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In this paper we construct a compact set K of zero Hausdorff dimension that satisfies
certain ‘arithmetic-type’ thickness properties. The concept of ‘arithmetic thickness’
has its origins in applications to harmonic analysis, introduced in a paper by Lebedev
and Olevskii. For example, there are no spectral sets whose ‘essential boundary’ can
contain the above set K.

1. Introduction

We say that a Borel set A C R (more precisely the corresponding equivalence class)
is a spectral set for LP(R), 1 < p < oo, if its indicator function belongs to the
multiplier algebra

1,4 € M,(R). (1.1)
If A satisfies (1.1), then it yields a translation invariant complemented subspace E4
in LP(R),
Ex ¥ Clos{f € LP(R) N L2(R) : fleq = 0},

where f denotes the Fourier transform of f.

Conversely, every invariant complemented subspace can be obtained in this way;
in a natural sense, A is called the spectrum of E 4.

For p = 2, every A is a spectral set. For p # 2, the situation is much more
difficult. Some classical examples are known, like A = R™, which is spectral for any
p € |1, 0o[, or more general ones, coming from the Littlewood-Paley decomposition.

Everything mentioned above is well known; see [2] or [4] for the precise definitions
and references.

It was recently discovered in [2] that, for p # 2, spectral sets cannot have a
complicated structure.

For example, a Cantor set of positive Lebesgue measure is never spectral.

THEOREM 1.1 (see [2]). If A is spectral for some p # 2,

the essential boundary, OA, has Lebesgue measure zero, (1.2)
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or, equivalently
A and °A are both (equivalent to) open sets. (1.3)

In the above theorem we used the term essential boundary in the sense that
0A = AdN (<A)d, where A9 denotes the Lebesgue density points of A and by A we
denote the closure of A. In the sequel, we also use the (common) essential boundary
of two disjoint measurable sets A and A’, denoted by 9(A, A’), and = € R belongs to
it if and only if any U (z) neighbourhood of z contains portions of positive measure
of both sets.

This result means that every spectral set A can be viewed as a union of some
family of disjoint open intervals accumulated to a closed set F' of measure zero—its
essential boundary.

Effective characterization of such families is probably an extremely difficult prob-
lem.

In this paper we are interested in what can be said about the essential boundary
of a spectral set.

DEFINITION 1.2. For a given p # 2, a compact set K C R is called a spectral-
subboundary (K € SB) if and only if there exists a spectral set A such that 94 D K.

Obviously, this notion means some kind of ‘thinness’. It is natural to compare it
to metrical ‘thinness’. Theorem 1.1 says that K € SB implies that mK = 0, where
m denotes the Lebesgue measure.

Is the converse implication true?

We prove that the answer is no, even if one replaces the Lebesgue measure with
the much more sensitive Hausdorff one.

We follow the general approach of [2,3] which involves an analysis of possible
distributions of equidistant nets through A.

DEFINITION 1.3. We say that a given pair of disjoint sets A, A’ has the universal
colouring property,
(A, A)eUC, (1.4)

if, for any N € N and for any colouring of the set {1,..., N} by two colours (say,
by red and blue), there exists xg, h € R, such that
o L oo+ kheAor A if, k is blue or red, respectively. (1.5)

This notion plays a crucial role in [2,3]. It appeared there in a slightly stronger
form: xj was required to be a density point of the corresponding set; below we will
use the UC property for open sets and hence this stronger assumption will also be
satisfied.

Actually, theorem 1.1 was obtained by the following implications:

m(9(A, A")) > 0= (A, A") € UC = A is not a spectral set. (1.6)
Next we introduce the property of ‘arithmetical thickness’ (A-thickness).

DEFINITION 1.4. We say that a compact set K is A-thick, that is, K € A, if and
only if, for all pairs of disjoint open sets A, A’,

K C oA, A) = (A, A) eUC. (1.7)
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Our main result says that A-thick compact sets may be of small Hausdorff dimen-
sion. We remark that in [1] several different concepts of thin sets in harmonic analy-
sis were considered.

2. Main results

THEOREM 2.1. There exists a compact perfect set K C R such that
(i) dimg K =0, and
(ii) K € A.

