely ramified over K, and fix a spreading
(Gy, Ay, Sg, Ty) defined over O, [u™] as in Proposition 4.10. Let (G, 4, S, T) be constructed from
(Go, Ao, So, Ty) by Weil restriction of scalars along K/F as in §4.2. Choose a facet f € &7 (G, A,
F), and let G := Gr be the corresponding parahoric Op-group scheme for G. Associated with these
data, we have the tuple (G, Ag, So, Tg) of smooth affine group schemes over X := Spec(Of,[u])
constructed in Theorem 4.13. Since Ok, /OF is finite étale, we can view X as a smooth curve
over Op. Let D C X be the closed subscheme defined by {Q = 0} viewed as a relative effective
Cartier divisor over Op. We are interested in local models for the group G = Resg/p(Go) with
level structure given by the parahoric Op-group G = Gy = Resp, /@F(gfo); cf. Proposition 4.7.
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4.4.1 Affine Grassmannians for Weil-restricted groups. The Beilinson—Drinfeld Grassmannian

def
GI‘g = Gr(X,QO,D) (411)

from (3.1) specializes to [Lev16, Definition 4.1.1] for Ky = F. By Lemma 3.7, we have

Grg = Gr(x/0p,6,,0) = Resoy, 10 (Gr(x/0x, .6,,D))-

Hence, our definition of Grg agrees with [Lev16, Proposition 4.1.8 ff.].

We think of (4.11) as being the Beilinson-Drinfeld Grassmannian associated with the
parahoric Op-group scheme G. Explicitly, Grg is the functor on the category of Op-algebras
R given by the isomorphism classes of tuples (F, «) with

{J—" a G -torsor on Spec((R ®0, Ok,)[ul), (4.12)

o f’Spec((R@oFOKO)[u}[l/Q]) ~ fO’Spec((R®oFOKO)[u} [1/Q)) @ trivialization,
where F° denotes the trivial torsor. If Q = u—w (i.e. K = F) then Grg is the Beilinson-Drinfeld
Grassmannian defined in [PZ13, 6.2.3; (6.11)].

For an Op-algebra R, we have the regular functions on the completion of Xp along

Dg, namely the Of,[u]-algebra R[D] = limy(R®o, Ok,)[u]/(QY), and likewise R(D) =
R[Q][1/Q].With the notation of §3.1.1, we have the loop group

def

LG(R) = LpG,(R) = G,(R(D)),
and the positive loop group

L*G(R) € L}Gy(R) = Gy(RIDI).

By Lemma 3.4, there is a natural isomorphism LG/LTG ~ Grg, and thus a transitive action
morphism
LG XOp Grg —> Grg. (4.13)

The following proposition is [Lev16, Propositions 4.1.6 and 4.1.8].
PROPOSITION 4.15. (i) The generic fiber of (4.13) is isomorphic to
LZG XF GI"G —> Grg, (4.14)

where L,G(R) = G(R(2)) = G(K®F R)(2)) is the loop group for G = Resgp(G) formed using
the parameter z :== u — w € Klu|, and Grg is, as in Example 3.1(i), the affine Grassmannian
for the group G ®p F[z], that is, the étale sheaf associated with the functor on F-algebras
R G(R(2))/G(RI]).

(ii) The special fiber of (4.13) is canonically isomorphic to

LG Xp, Flgy —> Flgs, (4.15)

where LG’ (R) = G°(R(()) is the twisted affine loop group for the parahoric kp[u]-group scheme
G’ =Gy, of G” asin (4.9), and Flgs is the twisted affine flag variety for G° /kp[u] defined in [PROS],
that is, the étale-sheaf associated with the functor on kp-algebras R — G”(R(w))/G’(R[u]).
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Proof. Let LE 10K G, denote the positive loop group attached to D and the curve A%,)K , and let
0 0
Lp /0K, G, be the corresponding loop group. We then have

LG = LpG, = Reso, jor(Lpjo,Y9);

and likewise for the positive loop group. We may use Theorem 4.13 to compute the generic and
special fibers of the right-hand side. For example, if gg := G, ® ko[u], then the special fiber of
LG is

Resy, /k(LGY) = L(Resgopu/nfa)(96)) = LG, (4.16)

and likewise for the positive loop group. This together with Lemma 3.7 reduces us to
the case where Ky = F. Then part (ii) is Corollary 3.5(i). For (i), note that the natural
maps Resg/p(L.Go) = L.Resg/r(Go) and Resg,p(Grg,) — GrResK/F(Go) are isomorphisms;
cf. [PRO8, (1.2)] and [Levl3, §2.6]. Note that Q(z + w) € zK|[z]. Hence, by induction on
n > 1, the map u — z + w sets up an isomorphism F[u]/(Q") = K|z]/(z"), and hence
F[u] = K[z]. Similarly, we remark that, for any F-algebra R, u +> z+ @ gives an isomorphism
RJu] = (R ®Fr K)[z]. Let Gk = Y0 P0p(u) K|[z], and denote by GrQK[[z]] the twisted affine
Grassmannian for G K] cf. Example 3.1(i). In view of Corollary 3.5, or the above remark, the
generic fiber of (4.13) is canonically isomorphic to the action morphism

ReSK/F(LgKM) X RGSK/F(GTQK[[Z]]) — ReSK/F(GrQKuz]])‘

Hence, as in [PZ13, §6.2.6] and [Lev16, Proposition 4.1.6], it suffices to give an isomorphism
of K[z]-groups G kpp = Go ©x K [z]. But as w is invertible in K[z], we have G K[ =
Gy @opu+] K[2]. With the notation of (4.5), the group scheme G is constructed by descent
from O, [vF] where it is a constant Chevalley group scheme. As in [PZ13, (6.9)], it is enough to

give a commutative diagram of I'-covers

Spec(Og, [vF] Qopu] K[2]) — Spec(K[z])

- / (4.17)

Spec(K[z])

which matches the I'-action on O Ro [vF]/Op[ut] via (4.5) with the T-action on the coefficients in

K[2] (see below for why this is enough). As in [PZ13, (6.9)], the isomorphism is given on rings
by v @ (14 2) and z — b- 2z with

@ (1+2)%—

b= wGK[[z]]X.

The map 7 is the K-algebra morphism given by z — b-z. (To see that the horizontal morphism is
an isomorphism, observe that K[z] = K[bz], and let f(z) € K[z] be such that f(bz) = (1+2)~};
then v ® f(z) — @ and the morphism is surjective. One sees it is injective using an Op[ul-basis
for Og, [v] of the form a;v? for a; € Op, to write any element in the source uniquely in the form
>oijaiv’ ® fij for fi; € K[z]. To see that diagram (4.17) suffices, note that the right oblique

arrow is isomorphic via K[z] > K[z], z — b- z to the arrow Spec(K[z]) — Spec(K[z]) induced

by the inclusion K[z] — K[z].) O
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Recall from [PZ13, Corollary 11.7] that there exists a closed immersion of X-groups G, —
Glp,x such that the quotient Gl,, x /G, is quasi-affine. Thus, the Op-space Grg = Gry X,0,,D) is
representable by a separated Op-ind-scheme of ind-finite type; cf. Corollary 3.11. We need the
following stronger statement.

THEOREM 4.16. The Beilinson—Drinfeld Grassmannian Grg = colim; Grg; is representable by
an ind-projective Op-ind-scheme, and, for each i, the projective Op-scheme Grg; can be chosen
to be L G-stable compatible with the transition maps.

Proof. By Lemma 3.7 we reduce to the case where Ky = F. Then the ind-projectivity is proven
in [Levl6, Theorem 4.2.11, Proposition 5.1.5]. If G is unramified, the proof is considerably
simpler; cf. [Levl6, Proposition 2.2.8]. The proof relies on the existence and properties of
specialization morphisms

sp: Grr(F) — Grr(k),

where Gry C Grg is the part induced from the maximal torus; cf. Lemma 4.17 below. Levin
constructs this map ‘by hand’ in [Lev16, Proposition 4.2.8]. We will follow a more conceptual
approach which avoids constructing sp ahead of time and the calculations that entails. Our
outline is as follows.

(a) Prove Gry — Spec(Op) is ind-finite, using the method of [Ric16b, Lemma 2.20] (§4.4.2).

(b) Deduce existence of the specialization maps for 7 via the valuative criterion of properness,
and prove the required compatibility with Kottwitz homomorphisms (§4.4.3).

(c) Use (b) to show that each local model has non-empty special fiber and deduce by [Ricl6b,
Lemma 2.22] that each local model is proper (§4.4.5).

(d) Conclude that Grg — Spec(Op) is ind-proper (§4.4.6).

In view of Lemma 3.8 and Corollary 3.11, the ind-properness of Grg implies the theorem. Steps
(a)—(d) are explicated in the next several subsections, and with them the proof is concluded. O

4.4.2 Gry s ind-finite. Recall that we have already reduced to the case Ky = F so that

K/F is totally ramified. Without loss of generality, we further assume that F' = F,Op = Op.
Here we use that the formation of the affine Grassmannian (4.11) and the group scheme T,
from Theorem 4.13 is compatible with unramified base change; cf. also Example 4.14. We show
that Gry := Gr(x 1, p) is ind-proper over Op, where X = AbF and D = {@Q = 0}. It is then
ind-finite, since this holds fiberwise by Proposition 4.15. We proceed in two steps as follows.

Step 1. First assume that T = Resg,p(Tp), where Ty is an induced K-torus which splits over
a tamely ramified extension. Then Ty is isomorphic to a finite product of K-tori of the form
Ty := Resg, )k (Gm), where K7 /K is a tamely ramified finite field extension. Note that K;/K is

totally ramified by our assumption F' = F. Accordingly, the AbF—group scheme T is isomorphic
to a finite product of AbF—group schemes of the form

T = Reso,0]/0p 1) (Gm),

where o515l = ;. After fixing a uniformizer w; € K with (w1) 515 = & (possible because F' =
F), this can be verified using Example 4.14 (use that, in this case, Tx ® Op[v] = (G,,.00 [U])[KlzK]
with Gal(K;/K) acting via the permutation of the factors). Likewise, the affine Grassmannian
Gry is a finite Op-product of the affine Grassmannians Gr(x 7, p), where X = A%QF and

1375

https://doi.org/10.1112/50010437X20007162 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007162

T. J. HAINES AND T. RICHARZ

D = {Q(u) = 0}. Hence, we reduce to the case where T, = T, that is, T' = Resg, /x(Gm)-
By Corollary 3.6, there is an equality of ind-schemes

Gr(X7107D) = Gr(X@Gm’D/) s

where X' = A}QF = Spec(Op[v]) and D' = {Q(v!F1E]) = 0}. We reduce to the case X = X,
Ty =Gy and D = D'. Then Gr(xg,, p) is ind-projective (hence ind-proper) by Lemma 3.8.

