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I should like to make it clear at the outset that no complete
solution of the boundary layer equations is given in this paper;
a complete solution being understood to be one giving numerical
values of the dependent variable (fluid velocity) over the whole
range of the independent variables (for steady motion, the space
coordinates) in question. I have attempted to exhibit the mathe-
matical nature of certain solutions previously unknown, and have
carried out part of the actual calculations—sufficient, in my opinion,
to allow those who will, to judge the practicability of completing
a solution for any definite example. (A summary is given at the
end of the paper.)

1.

1.1, Consider a two-dimensional flow of an incompressible
fluid of small viscosity (or, more generally, a flow at a high
Reynolds number) along a straight or curved wall, or past an
immersed cylindrical body. Let U be a representative velocity
and d a representative length of the system considered. Let 3, be
distance measured normally from the boundary, z; distance along
curves orthogonal to the normals (measured from the normal at
the forward stagnation point for flow past a cylinder), %, and u
the components of fluid velocity in the directions of #; and ¥,
increasing, p; the -pressure, p the density, and » the kinematic
viscosity of the fluid. Further, let & be z:/d, y be Rty /d, u be
u/U, v be R¥uy/U, and p be pi/pU? where R is Ud/v. Then, on
the assumption that a boundary layer exists in which the viscous
terms in the equations of motion are of the same order of magni-
tude as the inertia terms, the approximate equations for determining
a steady motion in the boundary layer are*

ou, Ou_ dp K u
uaTE'f"Ua—:l}— Eﬂ_*-—ayz’ .................. (1)
__o
and =gy e (2)

* The equations were first given by Prandtl, Verhandl. d. III intern. Math.-
Kongresses, Heidelberg, 1904 ; reprinted in Vier 4bhandlungen zur Hydrodynamik
und Aerodynamik, L. Prandtl and A. Betz, Gottingen, 1927. Prandtl’s method is
more fully given by Blasius, Zeitschrift f. Math. «. Phys. 56, 1 (1908). Concerning
the derivation of the equations, see also v. Karman, Zeitschrift f. angewandte
Math. und Mech. (7.4.3[.M.} 1, 233 (1921); Polhausen, Z.A.M.M. 1, 252 (1921);
Bairstow, Journal Roy. Aeronautical Society, 29, 3 (1925); and v. Mises, Z.4.M.M.
7, 425 (1927).

VOL. XXVI. PART I. 1

https://doi.org/10.1017/50305004100014997 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100014997

2 Dr Goldstein, Concerning some solutions of the

together with the equation of continuity,

ow  0v _
oy~

For flow along a curved wall the error in each of the equations
is of order R~ %071 where o is the ratio of the radius of curvature
of the boundary to the length d*; for flow along a straight wall
the errors in (1) and (2) are of the order R, and (3) is exact.

1.2. According to 1.1 (2) the pressure in the boundary layer is
independent of y. Its value at any point is consequently the same
as at the corresponding point outside the layer; and the pressure
distribution immediately outside the layer is assumed to have
been independently determined. The theoretical determination is
a matter of difficulty?, since the flow outside the boundary layer
is not everywhere irrotational}. It is usual to find the pressure
distribution experimentally, and then to use the experimental
result so found to calculate the velocity distribution in the boundary
layer, the frictional drag on the wall, and the point at which the
forward flow leaves the wall. The results of the calculations are
then compared with experiment.

1.3. The boundary conditions to be satisfied by » and v must
next be considered. First, » and v must vanish at the wall, i.e. for -
y=0. In general, u is given for 2 =0. In addition, the fluid velocity
must pass over smoothly into the velocity in the main stream.
Thus u must become equal to V, and du/oy equal to 0, as we pass
into the main stream. (Here ¥V is the velocity immediately outside
the boundary layer, divided by U.) These conditions cannot, in
general, be satistied for a finite value of y; we must take u to be
asymptotically equal to V. Then if we define the limit of the
boundary layer by requiring u to be equal to V" to any prearranged
degree of accuracy, this is attained for a finite value of y (though,
of course, the value of y depends on the degree of accuracy
required), and the solutions have the property that the difference
of u from V is quite small for moderate values of y. Further,

1 TR (3)

* Terms of order R~% multiplied by the gradient of the curvature along the
surface are also neglected. See Bairstow, loc. cit.

1 For recent attempts, see Oseen’s Hydrodynamik (Leipzig, 1927), including as
appendix two lectures by Zeilon at the International Congress for Technical
Mechanics, Zurich, 1926. Reference may also be made to Burgers, Proc. Roy.
Acad. Sci. Amsterdam, 31, 433 (1928).

1 In flow along a curved wall there is a region in which the pressure increases
in the direction of motion; in this region the forward flow in the boundary layer is
forced to leave the wall, and the fluid in it, having acquired vorticity, mixes in the
main stream. See Prandtl, loc. cit. and Journal Roy. Aderonautical Soc. 31, 720
(1927). Also Blasius, loc. ¢it. Many popular and semi-popular expositions have been
published, mainly in connection with the rotor ship (flow past rotating cylinders),
and the effects of suction on the boundary layer. References are given in the Vier
Abhandlungen,
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equation 1.1 (1) shows that if, as y tends to infinity, » tends to
a value independent of y, and 9u/dy and 62u/dy? tend to zero, then
the limiting value of u is connected with the pressure by Bernoulli’s
equation. It is, then, sufficient to require that w should tend to
a limit,

The velocity v is neglected in the boundary conditions at =0
and y =0, and this introduces an error of order B3,

14 Ifthe velocity and dimensions of the system are sufficiently
large for any given fluid, then it has been experimentally established

~ that at a sufficient distance downstream the flow in the boundary
layer is turbulent. But the Reynolds numbers at which transitions
to turbulent motion take place are large enough for the laminar
motion to be calculated from the approximate equations*.

