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ODD-EVEN DECOMPOSITION OF FUNCTIONS
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Abstract

The main result of this note implies that any function from the product of several vector spaces to a vector
space can be uniquely decomposed into the sum of mutually orthogonal functions that are odd in some of
the arguments and even in the other arguments. Probabilistic notions and facts are employed to simplify
statements and proofs.
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For any function f: R — R, we have the known unique decomposition

f=h+rn

where the functions f; and f_; are even and odd, respectively, and they are given by
the formulas

J) + f(=x) J) - f(=x)
2 2

for real x, where € is a Rademacher random variable, uniformly distributed on the set
{—1, 1}. Moreover, if f € L*(R), then

A = =Ef(ex) and f(x):= = E&f(ex)

1 1
f A dx = - f FO)P dx = ~ f f(=x)?dx = 0; (1)
R 4 R 4 R

that is, the even and odd parts of f are mutually orthogonal.

In this note, we shall extend these observations in several ways. First of all, we
shall allow f to take several arguments and also vector values. Moreover, we shall
use general involutions instead of the particular map x — —x. Finally, instead of the
Lebesgue measure in the integrals in (1), we shall consider a general class of measures.

Let X be a set. Recall that an involution of X is a bijection ¢: X — X which coincides
with its inverse (~'. For instance, the product (12)(34)(56)(78) of transpositions is an
involution of the set {1,...,9}. Another example of an involution is the inversion
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C>3zm 1/z2€C of the extended complex plane C = C U{oo}, with 1/0 := oo and

1/c0:=0.
Take now any natural number n. Suppose that we have mutually commuting
involutions ¢y, ...,t, of the set X, so that ¢jy = ¢; for all j and k in the set

[#] :={1,...,n}. We write the composition of involutions, as well as their action,
simply as the corresponding concatenation: for any involutions ¢ and 7 of X and any
xeX,:=tofandtx := 1(x).

ExampLE 1. Suppose that X = X| X --- X X,,, where X;,..., X, are any sets with
involutions 7;: X; — X; for j € [n]. For each j € [n], let ¢; be the map

X2x=(X1,. ., X)) P X = (X150 oo, Xjo1, X jy Xjls o o o> Xn)
Then ¢y, ...,t, are mutually commuting involutions of the product set X.

For any x € X and any w = (wy, ..., w,) € {—1, 1}, let

wx = ( l_[ L j)x;
Jeln]: wj=-1

in particular, if w = (1,...,1) € {~1, 1}" (so that the set {j € [n]: w; = —1} is empty),
then the above definition is understood as wx := x, in accordance with the convention
that the product (that is, composition) of an empty family of transformations of a set
X is the identity map of X.

For j € [n], let us say that a function g: X — V is j-odd if g(¢;x) = —g(x) for all
x € X. Replacing here —g(x) by g(x), we get the definition of a j-even function. For
any J C [n], we say that g is J-odd-even if g is j-odd for each j € J and j-even for each
jeJ¢:=[n]\ J. Letus say that g is even if it is 0-odd-even.

Let us say that a o-algebra X over the set X is even if for any A € X and any j € [n]
the set ;A := {t;x: x € A} is in X. A measure y will be called even if it is defined on an
even o-algebra X over X and pu(¢;A) = u(A) forall A € X and j € [n].

THeEOREM 2. Take any function f: X — V. Then we have a decomposition of the form

=2 @)

where the function f;: X — V is J-odd-even for each J C [n].
This decomposition is uniquely determined by the function f. More specifically,
necessarily

f1(x) = gs(x) := Eg, f(ex) (3)
for all J C [n] and x € X, where € = (g1,...,&,) is a uniformly distributed random
element of the set {—1, 1}" and

&y = 1_[ Ej.

jel

Moreover, the decomposition (2) is orthogonal in the following sense: if the vector
space V is endowed with an inner product {-,-y and f € L*(X,u, V) for some even
measure [, then for any distinct subsets J and K of the set [n] the orthogonality
condition fx( fr(x), fx(x)) u(dx) = 0 holds.
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Proor. Note that
D, Eerfe) =Ef(ex) ) e
JC[n] JCln]

=Efe) | [a+e)

Jeln]
=Ef(ex)2'l{ey=---=¢,=1}
=Ef()2"He; =--- =g, =1}
=f(0)2"P(ey=---=g,=1)= f(x)

for all x € X, where I{-} denotes the indicator function. So, (2) holds with f; as in (3).
Next, take any J C [n] and any j € [n], and let

eV = (&1, s Ejm1, =€}y Ejals - - En).
Then &V is uniformly distributed on the set {—1, 1}", so that, for each x € X,

—Eegjf(ex) if jel,

Eesf(etjx) = E(s(j))/f(s(j)ij) = E(s(j))Jf(sx) = {Es Flex) if j e Je;
J 9

the second of the equalities in the line above holds because ey ;X = &x, which in turn

is true because the involutions ¢y, ..., t, are mutually commuting (it is only here that
this commutativity condition is used). This shows that the function f; in (3) is indeed
J-odd-even.

Further, take any distinct subsets J and K of the set [n]. Take any j that belongs to
exactly one of the sets J and K. Then one of the functions f; and fx defined according
to (3) is j-odd and the other one is j-even. So, the function X 3> x — (fj(x), fx(x)) € R
is odd. Since the measure u is even, it follows that indeed fX( f1(%), fxk(x)) udx) = 0.