We remark that dimpg denotes the usual Hausdorff dimension, and by a suitable
refinement of our proof one can obtain compact sets with H, (K) = 0, where Hy,
is the Hausdorff measure defined by using a function h (h(0) = 0, h(z) > 0, h is
monotone increasing and continuous from the right for all ¢ > 0). In the special
case when h(x) = x°, that is, we use the s-dimensional Hausdorff measure, we will
use the notation H?®.

THEOREM 2.2. There exists a compact perfect set K, satisfying property (i) and
(ili) K ¢ SB.

Finally, our last result gives some additional information about A-thickness.
THEOREM 2.3. If K € A, then it contains arbitrarily long arithmetical progressions.

Proof of theorem 2.2. We reduce this result to theorem 2.1, which will be proved
later. It is enough to show that property (ii) implies property (iii). Let K € A.
Suppose that for some p # 2, K € SB, that is, there exists a spectral set A such
that 94 D K. Due to theorem 1.1, we can assume that A is open and °A is equivalent
to an open set A’. It is clear that A’ is disjoint from A. Since A’ and “A are equivalent,
(A4 = (¢A)4, and hence K C A = 9(A, A"). Then K € A implies that the pair
(A, A') satisfies the UC-property. According to (1.6), A is not a spectral set. O

The construction used in the proof of theorem 2.1. We define K as the intersection
of the nested closed sets Fjy. Each Ejy consists of finitely, say ny, many closed
intervals I, j = 1,...,n.

We assume that, for a fixed k, the intervals I ; are indexed from left to right
and they are disjoint.

Denote the length of I; 1 by ¢; ;. For notational convenience, we set ), = %Kk for
k=1,2,....

We choose the intervals I;; in a way that ¢;; is non-increasing in j, that is,
8, 1 = Ly, 1 for ji < j2 when k is fixed. We denote by £ the length of the shortest
interval I . Clearly, ¢ = €y, x. For a given j' < ng_1, by our choice I 1 N Ej
will consist of v ;1 many equally spaced intervals of the form I;; and all these
I;;, will be of the same length, denoted by ;s 1.

If 7/ < j” holds, then the distance between the consecutive intervals I}, belonging
to I r—1NEy will be much less than the length of the I}, belonging to I j—1NE}.

Next, we give a formal inductive definition of the sets Fj.

https://doi.org/10.1017/50308210500001104 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001104

788 Z. Buczolich and A. Olevskit

E, =1
Ay My J 27711
I|—|I|—|I|—|I|—|I|—|I|—|I|—|Il—|l
E
L1, |2 Ly
| —
I | 1
E, enlarged
I M M M nnnonnonan I
part of E;
Figure 1.

Put E1 = Il,l = [0, 1].
Assume that k> 2, E_; = U;i}l I; k—1 is defined and

Ui 2lop—1 2 2Ly, k-1 =Llp—1.
We also assume that ¢; ;1 is an integer multiple of £;_; for j =1,...,ni_1. Set

lp—1

l1 k-1
2kk

AMjp—1 = and vy 1 =

AMok—1

Since {1 ;1 is an integer multiple of £;_1, it is easy to see that vy ,_; is an integer.
Divide I; ;-1 into v ;—1 many intervals of length A; x—1 and denote these intervals
by Hi,...,Hy, ,_,. Finally, in each interval H;, choose a small closed interval Jj;,
which has the same midpoint as H;, and such that the length of J; equals

. Akl
1,k—1 — k—1
Vik—1

We will define Ej, NI 1 such that it will equal the union of the intervals J;, that

is, Jj = I for j =1,...,v1 p—1. Observe that £;_; is an integer multiple of 1; ;1
and éj,k. =M,k—1 for ] = 1, ces V1 k-1
Now assume that j' > 2, the I, are defined in the intervals I1 y—1, ..., —1 k-1

and the ones in ;1 ;1 are of length n;,_1 x—1. We also assume that £;_; is an
integer multiple of 1 _1 1. Since ¢;/ ;1 is an integer multiple of £, it will also
be an integer multiple of n;/_; ;_1. Set