1.5. Complete mathematical solutions of the boundary layer
equations for steady motion have been obtained for two problems
only—for flow past an infinitely thin plate along the stream and
for converging flow between two non-parallel straight wallsf. For
the flow past a cylindrical obstacle, the solution has been obtained
by v. Kdrmén’s approximate method§; in addition, the velocity
has been expanded in a Taylor power series for z, the coefficients
being functions of y to be determined from ordinary ditferential-
equations|. An obvious, even if laborious, method of attempting
to complete the solution would be to proceed step by step, using

* For experiments on flow along flat plates, containing measurements in the
laminar and turbulent regions, and also in the region of transition, see Burgers and
van der Hegge Zynen, Mededeeling No. 5 uit et laboratorium voor aerodynamica en
hydrodynamica der tecknische hoogeschool te Delft; van der Hegge Zynen, Mede-
deeling, No. 6; Burgers, Proceedings of the First International Congress for dpplied
Mechanics, Delft (1924), p. 113; Hansen, Z.4.M.M. 8, 185 (1928). The flow past a
circular cylinder in the critical Reynolds number interval has been examined by
Fage, Phil. Mag. (7) 7, 253 (1929). The discovery that the flow in the boundary
layer may become turbulent apparently dates back to Blasius, Mitteilungen iiber
Forschungsarbeiten herausg. vom Verein deutsch. Ing. Heft 131, p. 1 (1913), and
Prandtl, Gottinger Nachrichten (1914), p. 177.

1 Blasius, loc. cit.

% Polhausen, loc. cit. The exact solution for converging or diverging flow
between non-parallel straight walls was given by Hamel (Jahresbericht der
deutscher Math.-Vereinigung, 25 (1916), p. 34) as a special case of flow in which
the stream-lines are logarithmic spirals, which is the only possible form if they are
to coincide with the stream-lines of a potential flow. See also Oseen, Arkiv fir
Math.- Astron. och Fys. 20, 1927, No. 14; Millikan, Math. Ann. 101 (1929), p. 446;
and v. Karman, Vortrige aus dem Gebiete der Hydro- und Aerodynamik (Innsbruck,
1922), p. 150.

§ Polhausen, loc. cit.

i| Blasius, loc. cit.; Hiemenz, Dinglers Polytechn. Journal, Bd. 326 (1911). The
latter used an experimentally determined pressure distribution. See Polhausen’s
remarks on Hiemenz’s solution, and v. Mises’s remarks on Polhausen’s solution.

An approximate numerical solution has also been given by A, Thom, Reports
and Memoranda of the Aeronautical Research Comumittee, No. 1176 (1928). The
region in which the solufion holds appears to be almost the same as that for
Hiemenz’s solution. Measurements of the velocity distribution in the boundary
layer at the surface of a circular cylinder are also given in the paper cited.

1-2
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the Taylor series to give the solution up to a certain value of «,
and then taking the value so calculated as a new initial value.
This new initial value, %, will, in general, be given numerically;
to continue the analysis we may approximate to %, by a polynomial,
so that

U=y + Ay + ... + XY™ (1)

In general, however, the solution with (1) as initial value is not
free from singularities, and has not previously been found. If
op

e =Pt TP A 2

the conditions for the absence of singularities in the solution are

200+ Py =0, a3=0, blas+2mp1=0, 6!ag=2pp, ...

Thus only a1, a4, @;, and so on are at our disposal. We may then
seek to determine these coefficients so that

2a 2
Uy =y — dpoy + a4y‘——51!1—o—1y5 +—pé‘3!£—1y°+ Gy + ...

as nearly as possible, and continue the analysis with (4) as initial
value. There are several objections to this process. First, the
determination of the coefficients in (4) is usually neither easy nor
accurate. Second, if we determine n coefficients we have a poly-
nomial of order 3n — 2. Third, with (4) as initial value, we find

ou _ 4la, Tlara, + (4! ag)?
(@)y=0—a1+ a; e+ da’ 2+..., ...(5)

and the presence of the factorials is unpleasant. It may well be,
then, that the solution with (1) as initial value possesses advantages
for practical calculation ; in addition, it has theoretical mathematical
interest. The singularities will invalidate the solution for practical
purposes only in the immediate neighbourhood of #=0.

Other problems of which mathematical solutions have not yet
been given are that of finding the nature of the solution in the
neighbourhood of the point at which the forward flow leaves the
boundary, characterised by the condition that not only u, but also
Ow/0y, vanishes for ¥ =0; and also such a problem as that of the
flow along an infinitely thin plate when the fluid flow has previously
been disturbed. All these problems are included in that of finding
the solution of the equations for a general initial value of u. Thus,
if uy 1s the value of w for =0, and

wW=Ao+ My + i +asy®+ ..y i, (6)
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then for the first problem a@y=0 and a,#0, for the second
@p=a;=0 and as#0, and for the third a,#0. The solution for
the§ first is given in § 2, for the third in § 3, and for the second
in § 4.

1.6. The boundary layer equations apply not only when the
motion is being disturbed by the presence of a boundary, but also
when a previously disturbed flow is recovering from the effect of
the disturbance. Such an application is that of calculating the
flow behind a flat plate along the stream. In this case the
boundary conditions u=0,v=0 at y=0 are replaced (because of
symmetry) by v =0, 9u/dy =0 at y =0. The calculation is carried
out in § 5, and numerical values of the velocity are given. The
extension to a geueral initial value of u and general pressure
gradient is simple, but it has not been found possible to make
allowance for a finite thickness of the plate.

2.
2.1. It is required to solve the equations
ou  ou  u
ua—x+v@=5y—2+po+p1a:+pzw2+..., ......... (1)
ou , v
5‘; + 5y‘ =0, i (2)

with the boundary conditions u =v =0 at y =0, u tends to a limit
as y tends to infinity, and :
u=uy=my+ &P +azgyP+... (@ F0) ...l 3)
at ¢=0.
2.2. A general transformation of the equations, of which a

special case 1s required here, will be found useful later. Equation
2.1 (2) is integrated by taking

Y
= 55- y V=-— % y sesosreverascssorarns (1)
and then we put
1 -1
E=a", p=yz "n, ...oceiiiin. (2)
and =ELf(E M) i 3)
so that u=§E"2f/n ) )
v=—[—1)f+Ef—nflng]”

and f satisfies the equation

(n— 2)fnz + ffvfén —(n—=1) ffn— fff.ﬁm
= fom + 13EY ™ (o + P2 E” +pzf'z”+ ce )
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2.3. To solve the equations of 2.1, we take n equal to 3 and

assume that
S=rhm+EL )+ Efe (,,’)+ O 1)
Then w=3E(fy +EA +Ef 4 ), e 2)

and

S 2t — =

S+ 201~ 3ﬁ>f1 +3/"fi=—2Tpo

B A A o= = BAA 4 2R
S+ 2 fs = S + O fa=— 4L+ S -8R AT
S R = G 4 O o= = S 4 O = 3

+3f32 — 41y fo — 2T,
and so on, where dashes denote differentiations with respect to 7.
The conditions w =v=0 at 5 =0 are equivalent to

Fr0)=F (0) =0, (4)
while the condition that
wp=t (3En)+ax(BEnP+ ... + ¢, BEn) + ... ...... (5)
when = o0 and £— 0 requires that
ﬂl_i:llf’,_l O = U (6)
where o, =3 a,. (7

The condition to be satisfied when y is infinite will be con-
sidered later (§ 2.4).
The solution for f; can be written down at once. It is

Fo=3mE o, (8)

The solution for £; is given in § 2.31; in § 2.32 the complementary
functions for the equatlon for f, are considered; and the solution
for f; is completed in § 2.33.

