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Abstract. We consider a natural class U/ LG of connected, simply connected nilpotent Lie
groups which contains R”, the group U7 ,(R) of all triangular unipotent matrices over
R and many of its subgroups, and is closed under direct products. If G € ULG, then
't =G NUT,(Z) is alattice subgroup of G. We prove that if G € /LG and I is a lattice
subgroup of G, then a free ergodic measure-preserving action 7 of G on a probability
space (X, B, 1) has completely positive entropy (CPE) if and only if the restriction 7T of
T to I" has CPE. We can deduce from this the following version of a well-known conjecture
in this case: the action T has CPE if and only if T is uniformly mixing. Moreover, such
T has a Lebesgue spectrum with infinite multiplicity. We further consider an ergodic free
action T with positive entropy and suppose T is ergodic for any lattice subgroup I" of G.
This holds, in particular, if the spectrum of 7" does not contain a discrete component. Then
we show the Pinsker algebra IT(T) of T exists and coincides with the Pinsker algebras
I(TT) of TT for any lattice subgroup I' of G. In this case, T always has Lebesgue
spectrum with infinite multiplicity on the space L%(X , L) O E(Z)(H(T)), where E%(H(T))
contains all IT(7")-measurable functions from L(Z)(X , ). To prove these results, we use the
following formula: h(T) = |G(F)|_1h x (T, where h(T) is the Ornstein—Weiss entropy
of T, hg(TV) is a Kolmogorov—Sinai entropy of 7T, and the number |G(TF)| is the
Haar measure of the compact subset G(I') of G. In particular, h(T) =h x (T, and
hig(TT) = |G(T)|"'hg(TT). The last relation is an analogue of the Abramov formula
for flows.

1. Introduction

The theory of entropy has a long history in the theory of ergodic theory and dynamical
systems. First introduced for an action of Z by Kolmogorov [26] in 1958, and refined by
Sinai in 1959, it is still finding important recent applications in wider settings [6, 15, 22,
39]. In particular, Kolmogorov discussed the class of actions of Z with completely positive
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entropy (CPE), and Rokhlin and Sinai [37] described mixing and spectral properties of
these systems. Ornstein [29] proved that if two Bernoulli actions of Z have the same
Kolmogorov—Sinai entropy, then they are isomorphic. Furthermore, Pinsker [31] proved
that if a Z-action on a probability space (X, B, p) has positive Kolmogorov—Sinai entropy
h, then there exists a maximal Z-invariant factor-space IT of X such that the restriction of
Z to I has entropy zero: in this situation a theorem of Sinai [43] tells us further that there
exists a Bernoulli Z-invariant subfactor of X with entropy A, for any 0 < iy < h.

It is natural to consider generalizations of these results to other locally compact
amenable groups. In particular, Feldman [13] found an analogue of Kolmgorov—Sinai
entropy h(T) for an action T of R”, 1 <n < oo and he proved that two Bernoulli actions
T;, i = 1,2 of R" with h(T|) = h(T3) are isomorphic. We will describe his results in more
detail below in 2.1.

Feldman’s approach was extended by Ornstein and Weiss [30] to the class G of
amenable locally compact unimodular groups with zero self-entropy: G contains all
discrete and all nilpotent Lie groups. If G € G, T is a measure-preserving action of G
on a probability space (X, 3, 1), and p is a finite partition of X, then Ornstein and Weiss
define the spatial entropy sh(T, p) of the process (T, p). Then h(T) = sup,, sh(T, p) is
defined as the entropy of the action T of G. However, the definition of spatial entropy takes
a different approach from Kolmogorov’s in [26]: we will discuss the relationships between
them below. It was further proved in [30] that 4 (T) is a full invariant of the isomorphism of
Bernoulli actions of G. Ornstein and Weiss also proved an analogue of the Sinai theorem
on the existence of the Bernoulli subfactor, mentioned above, for an action 7 of G € G
with 42(T) > 0, and an analogue of the classical Rudolph theorem on Bernoulli actions of a
group G € G and its closed cocompact subgroups. For further details, see §§2.1-2.3 below.

If G is a discrete amenable group, and X, T and p are as above, then Kieffer [25] proved
an analogue of the Shannon—-McMillan theorem for the action 7 using the Kolmogorov
entropy hx (T, p) of the process (T, p). Furthermore, it was shown in [13, 30] (see also
Lemma 2.3 below) that sh(T, p) = hg (T, p). It follows that h(T) = hg (T), where hg (T)
is the classical Kolmogorov—Sinai entropy of 7. These results suggest that the entropy
theory of actions of countable infinite amenable groups is very similar to the entropy theory
of Z-actions, and this intuition is supported by the study of CPE actions.