Step 2. Now let T' = Resg; 7(Tp), where Ty is a K-torus which splits over a tamely ramified
extension. As in [Kot97, § 7], we choose a surjection of K-tori 77 — Ty where T} is induced, and
where the kernel Ty := ker(T} — T') is a K-torus. Note that T} can be chosen to split over a
tamely ramified extension (and so does T3 as well). The proof of [KP18, Proposition 2.2.2] adapts
to our setup, and the map 71 — T extends to a map of X-groups 7; — T with kernel 7, an
X-group scheme extending T5. (Instead of using [KP18], one can also deduce this by making use
of the prescription given in Example 4.14.) We claim that the resulting map of Op-ind-schemes

Gryy, = Grx,7,,p) — Grx7,p) = Grr (4.18)

is surjective on the underlying topological spaces. Clearly, this can be tested on the fibers
of (4.18) over Op which are determined by Proposition 4.15. The geometric generic fiber
of (4.18) is isomorphic (on the underlying topological spaces) to the map of discrete groups
X.«(Resg/p(T1)) — X«(Resg,p(To)) which is surjective because 71 — Tp is surjective and its
kernel T, is a torus (that is, connected). The geometric special fiber of (4.18) is under the
Kottwitz map isomorphic to X, (77?) Iy = X (T3) I(wy Which is induced by T =T, ®k(u) —
To ® k(u) =: T§. This map is isomorphic to X.(T1)r, — X«(Tp)r,, which follows by applying
the Kottwitz map to the identification (4.10). As in [Kot97, §7 (7.2.5)], the desired surjectivity
now follows from 7% being a K-torus. By Step 1, the Op-scheme Gr7; is ind-proper and maps
surjectively onto the separated ind-scheme Grq which is therefore ind-proper as well. This
concludes §4.4.2.

4.4.3 The specialization map. Once Grg is known to be ind-proper, by the valuative criterion
for properness there exists a specialization map

sp: Grg(F) = Grg(F) —> Grg(k) = Fg (k). (4.19)

In the case where G = Tj is a maximal torus, and hence G, = T is as in Theorem 4.13(iv), we
therefore know the existence of the specialization map. It is made explicit in [PZ13, Lemma 9.8]
and [Lev16, Proposition 4.2.8]. Recall the following result for later use (which compared to [Lev16]
is proved in a more conceptual way here).

LEMMA 4.17. Let I'r denote the Galois group of F, and likewise I'y and T'y,. There is a
commutative diagram of abelian groups

GrResK/p(To) (F) — X*(RGSK/F(TO))
spl prl (420)

Flry (k) Xi(Resg/r(T0)) 15

which is Galois equivariant for the I' p-action on the top covering the I'y-action on the bottom.

1376

https://doi.org/10.1112/50010437X20007162 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007162

TEST FUNCTIONS FOR LOCAL MODELS OF WEIL-RESTRICTED GROUPS

Proof. The top arrow is the natural isomorphism, and the map pr is the canonical projection to
the coinvariants. Let us construct the bottom arrow. Note that X, (Resg/r(1p)) = Indgf{ (X«(Tv))
is an induced Galois module by the proof of Lemma 4.1. Shapiro’s lemma induces a I'y-equivariant
isomorphism

1nd§:0 (Xu(T0) 1) —> Xu(Resge/p(To)) 1y (4.21)

(For any Z[I'k]-module M, we have (M ®zr ) Z[L'r])1, = M, @z, | Z[l's] canonically.) Fur-

ther, the Kottwitz map (cf. [Kot97, §7]) applied to (4.10) in the case of To(K) (respectively,
T3 (k(w))) induces a T'y,-equivariant isomorphism X, (73) I, ™ Xy (To) 1 - Applying the induction
0

functor, we deduce a I'p-equivariant isomorphism
Indp* (X (T3)1,,) — Indp¥ (X.(Th)ry)- (4.22)
0 K} ko

Finally, we use 7 = Resy, /k(]:ETOb) (cf. (4.16)) together with the isomorphism induced by the

Kottwitz map ~
Flo (k) = T4 (k(w)) /T3 (K[u]) > X.(T3)

IKg 9
which is I'y,-equivariant as well. This induces the I'y-equivariant isomorphism
Flpy (k) —> Indggo (X*(Tg)IKg). (4.23)
The bottom arrow in (4.20) is defined to be the composition of (4.21), (4.22) and (4.23).

All that remains is to prove the commutativity, which is a reformulation of [Lev16,
Proposition 4.2.8]: the composition pr with the inverse of (4.21) is the map given by p/ — A
in the notation of [Lev16]. We show the commutativity as follows. The diagram is compatible
with unramified extensions, and we reduce to the case Ky = F'. Changing notation, we may now
assume that F = F, k = k. The diagram (4.20) is functorial in the tamely ramified K-torus Tj.
Arguing as in §4.4.2 Step 2, we choose an induced tamely ramified K-torus 77 — Ty with kernel
being a torus. Each item in the diagram for 77 maps surjectively onto each item in the diagram
for Ty, and we reduce to the case where Ty = T} is an induced tamely ramified K-torus. Arguing
as in §4.4.2 Step 1, the torus 7Tp is a product of K-tori of the form Resy, /i (Gpm) with K1/K
being totally (tamely) ramified. Accordingly, each item in the diagram (4.20) splits as a product
compatible with the maps, and we reduce to the case where Ty = Resg, /x(G,). Replacing the
pair (X, D) with the pair (X', D’) as in §4.4.2 Step 1, we reduce further to the case where
To = Gy, In this case, we have for the (global) loop group

LG (OF) = (LGm) (x,6,.,0)(OF) = Op(Q) ™,

where @) € Op[u] is the minimal polynomial of @ € K over F. Writing Q = (u—ay)-...- (u—agq)
for d = [K : F] and pairwise distinct elements ay,...,aq € Op, we compute for the generic fiber
(LGm)(x.cp)(F) = [ Flu—a)”.
i=1,...,n

Fori=1,...,d, let v; be the (u— a;)-adic valuation of F'(u — a;)). The specialization map (4.19)
is explicitly given by the map

I Flu—a)*/Flu—al* — kw)*/kul, (21,...,2q) > a0,

where we use that @ = ul®** mod w. One checks that (4.20) commutes for Ty = G,,. which
finishes the proof of the lemma. o
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4.4.4 Local models for Weil-restricted groups. We now recall the definition of local models for
the pair (G, G) = (Resg/r(Go), Reso, /o, (Gg,))- Let {u} be a G(F)-conjugacy class of geometric
cocharacters with reflex field E/F. For a representative u € {u}, the associated Schubert variety
is the reduced LT G p-orbit closure

Gré{“} def LIGp -2 eo C Grg p (4.24)

The F-scheme Gré{“ Vis defined over the reflex field £ = E ({u}), that is, the field of definition
of {u} which is a finite extension of F', and is a (geometrically irreducible) projective E-variety.

The following definition is [PZ13, Definition 7.1] if K/F is tamely ramified, and [Levl6,
Definition 4.2.1] in general; cf. [Lev16, Proposition 4.2.4].

DEFINITION 4.18. The local model My, = M (G, G, {1}, @) is the scheme-theoretic closure of
the locally closed subscheme

Gré{“} — Grg ®p E — Grg ®o, OF,

where Gré{“} is as in (4.24).

By definition, the local model My, is a closed flat L*Gp,-invariant subscheme of (Grg ®o,
OFE)red Which is uniquely determined up to unique isomorphism by the data (G, Gr, {1}, @).
Its generic fiber My, ®@ E = Gré:{g} is a (geometrically irreducible) variety, and the special
fiber My, ® kg is equidimensional; cf. [GW10, Theorem 14.114]. By Proposition 4.15, the map
Grg — Spec(Op) is fiberwise ind-proper, and hence the map M,; — Spec(Op) is fiberwise
proper. Note that there is a closed embedding into the flag variety

M{#} Rk — Grg R0p kg = ffg”@, (4.25)
which identifies the reduced locus (M, ® kg)rea With a union of Schubert varieties in Fg ;. .

Remark 4.19. The local model My, should up to unique isomorphism only depend on the data
(G,G,{1}). The uniqueness of My, is a separate question, and not of importance for the present
paper. We refer the reader to [PZ13, Remark 3.2] for remarks on the uniqueness of G, and to
[Lev16, Remark 4.2.5] for remarks on the independence of M,y on the choice of the uniformizer
w € K. In the recent preprint [HPR18, Theorem 2.7], it is shown the ind-scheme Grg for K = F
depends up to equivariant isomorphism only on the data (G,G). So My, for K = F' depends up
to equivariant isomorphism only on the data (G,G,{u}). Note that [HPR18, Conjecture 2.12]
uniquely characterizes M,y for K = F' in the case where {} is minuscule.

4.4.5 FEach local model is proper. For every conjugacy class {u}, we need to show that the
local model My, is proper over O, where £ = E({u}) is the reflex field. In view of [Ric16b,
Lemma 2.20] and the discussion after Definition 4.18, all that remains is to show that the special
fiber of My, is non-empty. The inclusion T, C G, induces a map of Op-ind-schemes

GrT = Gr(X,IO,D) — Gr(X,QO,D) = Gl“g. (426)

In the notation of Proposition 4.15, the geometric generic fiber My, (F') contains the element

i € Grr(F) = Grr(F),
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for any representative y € X. (T I') of {u}. As Gry is ind-finite (hence ind-proper) by §4.4.2,
the element 1 € Gry(F') uniquely extends to a point i € Gry(Of) by the valuative criterion
for properness. Composed with (4.26), this defines a point (still denoted) i € Grg(Of). Since
My, C Grg oy, is a closed subscheme, we have

fi € M,y (F) N Grg(Op) = M,y (Op), (4.27)
and its special fiber i := fif € M{M}(k‘) is non-empty. This concludes §4.4.5.

4.4.6 Conclusion of proof of Theorem /.16. We need to show that Grg — Spec(Op) is
ind-proper. It suffices to prove that the map (Grg ® O )rea — Spec(Of) is ind-proper. In view
of §4.4.5, we have to show that the closed immersion

UMy.0p)rea © (Grg ® Op)rea (4.28)
{u}

is an equality. Here {u} ranges over all G(F)-conjugacy classes of geometric cocharacters. As
both ind-schemes in (4.28) are reduced, one can check the equality on the underlying topological
spaces. As in [Ric16b, § 2.5] (respectively, [Lev16, Theorem 4.2.11]), this follows from Lemma 4.17
combined with (4.25) and (4.27). This concludes §4.4.6, and hence the proof of Theorem 4.16.

5. Actions of G,,, on Weil-restricted affine Grassmannians

5.1 Geometry of G,,-actions on affine Grassmannians
Fix the data and notation as in § 4.4. In particular, we denote the group schemes over X = A%QK
0

by (QO7A07§07IO)'

5.1.1 Main geometric result. Let x: G,k — Ao C Go be a cocharacter which acts on G
by conjugation. As in (3.17), the centralizer is a Levi subgroup My C Go, and the attractor
(respectively, repeller) subgroup P, (respectively, P;) is a parabohc subgroup with PF NPy =
Mj. Further, we have semidirect product decomposmons P0 = My % N defined over K.

Via the fixed isomorphism go x =~ G compatible with Ay x ~ AO, we may view x as a
cocharacter of Aj . As X is connected and A a split torus, x extends uniquely to a cocharacter
also denoted by

X: Gmx — Ay C G- (5.1)
Hence, the cocharacter x acts by conjugation on G, via the rule G, x xx G, — G, (A, 9) —
x(A) - g x(A)7L. Using the dynamic method promulgated in [CGP10], the functors (2.1) define
X-subgroup schemes of G, given by the fixed points M, = Qg’x, and the attractor PJ = QS“X
(respectively, the repeller Py = G,*). Note that M, is by definition the schematic centralizer
of x in G,.
LEMMA 5.1. (i) The X-group schemes M, and Ba[ are smooth closed subgroup schemes of G,
with geometrically connected fibers.