2.31. If we put Z=aTn, e 1
d® d? afi | . ,
then f1+ 2 dﬁ—3z£+3ﬁ=—m/al, ......... 2)
where 0 =2TPge tevevriiiniiiiii 3)
The general solution having a double zero at the origin is
Ji=PBug1(2) —meay 22331, o 4)

where B, is an arbitrary constant, to be determined later from the
condition at infinity, and
25 2.4 2.5.4.7 2.5.8.4.7

22 .7.10
g @=gi+t5- g Ot Tr A e
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g1 (2) may be expressed in finite form in two ways. First,

gi=1%z [(:1F1 (—%4:5;,~18dz, .oovnvenn (6)
a{a+1)
where 17y (a; b; m)-—1+1 5 +2———’b(b+1) o T )

and has been studied by Barnes* and others. Another form is

71=3" 32 -1 v (3, 42 + .37 Fey (3, 12%) + hePexp (— §9),

...... (8)
where y(n, x) is the tncomplete gamma function, namely,
o (1, @) = f TPttt e, (9)
0
so that
T'(n) —y(n, ) ~ e 22! {1/ + 1= (n —1) gn — 2) } .
x &
PP (10)
The limit of z72df;/dz as z tends to infinity is now easily found
to be
3.3 T (DB - mom ™ s (11)
Since from 2.3 (6) this must be equal to ay/a;, we must have
Br= 3% (o + 200)/T" (3) = 3% ay™* (po + 202)/T' (3)
= 31954 (po + 2a5)/a,.
...... (12)

The asymptotic formula for f] is

- 1 16
fi= A1+ Oy + Dy + Bioy 3 exp (— 3ay9°) {17— aﬁ*’---} '

...... (13)

where
— f _3%]1( )P + 702 p0+za2 _ po+2a2
A4,=9q, C;= T3 al =4-2804 oF Dl_—_—al—- ]
...... (14)

2.32. The equation for £, has the form

%%ﬂ df*-(1+2)z f+(r+‘7)f G.(2). ...(1)

* Trans. Camb. Phil. Soc. 20, 253-269 (1908).
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Three independent complementary functions are z, g, and A,,

where
4r(r—3) 4.7r(r—38)(r—6)
gr= 21+5_‘| 5 81 28 4+ 117 11+
—%z] Fl( 3a3,—%z3)dz, .............................. (2)
and
hr=1__r+2z3 2(r+2)(r-1) . 2.5 (r+2)(r—1)(r—4) o

31 6! 91
r+2

=1—z‘. JIIFI( '~-§23)—1}dz ............... 3)

The asymptotic expansion of \Fy (a; b; —x) is*

a(l=b+a)
x

T'(b—a),Fy(a; b; —x)~I‘(b)a:_“{1 +

a(a+1)(1—b+a)(2 b+a)
3T } (4

The asymptotic expansion of g, is not immediately deducible,
but may be found by the method used by Barnes. If we consider

1 (T(—-s)T(s—34r) 2%+
o TG+ F@ 1D ds ooeeninnn. (5)

taken round a contour consisting of a straight line from — N—}—o0 ¢
to — N —1+ oo ¢ and the part of a circle of infinite radius to the
right of this line, we easily find that

2zl (§) {z’“ o (r42) 22
i ‘('r+5) r+1 3 r—2
2.3"TI'\—3—

r(r—3)(r+ 2)(r—1) 25

gr~

3.6 r—>5 »
'r('r )(r—~6)r+2)(r-1)(r—4) 2zr-8
3.6.9 r—8+"'}
r+1
Br@r(-T5) .
+ 3T~ ) z, ...(6)

when r#3n—1 (n integral). When »=3n—1, the term with

* Barnes, loc. cit.

https://doi.org/10.1017/50305004100014997 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100014997

boundary layer equations in hydrodynamics 9

a zero denominator must be omitted, and the last term (the
multiple of z) replaced by .

3} (s
2F((7a)+31)1;“(ér) i n) logi + ¥ (n+1)~¥ @) —¥ @]

NGt NOL
_2P(n+l)'[‘(_é__n) [310gaz+%+%+“.

+}i_2+2loge3+w/43+o],...(7)

where y (z) is IV (z)/T' (2)*, and C is Euler’s constant, equal
to 0°5772....
We can prove similarly that

_r+1
b ;2P<%>,,_+_2{;j;+...}+”j”(”?;\>z,...<8>
r(g+1)s7 #r(-757)

when 7 +# 3n — 1, and that, when »=38n — 1, the term with a zero
denominator must be omitted, and the last term replaced by

(_‘)nl“(_‘lg)z 1,3 _ _ 1
3"51“(71,+1)1"(—§—n)[10g32 + ¥+ -4 @) - @)

=rrage [
= 3logez+1+%3+1+...
ST+ DT (—g—ml o LA

+%+2loge3+0]. ...(9)

The series in (8) is the same as in (6), and a certain linear com-
bination of the solutions z, g,, and h, is asymptotically equal to
zero. (This is obvious when 7 # 3n —1, and is easily proved when
r=238n—1) This corresponds to the fact that the equation (1)
(with the right-hand side omitted) has a normal solution of rank 3
at infinity, consisting of exp(— }2°) multiplied by a descending
series. The further discussion of the solutions is interesting but
irrelevant.

The method of variation of parameters can now be used to
show that the complete solution of (1) is

g,fz 171 (g +1;4%; %z") G,dz+h,[z $22 K| (%—5, $; {,;za) G.dz

+2z fz (gfhr’ - gr’hr) Gr exp (é—zs) dZ, .. (10)

but the application of this result is difficult.