The initial results on CPE actions were obtained by Rokhlin and Sinai [37], who showed
that an action of Z has CPE if and only if it is uniformly mixing. Furthermore, they showed
that a CPE action of Z has Lebesgue spectrum with infinite multiplicity. To prove this, they
developed the method of perfect partitions. Later, this was extended by Kaminski [21]
to actions of Z¢, d < oo, and then to actions of the group U7 4(Z) of upper unipotent
triangular d x d-matrices over Z and its subgroups. Unfortunately, as is well known, these
methods cannot be applied to arbitrary discrete amenable groups.

A new approach to this problem, which can be applied to any countable infinite
amenable group, was introduced by Rudolph and Weiss [41], who applied results of
Connes et al [4] on the properties of orbits of actions of amenable countable groups.
Rudolph and Weiss [41] proved that any free CPE action of an amenable countable group
is uniformly mixing. In fact, it is not difficult to use the Rudolph—Weiss theory to show
that an action of a countable infinite amenable group is CPE if and only if it is uniformly
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mixing, see [12, 18, 47]. Dooley and Golodets [11] proved that any CPE action of a
countable amenable group has Lebesgue spectrum with infinite multiplicity.

The results of Rudolph and Weiss have led to an increased interest in the entropy of
actions of countable amenable groups. Glasner et al [16] studied Pinsker algebras in this
setting: Danilenko and Park [7, 8] developed a new approach to these problems using
cocycles, and Weiss [47] proved several versions of Shannon-McMillan theorems for
actions of monotileable amenable groups which we will use in this paper. Dooley et al [12]
studied non-Bernoulli CPE actions of countable amenable groups constructed as coinduced
actions: a version of this construction also appeared in [17] in connection with a question
of Thouvenot on CPE actions for discrete nilpotent groups.

New important results in the study of CPE actions of continuous amenable groups were
recently obtained by Avni [2], who developed the theory to include a notion of entropy
for cross-sections, and applied it to CPE actions of amenable groups in G. The theory of
cross-sections of locally compact groups actions was initially worked out by Feldman et
al [14]: Avni proved the following version of the Thouvenot conjecture.

THEOREM 1.1. Let G be an amenable group with zero self-entropy and let T be a free
CPE action of G on a probability space. Then T is uniformly mixing and has Lebesgue
spectrum with infinite multiplicity.

In this paper, we consider a special class of nilpotent Lie groups, which we call
unicommutator Lie groups, ULG. We prove that if G belongs to this class, then a
CPE action T of G on a probability space (X, u) is equivalent to a system which is
uniformly mixing and has infinite Lebesgue spectrum. If the action T is free ergodic
with a positive entropy and the action T of any lattice subgroup I" of G is also ergodic
then we prove the existence of the Pinsker algebra IT(T) for T. Moreover, T has
Lebesgue spectrum on £2(X, 1) © L2(T1(T)), where £2(IT1(T)) contains all functions
from £2(X, 1) measurable with respect to IT1(7T"). Our approach to this problem differs
from that of Avni. It was outlined to us by Benjy Weiss and we develop it below.

Let us describe the class of unicommutator Lie groups I/ LG.

Definition 1.2. We say that G belongs to U LG if it is connected simply connected and
if, furthermore, its Lie algebra g has a basis {e,»}jlV whose commutators satisfy, for all
1<i < j<N,thatthereis 1 <k(i, j) < N such that:

(i) [ei,ej]=0o0r]e;, ej] =exg,j); and

() e, ek, pl =lej, e, Hl =0.

These assumptions on g are made for technical reasons: we hope to weaken them later on.

The simplest examples of groups from this class are R", n > 1, the group U7 , (R) of all
triangular unipotent n x n-matrices over R, certain subgroups of U7, (R) and their direct
products.

First we investigated the case of R", and then we introduced the ¢/ LG groups for which
it is possible to extend this technique.

Recall that a discrete closed subgroup I' of a locally compact group G is called a lattice
subgroup if G/T has a finite G-invariant measure [33, II]. A lattice subgroup is called
uniform if I' is cocompact in G. Recall also that all lattice subgroups of a simply connected
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nilpotent Lie group are uniform [33]. The existence of a lattice subgroup I"' in G e ULG
follows from the commutations relations above for g [33].

We will see in §4.2 that G € U LG is a subgroup of U7, (R) for some integer n, where
N < n with N, as above. Moreover, 'y = G NUT ,(Z) is also a lattice subgroup of G.

The main idea of this paper is to reduce the study of the entropy of an action of groups
in U LG to the study of the entropy of actions of its lattice subgroups I.

This idea is not new in ergodic theory. Rudolph [40] proved that a free action S;, € R
of R (i.e. a flow) with hg (S;) < oo for each ¢ € R is CPE if and only if there is some ¢ for
which S; is a CPE action. The general situation, without this assumption, was considered
by Blanchard [3]. A similar result was obtained by Gurevich [20]. Sinai proved that if a
flow S;, t € R has CPE, then it has Lebesgue spectrum with infinite multiplicity [6].

