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Abstract: Determining the thermal history of the cometary grains captured by the Stardust mission
presents a difficult problem. We consider two simplified models for the deceleration of hypervelocity
particles captured in aerogel; both models assume a velocity squared drag force. The first model
assumes that the mass of the particle remains constant during capture and the second that mass is lost
due to ablation of the particle through interactions with the aerogel. It is found that the constant mass
model adequately reproduces the track lengths, found from experiments by Horz et al. in 2008, that

impacted aluminium oxide spheres into aerogel at hypervelocities ~6 km s~

1

Deceleration in aerogel heats volatile particles such as organic ices to high temperatures greater than
1,000 K, for durations of ~1 us: more than sufficient to completely ablate the particle. Refractory
particles also experience significant heating greater than 2500 K, greater than the particle’s melting
point, over similar timescales. This suggests that the fragments recovered to Earth by the Stardust
mission were considerably altered by hypersonic capture by aerogel, and so limits the amount of
information that can be obtained regarding the formation of mineral and organic particles within

Kuiper Belt comets.
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Introduction

The Stardust probe (Brownlee et al. 2003) crossed the coma
of Comet Wild 2 on 2 January, 2004 (Brownlee et al. 2004).
3 cm depth panels of low-density (0.005 g cm 2 at the front
face of each panel increasing linearly to 0.05 gcm ™3 at the
rear face), highly porous aerogel composed of silicon dioxide
were deployed on the outside of the probe to capture come-
tary particles of ~10 wum. At capture, the relative speed be-
tween the aerogel and the coma was 6 km s~ so the impact
initial velocity of the particles onto the panels would have
been distributed around a mean of 6 km s~!. Around 1200
particles larger than 1 um in diameter are believed to have
been collected by the aerogel (Burchell ez al. 2008). Two years
later the samples were recovered to Earth and made available
to an international consortium for analysis.

Stardust brought back to Earth the first samples of come-
tary particles collected from the coma shortly after emission
and also collected contemporary interplanetary dust during
its mission. Some two-thirds of the hypervelocity impacts of
small particles onto the surface of aerogel produced roughly
cylindrical cone shaped tracks ranging from 107 mto 10™* m
in length, with initial diameters approximately three orders of
magnitude greater than the original particle diameter. The
particles that produced these tracks are referred to as Type A
particles (Trigo-Rodriguez et al. 2008); the reminder of the
impacting particles disaggregated producing cavities within
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the aerogel are called Types B and C particles. In this present
work we will focus on the carrot-shaped tracks produced by
Type A particles; the turnip-shaped tracks created by the
break up of Types B and C particles will be the subject of later
work. On recovery of the aerogel tiles, residues of the par-
ticles have been recovered from the track walls and terminal
grains (Brownlee et al. 2006).

Aerogels are highly-porous, supercritically dried gels that
have been manufactured since the 1930s and have numerous
applications in scientific research (Tillotson & Hrubesh 1992).
Their usefulness in capturing extraterrestrial particles was
first raised at a series of workshops in the early 1990s and
aerogel panels have been deployed on several space missions
(see Burchell et al. (2001) for a short review). The use of
aerogel to capture hypervelocity particles has been the subject
of much experimental study (Tsou et al. 1988; Horz et al.
2008); however, relatively little work has been carried out on
the temperature profiles of micrometre-sized particles cap-
tured by aerogel (Anderson 1988; Noguchi et al. 2007 ; Horz
et al. 2008 ; Trigo-Rodriguez et al. 2008). The study of sam-
ples from Comet Wild 2 at 1.86 AU has revealed a number of
refractory Fe-Ni metals, Fe-Ni sulphides and ferromagnesian
silicates ~1-10 um in diameter (Zolensky et al. 2006). No
volatile material has been detected in the tracks of particles
embedded within the aerogel.

A key question to consider when analysing the results of
the Stardust mission is how complete was the capture of
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Fig. 1. Velocity profiles (plotted on a log scale) for 30 um radius particles impacting into 0.02 g cm —* density aerogel with an initial velocity
of 6 km s~ The organic ice particles have a density of 0.6 g cm 3, the carbonaceous particles 2.4 g cm ~* and the aluminium oxide particles
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particles? The power released by a micrometre-sized hy-
pervelocity particle decelerated within a microsecond is of the
order of kilowatts. This release of energy can significantly
alter the physical and chemical composition of the original
particle. In general, cometary particles are highly hetero-
geneous and contain a mixture of volatile and refractory
material; determining the thermal history of the particle
during its capture is essential to be able to infer the compo-
sition of the original particle from the recovered sample. Here
we construct a simple analytical model for the temperature
profile of hypervelocity particles impacting within aerogel.