*  is the recognised symbol for both the stream function in hydrodynamics and
the logarithmic derivative of the gamma function. When it occurs in this paper
with the second meaning, its numerical argument is always specified, so no con-
fusion can be caused.
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2.33. The equation for f; is 2.32 (1) with r equal to 2, and
. G2 (Z) = Blzal_%Kg (Z) + Bl"roal—%Lz (Z), ......... (1)

where, with
v1=%.3"*(2)= 01565, and & =4%.3 3T (§)=06440,

we have

dg,\? d?
Koy =2 () —30. 5%

__{_2_ 1825 10828 _ 377911 +
27934545789 385.6.7.8.9.10. 111"
~ — 67,6,2% + 36,22 + 20, — vy exp (— 42%) {3+ 0 (273)},

...... 3)
and
9,2 %9 d*g
L, (2) = 329, — 222 &;1 + 328 del
28 29 212 218
= - + - ..
2.4.5 6.7.84.9.10.11 3.9.12.13.14
~ 822~ 6y z+Eexp(—32) {14+ 0E 3] i @)
The general solution having a double zero at the origin is
_f2=/3292+Blzal—%kg'*'ﬂl'ﬂ'oal_%lz, ............ (5)

where B3, is a coustant to be determined later from the condition
at infinity, g, is given by 2.32 (2) with r equal to 2,
2® 17,8 888211 92392,
]Cz—g—,——s—r'*‘ 111 - 141 T (6)

and
- 182 1800:1  279360: 65197440215 e
PToor 121 151~ 18!
The complete solution is given by the right-hand side of (5) plus

arbitrary multiples of z and &,.
Now let

1 4! 7!

P)=zlogz-z+ g4t mostsmo izt

Then the asymptotic expansion of g, is (see 2.32 (6) and (7))

_T®

T

{w + 2 (14 2log, 34+ m/v3+0) + 2P}.
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The formal asymptotic expansion satisfying the differential equation
for f; and the condition 2.3 (6) is

for~ azay” % {122+ 2P} + 4,z
+B2a; ¥ {3y,8,2% + 18,2 — 1242 P}
+ ,817r0a1 —% {— %8122 + 271 P}. ......... (10)

The constant v, is arbitrary. In addition there is a normal solution

of rank 3, consisting of a factor exp (— 42°) multiplying a descending

series, which also contains an arbitrary constant. If we replace

as0, "% by a third arbitrary constant, we have the solution at

infinity in its full generality. Comparing this with the complete

solution obtained by adding arbitrary multiples of z and k, to (5),

and remembering that h, 1s asymptotically equal to a multiple
of g, plus a multiple of 2, we deduce that there are constants

S, Ty, 7y, and 8,, such that

kg — Spgo+ ryaz ~ 3y, 8,22 + $6,2 = 12,2 P, ...... 11
and o= Togs+ 32 ~— 382+ 27 P ... 12)
The constants S, and 7, were determined numerically from the
formulae
Sa~ (e — 69,81 + 1292 P")/g5", «ovivneeenn. (13)
and Ty~ (L + 8, — 20 P9’y oiiiiieennn (14)

where dashes denote differentiation with respect to z. The constants
v, and 8, were then found numerically from the formulae

Ya ™~ 6'71812 - 12'le.Pl + Szgz’ - kz’, ............ (15)
and S~ =812+ 2y P+ Togy — 1y’ ceieeninns (16)

ge and g," were calculated from the asymptotic expansion (9);
ks, ky and k,” were calculated from the series (6) for =06, 07,
08, 009 and 10, and then computed for higher values of z by the
numerical solution of the differential equation®. A similar pro-
cedure (except that the series was used up to the value 13 for z)
was carried out for I,. The limiting values of the right-hand sides
of (13), (14), (15) and (16) were thus found, with the following
results::

S, =004d, To=0203, ,=0757, 5,=—0493. ...(17)

* The process adopted for the numerical solution of differential equations was
that of Adams, described in Chap. x1v of Whittaker and Robinson’s Calculus of
Qbservations, and by Kriloff in the Proceedings of the First International Congress
for Applied Mechanics, Delft (1924), p. 212. The method is so much less laborious
than others in use (that of Range and Kutta for example) that the numerical work
in this paper was possible only because it was available.
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The value of .8, can now be found by companng the asymptotic

expansion of (5) with (10). The result is

By = 371-‘(3)“3011 3’/F(?;) B2y~ 35S, ,3171’0“1“‘4'172
=17-804aza, ~ % - 0216 (po + oaz)zal-% 0°936p0 (o + 25) &3 -3,

...... (18)
The asymptotic expansion of f; is
So~ Aont+ Con? + Dy nlogn + Den + E, +§—§+ v ...(19)
where
Az = 20&@3,
3§F (3') Qg (pO + 2&2) =192841 4P (pO + zaZ)
2T (%) al ad

Dy =18as/a, — 6az (po + 2a5)/as’,
Dy =a,7* {6az — 20, (po + 2a5)] log @y
+ 6aga; ™ (4log, 3 -2 +w/y/3+ ()
+ar 2z (po+2az) (6 — 4 log, 3) — 7.8y b e (20)
— 3881217 po
=a,71 {6az — 2a; (po + 2ap)} log a; + 28'712a3a,™*
+1'606a,"2a, (po + 2as) — T78a,72 (po + 2a,)?
+ 4T3a;2po (Do + 205),
2 2
E, =§ (g Efg) = :lfaz) =1:0179a; ™ ¥ (po + 2a5).

2.34. When 7 is small, the velocity may be calculated from
2.3 (2). In particular

@

9(d2fo+Ed2f1+ g olf2 )

0y /y=0 dn®
—a1+blf+clfz+dlfa eeey  sresssssaene (1)
where
‘ _3§(p0+2a2)_ . _1 A
bl = W =1 5360,1 3 (Po + 2(1,2),
3¥T($) 0'3 3% (po + 2%)2 3po (Po + 2a,)
C = S s Tg 3
L@ at [T 3Pa’ ré e

= 8560030, " ¥ — 0'104a, - v(po+2q2)2

— 0°450a, ¥ po (po + 2a5),
and

d; =24a,40,7 + terms vanishing with a; and py + 2a,. )
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We are now in a position to consider the question discussed in
§ 1.6—is the method a practicable one for step by step calculations?
The answer must depend on the values of the coefficients a,, as,
ag, ete. If the initial velocity uo can be represented by a cubic, or
if the coefficients after a; are small, then it is likely that the terms
already calculated will give a good approximation up to values of 2
sufficiently large for step by step calculations to be possible, though
1t would be safer to proceed one, or even two, stages further. If ¢ Uy
can be represented by a quartic, or if the coefficients after a, are
small, it is imperative to proceed one stage further and safer to
proceed two or three stages further.