To prove these results, the authors use the methods of perfect partitions and properties
of special flows. However, these approaches are difficult to apply in our situation. We use
rather the spatial entropy of Ornstein—Weiss [30], its special case, Feldman’s r-entropy, and
the connection of this entropy with the classical Kolmogorov—Sinai entropy [13]. These
matters are discussed in §2.

One of the main results of this paper is the following.

THEOREM 1.3. Let T be a free Borel ergodic action of a group G from ULG by measure-
preserving automorphisms of a probability space, and let T be a lattice subgroup of G.
Then the action T is CPE if and only if the restriction T' of T to T is CPE.

The proof of this statement is given in Theorem 3.2 for R"-actions, and in Theorem 4.10
for actions of a group G € ULG.

We derive two consequences from this statement.

. A free action T of a group G from U LG has CPE if and only if T is uniformly
mixing.
° If G and T are as above, then T has Lebesgue spectrum with infinite multiplicity.

We prove these results in §3 for R"-actions, and in §4 for G € ULG.

Let G belong to LG, and let T" be a lattice subgroup of G. Consider the action of '
on G by left shifts. Since I' is cocompact in G, then it follows from the definition of the
class U LG that there is a compact subset G (I") of G such that G(I") intersects any I"-orbit
at only one point. This observation is easy to see for the lattice I', introduced above.
(We check this for the Heisenberg group H in the proof of Theorem 4.3 below.) Denote
by |G(T")| the Haar measure of G(I") € G. We choose the Haar measure on G such that
|G| =1.

THEOREM 1.4. Let G, T', ' be as above, T an ergodic Borel action of G by measure-
preserving automorphisms of a probability space (X, B, 1), and the spectrum of T does
not contain a discrete component. If T' is the restriction of T to T, then

W(T) = |G| hg (T,

where h(T) is the Ornstein-Weiss entropy of T and hg (T") is the classical entropy of TT.
In particular, we have h(T) = hx (TT).
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One can easily derive from this theorem the following analogue of Abramov’s formula
for the entropy of a flow.

COROLLARY 1.5. Ifthe conditions of Theorem 1.4 hold, then
hg (TT) =GO~ hg (TT).

Recall that if Sy, t € R is a flow, then hg (S;) = |t|hg (S1) [1], and S; and S; are not
necessarily ergodic. A similar formula was found by Conze [5] for the entropy of an action
of a lattice subgroup of R”".

The proof of Theorem 1.4 for R"-actions is given in 2.14, and for actions of a non-
commutative group from U LG, in 4.7. It seems to us that Theorem 1.4 might hold for a
larger class of groups than nilpotent Lie groups, (see [30, Appendix B]).

The second subject studied in this paper is the Pinsker algebra of actions of G € ULG.

Suppose that a locally compact amenable group G has a measure-preserving free
action T on a probability space (X, B, ). The maximal T-invariant sub-o-algebra of
B, containing all finite partitions P such that the process (7', P) has entropy 4 (T, P) =0,
is called the Pinsker algebra of T1(T") of the action T. This algebra was introduced and
studied by Pinsker [31] for Z-actions.

Rokhlin and Sinai [37] described the Pinsker algebra of Z-actions using perfect
partitions and proved that 7 has infinite Lebesgue spectrum on the space £(2)(X , 1) ©
L(Z)(H(T)), where E%(H(T)) contains all IT(7)-measurable functions from E%(X, 0.
These and other results on the Pinsker algebra can be found in the recent monograph of
Glasner [15] and the survey of Thouvenot [45].

The Pinsker algebra and the Pinsker factor for actions of countable amenable groups
were further investigated by Glasner et al [16] and Danilenko [7]. The spectral properties
of these actions were studied by the authors in [11]. Essentially, all the major results on
the Pinsker algebra of Z-actions extend to this setting.

Pinsker algebras for flows were studied by Gurevich [20]. He showed that if S;, r € R is
a flow, and I1(S;) is the Pinsker algebra of the automorphism S;, then the o -algebra I1(S;)
is independent of ¢ # 0. To prove this assertion, the authors applied the Abramov formula
for the entropy of a flow, mentioned above. Spectral properties of a flow S;, t € R, with a
non-trivial Pinsker algebra I1(S;) for ¢ # 0, appear not to have been considered.

We will study the Pinsker algebra via the connection between the entropy of an action
T of a group G and the entropy of the restriction 7'

Our second major result is the following theorem.