Finally, take any x € X and suppose that (2) holds with some J-odd-even functions
f7: X — V. Then, for any J C [n],

fi(ex) = g5 f1(x)
and hence, for any K C [n],
Eex fi(ex) = Eeges fi(x) = {J = K} f1(x),

because the £; are independent zero-mean random variables. So, by the definition of
gs(x) in (3) and the assumed decomposition (2),

k() =Eexfex) = Y Eexfilex) = )| W = K}fs(x) = f(0),

JC[n] JC|[n]

which proves the uniqueness of the decomposition (2), that is, the first equality in (3).
This concludes the proof of the theorem. O

https://doi.org/10.1017/5S0004972719001394 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719001394

[4] Odd-even decomposition of functions 107

RemMark 3. Another way to prove the uniqueness statement in Theorem 2 is to use
the orthogonality statement. Indeed, without loss of generality we may assume that
V =R; otherwise, replace f by € o f, where ¢ is an arbitrary linear functional on
the vector space V. Therefore, and because R is naturally endowed with an inner
product, we may indeed use the orthogonality statement in Theorem 2 for any even
measure y. To choose such a measure most conveniently, fix any x € X and let u be
the uniform probability distribution on the set Qx := {wx: w € {-1, 1}"}. The mutual
orthogonality in L*(X, u) of the summands f; in the decomposition (2) implies that
the f; are uniquely determined (by f) u-almost everywhere. Since y is the uniform
probability distribution on the finite set Qx and Qx > x, we conclude that the values of
Jf7(x) are uniquely determined by f for all J C [n] and for each x € X.

To illustrate Theorem 2, consider Example 1 withn =2, X; =X, =R and {;u := —u
for j = 1,2 and u € R. Then, for any function f from X = R to any vector space V, we
have the decomposition (2) with

JoGu,v) = 3(f (=u, =v) + f(=u,v) + [, =) + f(u,v)),
fin@,v) = 3(=f(=u,=v) = f=u,v) + fQu,=v) + f(u, v)),
Sy, v) = 3= f(=u,=v) + f(=u,v) = fQu,=v) + fu,v)),

fuauv) = 3(f(=u, =v) = f(=u,v) = flu, =) + f(u,v)

for all (u,v) € X = R2. Here, fy(u, v) is even in u and in v; Siy(u,v) is odd in u and even
in v; fi(u,v) is even in u and odd in v; and fj; 2y(u, v) is odd in u and in v.

The orthogonality statement in Theorem 2 means that, for any even measure u and
any J C [n], the summand f; in the decomposition (2) equals P, f, where P, is the
orthogonal projector of H, := L*(X, 11, V) onto the linear subspace (say H,j) of H,
consisting of all J-odd-even functions in H,,. This fact can be naturally used to study
the distance from a given function f € H, to any such subspace H,.;, or to the direct
sum of some of these mutually orthogonal subspaces, possibly in contexts with the
presence of stochastic noise.

In fact, this note was sparked by the paper [1], which is devoted to extraction of
signals from noisy data. Of particular interest to us is decomposition (14) in [1],
for X = R%, with involutions 0, pP1, 02 of R? given by the formulas p(u, v) := (v, u),
p1(u,v) := (=u,v) and po(u,v) := (u, —v) = —p; (u, v) for (u, v) € R2. More specifically,
formula (14) in [1] provides a decomposition of an arbitrary function ¢: R?> — R into

the sum of five functions, denoted by g2, g2, ¢, qic‘), g™ in [1], where:

g'P¥ is even with respect to p, p; and p;
g'P? is odd with respect to p, and even with respect to p; and ps;

qfrc‘) is odd with respect to p; and even with respect to p;;

qg,c Y is even with respect to p; and odd with respect to p;;

g*®) is odd with respect to p; and p;.

One may note that here the role of the involution p differs from the roles of each of the
involutions p; and p;.
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The set {p, p1,p2} of involutions generates the dihedral group D, (of order eight)
of all symmetries of a square [3]; in fact, each of the sets {p, p1} and {p, p,} already
generates D4y. However, the group-generating involutions p and p; do not commute
with each other. Moreover, since the dihedral group D4 is not commutative, it cannot
be generated by any set of mutually commuting involutions. On the other hand, the
commutativity of the involutions ¢, ..., t, was needed in the proof of Theorem 2 to
show that the summands f; in the decomposition (2) are J-odd-even. So, it is unclear
whether analogues of the decomposition (2) can exist for nonabelian groups.

In [2], a decomposition of functions f of several variables xi, ..., x, into the sum
of functions ) with J C [n] was presented, where each function f/> depends only on
the subset {x;: j € J} of variables. Certain sufficient conditions were given in [2] for
the ) to be mutually orthogonal.

Acknowledgement

Thanks are due to the referee for reference [2].

References

[1] G. lerley and A. Kostinski, ‘Universal rank-order transform to extract signals from noisy data’,
Phys. Rev. X 9 (2019), Article ID 031039, 28 pages.

[2] F Y. Kuo, I. H. Sloan, G. W. Wasilkowski and H. WozZniakowski, ‘On decompositions of
multivariate functions’, Math. Comput. 79(270) (2010), 953-966.

[3]1 J. S. Lomont, Applications of Finite Groups, corrected reprint of the 1959 original (Dover, New
York, 1993).

IOSIF PINELIS, Department of Mathematical Sciences,
Michigan Technological University, Houghton, Michigan 49931, USA
e-mail: ipinelis@mtu.edu

https://doi.org/10.1017/5S0004972719001394 Published online by Cambridge University Press


https://orcid.org/0000-0003-4742-5789
mailto:ipinelis@mtu.edu
https://doi.org/10.1017/S0004972719001394

	References