(ii) The centralizer M,, is a parahoric X -group scheme for My in the sense of Theorem 4.13.

iii) There is a semidirect product decomposition as X -group schemes Bi = MyxN * where
p P group 0 0 0
N, Oi is a smooth affine group scheme with geometrically connected fibers.

(iv) The fixed isomorphism Gy g ~ Go induces isomorphisms of K|[z]-groups M g1 ~
My®Kk K[z], and 73 Poke] = ~ Pf @y K[2] compatible with the semidirect product decomposition

in (iii).
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Proof. The method of [HR18, Lemma 5.16] extends to give (i), (ii) and (iii) of the lemma.
Part (iv) is immediate from the construction of x and the proof of Proposition 4.15(i). O

By (2.2), there are natural maps of X-group schemes
M, < Py = G, (5.2)

The maps (5.2) induce, by functoriality of Beilinson—Drinfeld Grassmannians, maps of Op-spaces

Gryp < Grp: — Grg, (5.3)

where Grg := Gr(X,QO,D) (respectively, Grag := Gr(X,MO,D); respectively, Grp+ = Gr(X£§7D))
by notational convention. In light of [PZ13, Corollary 11.7] and Corollary 3.11(i), the functors
in (5.3) are representable by separated Op-ind-schemes of ind-finite type. Note that, by
Theorem 4.16(i) and Lemma 5.1(ii), the Op-ind-schemes Grg and Grq are even ind-projective.
The Op-ind-scheme Grp is never ind-projective besides the trivial cases.

By functoriality of the loop group, we obtain via the composition

LT
Gmop C LhGmx 2> LhA, C LhG, (5.4)
a G, 0p-action on Grg — Spec(Op).
LEMMA 5.2. The Gy,-action on Grg is Zariski locally linearizable.

Proof. By [PZ13, Corollary 11.7] there exists an monomorphism of X-groups G, — Gl,, x such
that the fppf quotient Gl, x /G, is quasi-affine. Hence, the induced monomorphism ¢: Grg —
Grql, , is representable by a quasi-compact immersion (cf. Proposition 3.10) which is even a
closed immersion because Grg is ind-proper; cf. Theorem 4.16. The map ¢ is G,,-equivariant for
the cocharacter G, x X G, — Gl x, and we reduce to the case G, = Gl, x. By [Conl4,
Proposition 6.2.11] (use Pic(X) = 0), the cocharacter x: G,, x — Gl, x is conjugate to a
cocharacter with values in the standard diagonal torus, and hence defined over Op. The lemma
follows from the proof of Lemma 3.16. O

In light of Theorems 4.16 and 2.1, we obtain maps of separated Op-ind-schemes
(Grg)o < (Grg)i — Gl“g. (5.5)
The following theorem compares (5.3) with (5.5).

THEOREM 5.3. The maps induce a commutative diagram of O p-ind-schemes

Gr g Grp+ Grg

Lol Lil idl (5.6)

Grg)? <— (Grg)* —— Grg,
g g g

where the maps 1 and * satisfy the following properties.

(i) In the generic fiber, the diagram is isomorphic to (5.7) below, and the maps L% and LiE are
isomorphisms.
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(ii) In the special fiber, the diagram is isomorphic to (5.8) below, and the maps 1 and Lf are
closed immersions which are open immersions on the underlying reduced loci.

(iii) The maps :° and 1* are closed immersions which are open immersions on the underlying
reduced loci.

The diagram is constructed as follows. The fppf quotient G,/ M, is quasi-affine by [Con14,
Theorem 2.4.1], which implies that the map Gray — Grg as in the proof of Lemma 5.2 is
representable by a closed immersion. Since the G,,-action on Gr, is trivial, the map factors as
Gra — (Grg)? — Grg, and we obtain the closed immersion ¢°.

The map ¢ is given via a Rees construction in terms of the moduli description (4.12);
cf. §3.3.1. Alternatively, if we choose a monomorphism of X-groups G, < Gl, x such that
Gl x /G, is quasi-affine (cf. [PZ13, Corollary 11.7]), then the same argument as in (3.22) applies,
and we conclude that (¥ is representable by a quasi-compact immersion. We do not repeat the
argument here, but instead refer the reader to § 3.3.1 for details. This constructs the commutative

diagram (5.6).

Proof of Theorem 5.53. (i) In the generic fiber, by (4.14) and Lemma 5.1(iv), (5.6) is the
commutative diagram of F-ind-schemes

Gryy Grp+ — Grg

L?wl L%i idJ{ (5.7)

(Grg)? <— (Grg)t —— Grg

where G = Resg/p(Go) (respectively, M = Resg/p(Mo); respectively, Pt = ResK/F(POi)). The
Gm-action on the diagram is induced by the L} -construction applied to the cocharacter

- Resg/r(x)
X: Gm,F C ReSK/F(Gm,K) — ReSK/F(A()) C ReSK/F(Go) =G,

combined with the inclusion G, r C L} G,, . We claim that the conjugation action of ¥ on
G gives the group of fixed points M = GYX and the attractor (respectively, repeller) group
Pt = GX (respectively, P~ = GX). Indeed, the canonical maps of F-subgroups of G,

RGSK/F(MQ) —> GO’X,
RGSK/F(POi) — G”:‘:’)~<

are isomorphisms. By descent, it is enough to prove this after passing to F. But G @p F ~
[[xo 7 Go ®K . F', where the Gp,-action induced by x is the diagonal action on the product.
Lemma 2.2 implies the claim. Part (i) follows from [HR18, Proposition 3.4] applied to the pair

(G, X)-

(ii) In the special fiber, (5.6) is the commutative diagram of k-ind-schemes

feMb%fepb:t ergb

Lﬁil fi idl (5.8)

(Flgy)? ~—— (Flgs)* —— Fg
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The Gy,-action on the diagram is given as follows. Base-changing (5.1) along O, [u] — ko[u]
and taking restriction of scalars along ko[u]/k[u], we obtain the cocharacter

X"t G pfu] € ReSkopug/wfu) (Crmofu]) € G

which factors through A° C G°, the natural k[u]-extension of the maximal k(u)-split torus
A ¢ G in (4.8). Then G, ) acts on the diagram via X’ after applying the L*-construction
combined with the inclusion G,,; C L*Gmk[[u]]. Since taking fixed points (respectively,
attractors; respectively, repellers) commutes with base change [Ric19, (1.3)] and is compatible
with restriction of scalars along étale extensions, we have M’ = (G*)0X" and P>+ = (G0)Ex’.
Part (ii) follows from [HR18, Proposition 4.7] applied to the pair (G”, x).

(iii) This follows as in [HR18, Theorem 5.5, 5.17] using Proposition 5.5 below, and we sketch the
argument for convenience. With the notation of Proposition 5.5, the map ¥ (respectively, )
factors as a set-theoretically bijective quasi-compact immersion

%€ Grag — (Grg)®  (respectively, t5¢: Grps — (Grg)™©),

+¢) is an open and closed Op-sub-ind-scheme of (Grg)°

:I:,c)

where (Grg)%¢ (respectively, (Grg)
(respectively, (Grg)®). But any such map (% (respectively, ¢
an isomorphism on the underlying reduced loci; cf. [HR18, Lemma 5.8]. O

is a closed immersion which is

We record the following properties.

LEMMA 5.4. (i) The map (Grg)* — Grg is schematic.

(ii) The map (Grg)* — (Grg)" is ind-affine with geometrically connected fibers, and induces
an isomorphism on the group of connected components mo((Grg)™) ~ m((Grg)?).

Proof. These are general properties of attractors in ind-schemes endowed with étale locally
linearizable G,-actions; cf. Lemma 5.2, and Theorem 2.1(ii) or [HR18, Theorem 2.1(ii)]. O

The following proposition decomposes the image of the maps (° and :* into connected
components, and will be important in what follows.

PROPOSITION 5.5. Let either N = NT or N = N~. There exists an open and closed Op-ind-
subscheme (Grg)®® (respectively, (Grg)®¢) of (Grg)? (respectively, (Grg)™) together with a
disjoint decomposition, depending up to sign on the choice of N, as Op-ind-schemes

(Grg) = [ (Gro)%, (respecﬁvezy, (Grg)t = H(G@,ﬂ;),
meZ meZ
which has the following properties.
(i) The map °: Gryy — (Grg)? (respectively, 1*: Grp+ — (Grg)*) factors through
(Grg)%¢ (respectively, (Grg)**), inducing a closed immersion (*¢: Grag — (Grg)%¢ (respectively,
15¢: Grp+ — (Grg)™ ) which is an isomorphism on reduced loci.

(ii) The complement (Grg)°\(Grg)%¢ (respectively, (Grg)*\(Grg)™° ) has empty generic
fiber, that is, is concentrated in the special fiber.
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Proof. The proof closely follows [HR18, Propositions 5.7 and 5.21]. We recall some steps of
the construction. Let us denote O := Op and O := Op. Let m (M) = X.(T)/Xu(Th,,) be
the algebraic fundamental group of M in the sense of [Bor98], and denote by m1(M)s, the
coinvariants. By [PR08, Theorem 5.1], the group of connected components is given by

7TO('FZ/\/W,I_C) = Wl(Mb)Ik(u) = 7r1(‘7\4-)1}77

where the last equality follows from the proof of Lemma 4.11. Note that m (M), =

Ind{;:‘ 71 (Mo)ry; cf. (4.21). Since Gr, 5 — Spec(O) is ind-proper and O is Henselian, the
0 )

natural map

Wo(GrMﬁ) = WO(JLYM”;)

is an isomorphism by [SGA44, Arcata; IV-2; Proposition 2.1]. This shows that there is a
decomposition into connected components

Crys= [ (Gryek (5.9)

S}lCh that (GrM7@)9®E ~ (F pp ;)7 By Lemma 4.17, the generic fiber decomposes as (Gr ¢ 5)7®
F ~1],..;(Gry p)v, where v € (M) runs over the elements which map to 7 under the reduction
map 71 (M) — 71 (M)g,.

By Theorem 5.3(i) and (ii), it is easy to see that the closed immersion °: Gry = (Grg 3)°
is open on the underlying topological spaces (e.g. its image is closed under generization), that
is, the image identifies each connected component of Gr,, 5 with a connected component of
(Grg »)". Using Lemma 5.4(ii), we get an inclusion

7T1(M)[F = WO(GYM,@) C Wo((Grg’@)O) = Wo((Grg’@)i).

For v € m(M)r,, we denote the corresponding connected component of (Grg’@)o (respectively,
(Grg’@)i) by (Grg)? (respectively, (Grg)T).