The solution for f; with general values of po and of the co-
efficients ay, a,, ¢s, etc,, involves the numerical calculation of six
particular integrals, and may be possible; but any such general
calculation for f; will be difficult, and for f; appears to be out of
the question without elaborate machmery or many co-workers,
On the other hand, it is certainly not out of the question to
calculate f;, f; and f5 when the coefficients have given numerical
values, since each calculation requires the solution of only one
equation.

On the whole, there seems a reasonable chance that step by
step calculations by this method may be possible, even if laborious.

24. When 7 1s large, f,’ increases rapidly with r, and for-
mula 2.3 (2) is unusable. We must therefore use a different
development for Y. Now 1If we restrict ourselves to three terms,
the equation 2.2 (3) for y, combined with 2.3 (1) and the asymptotic
developments for f; and f;, gives the formula

¥ = Ao + £ (Ayr+ Cun + D) |
+ & (Aan*+ Cen® + Di'nlogn + Den + By + Gen™2 + ...),

where A, 1s 9a,/2, and the other coefficients are given by 2.31 (14)
and 2.33 (20). If we assume that rearrangement is permissible, we
can write this as

Y=A4o(§y)*+4: 3y’ + 42 (Jy)* +

+E GGy + @yl +...]

+ £ {D1 + (D:— D, log 3) (3y) + Dy'ylogy + ...}

— Elog £ D7 (1) + ...}

FE (B4 o) F et i, 2)
We therefore assume, as a form valid for sufficiently large values
of yz~ %, that
\P' “P (y)+§2\p2(y)+fa\lfs(y)_*_galogf“,’:i(y)_*_Ej‘l’d(y)
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where Vo =tu=my+ay¥+art+.., . €))
and
Vo =301y + 2Coy2 + ..., \
1’/‘3=6D1.+2(D2—D2’lOgS)y+2D2’y10gy+...,l (5
Fom —2Dyy + ..., | J )
Yy =24E,+ ....

The substitution of (3) into 2.1 (1) gives
Yo' Yo' — Yo' Y =0,
VoV — ¥ ¥a =0,
Vo' (¥ + 593) — Yo" (Y5 + 4¥5) = 6 ($” +po), ¢ ++-(6)
Yo Y’ — Yo' ¥a=3 (Yay” — ¥2?),

.........................................................

where dashes denote differentiations with respect to y. Hence

yJrg = constant yro' = constant (ayy + azy® + ...). ...... )
Comparison of the coefficient of y with that in the first equation
of (5) gives
20’1
W= oA e (8)
and then we verify that the coefﬁc1ent of y%is 3C,.

Similarly g =— —2«—0—2 Vo' e 9)
Next Yo+ 395 =60 j ""’ +7’° QY e, (10)
or, since V3 is a multiple of ¢,

" +
Vs = 6o f Yo 4 A P (11)
Now
11,‘ 1 +p0 po + 2a, { ( 6(7/3 _ 2_(12) 2
Vo? arty’ 1+ Po+2a; @ y+0 @),
...... (12)

We therefore write
7 (y) _ 1}’0/1/ + Po _PO + 2a, _ {% _ 2a, (po + 2(1,2) 1

7
4,02 a12y2 a12 (113 y’

and
y
Yrg= G\Ifo'fo F(y) dy
. 61[;0' {Po‘i‘ 2a, + (2&2(po+ 2a,) 6“3) log y} + K‘I’o: ...(14)

a12 Y a 13
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where K is a constant to be determined. The expansion of
(14) is

‘l’a _ 6P0 + 2012 + y {I( 6(12 (po + 2(12)}

a12

536a3 12(12 (po + 2(12)
a12

+ylogy +0@)....(15)

We verify that the constant term and the coefficient of y log y are
6D, and 2Dy’ respectively, and find that

Ka1= 2(D2—D2’ log 3)—6(11—2(12(})0"" 2012). ..-(16)
Fmally, by using (8), we prove that
Yy =4C12a; 2" + constant Yo', .....eennnns (17)

and verify that the constant term is 24E,, but we cannot deter-
mine the constant from (5).

This solution does not satisfy the boundary conditions for
y=0, and is valid only when yz~3 is sufficiently large. On the
other hand, it is simple to verify analytically that the boundary
condition at infinity is satisfied as far as our series will take us, as
indeed it must be from our method of calculation.

3.

3.1. It is required to solve the equations 2.1 (1) and (2), with
the boundary conditions u=v=0 at y=0, » tends to a limit
independent of ¥ as y tends to infinity, and

u=uy=0ao+ 0y +ayt+... 7% 10) J ¢y
at z=0.
Take n equal to 2 in the equations of § 2.2, and expand fin
the form 2.3 (1). Then

u=3{A (M+EAM+EL M +...}, e (2)
where
R hf =0,
A"+ A = i+ 2 /i=0, } . (3)
2+ foft — 20 [ 4 3 fa=f1"— 2" fr— 8o,
and so on.

The boundary conditions are

f+(0)=£/(0)=0, and nli:; ()" =2 +a,. ...... (4)

https://doi.org/10.1017/50305004100014997 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100014997
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3.11. The equation for f; has been studied by Blasius (foc. cit.)
and Toepfer*, whose solution may be written

2 5 8 11
fo=Bogy — B g+ 1188 F: = 3T58 Tk ooy (D)

and ﬁ~ Ao + By + € {%e—am’ - ao’} 77'[1; e du + ...},...(2)
Qoin

where Bo=1382824a0?, .....cooeoivieeii. 3)

and Ag=12a;, By=—172075a0}, €o=0923ay}. ......(4)
3.12. The solution for f; having a double zero at the origin is

f1=181(%2'!—/3—;?—5-+...), .................. (1)

and the solution satisfying the boundary condition at infinity is

Siv AP+ Big+Cy, oo (2)

where Ay=2a;, Bi=20,0, By=—34415a,a,"%. ...... 3)

The constants B; and C; must be determined numerically (as in § 5,

for example).
The solutions for f3, f; and so on are to be found in a similar

wa

.':‘3.2. When 7 is large,
Yv=A,G}y)+ 413y + ...
+EBy+Bi(3y)+ ...}

+E {1+ 1)
We therefore assume, as a form valid for large values of #, that
¢=¢o+g\p,+52‘2£f+ ..................... (2)
and find, by substituting in 2.1 (1), that
Yoy — Yo ' Y1=0, } 3)
Yo' Yo' — Yo P2 =2 (Po+ ¥o") + Y1 — ) T
and so on,
Thus Y1 =constant Yo', ..oooeiiiiiin, 4)

and comparison of the constant term with its value in (1) gives
\1’1 = Bo\lfo'/ Uo.
We verify that the coefficient of y is §B;.