T —1,k—1
jz

ljr k—1

Ajr k=1 = and v g1 =

Njr k-1

Observe that v _q is an integer. Now we subdivide I; ;1 like we divided Iy j—1,
that is, divide I —; into v 1 many intervals of length A;/ _; and denote them
by Hi,... ,Huj,vk_l. In each interval H;, choose a small closed interval J;, which
has the same midpoint as H;, and such that the length of J; equals

' k-1
Ny k=1 = k1
J’ k=1

Observe that Aj/ 1 and 1j,_1 —1 are both integer multiples of ;s ;1. Finally, let
E NI ;-1 equal the union of the intervals J;.
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Repeating the above steps for a fixed k we can define Ej N I ,_; for all
j'=1,...,nx_1. Continuing this process, define E} for all k.
Put K = ﬂ/i“; Eg.
It is easy to see that K is a nowhere dense non-empty compact perfect set and,
for any k and j < ny, we have K N 1;; # (. It is also clear that
Ll 1

SEk = ALk=1 > k=1 > > g ko1 = s

This implies that for any k£ > 1 we have

i £j<£k-

j=k+1

Since for k = 2,3,... the choice of A\js ;_; implies that each interval I;/ ,_;
contains more than four intervals belonging to Fy, it is always possible to find an
x € K that is in the first quarter of I;s 1.

First we compute the Hausdorff dimension of K. Denote by d(U) the diameter
of the set U. Assume that the integer m is fixed. Note that the intervals belonging
to Ej cover K for any integer k. Let

Nk
Sk =Y d(I;)"™.
j=1

LEMMA 2.4. For any k =2 m+ 1, we have Sy, < Sg—1.

Proof of lemma 2.4. Assume that j' < ng_y and I ,_1NE}, consists of the intervals
Jj, ] = 1, s Vire—1. Then d(JJ) =N k-1 for all] and

A . 1/m
m 1/m i k—1
DoAY = vyl = Vj”k_l( u?“l ) =4

Using k£ > m + 1, we can continue the estimation by
A L 1/m
—_—
A< Vj’,k‘l(yin_—1> = Wi k1A k- Y™ = ()™ = d( L)
37 k—1

Recalling that the intervals J; are those intervals I ; that are in I ;_1, the above
result implies that

Yo dLe)Y™ < d(I 1)t ™
{j:Ij,kng/,k_l}
Summing this for all I/ ;_1, we obtain S < Sk_1. This proves lemma 2.4. O

LEMMA 2.5. The set K is of zero Hausdorff dimension.

Proof of lemma 2.5. We need to verify that, given any s > 0 and § > 0, one can
find a cover of K by sets U; such that d(U;) < d and Y_ d(U;)* < oc.

It is enough to verify that for each s,, = 1/m a suitable cover can be found;
hence assume that m is fixed.
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The intervals belonging to Ej cover K for any integer k. From lemma 2.4, it
follows that Sy < Sy, for all & > m. Using d(I; ) = {; 1 < {x—1 and £, — 0 as
k — oo, we obtain that, for any given § > 0, we can find k such that d(f;x) < ¢
for j =1,...,n and Sy = 3, d(I;x)*/™ < Sp,. This implies H*/™(K) < co. This
holds for all m; hence K is of zero Hausdorff dimension. O

We turn to the proof of K € A.

To state lemma 2.6, and later lemma 2.8, we need more notation.

Denote by ¥ the union of the intervals contiguous to K and by s, the set
{1,...,n} where n is a positive integer. Assume that A and A’ are disjoint open sets
such that K C 9(A, A"). Set G = AUA’. Then G C ¥ is open and we can introduce
the colouring function ¢; : G — {blue,red} by letting ¢; = red on A and ¢; = blue
on A’. Since K C 9(A, A’), the colouring ¢1 of G is dense; by this we mean that
both red and blue intervals are ‘dense’ in K, that is, K C {z : ¢1(z) = red} and
K CH{z: ¢2(x) = blue}. To verify that K € A, we need to show that, for any of
the above given open sets A and A’, the universal colouring property is satisfied,
that is, we need to find x € R and A* € R such that z +ih* € G fori = 1,...,n,
and the two colourings ¢; and ¢o are compatible, that is, ¢1(z +ih*) = ¢2(i) for
1=1,...,n.