At solar distances of 1.86 AU the ambient temperature of
aerogel is approximately the ambient black-body temperature
(212 K) and its mean free path is of the order of its pore
diameter ~107®m. The mean free path of the aerogel is
several orders of magnitude lower than that of the radius of
the cometary fragments captured by Stardust, which were
typically between 10~5-10~*m. Under these conditions the
aerogel can be considered as a continuous fluid surrounding
the particle, which will experience a drag force proportional
to the square of its velocity within the aerogel (Coulson 2006).

The interaction between the aerogel and a high-speed par-
ticle is not well understood and presents a difficult problem in
hydrodynamic modelling to determine the pressure and tem-
perature history of the particle’s trajectory (Dominguez et al.
2004). In this current work, we consider two simplified mod-
els for the deceleration of hypervelocity particles captured in
aerogel; both models assume a velocity squared drag force.
The first model assumes that the mass of the particle remains
constant during capture and the second that mass is lost due
to ablation of the particle by interacting with the aerogel. In
each case, the velocity and temperature profiles as a function
of the track length through the aerogel are obtained.
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Constant mass approximation

Consider a spherical particle of radius a, composed of a uni-
form density p,,, impacting parallel to the normal of a semi-
infinite slab of aerogel with density p,, at a relative velocity of
v, typically ~6 km s~1. The density of the aerogel used on
the Stardust panels varied linearly with depth, so that p, is a
function of the displacement of the particle within the aero-
gel. For simplicity and to allow a comparison with aerogel
experiments on Earth (Horz et al. 2008), we assume an effec-
tive average density independent of displacement. On entering
the aerogel the particle experiences a drag force proportional
to the square of its velocity and its equation of motion
through the aerogel is given by

/

gna3pmvd—‘; = —4ma*Tp,v", (1)
where x is the path length of the particle within the aerogel,
such that x=0 corresponds to the boundary between the
aerogel and free space; and I is the drag coefficient between
the aerogel and the particle. If the radius of the particle is
independent of both v and x, e.g. its mass remains constant as
it decelerates through the aerogel, then Eq. (1) reduces to

RY

dv' 3Tp,
a2 P 2
v/ / ap, @
which yields
pgl’
V() = vpe " 3)

Figure 1 shows the velocity profile of 30 um radius particles
composed from materials of different densities (0.6 gcm ™3,
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Table 1. The total track lengths for glass spheres impacted

into aerogel with a density that increased linearly from 0.005
t0 0.05 g cm ™2 over a depth of 3 cm as measured by Burchell
et al. (2008), compared with lengths calculated from Egs. (3)

and (4), with the density of glass spheres set to 2.6 g cm—3 and
the drag coefficient to unity

Nominal Calculated Calculated
particle Initial Measured track length track length
diameter  velocity  track length  (constant (variable
(wm) (kms~1  (mm) density) (mm) density) (mm)
11.58 6.07 2.13 2.1 3.9

35 5.99 9.31 6.6 11.2

63.8 5.82 17.60 113 17.5

2.6 gcm 2 and 4.0 g cm %) impacting into 0.06 g cm 3 den-
sity aerogel with an initial velocity of 6.1 km s—!. Cometary
fragments composed of organic materials typically have a
densities ~0.6 g cm 3, while metallic and refractory particles
have higher densities, e.g. aluminium oxide ~4 gcm—2 and
carbon ~2.6 gcm 3.

It is assumed that the particles come to rest when the
pressure on the forward hemisphere of the particle is less than
the crushing strength of the aerogel (1.24 x 10* Pa) (Trigo-
Rodriguez et al. 2008). The pressure on the forward hemi-
sphere of the particle is ~ p,,,»? for the materials considered in
Fig. 1; this corresponds to a final particle velocity of
~1lms™ L

Assuming that the drag coefficient between the particle
and the aerogel is I'=1, and the track lengths for captured
organics and carbonaceous particles are ~2.7 and 10.5 mm
respectively, metallic aluminium oxide particles penetrate
further into the aerogel with path lengths of ~20 mm.
Analysis of Type A particle tracks recovered by the Stardust
mission has recovered the remains of refractory particles
from tracks ~1-100 mm in length (Burchell et al. 2008).