Let p denote the half-sum of the roots in Resg/p(N)r with respect to Resg/p(T)p. For
m (M) 3 v v em(M)r,, and v € X.(Resg,p(T)) alift of v, we define the integer n, := (2p, )
(respectively, ny := (2p, )) which is well defined independent of the choice of r; cf. [HR18, (3.19)].
Note that we have n, = ng for all v — v by definition. For fixed m € Z, we consider the disjoint
union

v

v

(Gra)?, < T(Grg)? <respective1y, (Grg): & H(Grgﬁ),

where the disjoint sum is indexed by all 7 € m (M), such that ny; = m. The Galois action
preserves the integers n;, and hence the ind-scheme (Grg)Y, (respectively, (Grg)t) is defined
over O. Note that (Grg): is the preimage of (Grg)Y, along (Grg)* — (Grg)?. We obtain a
decomposition as O-ind-schemes

(Grg)® def H (Grg)Y, <respectively, (Grg)*© def H (Grg)i).

meZ meZ

Properties (i) and (ii) are immediate from the construction. a
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5.2 Cohomology of G,,-actions on affine Grassmannians
The conventions are the same as in [HR18, §3.4]. We fix a prime ¢ # p and an algebraic closure
Qy of Q. We fix once and for all ¢'/2 € Q; and the square root of the cyclotomic character
cycl: I'p — ZEX which maps any lift of the geometric Frobenius ® to ¢~ /2. The Tate twists
are normalized such that the geometric Frobenius ®p acts on Qq(—1/2) by ¢'/2.

For a separated ind-scheme X = colim; X; of finite type over a field (e.g. F') or a discrete
valuation ring (e.g. Or), we denote the bounded derived category D%(X) = D%(X, Q) of Q-
complexes with constructible cohomologies by

©F colim; Db(X;, Q).

DY(X)
There is the full abelian subcategory Perv(X) C D%(X) of perverse sheaves; cf. [Zhul7, A.1] in
the setting of ind-schemes, for example. For a complex A € D%(X), we denote for any n € Z the
shifted and twisted complex by

A(n)y = Aln|(n/2).

Let us briefly recall the nearby cycles functor. Let S = Spec(Op) with open (respectively,
closed) point 1 = Spec(F) (respectively, s = Spec(k)). Let 7 := Spec(F) — n (respectively,
5 := Spec(k) — s) denote the geometric point with Galois group I' = Gal(77/n). Let S denote
the integral closure of S in 7. This gives rise to the 7-tuple (S,7,s,5,7,35,I'). Now if X is an
Op-ind-scheme of ind-finite type, there is by [SGA7, Example XIII] (cf. also [I1194, App]) the
functor of nearby cycles

Uy : DY(X,) —> DX xs 1), (5.10)

where D%(X, xg7) denotes the bounded derived category of Qg-sheaves on X5 with constructible
cohomologies, and with a continuous action of I' compatible with the action on X3z. The nearby
cycles preserve perversity and restrict to a functor Wy : Perv(X,) — Perv(X, xg 7). We refer
the reader to [PZ13, §10] for the extension to ind-schemes.

For a map of Op-ind-schemes f: X — Y, the nearby cycles are functorial in the obvious way;
cf. [SGA7, Example XIII, 1.2.7-1.2.9]. Further, if f is a nilpotent thickening, that is, a closed
immersion defined by an nilpotent ideal sheaf, then f induces Wx ~ Wy-.

5.2.1 Geometric Satake for Weil restrictions. Recall the geometric Satake equivalence
from [Gin95, Lus83, BD99, MV07, Ricl4, RZ15, Zhul7]. We work under the same conventions
as in [HR18, §3.4], and we refer the reader to that work for more details.

Let Gg be a reductive group over K. We are interested in the geometric Satake isomorphism
for the group G = Resg/p(Go). For a conjugacy class {1} of geometric cocharacters in G, denote
the inclusion of the open L} G j-orbit by

E Gré“} > Gré{“};

cf. (4.24). The map j is defined over the reflex field F = E({u}). We define the normalized
intersection complex by

ICy “ j1.Qe{d,) € P(Gre p), (5.11)

where d,, denotes the dimension of Gré{” V. The category P+ o(Grg) of LT G-equivariant perverse
sheaves (cf. [Zhul7, A.1] for equivariant perverse sheaves on ind-schemes) is generated by the
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intersection complexes (5.11) and local systems concentrated on the base point eg € Grg(F).
More precisely, every indecomposable object in PLjG(GrG) is of the form

< S, ICw-{u}>®ﬁ, (5.12)

v€l'r/TE

where £ is a Qg-local system on ey = Spec(F). The Satake category Satg is the full subcategory
of Pp+,(Grg) generated by objects (5.12) where the local system L is trivial over a finite field

extension F/F.

We view 'y as a pro-algebraic group, and we let Rep™®

_ Qe
Qy-representations of I', that is, finite-dimensional representations which factor through a finite
quotient of I'p. There is the Tate twisted global cohomology functor

(I'r) be the category of algebraic

w: Satg —> Rep%eg(f‘p)
Ar— @H(Crg p, Ap)(i/2). (5:13)
1EZ
By the geometric Satake equivalence, the functor w can be upgraded to an equivalence of abelian

tensor categories
w: Satg — RepQé(LG), (5.14)

where “G = GV x I'r denotes the L-group viewed as a pro-algebraic group over Q. The tensor
structure on Satg is given by the convolution of perverse sheaves; cf. § 5.5 below. The normalized
intersection complex 1Cy,, is an object in the category Satg,, and its cohomology w(ICy,;) is
under the geometric Satake equivalence (5.14) the “Gg := G T g-representation Vi,y of highest
weight {u} defined in [Hail4, §6.1]; cf. [HR18, Corollary 3.12].

Let us describe the dual group GV = Resg, 7(Gp)Y and the representation Vi explicitly in
terms of GY. Of course, GV is canonically isomorphic to the product [ .. z Gy, but the Galois
action does not respect the factors in general.

Let Homyg, (T'p,GY) be the sheaf of Qy-scheme morphisms where again 'y is viewed as
a pro-algebraic group. Then Homg, (T'p,GY) is a group functor, and the pro-algebraic group
Ik acts on Homg, (I'p, Gy) via Qg-group automorphisms by the rule (v * f)(g) = v(f(v19)).
Following [Bor79, 1.5], we define the induced group as the I'k-fixed point sheaf

I def r
I+F(Gy) = Homy* (Tp, Gy), (5.15)
which is a group functor. Note that choosing any finite extension K /K which is Galois over F
and splits G, we get an isomorphism of Qg-groups
I~ ~ T
Homjj/K(I‘f{/F,Gg) — I;F(Gy), (5.16)
where Iz p = Gal(K/K) (respectively, Lip = Gal(K/F)). In particular, IEE(GE)/) is an
algebraic group, and is the colimit indexed by the filtered direct system (5.16) indexed by the
splitting ﬁ_elds K. In this way, we get, as in [Bor79, L.5], an I'p-equivariant isomorphism of
algebraic Qg-groups
GV ~ ILF(GY). (5.17)

Let us turn to the representation V. We write the conjugacy class as {u} = ({uy})y

according to Gp = [, ke, p Go @y K F. The reflex field E of {u} is the intersection (inside F)
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of the reflex fields FEy of {j,}. For each v, let V, s} denote the representation of G of highest
weight {s, }, where we view {1} as a Weyl orbit in the dual torus X*(T"). The following lemma
is immediate from the construction, and left to the reader.

LeMMA 5.6. The [], Gy-representation My Vi) uniquely extends to the LGr = GY x Iy
representation Vi 1 defined above. O

5.2.2 Constant terms commute with nearby cycles. We proceed with the notation as in § 5.1,
and view the cocharacter x as in (5.1). Combining Theorem 5.3 and Proposition 5.5 from the
previous section, we have constructed a commutative diagram of Op-ind-schemes

+ pi
Gr Grp+r —— Grg

oi ii idl (5.18)

(Grg)%¢ <— (Grg)** — Grg

The generic fiber of (5.18) is (5.7), and the special fiber of (5.18) is (5.8). The maps t%¢: Gra —
(Grg)%¢ and t¢: Grp+ < (Grg)®™*¢ are nilpotent thickenings by Proposition 5.5, and we may
and do identify their derived categories of f-adic complexes. Then there is a natural isomorphism
of functors DY(Gras) — DE(Fpp x5 1),

\IjGrM >~ \I’(Grg)o,c. (519)

We write Wg = W, (respectively, ¥ = ¥q,,,) in what follows. Since %€ and ¢ are nilpotent
thickenings, Proposition 5.5 gives us a decomposition

+ +
q = H ¢, Grp: = H Grpx , —> H Grag,m = Gr,
mEZL meZ meEZ

according to the choice of the parabolic P¥. We use the generic and the special fiber of diagram
(5.18) to define normalized geometric constant term functors as follows.

DEFINITION 5.7. We define the functor CT)s : DY(Grg) — D%(Gry) (vespectively, CT pyp :
DY(Flg, xsn) — DY(Flys xgn)) as the shifted pull-push functor

def * . def %
CTy = @(q;z,n)!(p;) (m) <respect1vely, CT\p = @(q'r—;,s)!(p;_) <m>>
mez meZ

As in [HR18, Theorem 6.1, (6.11)], the functorialities of nearby cycles give a transformation
of functors D8(Grg) — Db(F s x5 1) as

CTMb O\I/g — \I/M o CTM. (5.20)

THEOREM 5.8. The transformation (5.20) is an isomorphism of functors Satg — D2(F,p X s7).
In particular, for every A € Satq, the complex CT . oWg(A) is naturally an object in the
category Pervy i v (Flyp Xs1n).

Proof. Every object in Satq is G,-equivariant. In view of Theorem 5.3 and (5.18), the extension
of the method used in [HR18, Theorem 6.5] to this more general situation is obvious. We do not
repeat the arguments. O
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5.3 Constant terms for tori
We aim to make Theorem 5.8 more explicit in the special case where M = T is a torus;
cf. Theorem 5.12 and Corollary 5.13. We retain the notation of §5.2.

Let Saty C Pervp,p(Flr xg 1) denote the semisimple full subcategory defined as
in [Ricl6a, Definition 5.10]. By [Ricl6a, Theorem 5.11], the category Sats, has a Tannakian
structure with tensor structure given by the convolution product, and with fiber functor given
by the global sections functor wys : Sat» — Repg,(['r), A — HO(]:ZTM;, Aj). Note that Fl.r is
ind-finite, and hence there is no higher cohomology and the convolution product is given by the
usual tensor product. Further, for every A € Sat.r, the I' p-action on wy (A) factors by definition
through a finite quotient.

LEMMA 5.9. The functor ws can be upgraded to an equivalence of Tannakian categories
Sats = Rep@g(LTr),

where IT, = (TV)!F x I'p viewed as a pro-algebraic subgroup of “T. Here the subscript (-),
stands for ‘ramified’.

Proof. By Lemma 4.17, there are Gal(k/k)-isomorphisms of abelian groups

Flps (k) = Xo(T") 100y = X (T) 1 = X*((TV)'F),

Ik(u

where the equivariance of the last isomorphism holds by construction of the dual torus. This
induces a Gal(k/k)-equivariant isomorphism of k-schemes

(Flp Blrea = X*((TV)'F). (5.21)

By definition, the objects in Sat, are finite-dimensional Qg-vector spaces on (5.21) (viewed
as complexes concentrated in cohomological degree 0) together with an action of I'p which is
equivariant over the base, and which factors through a finite quotient. The lemma follows from
this description. O

The following proposition is the analogue of [PZ13, Theorems 10.18, 10.23] in the special
case of a torus.