Next we state a rather technical lemma.

LEMMA 2.6. Assume that k > 2n2, y and t are given such that y € G, the points
y~+it fori=1,...,n belong to different components of Ey and

+it,y+it+£0, ] CE, fori=1,...,n.
ly+it,y k
Then there exists t' such that
g/
t<t' <t+nk,
k
and the points
y+it' € ly+it,y+it+ 4], i=1,...,n,

belong to different components of Eyy1. Furthermore, if p, denotes the length of
the interval Ij 41 € Epqq that contains the point y + nt’, then

[y +it',y+it' + pn) C Expr fori=1,...,n.

REMARK 2.7. Observe that p, > fx41 = 2€;+1, and hence the conclusion of
lemma 2.6 implies that

ly+it',y +it' + L 1] € Erya

also holds for ¢ = 1,...,n. This implies that we can repeat the application of
lemma 2.6.

Proof of lemma 2.6. We do induction on n.
For n = 1, we have [y + t,y + ¢t + £;] C Ej. Choose ji such that y +¢ € I, s.
Then there exists \; < £, /(k + 1)+ such that during the construction of Ej i,
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the interval I, j is being split into intervals of length A; and each such subinterval
contains a component of Fy 1. Thus we can choose t' such that

/

¢
t<t’<t+)\1<t+f

and y + t' is the left endpoint of a component of Fx 1. Then
ly+t,y+t' +p] S Bry,

where p; is the length of the interval I; ;41 that contains y + t’. This completes the
proof when n = 1.

Now assume that n > 2, k > 2n?, and lemma 2.6 is true for n — 1. Observe that
using y € G and the points y +it, i = 1,...,n — 1, the assumptions of lemma 2.6
(used for n — 1) are satisfied. Hence, by the induction hypothesis, there exists t”
such that

g/
t<t” <t+(n—1)f,
and
y+it" €ly+it,y+it+ 4] CEy fori=1,...,n—1, (2.1)
and these points belong to different components of Ej,,. Furthermore, for
i=1,...,n—1, we have
[y +it" y+it" + pp_1] C By, (2.2)

where p,_1 is the length of the interval I; ;41 that contains y + (n — 1)t”. Clearly,
Pn—1 < K;C/kk
Now, by our assumptions,

/

L
y—|—nt<y—|—nt"<y+nt+n(n—1)f<y+nt+%€;.

Hence
[y +nt",y+nt" + 20.] C [y +nt,y + nt + (}] C Ey,. (2.3)

By (2.1), y+(n—1)t" and y+ (n— 1)t belong to the same component of Fy. Denote
this component by I;, , ;. Similarly, by (2.3), y + nt” and y + nt belong to the
same component, I; r, of Ex. By (2.3) we have

ly+nt",y+nt" +10,] C I, x C Ey. (2.4)

The definition of Ej,, implies that there exists A, and 7;, » = pn such that
1;,  is divided into subintervals of length \,. Each such subinterval contains a
component of Fy 1, and this component is of length p,,. From j,,_1 < j, and from
our construction, it follows that A\, < p,—1/(k + 1)(k+1); hence we can choose t/
such that

/

_ ¢ ¢
bnl oy kot ypk (2.5)

<Y<t 0, <t +—2
(k + 1)(k+1) k k

and, using (2.3), we can also assume that y+nt’ is the left endpoint of a component
of Ex41 NI, . Then
ly +nt',y + nt’ + pn] C Egy1.
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It remains to check that, for i = 1,...,n —1, the small intervals [y +it’, y + it’ + p,,]

are in Fy41. From
Pn—1

" < /< 1
St st +(k+1)(k+1)
and P

Pn < Ap < m,

it follows that

(i +1)pn_1
(k+ 1)0+D

fori=1,...,n—1. Thus y + it” < y +it’ and (2.2) implies

y+it' + pp <y +it" + <y+it" + pn_1

[y +it',y 4+ it" + pp] C Epqr
fori=1,...,n—1. Observe that above we have already established the last property

for ¢ = n. This completes the proof of lemma 2.6. O

In the next lemma we will use the notation introduced before the statement of
lemma 2.6.