Laboratory experiments that used a gas gun to impact glass
beads into the linearly varying density aerogel used on
Stardust have been performed by Burchell et al. (2008). The
predictions of Eq. (3) compare reasonably well with the
results of these experiments (see Table 1). If the density of
the aerogel is assumed to be a function of displacement, to
take account of the varying density of the Stardust aerogel,
the velocity profile becomes

L)
o) = vy (L), (4)

where M is the ratio between the final and the initial densities
of the aerogel and L is the depth of the aerogel panel (for
Stardust aerogel, =10 and L=3 cm). Table 1 shows that the
track lengths predicted by Eq. (4) agree better with the ex-
perimental results obtained by Burchell er al. (2008) than
those predicted by Eq. (3) (using an averaged aerogel density)
for track lengths approximately greater than 10 mm.

As the particle is decelerated, it experiences frictional heat-
ing from the aerogel. The skin depth of the one-dimensional
heat equation suggests that particles with radii <500 um are
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too small to maintain temperature gradients during flash
heating over ~1us (Coulson & Wickramasinghe 2003);
however, recent examination of Stardust particles estimates
thermal gradients with about 2770 K um ! were estimated
near the surface of the grains (<2 um thick) (Noguchi et al.
2007). As a simplification, we will assume that the 10-100 pm
grains captured by Stardust can be treated as being at a single
temperature 7.

Ignoring energy losses through conduction, mass loss and
ionization, the energy gained through frictional heating can
be considered to be dissipated in the form of infrared radi-
ation by the particle. The wavelength of the emitted radiation
varies from 2 to 12 um; particles with radii greater than
12 um can be considered as black-body radiating according
to Wein’s law, where the energy of the emitted radiation is
proportional to T* (Coulson & Wickramasinghe 2007).

The majority of the kinetic energy lost from the particle
goes into heating the aerogel and the particle. By energy
balance, the energy emitted by the particle is equal to its loss
of kinetic energy:

% am?(x) =4natoe(T—Tp)*, ®)

where a is the fraction of energy that goes into heating the
particle (assumed to be 0.5); the mass of the particle is
m= %mﬁpm, o is the Stefan-Boltzmann constant, T, is the
ambient temperature and € is the emistivity of the particle.
Inserting the velocity profile given by Eq. (3) into the energy
balance equation gives the temperature of the particle during
its deceleration within the aerogel:

=——"yle . (6)
oe

Figure 2 shows the temperature profiles for 30 um radius
particles of varying densities. Cometary ices attain maximum
temperatures of approximately 1400 K; while carbonaceous
and aluminium oxide particles experience maximum tem-
peratures of 1611 K and 1811 K, respectively. For all three
types of particle the maximum temperature exceeds, or is
close to, the melting point of the particle, so the effects of
mass loss during deceleration are an important feature to
model. Above the melting point of the particle the tempera-
tures given by Eq. (6) are no longer accurate; at these high
temperatures, energy is removed by both mass loss and phase
changes as the particle melts. The next section considers a
simplified model for particle ablation.

A model for ablating particles

Ablation of a particle reduces its surface area s and so reduces
the effects of the drag force and the magnitude of heating
experienced. In general, the ratio of the particle’s surface area
to the initial surface area is proportional to some power f§ of
the ratio of its mass to its original mass (Brohnsten 1983):

p
S=S5p <ﬂ> . @)
ny
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Fig. 2. Particle temperature profiles for 30 um radius particles impacting into 0.02 g cm —® density aerogel with an initial velocity of 6 km s,

The organic ice particles have a density of 0.6 g cm 3, the carbonaceous particles 2.4 g cm ~2 and the aluminium oxide particles 4 g cm —%.

This expression can be simplified by making the assump-
tion that the particle remains spherical during its deceleration
within the aerogel; the variation of the mass can be expressed
with respect to the change in its radius a

fi—’: =4nd’p,,. (8)

Ablation refers to the removal of molecules from the par-
ticle during interactions with the bow wave in the aerogel.
Ablation can be considered as analogous to evaporation,
since it occurs at all temperatures as opposed to sublimation
or boiling of the particle, which only occur once the particle’s
temperature exceeds its melting and boiling points respect-
ively. The mass lost per unit time is proportional to the amount
of aerogel encountered, which is proportional to the velocity
u, multiplied by the kinetic energy deposited by the aerogel
which is proportional to u%. Hence the rate of change in mass
due to ablation is equal to

dm As(r)p,

AT ©)

where A is the coefficient of heat transfer between the aerogel
and the particle, and Q is the heat of ablation of the particle.