ProproSITION 5.10. There is a commutative diagram of Tannakian categories

4
Saty —— > Sat.,

UJT'l’“ Wb ifﬁ

Repg, (“T) == Repg, ("),
where res denotes the restriction of representations along the inclusion “T, c 'T.
Proof. This is a reformulation of Lemma 4.17 as follows. In view of (5.14) and Lemma 5.9 the
diagram is well defined, and it suffices to prove the commutativity. Let f: Grp — Spec(Op)

denote the structure map. Since f is ind-proper, there is a I' p-equivariant isomorphism

\Ij(’)p o fﬁ,* — fg,* oV,
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and passing to the zeroth cohomology defines a I'gp-equivariant isomorphism «: res o wyp ~
wps o U, We have to show that a is a map of LT, -representations. As we already know the
I' p-equivariance, it is enough to check that ais a map of (T"V)!F-representations, that is, respects
the grading by X*((TV)F) = X,(T)1, on the underlying Q,-vector spaces. By (5.9), we have a
decomposition into connected components

Grr@0p= [[ (Grro,)s

veXx (T) Ip
where (Grro,.)s ® k = {7} and (Grro,)s ® F = [],_;{v} on the underlying reduced
subschemes; cf. also Lemma 4.17. The proposition follows from the fact that nearby cycles of a
disjoint sum are computed as the sum of the single components. O

Remark 5.11. It would be interesting to see whether the analogue of Proposition 5.10 for more
general very special parahoric group schemes as in [PZ13, Theorems 10.18, 10.23] holds true.

Combining Proposition 5.10 with Theorem 5.8, we arrive as in [HR18, §6.2] at the following
theorem which is the analogue of [AB09, Theorem 4] in our situation.

THEOREM 5.12. (i) For every A € Satq, one has CT, oWg(A) € Sat.

(ii) The functor CT1, o Wg: Satg — Sat, admits a unique structure of a tensor functor
together with an isomorphism wy, o CTr o Wg ~ wg. Under the geometric Satake equivalence,
it corresponds to the restriction of representations res: Repg, *G) — Rep@Z(LTr) along the
inclusion LT, c L@G. O

We now apply Theorem 5.12 in a special case. For more details, we refer to [HR18, §6.2.1]
which is analogous. Assume F = F , and hence that K/F' is totally ramified. Let x: G, x —
Ao C G be a regular cocharacter (i.e. its centralizer My = T is a maximal torus), and let the
parahoric Of-group scheme Gy be an Iwahori. Hence, G = Resp, /0, (Go) is an Iwahori O p-group
scheme as well; cf. Proposition 4.7. There is a decomposition into connected components

(Feg)t = T (Fgo)s
weWw

where W = W(G, A, F) = W(Go, Ao, K) is the Iwahori-Weyl group; cf. Lemma 4.3. Let Ap =
T(F)/T(Op) C W be the subset of ‘translation’ elements. Let X, (T)7, ~ A, A — t* be the
isomorphism given by the Kottwitz map. Let 2p € X*(T) be the sum of the positive roots

contained in the positive Borel Bt of G determined by Y. Then the integer (2p, A) == (2p, \)
is well defined independent of the choice of A € X, (T) with A — A.

COROLLARY 5.13. Let V € Repg, (G"), and denote by Ay € Satg p the object with wg r(Av)
= V. As Qy-vector spaces, the compactly supported cohomology groups are given by the
equality

V(A) ifw=t"andi= (2p,\),

0 otherwise,

He(Flg ), Yo (Av)) = {

where V ()\) is the A-weight space in Ve O
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5.4 Special fibers of local models

Levin proved in [Lev16, Theorem 2.3.5] the analogue of the following theorem in the special case
where p 1 |71 (Gger)|- As in [HR18, §§6.2 and 6.3], Corollary 5.13 can be used to obtain this result
on the special fibers of local models, with no hypothesis on p. We do not need this result for
the proof of our main theorem, but include it for completeness: together with the corresponding
result in [HR18], we can conclude that the admissible sets Admg u} barametrize the strata in the
special fiber of My, for all known local models My,;.

The following theorem is precisely the analogue of [HR18, Theorem 6.12] in the current Weil
restriction setting. We will assume for simplicity here that Ky = F’; a similar result holds without
this assumption. Since K = KF, we may work over F' = F, so that K = K and k = k. The
special fiber My 1, and the relevant Schubert varieties live in the affine flag variety attached to
equal characteristic analogues G° = G?c((u) , A’ = S defined in (4.8), and by Lemmas 4.3 and 4.11
there is an identification of Iwahori—-Weyl groups

W =W(G, A F)=W(Go, Ay, K) = W(G”, A, k().

For w € W, we define the Schubert variety JF lé;" exactly as in [HR18, §3.2].

THEOREM 5.14. The smooth locus (Mjy,,)™" is fiberwise dense in Mjy,y, and on reduced
subschemes

(Mypiea = U Fig"-
wEAdm?u}

In particular, the special fiber My, 1 is generically reduced.

Proof. We may imitate the proof of [HR18, Theorem 6.12]. First we follow the method of [Ric16b,
Lemma 3.12] to prove Adm?u} C Suppgu} := Supp V¢, (ICy,,)), using our Lemma 4.17 in place

of [Ric16b, Lemma 2.21].
Also as in [HR18, Theorem 6.12], we reduce to the case where f = a. Then is it enough to
show that if w € Supp?ﬂ} is maximal, then w € Adm?u}. Now we choose a regular cocharacter

X: Gm,x = Ao C Go, and use Corollary 5.13 as follows. As Qg-vector spaces, we have

H ((Flgs ), g (IC,y)) # 0,

because ]-"Z;bw N(Fg )y, C FLg, is non-empty by [HR18, Lemma 6.10], and because up to shift and
twist Wg(ICy,y)| Fy, :_@‘Z for some d > 0 since w € Supp?“} is maximal. Thus, Corollary 5.13
applies to show w = t* for some A € X,(T);, which is a weight in ‘/{u}’(G\/)IF. As in [HR1S,

Theorem 6.12], we can conclude that w = = Adm?u} by citing [Hail8, Theorem 4.2 and
(7.11-12)]. O

5.5 Central sheaves
We recall some facts on central sheaves which will be used in what follows. We proceed with
the notation as in §4.4. Let Perv g (Fg xs 1) be the category of LG -equivariant perverse
sheaves compatible with a continuous Galois action; cf. [PZ13, Definition 10.3].

Recall that for objects in Pervy g, (Flg x5 n) there is the convolution product defined by
Lusztig [Lus83]. Consider the convolution diagram

fégb X fggb <i Lgb X .Fégb _p> Lgb XL+gb fggb = .Fégb >~< }Egb E) fggb
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For A, B € Pervy g (Flg xs1), let A x B be the (unique up to canonical isomorphism) complex
on Flg, x Flg, such that ¢*(AX B) ~ p*(A x B). By definition

AxBY m (A% B) € DY(Fg xsn,Q). (5.22)

In the following, we consider P g, (Fg) as a full subcategory of Py gy (Flgs X5 7).

Let W =W(G, A, K) = W(G’, A, F*) be the associated Iwahori-Weyl group; cf. Lemma 4.11.
For each w € W, the associated Schubert variety .7-"63;” C Hg is defined over kp. Let
J: Flg, — ]-"E;w , and denote by IC,, = j;*(@g[dim(}"f’é}b)]) the intersection complex. We have
the functor of nearby cycles

Ug: Pervy+,(Grg) — Pervpg (Fg xs1n).

The next theorem follows from [PZ13, Theorem 10.5] if K/ F is tamely ramified, and from [Lev16,
Theorem 5.2.10] in general.

THEOREM 5.15 (Gaitsgory, Zhu, Pappas and Zhu, Levin). For each A € Perv,+,(Grg), and
w € W, both convolutions Wg(A) x IC,y, IC,, x Wg(A) are objects in Pp.g (Flg xs 1), and
as such there is a canonical isomorphism

\I/g(A) * ICw ~ ICw * \I/g(.A)

Proof. 1f A =1Cy,;, where {11} is a class which is defined over F', then the theorem is a special
case of [Lev16, Theorem 5.2.10] which follows the method of [PZ13, Theorem 10.5]. However,
the proof given there works for general objects A € PLjG(Grg), and only uses that the support
Supp(.A) is finite-dimensional and defined over F'. We do not repeat the arguments here. O

6. Test functions for Weil-restricted local models

6.1 Preliminaries

Recall that we let G = Resy/r(Go) and “G = G¥ x I'p. Recall that {p} is defined over a field
FE, a separable field extension of F' which is a possibly non-trivial extension of the reflex field,
and that Fop/F is the maximal unramified subextension of E/F. We have Vj,, € Rep(*GE)

and I(Vy,y) € Rep(*GE,), where I(V) := Indigio (V) for V € Rep(FGg). Writing G := G and
Go := Gt,, the parahoric group scheme of G' = Resg/r(Go) is given by G = Resp, /0,.(Go) by
Corollary 4.8.

Because the representation I(Vy,;) is ‘defined over Ey’ (not ), it is convenient to reformulate
the test function conjecture after base-changing all geometric objects from Of to Opg,. This
ultimately allows us to reduce to the case where Ey = F' (see the end of this subsection, and

§ 6.3 below). The next few lemmas are ingredients toward this reduction.

LEMMA 6.1. The following statements hold.

(i) We may write Koy @p E = Hj E; and Ky ®f Ey = Hj E;o, where E;/Ky is a finite
extension of fields with maximal unramified subextension Ejg /Ky, and where j ranges over
the finite index set of I, -orbits of F-embeddings Ey — Ky, that is, over the set I'g,\I'r /T'k, .
Similarly, for rings of integers we have Ok, ®0, O, =[] j Og, - Furthermore, the inertia groups
satisfy Igp = IEJ- C IEO = IEj,o'

(i) K ®p Ey = Hj KE;.

(iii) The canonical map I'g,\I'r/Tx — I'g,\I'r/T'k, is a bijection.
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Proof. Write Ko®p Eo = [[; Ej0 and E = Eo[X]/(Q), where @ is an Eisenstein polynomial over
Og,. Each extension Ej/F' is unramified, and so ) remains an Eisenstein polynomial in the
overfield Ejo of Ey. As Ko ®@p E = []; Ejo[X]/(Q) =: []; Ej, it follows that E;/E; is totally
ramified and that £; = EFE; o, from which it follows that E;/FE is unramified and hence I = I E;-

Since K/Kj is totally ramified, K ®, Ejo = KFEj, which implies (ii).

Abstractly Ko ®p E is a product of fields indexed by the set I'g\I'r/T'k,, and this set
coincides with I' g \I'r /T, by the above argument. Interchanging the roles of E and K, we also
get the bijection in (iii). O

LEMMA 6.2. We have G, = Hj ReSKEj,O/EOGO,KEj,o and QOEO = Hj ReSOKEjO/OEO gO,OKELO-

Proof. This is a consequence of the compatibility of Weil restriction of scalars with base change
along the ring extension F' — Ej (respectively, O — Op,) and Lemma 6.1(i) and (ii). O
By [Bor79, L5] (cf. (5.17)) there are natural identifications
GY = I (GY),
LG = IE(GY) x T,

where we abbreviate I 114; = 111:; for the induction functor. Using Lemma 6.2, we obtain the
following lemma.