* Zeitschrift f. Math. u. Physik, 60, 397-98 (1912).
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The solution for ¥, is

Vo= 20 }%p"—dyﬂ.% a0 2y + K, ...(3)

and comparison with (1) gives
Kao + Bozao—zal = 201 .................. (6)

¥r3, ¥4 and so on can be found similarly when f;, 7; and so on
have been found.

4.
41. It is required to solve 2.1 (1) and (2) with the same
boundary conditions as before, except that*
wo=azy®+ azy®+ ... (a2 #0). .ooonnnnnne. 1)
Take n equal to 4 in § 2.2, and expand f as in 2.3 (1). Then
u=3E N+ ENM+EL+..}, e (2)

and
S + 3fofo" — 2fyt = m,
A +3A -5 A +40"A=0, ... 3)
S+ oS — GFA + 51 o= A% — A S,

and so on, where To=—64Pp.  ceeirririiiiiiii, 4)

The boundary conditions are
F£(0)=//(0)=0, and lim f',_p ()}’ =4741a,. ..(5)
7=
411. The solution for f, with a double zero at the origin is

Bt T e 18887 — 18meB2 L + 687
Jo=gr + mogy+ B 5~ 1850 5 i 5y + 68785t I
+ 3105708 1—2—,+.‘37807~02,3o — 7789585 147

— 752841708t -;’3! + 2515725m2B:° —;%,

17
+ (146488173, —29106007r03,302)_1’1ﬂ

18
+ 254083388708,° ;’—8! oty e (1)

where B, is an arbitrary constant.

* A glance at equation 1.5 (5) shows that when, as here, a; is zero, the con-
ditions 1.5 (3) for the absence of singularities are by no means sufficient. The
conditions required are complicated. If we suppose u expanded in a power series
in x, u=uy+uyx+u22+..., with u,, u, as power series in y, w;=b,y+by*+...,
uy=c ¥ + Y%+ ..., we find that we must have

2a,+p,=0, a;=0, a,=0, a;=0, 6!a;=2pyp,, a,;=0, ayg=0,
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18 Dr Goldstein, Concerning some solutions of the

The solution satisfying the boundary condition at infinity is
Jo~ AP+ Byn*+ Cyn + Do+ Eyy* + Fon 2+ ..., ...(2)
where
Ao = 64ax/3, Co= B840, Do= B03/27A02,}
Ey = (m—640)/3640, Fo=— BoEo[34,,...,

and B, is arbitrary. B, and B, must again be determined
numerically, but it 1s evident that the work will, in general, be
much more difficult than in the other cases.

412. The problem* simplifies considerably if o is zero; the
numerical work is then similar to that carried out in § 5. Hydro-
dynamically, this special case will not be interesting, since if the
pressure gradient vanishes, there will be no return flow, and no
separation of the forward flow from the wall.

4.2, If up has a zero of order m at the origin, and p, is zero, we
can find a solution by taking n equal to m + 2 in § 2.2. But if p,
is not zero, the method will not give a solution when m is greater
than 2. The problems with m greater than 2 do not appear to
have any physical meaning. :

5.

5.1. In this paragraph the laminar flow behind an infinitely
thin plate of length [ along the stream will be calculated numerically.
Let x, be distance from a plane perpendicular to the plate
through its rear edge, y; distance from the plane of the plate, and
uy and v, the components of velocity in the directions #; and 7,
increasing. Let R be 4Ul/v, where U is the undisturbed velocity

and so on. Only ag, ay,, a4, dy, ... are at our disposal. In addition by, ¢, d, ...
are determined, not from the equations for u,, u,, u,, ... respectively, but from the
conditions for the absence of singularities in u,, ug, w,, ... respectively. Further,
there is an ambiguity of sign which can be decided only from physical considerations.
A little more light, but not much, is shed on the matter by considering the equation

in the form
Ju_du [v[(o*u 0Op 2 do%u  dp
=g | [(G-2)/wla+ G-/«

* Tt is not suggested that the above solution of the problem is always valid.
When f, has the asymptotic expansion given by 4.11 (2}, in which 4, must not
vanish, then the equation for f, has three asymptotic solutions, giving f; of order »4,
of order %% and exponentially small respectively. The method used fails if the
general solution for f; with a double zero at the origin does not involve the
solution of order »* at infinity. This happens, for example, when py+2a,=0 or
3mo=064as. The solution for fy is then my7®/3!, and the general solution for f;
with a double zero at the origin is any arbitrary multiple of 2. This difficulty
may occur, of course, in solving for any function f,., and, though the matter may be
tested by numerical computation in any given case for the first few of the f,,
a theoretical discussion of the general equation appears too difficult to be possible.
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of the stream, z be 1/4l, y be R}y,/4l, u be uy/U and v be R¥v,/U.
The initial velocity distribution is given by*

Uy = édé‘/dy, ........................... @)
a2t L
where dy3+cdy2 0, i (2)
¢ has a double zero at the origin and df/dy tends to 2 as y tends
to infinity.
up may be expanded in a series, with the result

Yo=Y+ Y+ Gy + oty 3)

where

m=4%a, ag=-3%a%4!, a;=55aT!, ay=—1875a4101,

and a=182824 ...ocevvvreeeeeeinnenn (5)