The pressure on the leading face of the particle is pro-
portional to the Stokes law drag force v?, which, for hy-
pervelocity impacts of a particle into aerogel, is less than the
pressure of the ablated material v®. So, a cloud of ablated
molecules shields the particle from direct collisions with the
aerogel; e.g. a bow shock is formed between the aerogel and
the particle. This implies that the majority of heat exchanged
between the particle and the aerogel is by radiative transfer.
The value of A, the coefficient of heat transfer, is not equal to
the heat capacity of the aerogel. The details of the interaction
between the ablated material forming the bow shock and the
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particle are complicated and have been excluded from the
model for simplicity.

Using the chain rule to combine Egs. (8) and (9), the rate of
change of the particle’s radius is given by

da Ap, 4

a0 (10)

Writing the equation of motion for the particle as a func-
tion of velocity and time and combining with Eq. (10) and
integrating gives an expression for the radius of the particle as
a function of velocity

a(v)zaoef‘é—g (11)

Substituting Eq. (11) for « into Eq. (2), we find

dv 3p, v
dr AoPyy o~

(12)

Making the substitution U=1? and integrating over the
path of the particle in the aerogel produces

U
- 6T
/ ¢ gu="Pep (13)

u Ao Pyy,

Us

where = % and R is the path length through the aerogel.
The integral on the left-hand side of Eq. (13) can be ex-
panded as a power series and integrated term by term to give

b b
67(‘" 1 (JJzt n()\)nl’171
/ . dt:/dt{;—w+2—!+~-~+(fl) o }

u a (14)

(1)2[2 n(l)nt” b
={1nt—wt+ﬁ+-~~+(—l) n‘n!} .

a
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This series converges if |wt| < 1; from (13), wt= AY where
U=

We make the simplification that the coefficient of heat
transfer between the aerogel and the particle is the same for
all densities of particle and set A equal to unity. In the case of
a particle decelerating in aerogel, U is initially large and so
|o?| < 1 implies that w is small; e.g. the particle has a high heat
of ablation. In these circumstances the series reduces to Int
and Eq. (13) reduces to the velocity profile obtained in Eq. (3)
for a particle of constant mass.

In practice this expression is often greater than unity and so
the integral diverges. The integral can be expanded as an
asymptotic series (see the Appendix) to obtain

12Q’

e—mU 1 _ ; . ni’ e—wUn
olU (D2U2 (Dn+1Un+1 (15)
MR 1 nt 1_6Ppp
U‘)UO U‘)zU(zl UJ”+1U3+1 Bl Ao P .

From the Appendix, the error in the asymptotic series ex-
pansion is at a minimum when the series is truncated when
n~wU.

An estimate for the value of the asymptotic where the error
is minimal may be obtained by considering

— ! 1 ! —w! 1 1
¢ [1 ——————— " }<e [1 ——————— . (16)

w?

For small n, this can be calculated directly. As n becomes
large, the sum of the first n terms of the series on the right-
hand side is equal to

- o't —1\""
wt—1

When wU,> 1, Eq. (15) may be approximated as

37% 6 P e—‘”Uo 7ﬁ
U(R) ~ — TR+ ——— 17
( ) o [ao Pm " wnilUgil ' ( )

where wU ~m and wU,~n. Eq. (17) is only strictly valid over
the range U € [Upin, U], where Up,in ~ Q is the threshold en-
ergy for ablation. For U< U, ~Q, the velocity profile is
described by Eq. (3).

In the limit, U— Q, and the velocity can be approximated as

6 P, et 171
UR) ~— ——"FR —_—| . 18
( ) [0 pm +(Dn—1l_]g—1 ( )

The size of the error produced by this approximation can
be estimated from the magnitude of the discontinuity at the
boundary where R=0:

UR—- —0)=U,
and

n— 1
UR—- +0)= Y

7U)U¢.
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For most practical applications, the error equates to a
temperature difference on the boundary of less than 1K,
since U(R— +0)—- U,y as U-U, and m—n.