LEMMA 6.3. We have an identification
L E
Gp, = <HIEOOIKJE?JO »KEj,o)) X Lpy.

Let X = A%,)K = Spec(Ok,[u]) and D = {Q = 0}, viewed as a relative effective Cartier
0
divisor on X which is finite and flat over Spec(Op). The following lemma helps us to determine
Gr( X/0p,G,,D) DO Opg,; it handles the special case where K/F is totally ramified.

LEMMA 6.4. Assume Ko = F, let K' = EyK, which is the maximal unramified subextension of
KE/K, and let Ogr = Ok ®p, OF, be its ring of integers. Since Ok, = Op, note G, is defined
over Op[u]. Then we have identifications:

(1) Gy @0pu) Or[u] = GO0 = 0,0,

(ii) (LpG,) ®op O, = LDOE0 QO’OE (and similarly for L}, );
(111) Gr(X,QO,D) ®(’)F OEO = Gr(XOEO’g

O!OE07DOEO)'

Proof. Part (i) follows because the formation of G, and G, as in [Levl3, Proposition 3.1.2
and Theorem 3.3.3] is compatible with change of base Op[u*] — Opg,[u*] (respectively,
Oru] = Og,[u]); see also Example 4.14. Part (ii) follows formally from part (i) and the identities

R[Dog ] =1im R[u]/Q" = R[D] (respectively, R(Doy, ) = (im R[u]/Q")[1/Q] = R(D)) for
Op,-algebras R. Part (iii) follows from part (ii) and Lemma 3.4(ii). O

PROPOSITION 6.5. In the notation above, there are canonical isomorphisms

Gr(x/05 G0) @0r Oy = | [Reso, 10, (GI(x/01cy.65.0) ©Ox, OF, )
J
= H R’eSOEjVO /OEO (C‘}I.()((QEJ_70 /OE]',O ) g()’oEj 07 D®OKO OEL()) ) :
- ,
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Proof. The first equality is proved using Lemma 3.7. The second equality follows by applying
Lemma 6.4(iii) to each factor indexed by j, replacing the data (F, K, Ey) with (Ko, K, Ejp). O

Recall that G, is defined using the following data: the totally ramified extension K/Kj,
the Ko-group Gy, the facet fy, and the choice of spreading G,/Ok,[u*]; and the generic
fiber of Gr(x/o.gp) is the affine Grassmannian for G = Resg,rGo, by Proposition 4.15.
By contrast QO,OEjO is defined from the data: the totally ramified extension KFEjo/E;y,

the Ejo-group Go,éjo, the facet fy, and the spreading G, o, [t and the generic fiber of
E) b j’

Gr(XoE, /OB, 09y 0. D0y O, ) 1S the affine Grassmannian for Resx g, /g, ,Go,k B, o- S0 when
3,0 Js ) E],O 0 Js

restricting attention to the part inside the Weil restriction in the jth factor, we are in the situation
‘F = FEy and ‘Ky = F’. Our next goal is to show how we may effectively reduce our problem to
the study of each Gr( separately.

Xop, /9800 QOvOEj J D@0y, Onj)

6.2 Statement of theorem
Given an irreducible algebraic representation V of “G, we define the parity dy € Z/2Z as
in [HR18, (7.11)]. Then we define the function 75°, on Grg(kr) by the identity

AT (=1)%V tr55(d | Uarg (Sat(V))). (6.1)

We extend this definition to general representations V of “G (not necessarily irreducible) by
linearity. By Theorem 5.15, Lemma 4.12, and Corollary 4.9, we may view Téfv as an element
in the Hecke algebra Z(G(F),G(OF)). Given any algebraic representation V', we also define
25y € Z2(G(F),G(Op)) to be the unique function such that, if 7 is an irreducible smooth

representation of G(F) on a Q-vector space such that 79(OF) # 0, then 2g, acts on 79(OF)

by the scalar tr(s(7) | V1*F), where s(7) is the Satake parameter of 7 as defined in [Hail5).
THEOREM 6.6. For (G,G,V) as above, we have the equality 75, = ZGy-

Recall that taking inertia invariants does not commute in general with forming tensor
products of representations. Because of the products and unramified Weil restrictions appearing
in Lemma 6.3 and Proposition 6.5, it is problematic to reduce our main theorem to Theorem 6.6.
Instead we need a variant of Theorem 6.6 without semisimplifying the trace, for a fized lift ®
of geometric Frobenius. This is formulated as follows. For each fixed lift ®, we define a function
zgiv € Z(G(F),G(OF)); similarly, we define a function Tgv on Grg(kr) (see Appendix A). By
the same arguments due to Gaitsgory, Pappas and Zhu, and Levin cited above, this function can
be viewed as an element of Z(G(F),G(OF)).

THEOREM 6.7. For (G,G,V) as above and for every fixed choice of lift ® of geometric Frobenius,
we have the equality Tg)v = Zg)v-

In fact we will prove Theorem 6.7, and we deduce Theorem 6.6 immediately by Lemma A.1.
However, we will not require Theorem 6.6, but only Theorem 6.7, to prove our main theorem.

6.3 Reducing the main theorem to Theorem 6.7

Following the method of [HR18, 7.3], we show that the main theorem is a consequence of
Theorem 6.7 as follows. Recall that Vy,, is a representation of LGp = GY x T'g, the L-group
of Resg/r(Go) ®F E, and that I(V[,)) is a representation of LGg, = GY x T'g,, the L-group
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of Resg/r(Go) ®F Ep. Arguing as in [HR18, §7.3], up to the sign (—1)% the function sz} is
identified with the function in Z(G(Ey),G(Og,))

(2 | Wang o, IC1)) = (R, | Yang o, (Sat(I(Vip))). (6.2)
Also, Z?Z} acts on 79(9F0) £ () by
tr(s(m) | Vi5) = te(s(m) [ 1(Viuy)™o). (6.3)

3 3 SS — SS
Therefore, to prove the main theorem, it suffices to prove TQOEO (Vi) = ngEm I . All

Viuy)
irreducible constituents of I(Vj,;) have the same parity, so we may replace I(Vy,;) with an

arbitrary irreducible representation V' of “G',. By Lemma A.1, it suffices to prove

D5, @R,
TQOEO,V - ZQOEO,V (6.4)

for every fixed lift ®g, of geometric Frobenius.

Now L“Gg, = (H] Igio (ReSKEj’O/Ej’OGO,KEjp)v) x I'g, by Lemma 6.3. Because Ejo/Ey is
unramified (cf. Lemma 6.1(i)), any irreducible representation V' is built up, as explained in the
Appendix A, from irreducible representations of © (Resg g, /5, ,Go,KE; ). There is a parallel
description of the corresponding perverse sheaves on the generic fiber of GTQ,OE()’ thanks to
Proposition 6.5. Using Lemmas A.2 and A.3, we easily see that (6.4) will be proved if we can prove
Theorem 6.7 for any irreducible representation of *(Resy Ej0/E;0G0,KE;,) and corresponding
nearby cycles along Gr(

XoEj70 /OE; ¢ QO’OE]-,O’ Do, Ogj o)

Therefore, we may assume F' = FEj henceforth, and we have seen that in order to prove the
main theorem it is enough to prove Theorem 6.7, and in fact we may even assume Ko = F
(i.e. that K/F is totally ramified), and that V is an irreducible representation of “G. By the
argument of [HR18, Lemma 7.7], we may also assume that V|gvy, is irreducible, whenever
convenient.

6.4 Proof of Theorem 6.7
As above, we will assume V'|gv g, is irreducible. Following the proof of [HR18, Theorem 7.6],
there are three main steps:

(1) reduction to minimal F-Levi subgroups of G;
(2) reduction from anisotropic mod center groups to quasi-split groups;
(3) proof for quasi-split groups.

The proofs work exactly the same way as in [HR18|, with only a few additional remarks.
For Step 1, we use Lemma 4.2 to ensure that a minimal F-Levi subgroup of G is of the form
M = Resg/p(My), for My a minimal K-Levi subgroup of G; in light of Theorem 5.15 and
Theorem 5.8, the argument of [HR18] goes through to reduce us to proving Theorem 6.7 for M,
that iS, for Gr(X,Mo:D)'

For Step 2, we assume G is F-anisotropic mod center and we observe that if G is a K-quasi-
split inner form of Gy, then G* = Resg/r(G{) is an F-quasi-split inner form of G. More to the

point, Gr( X,G,,D) and Gr( X.,g:,D) become isomorphic over O and hence we may think of them
as the same geometrically, with differing Galois actions ® and ®* of the geometric Frobenius
element; applying the argument of [HR18], we reduce to proving Theorem 6.7 for G*, that is, for

Gr(X,QS,D)‘
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For Step 3, we apply Step 1 to G*, and we are reduced to proving the theorem for a torus of
the form 7™ = Resg/p (1), that is, for Gr(x 73 p). The theorem for any torus T = Resg,r(Tp) is
easy. Let us explain, following the method of [HR18, § 7.6]. Let V be a representation of TV xT'p
such that V|pv g, is irreducible. As in [HR18, Definition 7.11], let wy € m; (T)}I)F be the common
image of the T"V-weights in V|pv. Then wy can be viewed as the unique k-rational point in the
support of W(Sat(V|rv.r,)), and also as the element indexing the unique coset in the support
of Zgr),v- Further, by Proposition 5.10, we have an identification of “T} = (TV)F x I' p-modules

H* (W (Sat(V))) = H* (Grp g, Sat(V))| oo, -
By the Grothendieck—Lefschetz fixed point theorem, it suffices to prove
z%v(wv) =tr(®| V) =tr(®P | H*(GrTf, Sat(V))).

The second equality comes from the identifications H*(Gry s, Sat(V)) = H(Gry, z, Sat(V)) = V
as IT-representations under the Satake correspondence. Therefore we need to prove the first
equality. Note that all the weights in V' are Ir-conjugate, and z%v acts on a weakly unramified

character x : T(F)/T(F); — Q) by the scalar
tr(s®(x) | V) = tr(x x @ | V) = x(wy) te(@ | V),

the second equality holding since s®(x) € (TV)!F x ®. Thus z%v =tr(® | V)1,,, as desired.
This completes the proof of Step 3 and therefore of Theorem 6.7. O

6.5 Values of test functions
As in the main theorem of [HR18], the function qi;’(‘)/ ZZZS () takes values in Z and is independent

of ¢ # p. The proof given in [HR18, §7.7] uses only general facts about the Bernstein functions
and related combinatorics, and applies equally well to all groups, including those which are
Weil-restricted groups such as G.

7. Test functions for modified local models

The aim of this final section is to formulate and prove the test function conjecture for all reductive
groups and all primes p > 5 using the modified local models introduced in [HPR18, §2.6]. This
is a consequence of our main theorem and some geometric results in [HR19]; cf. Corollary 7.4
below.