LEMMA 2.8. Assume that n, ko, x, and hy, are given such that ko > 2n?, z, € G,
the points x,, + ihk, belong to different components of Ey,, we have two colourings

¢1 and ¢z, ¢1(7,) = ¢2(n), and
[@n + ihiy, Tp + thi, + 0,)) € By fori=1,...,n.
Then there exists x € K and h € R such that
|h - hk0| < n%o,
|z — (x5, + nhy, )| < nly,

and
P1(x —ih) = ¢o(i) fori=1,...,n.

Proof of lemma 2.8. We do induction on n.
Assume that kg > 2 is given. When n = 1, by our assumption, [z + hg,, 21 +
hio + €}, ] € Eg,. Choose ji such that z1 + hg, € I, k.- Then there exists

/
£k0 _ £k0 1 97

ko - ko 2" ko
2kb Kk

such that any subinterval of I;, r, with length A contains points of Fj,41, and
hence points of K as well. Thus we can choose h > hy, such that |h — hy,| < €5
and z1 +h = x € K. Then |z — (21 4 hi,)| = |h — hi,| < £}, also holds. Clearly,
¢1(x —h) = ¢1(21) = $2(1).

Assume that lemma 2.8 is valid for n — 1 > 1 with all kg > 2(n — 1)2.

For the next step of the induction, assume that kg > 2n? is given and the assump-
tions of lemma 2.8 are satisfied for n, kg, x,, and hy,.

Since G is open and z, € G, there exists € > 0 such that |z, — €, z, + €[ C G.
Choose k1 > ko such that e/2n? > O,
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Assume k € {kq, ..., k; —1} is given and hy, is already defined. Using y = x,, and
t = h in lemma 2.6, we choose t = hy 1. Repeating this procedure we define hy,
for k=ko+1,...,k1. Then we have

/

Uy Uit 0y, _1> 0y,
< <h _ko. ot AU, 2 Sl h 2o 2.6
hiy < hi, k0+n(k‘0+k‘0—|—1+ +k‘1—1 < hgy + nk‘o (2.6)

the points x,, + ihg, belong to different components of Fy,, and
[@n + thg,, Tn + th, + prg] © Ep, fori=1,...,n,

where p,, 1, denotes the length of the interval I ;, C Ej, that contains x,, + nhy,.
Using the fact that p, , > 2¢), , we also have

[€n + ihi,, @p +ihg, +20, ] C By, fori=1,...,n.

Choose j; such that z, + hy, € Ij ,. Then there exists A < K;I/kfl < 0}, such
that any subinterval of length X in I}, 1, contains points of Ej, 11 and points of K
as well. Since we have a dense colouring of G, we can choose an x,,—1 € G such that
$1(xn—1) = p2(n—1) and 2,1 € [T +hky, Tn + hiy + A]. Observe that, using (2.6),
we have

/

ko

|xn—1_(xn+hko)| < |xn—1_(xn+hk1)|+|xn+hk1_(xn+hko)| < )\+2nk‘_' (2.7)
0

An easy computation shows that
[Tn—1 + ihgy s @n—1 +ihg, + €] C (20 + (0 4+ Dhgy2n + (0 + Dby, +20,] C By,

holds for ¢ = 1,...,n — 1 and, by lemma 2.8 applied for n — 1, k1, xn,—1 and hy,,
there exists x € K and h € R such that

=y, | < (n = 1)},
[z = (@n-1+ (n = Dhy,)[ < (n = 1)l

and
¢1(x —ih) = ¢o(i) fori=1,...,n—1.

Then, using (2.6), we infer

/

¢
\h = Ry | < | = gy | + [y — By | < (0= 1)), +2nki§ <nl),.