The temperature profile of the particle ablating through the
aerogel is given by the radiation balance equation used above,
but with the radius as a function of velocity

(T— To)4 — —a(U) Pm

U(R). (19)

From Egs. (17) and (11) the temperature profile can be
approximated as

—wU, —1

lpﬂ@e*wyo E&]"R_‘_ ¢

T—Ty) = S
( ) 6 oe ® dy Py gt

(20)
in the limit U—Q and where 7 is large.

In general it is difficult to derive a general expression for the
velocity profile of the ablating particle as a function of its
track length in aerogel; however, using Eq. (11) and the ap-
proximations of Egs. (18) and (20), the radius, velocity, track
length and temperature of the particle can be calculated at
U= Uy, The velocity of the particle then follows the con-
stant mass profile of Eq. (3), with the calculated values of the
particle’s radius, velocity, track length and temperature used
for the initial conditions.

Figure 3 shows the temperature profiles for a range of
idealized particles with differing densities, but with the same
heat of ablation. The temperature initially falls off rapidly
until 60 LTR> ﬁ, where the temperature decreases
as R~

Results

From the previous section, the critical parameter in de-
termining the fate of a particle captured in aerogel is its spe-
cific heat of ablation, Q. The final radius of the particle is
given by integrating Eq. (11) between Uy, and U, to give

A(Yo~Unin)

@1

where U, is the square of the initial particle velocity; e.g.
Uy=(6.1 km s 1?2 In the limit Upin— Q, the ratlo of the final
radius of the particle to its initial radius is ~e™ w5 ; €.g. mass
loss is greatest for low values of Q.

Values of Q are given in Table 2. Volatile materials com-
posed of organic ices typically have low values of Q and so are
quickly reduced to less than 4 % of their original radius after
traversing through ~ 1.1 mm of aerogel. Volatile cometary
fragments lose more than 96% of their kinetic energy
through ablation.

Particles composed of refractory substances such as Al,O3
have values of Q> U,; such particles experience intense ab-
lation, but only for a small fraction of their transit time
through the aerogel, so that their deceleration can be ad-
equately described by Eq. (3). Horz et al. (2008) have con-
ducted experiments firing 35, 60 and 105um diameter
aluminium oxide spheres into 0.02 gcm™? aerogel at hy-
pervelocities of 6.04-6.18 km s~*. From post firing analysis

a(v)y=age”
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Table 2. Energies of ablation (Lide 2008) for different particle
compositions and corresponding values of ® and the ratio of
the final radius to the initial a/a,

0 (klkg™) o (m~*s’) alay
Organic ices 918 9.08 x 108 0.038
Carbonaceous 17200 4.86x107° 0.840
Al Oy 61200 1.36x107° 0.952

of the aerogel, the track length produced by each particle was
obtained. Using Eq. (3), the velocity profiles for these three
sizes of particle are plotted in Fig. 4. From this the total track
length (when, as in the second section, v<1m s~ can be
found; Table 3 shows the total track lengths obtained from
Fig. 4 compared with the experimental results obtained by
Horz et al. (2008). When the drag coefficient T is set to 0.5, it
can be seen that the results obtained by Eq. (3) are very close
to the track lengths obtained experimentally.

From substituting v= % in the left-hand side of Eq. (3)
and integrating, the time of flight of the particle inside the

aerogel is
1 a P 1 3og )

PR fl], 22
Vo 3 pg r |:e ( )

where L is the track length of the particle. For typical
Stardust track lengths of 1-10 mm, the time of flight is of the
order of microseconds, in good agreement with the observ-
ations of Noguchi et al. (2007). Table 3 gives the times of flight
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for different Al,Oz spheres from the work of Horz er al.
(2008), which shows typical timescales of tens of micro-
seconds.

Figure 5 shows the temperature profiles for these particles
and the maximum particle temperature is given in Table 3.
The particles experienced maximum temperatures greater
than 2100 K ; this is consistent with the work of Horz et al.
(2008), who found that these particles experienced tempera-
tures that were close to, or exceeded, 2245 K, the melting
point of ALO;.