The flow outside the boundary layer is uniform, and the pressure
gradient zero.
5.2. Take n equal to 3 in the equations of § 2.2, and assume

that
=M+ ELM+ESfM+ .y e 1)
so that u=3E{f T M+EL M+ EL M+ ] (2)
where
R fi — fi=
S+ 2 — 35+ 56 s =0, } ...... 3)
R4 ol = 83+ 8 fo = 45— SR
and so on.
The boundary conditions v=0, du/dy=0 at y=0 are equi-
valent to
SrO)=£"(0)=0, ..coiiiiinii. (4
while the condition u = uy at # = 0 requires that
1"1_1)121:’ Sor M =tgrg1,  ceiiiiiiens (5)
where Oar1 = 33 205010 i (6)

In particular,

JoIn—>a1=9a/2=597708, fi[n*—>as=—3%%/2.4!=— 893136,

and Jé /> ap=388.11.6%2.7T!=167T777. ......... )
5.21. The required solution of the first equation of 52 (3) is

Jo=Bon+ B 3—'-2/90 .,+1030 7 —5680° 35+

* Blasius, lo¢. cit.
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where B, is to be determined from 5.2 (7). Let Fo(n) be the
solution for which F, (0) and Fy” (0) both vanish, and Fy'(0) is 1.
This solution 1s given by the right-hand side of (1) with B, equal

to 1. Then

Jo(m) =Bt Fo (Ben), weveveneeeveeannnnnn, (2)
so that
hm L o' () = Bt lim Fy' (n)/n = Bo* hm Fo" (). ...(3)
n >
Hence Bo={ay/ lim F" (mMiF. oooooeiiiiee 4)
7]*@
Asymptotically, the equation is satisfied by

yon? + o exp (— 4y0m®) {(yon'd) 24+ ..}, il (5)
where N = 80, crreerrarrriieiieeinrean (6)

and «,, 8 and ¢ are arbitrary constants.
By numerical solution of the equation it was found that

Fo(n) ~ 042356 (g + 0-65364)2  ...........«7)

Hence Bo=367869, .....cvvviiiiiiiinnnin. (8)

and Jom~dan? ©))
where %’ is given by (6) and

So=0'3408. ....ccoiiiiiiiininiinns (10)

The work was checked, and f5, fo' and f;” tabulated, by solving the
differential equation numerically with the value of B, given by (8)
as initial value for fy. :

5.22. The required solution of the second equation of 5.2 (3) is
B3 F5(n), where

Fy(n)= 77+5/303.+4‘0f80 T,"‘16OBO 9, v en(1)

and 3j is to be determined from 5.2 (7).
Asymptotically, the equation is satisfied by

Y3 {7]’5 + 20“1_117' (?” bl 83)} 3 sectscsrinacarnans (2)

where exponentially small terms have been neglected, r; and &;
are arbitrary constants, and »’ is given by 5.21 (6) with & equal to
03408 as in 5.21 (10).

By numerical solution of the differential equation it was found

that
5F; (n) ~ 2:5219 {5 + 200,19’ (' — 0:3822)}, ......(3)
so that Fy (n)/7* tends to 2:5219. Hence
Bs=—893136/25219 = — 35415, ............ “)
and 5fs~ ag {n®+ 200,729 (' — 83)}, .eeenninnin. (5)
where 83=08822. ....cviiiiiiiiii (6)
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The values of f;, f3' and f;” were tabulated by multiplying the
values of Fy, Fy and Fy” by — 3'5415.

5.23. Let B3?Gg(n) be a particular integral of the third
equation of 5.2 (3), and Fg(n) the complementary function for
which Fg(0)=F,”"(0)=0 and Fy' (0)=1.

Then

Fe(n>—n+8/903,+24,30 +11230 cees (1)
and we may take

Ge () =4 +6ﬁo-,+13 /30,—, ............. (2)

The required solution is then
Fs () =B2Gs(n)+ BeFa (), +eevevvrernnnnn 3)

where S5 is to be determined from 5.2 (7).
Asymptotically, the equation is satisfied by

Ye (08 + 28,7195 + 280a,%9'2) + 867’
+ 20,20, (0" — 28,5 + a1 + day18,2), ... (4)

where exponentially small terms have been neglected, and g and
8 are arbitrary constants.

If this is to represent a solution satisfying 5.2 (7), then
ve=07. Hence we have the following asymptotic equality for B :

Be~ {Taz (¢ + 102,719 + 10a;7%) + 820172 (57 — 6831 + ay™7)
—BEG" (MYF" (n). ...... 5)"

Fy(n) and G4(n), and the first two derivatives of each, were
tabulated by numerical solution of the differential equation, and
the limiting value of the right-hand side of (5) was thus found,
with the result

=8119. .iviiniiiiinii (6)

The value of 8 was then found by comparing the derivative
of (4) with B32G¢ (1) + Bs F’ (n) for sufficiently large values of 1),
with the result
S=—8201. ... (7

The asymptotic expansion of f; is given by (5) with this value
of & and with g equal to a,.

J¢ was tabulated from the equality fg'=B:*G + Bs Fs.

6.24. For small values of 5 the ratio » may now be calculated
from 5.2 (2). The first three coefficients have been tabulated;
further coefficients were not calculated. It is impossible to form
any theoretical estimate of the error introduced by stopping after
three terms: the best we can do is to consider the magnitudes of
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the three terms separately. For this purpose the following table
(Table I) is inserted. The values of u calculated from 5.2 (2) are
shown in Table III, pp. 26, 27. In some cases, two values of u are
recorded in this table. The upper one is then the value calculated
from the first three terms of 5.2 (2); the lower one, in italics,
is calculated by making an estimate of the probable effect of the
terms after the third, combined with extrapolation and the need
for a smooth passing over into the values of Table IV.