Furthermore,

|.7J - (l‘n + nhko)| - (xn—l + (n - 1)hk1)| + |3’Jn_1 + (n - 1)hk1 - (.Z‘n + nhko)|

|
(n— 1), + |zn1 — (Tn + ho) | + (= 1) Ay — hg |
/ /

L
< (n— 1), +2n="2 4 X+ (n - 1)2n—2 < nf), ,
1 k,o k:O 0

<
<

where, in the last estimations, we used (2.7), ko > 2n?, (] < K;O/kgo and A < 10, .
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Finally, observe that
[z = (2 +nh)| <z = (Tp-1 + (0 = Dhi))[ + 251 — 25 = hgey | + nlhg, — Al
<(n—1)0, +X+n(n—-1)0, <e

Thus x —nh € |z, — €,x, + €[. By the choice of €, the entire interval Jx,, — €, ., + €]
belongs to G and hence either |z, — €, 2, + €[ C A or |z, — €, 2, +¢[ C A’. Hence

¢1(x — nh) = ¢1(xy) = Pa(n).
This, together with the induction hypothesis, implies
p1(x —ih) = ¢ao(i) fori=1,...,n.
This completes the proof of lemma 2.8. O

Proof of theorem 2.1. By lemma 2.5, K is of zero Hausdorff dimension. It remains
to show that K is in A.

Choose ko > 2n? and a jo < ng,—1. Then it is easy to see that vj, g,—1 > k§° >
n + 1 and hence I, y,—1 N K, consists of more than n + 1 intervals of the form
I; i,. Choose a j; such that

Ijl,kovlh-‘rl,kov s va1+n,ko - Ijo,ko—l'

Let hg, = Aj,,ko—1. Recall that the intervals I, 1, are equally spaced in I ,—1
and Ij, 14k, can be obtained from I;, 1, by a translation with ihy,. It is also clear

that gjl,ko = £j1+1,ko == £j1+n,ko = Mjo,ko -
Since the colouring of G is dense and the first quarter of I;, r, contains
points of K, we can choose an z, € G such that ¢1(x,) = ¢2(n) and

[@n, Tn + 5051 ko) C Ly ko Using €y, < £, i, and the translation property of the
intervals I, 14 r,, we have

[T + TPy, T+ ihgy + 3000] € Ijygine © By, fori=0,...,n.

The assumptions of lemma 2.8 are satisfied. Hence, using € K and h from
lemma 2.8, let h* = —h and observe that ¢1(x + ih*) = ¢2(i), ¢ = 1,...,n, shows
that the colouring ¢; of G and ¢, are compatible. a

Proof of theorem 2.3. Given ¢ € N, we denote by ¢z, the colouring of sypi2 =
{1,...,40+ 2} for which ¢9 ¢(2i — 1) = red, ¢24(2i) = blue for ¢ € {1,...,2¢0+ 1}.

We can assume that K is non-empty, compact and nowhere dense.

We also assume that K is perfect and does not contain ¢ > 3-long arithmetic
progressions. We need to show that K ¢ A.

We denote by CK the set consisting of the intervals contiguous to K. If
z € ¥ =R\ K, then Ik (x) denotes the CK interval containing .

Since the number ¢ is fixed, for ease of notation, we will just write ¢o instead
of ¢oy. Our goal is to find open sets A and A’ such that K C 9(A4, A’), but
(A, A") € UC. We will choose A and A’ by defining a colouring ¢; : ¥ — {blue, red}.
This colouring will be constant on each CK interval. We will let

A={z €W :¢1(z) =1red} and A ={x € ¥: $1(x) = blue}.
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It is clear that if we assume that ¢; is a dense colouring, that is, K C AN A/,
then K C 9(4,A’). Choose an onto mapping ¢k : ¥ — N that is constant on the
intervals contiguous to K and takes different values on different intervals.

We say that a pair (z;h) € R x (R \ {0}) is admissible if the terms of the
sequence {z +ih : i € s4p42} belong to ¥ and Ix (x + 2ih) # Ik (x + 2jh) for i # j,
1,7 €{1,...,20 + 1}. The set of admissible pairs is denoted by P.

REMARK 2.9. Observe that if ¢ and ¢o are fixed as above, ¢; is a colouring of ¥
and ¢1(x 4 ih) = ¢a(i) for all i € s4p49, then (x;h) € P.