7.1 Modified local models
We denote by G a reductive group over a non-archimedean local field F' of mixed characteristic
(0,p). We fix an isomorphism

Gad >~ HReSKj/F(Gj)a (71)

jeJ

where each Kj/F' is a finite field extension, and each G; is an absolutely simple, reductive
Kj-group. We assume that each G; is tamely ramified. This is only a restriction for p = 2,3:
whenever p > 5 this assumption is automatically satisfied by the classification (cf. [Tit77, §1.12;
§4]; see also [PR08, §7.a]).
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We further fix a facet f C (G, F') which corresponds to facets f; C #(G;, K;), j € J, under

the identifications
B(G, F) = B(Gaa, F) = | [ (G, Ky)
jed

deduced from Proposition 4.6 applied to each pair (G;, K;/F). We denote by G = G¢ over Op
and by G; = Gg, over Ok; the associated parahorlc group schemes.

We fix a uniformizer w; € Kj and an Ok, [u *]-extension G,o of Gj where Kjo/F denotes
the maximal unramified subextension in K;/F. Each geometric conjugacy class of cocharacters
{p} in G induces a geometric conjugacy class {fiaq} in Gaq and hence for each j € J a geometric

conjugacy class {u;} in Resg,/p(Gj). We note that the reflex field £ of {u} is naturally an
overfield of the reflex field E; of {yu;}.

DEFINITION 7.1. The modified local model Mg (G, {u}) = M(K;/F,G; o, £, {p;}, @55 € J) is
the Opg-product of the Og-schemes

[1 M o, O
jedJ
where My, y = M(K;/F,G,,%j,{11;},@;) is the local model over Op; as in §4.4.4, and MEP —

M, denotes its normalization.
{/J‘]}

For convenience we summarize the results on the modified local models obtained in [PZ13,

Lev16, HPR18, HR19].

THEOREM 7.2. (i) If G splits over a tamely ramified extension of F, then Mg(G,{u}) is
isomorphic to the modified local model defined in [HPRIS, §2.6].

(ii) A morphism of local model triples (G',{i'},G") — (G, {u},G) with G| 4 ~ G,q satisfying
the tameness assumption in (7.1) induces an isomorphism of Ogs-schemes

Mg/ (G', {i'}) — Mg(G,{n}) ®oy, Op.

(iii) The modified local model Mg(G,{p}) is normal with geometrically reduced special fiber,
and if p > 2 it is Cohen—Macaulay as well.

Proof. As in [HPRI18, §2.6] we choose for each j € J a suitable z-extension é - Gj
whose derived group GJ der is simply connected. Then the geometric conjugacy class {p;} in
Resg,/r(Gj) can be lifted to {fi;} in Resg; /F(G ) with the same reflex field E; = Ej; cf. [HPRIS,

§2.6]. Denote by f the facet of G corresponding to f;. This induces a morphism of Op;-schemes
on Weil—restricted local models

Mg,y == M(K;/F,G; 0.5, {fi;}, ;) = M(K;/F, G, 55, {1}, ) = My,,y, (7.2)

where G 0= Gjoisan Ok, yu *]-extension of G — (. Now for tamely ramified extensions

K;/F the Well—restrlcted local models agree by [LeV16 Proposmon 4.2.4] with the local models
of [PZ13]. Further, the morphism (7.2) is a finite, birational, universal homeomorphism by [HR19,
Corollary 2.3]. Since M{; y is normal by [PZ13, Theorem 9.1] (see also [Lev16, Theorem 4.2.7]),

the map induces an isomorphism My ~ M?E;? on normalizations, and the former are the
modified local models of [HPR18, §2.6]. Extending scalars to O and taking the product over
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j € J implies part (i). Part (iii) follows from [HR19, Corollary 2.5]; see also the references cited
there. For part (ii) we remark that the morphism is a finite, birational, universal homeomorphism
by the same reasoning as in (i), and that the target is normal: its generic fiber is normal by
definition and its special fiber is reduced by (iii). As the local model is flat and of finite type,
the target is normal by Serre’s criterion; cf. [PZ13, Proposition 9.2]. |

Remark 7.3. As in Remark 4.19 one can show that Mg(G,{u}) depends up to equivariant
isomorphism only on the data (G, {u},G), which justifies the notation.

We also record the following property which is important for the proof of the test function
conjecture.

COROLLARY 7.4. The product of the normalization morphisms

o(@ () = [T My @0, 06— ] Myuy) ®0,, O
jed jeJ

is finite, birational and a universal homeomorphism. In particular, this morphism induces an
equivalence on the associated étale topoi of source and target [StaPro, 03SI].

Proof. This is immediate from the isomorphism Mgy =~ Mforin, j € J, in the proof of
Theorem 7.2(i), together with [HR19, Corollary 2.3]. O

7.2 Test functions

Let (G,{p},G) be a triple as above, where G/ F' satisfies the tameness assumption in (7.1). Denote
by My,y = Mg(G, {p}) the modified local model as in Definition 7.1. For a finite extension E/F
over which {u} is defined, we consider the associated semisimple trace of Frobenius function on
the sheaf of nearby cycles

8y My (ke) = Qo @0 (=1)% 60%(®p | Wiy, (IC})a),

where ICy,; denotes the normalized intersection complex of the generic fiber of My,,. As an
application of our main theorem we deduce the test function conjecture for modified local models.

THEOREM 7.5. Let (G,{u},G) be as above, and denote by E/F an extension which contains
the reflex field of {u}. Let Ey/F be the maximal unramified subextension. Then Ty, naturally

defines an element in Z(G(Ey),G(Og,)), and one has

Ss __ oSS
Ty = Aup
where 2, € (G(_Eo),g(OEO)) is the unique function which acts on any G(Op,)-spherical
smooth irreducible Q-representation w by the scalar

L
tr(s(m) | Tnd, g™ (Vi) 1%0),

where s( ) € [(GV)Bo x ®p,lss/(GV) B0 is the Satake parameter for m [Hail5]. The function

q%’g/ { } takes values in Z and is independent of £ # p and ¢*/? € Q.
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Proof. First, we will show that 77, naturally defines an element of Z (G(Ey),G(0Og,)) for which

we need to prove the analogue of (6.2). As in (7.1) we denote by (Hj,{u;},H;), j € J, the local

model triple where Hj := Resg,/p(G;) and H; := Resp,. /0,(G;). Note that Gaq = [[; H; and
J

Gaa = [[; H;- For the next statement, observe that ICy,; = Sat(Vy,,,1) under the equivalence of

étale topoi of Corollary 7.4 for the generic fibers M,y z and Hj My, ®(9Ej EC GrgadpEO ®0p,

FE = Grg

ad,E*

LEMMA 7.6. We have

tr(®p | U, (IC,y)) = tr™(Pp, | Waa(Sat(Z (V1))

where W,q denotes the nearby cycles functor for Grg, 1,05, = II j GrHﬁ@EO.
Proof. The argument follows the proof of (6.2) as in [HR18, §7.3]. Consider the finite morphism

[ Grgad7oE0 ®og, Op — Grgad,OEo'

Abbreviate the nearby cycles for Grg, 05, ®05, OF by Yaq 5. We have

(@ | Cad £(Sat (Viuyg})) = (R | fonWaa (56 (Vi)
= trss(q)Eo ‘ \Ilad(fm*sat(v{uad})))
= (g, | Vaa(Sat(l(Viy,q1))))-

We used the analogue of [Hail8, Lemma 8.1] for the first equality, proper base change for the
second equality and [HR18, Proposition 3.14] for the final equality. By the topological invariance
of the étale site in Corollary 7.4 we have

tI‘SS((I)E ‘ \IIM{M(IC{#}» = tI‘SS(CI)E ’ \I/ad,E(Sat(V{uad}»);

which proves the lemma. O
By Lemma 7.6 (combined with Theorem 5.15), the test function
T = (=) tr (D, | Waa(Sat(I(Viu,1))) (7.3)

naturally defines an element of Z(Gaq(Eo), Gad(OF,)). By §7.3 below, the natural projection
p: G — (G,q induces a canonical morphism of algebras

pst Z2(G(E0), G(0OF,)) = 2(Gad(E0), Gad(O,))-

There is a disjoint union

G(E)= I G(Eo)e, (7.4)

wem (G)r

where G(Fy), = ’15,1E0 (w) is the fiber of the Kottwitz morphism k¢ g, : G(Eo) — m1(G)r with
I = Ig, = Ir (use Ey/F unramified), and likewise for G replaced by G,q. The key observation
is proved in Lemma 7.7 below: if w — w,q under the map 71(G); — 71(Gaq)1, then p, restricts
to an isomorphism

Z(G(Ep),G(0E,)w —> Z(Gaa(Eo), Gaa(O,) )w,y (7.5)

on the functions whose support is contained in G(Ey),, (respectively, in Gaa(Eo)w,,). We apply
this to w = wy,), the image of {u} inside 71(G);. To explain, note that the representation
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I(Vy,y) of G g, need not be irreducible, but all its BY-highest T" are Ig,-conjugate to 4. Similar
remarks apply to the restriction I(Vy,, ) of I(V{,y) to L(Gad) By; note as well that Winy ™ Wipaal-
Geometrically, this means that the support of (7.3) is contained in the connected component of
Grg,,®oy kg, indexed by wy,, .1, and hence it belongs to Z(Gaq(Fo), gad((’)EO))w{uad}. Finally, via
(7.5) we see that 7{, identifies with an element of Z(G(Eo), 9(Ok,))w,,, € 2(G(Eo),G(0F,)).

Next we prove the equality of 75, = 277, as elements of Z (G(Ey),G(0Og,)). Their values then

satisfy the required integrality properties independently of the choice of £ # p and ¢'/2 € Q,
by §6.5. It is enough to show the equality szad} = Z?:Suad}’ that is, the equality of the two
functions when they are viewed as elements of Z(Gaq(Eo), Gad(OF,)) via (7.5). Here T} 15
just a relabeling of (7.3) and we are using Lemma 7.7 below with V' = I(V,,1) and Vaq = I (V{,,.1)

to justify that 23}, — 2§ . under (7.5).

Fix a lift of geometric Frobenius ® = ®g,. We will show that Taad} = Z?ﬂad}; cf. Appendix A.
The result will then follow from Lemma A.1 by averaging over the different litts ®.