For particles composed of volatile materials such as
cometary ices, the velocity profile follows Eq. (14) until
U<Upin~Q. Beyond this the mass can be treated as ap-
proximately constant and Eq. (3) can be used to describe its
velocity. On impacting into the aerogel, the maximum tem-
perature experienced by the particle is ~ 1400 K, which falls
off roughly proportionally to R™! in accordance with Eq.
(18). Ablation ceases after the particle has travelled ~1.1 mm
through the aerogel, when its deceleration now varies as
~e R (see Fig. 6). The particle experiences an average tem-
perature ~600 K during its deceleration, which takes ~1 us:
sufficient to considerably modify a 10—100 um sized particle.

Conclusion

The simple, semi-analytical models developed in the second
and third sections suggest that hypervelocity impacts ~6
km s ! produce intense flash heating within micrometre-sized
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Fig. 5. The temperature profiles for the aluminium oxide particles shown in Fig. 4.

particles. Low-density, volatile particles, such as those
formed from organics with low decomposition temperatures,
experience peak temperatures of over 1000 K on capture
by aerogel. High-density, refractory particles, such as
metal oxides and silicates, experience even greater maximum
temperatures of greater than 2000 K. For both types of par-
Particle Initial ~ Measured  Calculated Time — Maximum ticle, these maximum temperatures exceed their melting
diameter velociEyl track length track length of flight temperature point and the duration of intense heating of ~1 us is long
(um) (km s™) (mm) (mum) (bs) K enough to cause physical and chemical changes to the com-
35 6.18 17.52 21 11.6 2110 position of the particles. Despite the simplifications in-
60 6.04 34.57 35 7.2 2319 troduced in both models to overcome the complexity of the
105 6.10 61.05 62 20.8 2752 . . . .
particle, aerogel interaction results compare well to impact

Table 3. The total track lengths for Al,O3 spheres impacted
into 0.02 g cm ™2 aerogel as measured by Horz et al. (2008),
compared with lengths calculated from Eq. (3), with the
density of ALO; spheres set to 4 g cm ™3 and the drag
coefficient to 0.5
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into 0.02 g cm—* density aerogel with an initial velocity of 6 km s™*.

experiments and analysis of particle tracks captured by the
Stardust mission.

Comet P81/Wild 2 is a short-period comet, thought to have
originated from the Kuiper Belt. One of the main hopes for
the Stardust mission was the chance to recover pristine par-
ticles that had remained unaltered since their formation dur-
ing the early evolution of the Solar System. These particles
are believed to be a highly inhomogeneous collection of metals
and silicates as well as complex organics; knowledge of their
detailed physical structure as well as chemical composition
would provide valuable information about the formation of
the Solar System from the surrounding interstellar medium.
The combination of ablation and melting of the captured
particles limits the useful information that can be extracted
from the Stardust data. The intense heating associated with
capture in aerogel limits the possibility of the recovery of in-
tact volatile organic ices by missions similar to Stardust. From
an astrobiological perspective recovery of micrometre-sized
organic material from within a comet would be a significant
step to validating existing theories of panspermia (Hoyle &
Wickramasinghe 1978 ; Burchell 2004).

The models derived are able to predict the track lengths
for different density materials to a reasonable degree of accu-
racy. Obtaining analytical expressions for the velocity and
temperature of the particle as a function of displacement
within the aerogel allows the duration of particle heating to be
estimated, which compares well with the results of analysis of
particles obtained by Stardust. Both of the models derived
are highly sensitive to the parameters such as particle density,
radius and drag coefficient. A valid criticism of these models is
that a certain amount of ‘fine tuning’ of the parameters en-
ables a wide number of initial particle sizes or densities to agree
with the results of the experiment. The particles recovered are
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far from homogeneous or regular in shape and so attempts to
reconstruct the original composition of a particle from its
track length are difficult. Future work will attempt to con-
struct the velocity profiles of particles using hydrodynamics to
reduce the number of physical assumptions and simplifica-
tions used to obtain the analytic expression presented here.
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Appendix A: Asymptotic expansions

Definition Al

Consider an expansion of a function f(z):UcC—C,ze€ C, in
inverse powers of z,

f=o@{a+ 2+ 2+ + 2

If the series on the right-hand side diverges, then f(z) can be
written as an asymptotic series,
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Approximating f(z) as
0 U
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By application of the ratio test,
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e.g. the series diverges and the difference between successive
terms is at a minimum when j~ w¢.
Let ¢(r)=e~". Hence
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and, by integrating by parts,
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From the above, the error obtained by approximating
f(U, Uy) by truncating this asymptotic series at the nth term is
less than
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which is simply the next term in the series.
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