Given n > 0, we denote by P, the set of those (z;h) € P for which |h| > 7.
Clearly, P,, = 0 for a sufficiently large 7.

Assume that ' < 7, the (possibly empty) open set V' is the union of finitely many
CK intervals and, for each (x;h) € P, \ Py, there is at most one i € {1,...,2¢+ 1}
such that x + 2ih € V. Set

Ry (z;h) = min{¢g(x +2ih) :i=1,...,20+ 1 and x + 2th € V'}
and R,y v = {Rv(x;h) : (z;h) € Py \ Py}

LEMMA 2.10. With our assumptions about K, for any n' < n, the set R, v is
bounded from above.

Proof of lemma 2.10. Assume that R, , v is not bounded from above. Using the
compactness of K and the finiteness of {1,...,2¢ + 1}, we can choose a sequence
(n; hn) € Py \ Py and an i* € {1,...,2¢ + 1} such that z,, converges to an = € R,
hn — h, with ' < |h| < 0, Yx(xn + 2ih,) — oo and z, + 2ih, € V for any
1€{1,...,20+ 1} \ {i*}. Hence, if ¢ # i* is fixed and la,,b,[| = Ix(z, + 2ih,),
then

lim b, —a, = 0.

n—oo
Since a, € K, we obtain that x + 2ih € K.

Therefore, {z+2ih :i=1,...,20+1, i # i*} C K, but then K would contain an

arithmetic progression of length at least ¢, contradicting our assumption about K.

O

Now we continue the proof of theorem 2.3 and define by induction the suitable
colouring ¢, on ¥. In each step, first we colour by red finitely many CKC intervals
in order to ‘take care’ of ‘blocking’ sequences {x + ih} with (x;h) € P,, with a
suitable ng > 0. Then, to obtain a dense colouring, we colour some CK intervals by
blue.

Step 1 of the colouring
Set Vo =0, n = ng and choose 1 > 0 such that

diameter(K)

S Ty 2)

Set Ro(z;h) = Ry, (x;h) and Ry, = Ry, no,vp- Using lemma 2.10, we can choose
M, € R such that each element of R,, is bounded by M;. There are only finitely
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many intervals on which g () < M;. Denote the union of these intervals by U;.
Without loss of generality, we can assume that U; contains the two unbounded
components of ¥. Then ¢ (z) > M; for z € R\ (K UU;). For z € Uy, let
¢1(x) = red.

Whenever (z;h) € Py, \ Py, = Py, , we have R(z; h) < My, and hence there exists
ani € {1,...,2¢0 + 1} such that x 4+ 2ih € U;. Thus ¢ (x + 2ih) # ¢2(2i) and hence
the colouring ¢o of s4s12 is not compatible with the colouring of ¢1(x + 2ih).

Next, choose finitely many CK intervals that are disjoint from U; such that,
denoting their union by V7, the following two properties are satisfied.

(1) If I, I C V; are disjoint CK intervals, then dist(Iy, I3) > 2(4€ + 2)n;.
(61) f z € K, then (z — 3(40 + 2)n1,z + 3(4€ + 2)m ) NV # 0.

It is easy to see that the choice of Vi can be made satisfying (a;) and (). For
x € Vi, let ¢1(x) = blue.

Clearly, property (1) says that blue intervals are not too close and (1) says
that they are not too far either.

The general steps of the colouring

Assume now that we have already accomplished step k£ of our definition. Thus we
have the number 1, > 0 and the sets Uy, V}, such that Uy UVy, C W, ¢1(Uy) = {red},
¢1(Vx) = {blue}, and the sets Uy, V} consist of the union of finitely many CK
intervals. If (x; h) € Py, , then there exists ¢ € {1,...,2¢+1} such that 4 2ih € Uy.
Finally, the following two properties are satisfied.

(ag) If Iy, Iy C V}, are disjoint CK intervals, then dist(Iy, I2) > 2(4€ + 2)n;.
(Br) If x € K, then (z — 3(40 + 2)nk, x + 3(4€ + 2)n) N Vi, # 0.