For each j € J as in (7.1), we denote by Taj} (respectively, zf{I’M}) the central functions
associated with the local model triple (Hj, {1}, #;) over the extension E/F. Parallel to (7.3)
we have

7y = (D) (@ | Wy(Sat(I(Vi,,)))),

where W; stands for the nearby cycles functor for Gry;; ®o, Op. The tameness assumption in
(7.1) guarantees that Theorem 6.7, and in particular (6.4), is applicable, and we deduce the
equality
Taj} - Z?ﬂj}

as functions in Z(H;(Eo), H;(Og,)) for all j € J. Recall that 1Cy,, = Sat(V[,, ) can
be expressed as the external tensor product XjSat(V{uj}) = W,;IC,,y on the generic fiber
Grg, 0 5, ®0n, E=]] j Grp, g Since the formation of the non-semisimplified functions commutes
with direct products of groups by Lemma A.2, we get the equality

d d » &
Ty = Ly = T 0y = 2
J jeJ
inside Z(Gad(Eo),Gad(Or,)) = [I; 2(H;(Eo), H;j(Og,)). We have also used the equality
> y dy,; = d,, mod 2. This completes the proof of the theorem. O

7.3 Passing to adjoint groups

In this section we do not need any tameness assumptions — the arguments hold for general groups.
We work over the unramified extension Ey/F. Let Z be the center of G. Let A, S, T, M be as
usual for the Eg-group G, and denote by A.q, Sad, Tad, Maq their images under the canonical map
p: G — Guq = G/Z. Recall that M,q is not the adjoint group of M, but is a minimal Fy-Levi
subgroup of G.q. Let G (respectively, Ga) be the parahoric group Op,-scheme with generic fiber
GE, attached to a facet f (respectively, an alcove a with f C a). Let G,q (respectively, Gad.a)
be their analogues for G,q. The morphism p: G(Ep) — Gad(Ep) sends G(Op,) into Gaq(Og,),
and so by the étoffé property of G, p extends to an Og,-morphism p : G — G,q; cf. [BT84, 1.7].
Similarly, we have p : Ga — Gad,a-

Let O stand for either Op, or OEO’ with K its fraction field. In general, the natural
maps p: G(O) = Gaq(0) and G(K)/G(O) — G1q(K)/Gaq(O)) are not surjective. Nevertheless,
using [BT84, 5.2.4], if M,q (respectively, T,q) denotes the unique parahoric group scheme for
M,q (respectively, Toq), one can check that p(G(Og,)) - Mad(Og,) = Gad(OF,) (respectively,
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p(G(Of,)) Taa(Op,) = Gad(Oj,)). This implies that p takes any G(O)-orbit in G(K)/G(O) onto
a Gaa(O)-orbit in Gaa(K)/Gad(O), since Maa(Op,) (respectively, Taa(Op, )) is normalized by
the group Ng,,(A.q)(Eo) (respectively, Ng.,(Saa)(Eo)) giving rise to representatives of those
Gad(O)-orbits.

Write O = O, and O=0 .- We make some abbreviations: Iwahori subgroups I =Ga.(0)
and I = Ga(O); parahoric subgroups J = G(O) and J = G(©). Similarly define their analogues
for Gq: fad, 1., Jad, and Joq. Let Wy denote the finite relative Weyl group for G/Ey. There are
decompositions of the Iwahori—-Weyl groups over Fjy:

W(G) =Ww= X*(Z(MV)IEO)(D X Wy = Wye % (a,
W (Gaq) = Waa = X*(Z((Maa)")0)® x Wy = Wee % Qa,,,
and p: W — W,q is compatible with these decompositions. In general, p maps Q4 to Qa,,,

neither surjectively nor injectively. However, for each fixed w € €, with image w,q € 2
obtain an isomorphism

(7.6)

but
Aad we

P Wee Xw > Wee X Waq. (7.7)

Recall that H(G(FEp),I) is generated by TS = 147, where w € Ng(T)(Ep) is a lift of
w € W(G) along the Kottwitz homomorphism k¢ f,. The algebra H(G(Ep), I) has an Iwahori-
Matsumoto presentation, that is, it is isomorphic to an affine Hecke algebra over Z[v,v~!] with
possibly unequal parameters, after a specialization v — . /qg, € Qy; cf. [Hail4, 11.3.2] or [Ros15]

for a proof in this generality. The map Tg — Tpcgm respects the braid and quadratic relations,

w)
hence gives an algebra homomorphism

H(G(Ey),I) = H(Gaa(Eo), Laa)-

Let ey and e;, be the idempotents corresponding to J and J,q; these both correspond to
the same set of reflections in Wy (those which fix f). Therefore, using the usual relations in
the Iwahori—Hecke algebra to understand the products of such idempotents by the standard
generators Tg , we see that the map

e TSes > e TSes,,,
where w,q = p(w), determines a homomorphism of algebras
pst H(G(Ep), J) = H(Gaa(E0)s Jad)-

The homomorphism above preserves centers; to see this one uses the Bernstein presentation of
H(G(Ey),I) and H(Gaq(Ep), I.qa) (we refer to [Ros15] for a proof of the Bernstein presentation in
this most general setting). Put Ay = X*(Z(M")%0)®. The Bernstein presentations reflect the
decomposition W = Ay x Wy of (7.6), and, for each Wy-orbit A C Ajy, there is a basis element

2y € Z(G(Ep), I); cf. [Hail4, 11.10.2]. The map sends zy to 2z5_,. To see this, we write out each

of z5 and z3_, in terms of the standard basis elements T, @ and Tp%ud). (Use that the alcove walk

description of Bernstein functions depends only on the combinatorics of Wy.; cf. [HR12, §14.2].)
Hence the diagram

Z(G(Ey),J) Z(Gad(E0); Jad)

zi zl (7.8)

Qe[ X*(Z(MY) P0) W0 —— Qu[X*(Z((Maa)¥)"70)*]"0

commutes, where the vertical arrows are the Bernstein isomorphisms of [Hail4, 11.10.1].
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Now, the top arrow is neither injective nor surjective in general. To remedy this, we establish
the analogue of (7.7) on the level of centers. Assume V € Rep(*G,) has the following property:

all the BY-highest T"-weights in V|gv are Ip,-conjugate ()

(e.g. V|Gvurp, is irreducible). Then the restriction Vg := Vlr(g,,) 5, Das the same property. Let

wy € Wl(G);I); be the common image of the \; € X,(T') appearing as BY-highest T"V-weights in
0

Vlgv, and define wy,, similarly. Note that wy — wy,, under m(G)r, — m1(Gad)1g,. that is,
(Wy)ad = Wy, -

Let H(G(Ep), J)w, be the subspace generated by the elements esTS e, w € Wie x wy. Define

Z(G(Ep), J)wy = H(G(Ey), J)w, N Z(G(Ep),J). As in (7.4) these are the functions supported

on G(Ep)., C G(Ep).

LEMMA 7.7. Assume V satisfies property (x); for example, V. = I(V{,). Then the map
pi: Z2(G(Ey),J) = Z(Gaq(Ep), Jaq) Induces a vector space isomorphism

Z(G(E0)7 J)wv L> Z(Gad(EO); Jad) (7.9)

“Vad

taking zg’y to zg;d,Vad‘

Proof. Since p(zy) = 25, for A (respectively, \uq) ranging over Wy-orbits in Apr N (Wee x wy)
(respectively, in Apg,, N (Wse X wy,,)), the first statement is clear. All that remains is to show
that p*(zgy) = Zgad,Vad'

Using the construction of Satake parameters ([Hail5, § 9], [Hail7]), the map G — G,q induces
a commutative diagram (here for notational convenience we write G in place of GY):

—~ —~7T —~ T —~1 —~1
(Z(M)"®0)g /Wy —— (T* ™) e /W —— (T* ") - JW§ p ——[G* ¥ @) /G "

— —T —T —1T —1
(Z(Maa)"™0)g /Wy — (T EO)<I>*/W6< — (I E)Q*/WS,E =[G4 ¥ P55 /Gy ?

Fix V € Rep(*Gg). Starting with the regular function g* x ®* ~ tr(g* x ®* | V) on the variety
in the upper right corner, we pull back along the diagram to get a regular function on the lower
left-hand corner. Pulling back in one way yields zgadyad, and pulling back in the other way, by

(7.8), yields p*(zgv). O
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Appendix A. Non-semisimplified trace

A.1 Basic definitions

Let V € Rep(YG), and let ® € Gal(F'/F) denote a fixed lift of geometric Frobenius. Let G/Op
denote a parahoric group scheme. Define zg’y € Z(G(F),G(OF)) to be the unique function
such that, if 7 is an irreducible smooth representation of G(F) on a Q-vector space such
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that 79(9F) £ 0, then zg)y acts on 79(OF) by the scalar
tr(s®(n) | V),

where s®(7) € [(GV)F x ®]ss/(GY)!F is the Satake parameter of 7 as defined in [Hail5], relative
to the fixed choice of ®.

Similarly, if V' is irreducible with parity dy € Z/2Z as in [HR18, (7.11)], we define the function
Tgv on Grg(kp) by the identity

Tgv = (=)W tr(P | Ve, (Sat(V))).

We extend by linearity to define 7'5 v for all V. By the same arguments which proved

Theorem 5.15, Lemma 4.12 and Corollary 4.9, we may view 7'5 v as an element in the Hecke

algebra Z(G(F),G(OF)).

A.2 Averaging over inertia
Choose any normal finite-index subgroup Iy C Ir having the property that 1 x I; acts trivially
on V and I; acts purely unipotently on all cohomology stalks of W, (Sat(V)).

LEMMA A.1. Let % € Ir range over a set of lifts of the elements v € Ip/I;. Then

1 B~
oy = o T v Al
1 B~
2oy = — 2o A2
g,V |IF/II| ; g,V ( )

Consequently, TGV = 2G Vs if 7'5 v = zg’y for all lifts ® of Frobenius.

Proof. Let H be a finite group acting on a finite-dimensional Q-vector space V. Let ® denote
an arbitrary linear operator on V. Then we have the identity

fr(® | VH) = ’1H’ S w(@oh | V). (A3)

heH
Now in a cohomology stalk of ¥y, (Sat(V)), choose a Gal(F'/F)-stable filtration on which I acts
through a finite quotient on the associated graded module, denoted V. Then (A.3) yields (A.1).
Similarly, using that 1 x I already acts through a finite quotient on V', we obtain (A.2). O

A.3 Products and unramified Weil restrictions

A.3.1 Products. Let Gj, j = 1,...,n, be connected reductive groups with corresponding
parahoric groups G;. Write G = Hj Gjand G = Hj gj.

Suppose V; are representations of G;. We form the dual group L(Hj G;) = (I, GY)xT,
with T' = Gal(F'/F) acting diagonally on the factors.

LEMMA A.2. Let V = X;V;, the representation of L(Hj G;) with I' acting diagonally in the
obvious manner. Then we have equalities of functions in Z(G(F),G(Or)) = [[; Z2(G;(F),

G(OF)):
b )] Lo} )]
gV = Hng,vj’ A H #G.V;
J J

A.3.2 Unramified Weil restrictions. Let F,/F be a finite unramified extension of degree n,
and let Go be a connected reductive Fj,-group; let G = Resp, /pGo. Then L@ identifies with

the induced group *G = (IEG}{) x I'p, where T'p acts on the Qg-group IERGG/ = H?;& Gy in
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the obvious way. Explicitly, as a I'y-group If, Gy = H?;& *7 Y, where ‘DOG(Y is GY endowed
with the given action of T, and ™ G is the same group but with I';, acting through the given
action precomposed with the automorphism =, — ®7~,®~7. The action of ® on I I{jn GY is given
by (90,912 9n-1) = (91,92, - - 9n—1, 2" (90)). _

An irreducible algebraic representation of “G is of the form V = @?;Olq’ﬂ%, where Vj is an
irreducible representation of Gy = Gy x T, and T, acts on 77V by precomposing the given
action on Vy with the automorphism +,, +> ®/v,®7. Then, as before, I'x = (®)I'f, operates as
follows: I',, acts ‘diagonally’ on vectors of the form vo M vy X --- K wv,_;, and ® sends such a
vector to the vector v vy X -+ K v, K O™ (vp).

LEMMA A.3. We have the identity
tr(® | V) = tr(d" | W),

and this implies the identities

e P [ I 10
TGV = TGo,Vor %G,V = %Gy,

in Z(G(F),G(0p)) = Z2(Go(Fy),Go(OF,)).

Proof. The first identity is a special case of a result of Saito and Shintani; cf. [Fen20, Lemma 6.12].
The other assertions follow from this one. O
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