TABLE 1. Coefficients in the series 5.2 (2) for w.

n 3 -5y e
0 1-2262 1-181 2:706
0-1 1-2486 1-289 3:192
0-2 1-3143 1-615 4-700
0-3 1-4186 2:160 7-394
04 1-5550 2:930 11-5682
05 1-7157 3-942 17-782
06 1-8934 5-223 26-796
07 2:0816 6-820 39807
08 2-2759 8-795 58-493
09 24731 11-225 85148
1-0 26717 14-197 122-833
1-1 2-8707 17-807 175566
1-2 3:0699 22156 248545
1-3 3:2691 27:354 348433
14 3:4683 33:514 386-444

5.3. For large values of 7,
fo(m) ~ Aen®+ Bon+ Co,
Ja(n) ~ Agn® + By + C3n° + Dyn® + Ean + Fy,
fo(m) ~ Aen®+ Ben' + Con+ Dgn + Egn + Fgn®+ Gen® + Hyn + I,

where the A4, B, C, ete. are known. Then, for large values of 9,
Y =E*(Aon® + Bon+ Co) + E°(A3n° + Byn+... )+ 8 (den®+...) +...
=AYl +4;(3y)+ .- +E{Bo ) + Bs(3)* + ..}
+E{Co+CaFyP+ ..+ e 2

if the legitimacy of rearrangement for large  be assumed. This
leads to the assumption that for large values of 5, y» may be
expanded in the form

1!f=«lro+f\lrl+fz‘2£f+§3‘—g—?+f“%—?+..., ...... 3)
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where o, Y1, ete. are functions of y satisfying the equations

11,01\’,11 _ "P‘O”'\’fl = O,
‘1’0' ‘PZI - ‘P‘O"\P'z = ‘I’l ‘!’1" - 1l2: .. (4!)
Vo' ¥s — Yo" Y3 = 690" + Yy — 3Y 'Y + 2P,
and so on, dashes denoting differentiations with respect to y. Now
Yo 1s equal to 3¢, where ¢ satisfies 5.1 (2). By using this last
equation the equations (4) may all be integrated in finite form.
The constants of integration are found by expanding the integral
in a series and comparing with (2). At each stage we can verify
that the coefficients in the series not used to determine the constant
.of integration are the same as in (2). The derivatives of integrals
so found are given below.

O I \
¥y =347,

2, A2 a7
% = —2"!- g ’

/ Aa ’
Yo By,

! A4 117 74
Y=y b0 - Ayt - B,

’ 5 42
Ye b -G uE — 4B,

51 -
Y A8 43 A%B o .
Yo opgen Lyt L2 pe pppraayr,

Yy yge Ay appe

7!
+(3A + 2.B) y;l" + Cgll,
A*B A

, As A5 .
%:%g—!é’ﬂ -5 ytm — St ¢® +_2_!y2§(5,

2
+ (?’QA,— + 2AB) yt® 4 (AC+ B¢
' ®)

A, B and C have been written for brevity instead of 38, 38, — 1:535;,
98, + 8/3a respectively, where & is given by 5.21 (10), &; by
5.22 (6), 8 by 5.23 (7) and a by 5.1 (5).

¢ ¢ and ¢’ were tabulated by numerical solution of the
differential equation 5.1 (2) with « as initial value of {"'; and &
and higher derivatives were tabulated from the equation and
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equations obtained from it by repeated differentiation. Then
o, V1, etc. were tabulated. The results are given in the table
above (Table II).

(9 could also have been determined from the solution for fg,
but the gain in accuracy in the calculation of the velocity would
not have justified the labour.)

The ratio « was then computed from the formula

=g+ Ey + +.§3‘1’3 e s (6)

The results are in Table IV, p. 28. ¥4, ¥r;’ and g were not
computed for odd values of 10y. For these values of 10y, u was
obtained by interpolating either for the difference in the values
obtained for two neighbouring values of  or for the difference in
the values obtained from six terms and from the full nine terms.

When two values of u for one pair of values of y and £ occur in
Table IV, the remarks on p. 22 concerning Table III apply.

When £ is greater than or equal to 0'35 the last figure of u
becomes uncertain. For these values of £ entries in the table that
would have been the same, to the accuracy obtainable, as the
corresponding entries for £ equal to 0'3, have been omitted.

The widening of the “boundary ” layer at a sufficient distance
behind the plate 1s so gradual that the process cannot, unfortunately,
be followed by calculations of the accuracy obtained.

5.4. The only singularities occur at =0, and if the value of u
for any other value of # be expanded in a series of ascending
powers of 3% there is no theoretical difficulty in continuing the
solution by step-by-step caleculations, or by successive approxima-
tion. But all sufficiently accurate methods are laborious, and
I have been content to find a first approximation up to § equal to
0'7 by extrapolation—a process always dangerously liable to give
inaccurate results.

The results are all collected in Fig. 1. The velocity along the

axis is shown in Fig. 2.

My thanks are due to Prof Prandtl, at whose suggestion the
investigation was undertaken.
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Fies. 1 axp 2. THE VErocity DistriBUTION IN THE Two-DIMENSIONAL
Laminar Frow oF INcoMprESSIBLE Viscous Frump at Hier REvNoLDS
NUMBERS BEHIND A FLAT PLATE AT ZERO INCIDENCE IN A UNIFORM STREAM,
Curves are shown with u as abscissa and y as ordinate, drawn for
various values of z;/l. Here u is the ratio of the fluid velocity at any point to
the undisturbed velocity, U, of the stream ; { is the length of the plate; #, is
distance from the plane perpendicular to the plate through its rear edge, and
¥ is 3y, (Ujvl)%, where v is the kinematic viscosity of the fluid, and g, is
distance from the plane of the plate.
Those curvesor parts of curves shown dotted were obtained by extrapolation.

Fig. 1,

0-1

o w o 0 o Ie]
https://do‘\,orgg;)ﬂ 01%305@‘4100014997 P@Iished online 'b:\LCambridge Ugdiversity Press b


https://doi.org/10.1017/S0305004100014997

30 Dr Goldstein, Concerning some solutions, etc.

Here the values of u along the axis, =0, are shown plotted against /1.
The part dotted was obtained by extrapolation.
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Fig. 2.
SUMMARY.

The boundary layer equations for a steady two-dimensional
motion are solved for any given initial velocity distribution (distri-
bution along a normal to the boundary wall, downstream of which
the motion 1s to be calculated). This initial velocity distribution
is assumed expressible as a polynomial in the distance from the
wall. Three cases are considered : first, when in the initial distri-
bution the velocity vanishes at the wall but its gradient along the
normal does not ; second, when the velocity in the initial distribu-
tion does not vanish at the wall; and third, when both the velocity
and its normnal gradient vanish at the wall (as at a point where the
forward flow separates from the boundary). The solution is found
as a power series in some fractional power of the distance along the
wall, whose coefficients are functions of the distance from the wall
to be found from ordinary differential equations. Some progress is
made in the numerical calculation of these coefficients, especially in
the first case. The main object was to find means for a step-by-step
calculation of the velocity field in a boundary layer, and it is thought
that such a procedure may possibly be successful even if laborious.

The same mathematical method is used to calculate the flow
behind a flat plate along a stream. The results are shown in
Figures 1 and 2, drawn from Tables III and 1V.
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