Step (k+ 1) of the colouring

Let k41 = 37

Set Ry(x;h) = Ry, (z;h) and Ry, ., = Ry, Vie-

Observe that assumption («y) implies that, for each (x;h) € Py, , \ Py, there
is at most one i € {1,...,2¢ + 1} such that x + 2ih € V}.

By lemma 2.10, for a suitable constant M1, each element of R, , is bounded by
Mj.1. We can also assume that My, is so large that My, 1 > k+1 and, whenever
x € K, then there exists an interval |a, b[ such that Ja,b[ N |z — Nk, x + k| # 0,
la,b] NVx = 0 and ¥k (Ja, b]) is bounded by My 1.

Denote by U,S_H the set of points x for which x € ¥, ¥ () < Mpy1, x € Uy UV
(that is, we have not defined ¢; at z). For = € Ul(c]+1v put ¢1(x) = red, and let
Uky1 = Ug U U,S_H. Observe that Ug4q U Vj contains all points = in ¥ for which
Vi () < My

Now take (z;h) € Py, \ Pp.. Then Ry(z;h) < My41, and hence there exists
1 €{1,...,20 + 1} such that x + 2ih & Vj and ¥k (z + 2ih) < M. This implies
Z + 2ih € Ug41, and hence ¢1(x + 2ih) = red # ¢2(21), that is, the colouring ¢, of
T + 2ih is incompatible with the colouring ¢o of s4¢42.

Next, choose finitely many CK intervals that are disjoint from Uy such that,
denoting their union by Viyi, we have Vi C Vii1 and propositions (ag41)
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and (0O 1) are satisfied (that is, we have propositions (ay) and (0y) satisfied with
k replaced by k + 1). It is an easy exercise to show that we can make a suitable
choice of V1. For z € Vi1, put ¢1(z) = blue.

By letting £ — oo, we can define a colouring ¢, of ¥. If one takes x € K, § > 0,
then it is easy to find k such that UgN]a — 4§, 2 + 6] and VipN]x — §, 2 + [, and hence
¢1 is dense.

Since P = Py, U UZ;(Pyiy \ Pyy), our construction implies that, for any
(z;h) € P, there exists i € {1,...,2¢ + 1} such that

¢1(x + 2ih) = red # Po(2i). (2.8)

However, remark 2.9 implies that, for (x; h) & P, there always exists i € {1,...,20+
1} such that (2.8) holds. Therefore, the open sets A and A’ defined by ¢; do not
have the universal colouring property. Hence K ¢ A. This concludes our proof for
perfect K.

Denote by N} the set of those non-empty compact sets that does not contain
{-long arithmetic progressions. If K is not perfect, then we can use the following
result.

LEMMA 2.11. If the compact set K € Ny, then there exists a perfect compact set
K' € Ny such that K C K'.

First we show that, using this lemma, we can complete the proof of theorem 2.3.
Indeed, if K € N, then choose K’ according to lemma 2.11. Using our previous
argument, we can find open sets A and A’ such that K € K’ C 9(A,A’) and
(A, A") ¢ UC. This implies that K & A. O

Proof of lemma 2.11. For each isolated point y,, of K, we will choose a suitable
neighbourhood I,, = ly, — 7, yn + 7n[ and denote by G the union of these neigh-
bourhoods. By choosing the r,, sufficiently small, we can assume that I, NK = {y,}.
Since K € Ny, using induction on n, and at each step a compactness argument, we
can assume that the radii, 7,,, are so small that K UG does not contain an ¢-long
arithmetic progression such that each component of G contains at most one of its
terms.

Choose a compact perfect set Ky for which 0 € Ky C [0,1] and Ky does not
contain a 3-long arithmetic progression. Set

K' =K U|Jyn + 1raKo).

n

It is not difficult to see that K’ satisfies the conditions of the lemma; we leave the
details to the reader. O

3. Open problems

(3.1) Suppose that K is an independent compact set (see [1]). Is it true that
K € SB? Is it true that there exists a spectral set A such that 04 = K?

(3.2) Does the classical Cantor ternary set belong to SB?

(3.3) Are the classes SB different for different p? (This question is motivated
by §6.2.5 of [5].)
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