THEOREM 1.6. Let G be a nilpotent Lie group in ULG, T a lattice subgroup of G, and
let T be a free ergodic measure-preserving action of G by automorphisms on a probability
space (X, B, w), with positive entropy, and the spectrum of T does not contain a discrete
component. If TT, is the restriction of T to T, then the Pinsker algebra TI(T) of T exists
and TI(T) = TI(TT), where TI(TV) is the Pinsker algebra of T. Furthermore, the action
T has infinite Lebesgue spectrum on the space /J%(X, nw e [%(H(T)), where E%(H(T))
contains all TI(T)-measurable functions from E%(X , ).

The first part of this theorem follows from Theorem 1.4. Notice also that if the spectrum
of T does not contain a discrete component, then 71 is ergodic for any lattice I' of G (see
Proposition 2.12).
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The paper is organized as follows. Section 2 contains preliminary results: we define
the Feldman r-entropy of actions of groups Z" and R", n > 1, and its generalization by
Ornstein and Weiss [30] for a rather large class of locally compact unimodular amenable
groups. We also discuss some results on connections of this entropy with the classical
Kolmogorov—Sinai entropy. In §3, we study entropy of actions of R" and its lattice
subgroups. Section 4 is devoted to the study of the entropy of actions of nilpotent Lie
groups from U LG.

2. The entropy of actions of R"

In this section, we present some preliminaries and new results. In §2.1, we consider the
Feldman r-entropy [13] for Z-actions, and in §2.2 we introduce the spatial entropy [30] and
discuss some of its properties. In §2.3, we present Feldman’s theorem on the connection
between the spatial entropy of actions of the group R”, n € N, and those of its lattice
subgroups. We also give some applications and generalizations of this theorem. In
particular, we show that the Ornstein—Weiss entropy of an R”-action coincides with the
classical entropy of the action of its lattice subgroup Z" (see Theorem 2.14).

2.1.  Feldman’s r-entropy inZ". Letus consider Z-actions in more detail: we will return
to the case Z" at the end of this subsection. Let T be an ergodic measure-preserving
automorphism of (X, B, u) and p a finite partition of (X, u). The classical entropy
hx (T, p) of the process (T, p) is

N
hg (T, p) =lim sup(l/N)H(\/ T_j,o>, 2.1
j=1

N—o0

where H(Q) is defined for a finite partition Q ={Q;} of (X,u) by H(Q)=
=2 u(Qi) log u(Qi).

Now choose a real number r > 0 and consider a collection B of disjoint \/?’: 1 T/ p-
measurable sets each having diameter <r with respect to the normalized Hamming metric
on p — N-names of points, that is

x,yeBeB=dy(x,y)=/N){j:1<j<Nandp(T/x)#p(T/y)} <,

where p(x) = p; is an element of the partition p = {p;} such that x € p;(= p(x)). This
family B is called a (p, N, r)-family.

Definition 2.1. [13] We define h, (T, p), the r-entropy, as the infimum of the set of real
numbers b such that for every ¢ > 0, there exists Ny such that if N > Ny, then there exists
a (p, N, r)-family B with u(|JB) > 1 — ¢ and (1/N)H (B) < b; in symbols

.. | H@®B)
h(T, p) = sup lim inf ~ [

e>0 N—o0
where Bis a (p, N, r)-family with u(| JB) > 1 —&.

Clearly, h, (T, p) <hg (T, p).
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Definition 2.2. [13] For r > 0, define k- (T, p) to be the same supremum as in equation 2.1,
but with log |B| replacing H(B). It follows from the Shannon-McMillan theorem that
k- (T, p) <hk(T, p), and also, clearly, h, (T, p) < k-(T, p). Furthermore, the number of
atoms of \/7: 1 T~/ p in a single B € B is dominated by ([ Iflvr]), where (Z) is the binomial
coefficient, and [x] means the greatest integer not exceeding x.

The following properties are easy to verify.
° h (T, p) =k (T, p) =0ifr > 1.
° h(T, p) and k- (T, p) are monotone non-increasing functions of r.

It is, furthermore, not difficult to prove that k. (7, p) is convex, and hence continuous
and strictly monotonic for r > 0 (see [13, Proposition 2.3]). Finally, 4, (T, p) =k, (T, p)
for all r [13, Corollary 2.6].

LEMMA 2.3. [13] Let T and p be as above, and let k(T, p) =lim,_.q k. (T, p), then
k(T, p) =hg (T, p).

Proof. The idea of the proof was given in [13]. We present a somewhat more detailed
proof because we will use it in the following. Let B be a (p, N, r)-family with u( B) >
1 — ¢/2. Then each B € B contains no more than ([ 1</Vr]) |o|IN71 atoms. For sufficiently large
N, the Shannon—McMillan theorem gives a (\/;V: 1 T~/ p)-measurable set E of measure

at least 1 — &/2 such that all atoms in E have measure at most 2~ "« (7-0)=¢/2N Consider
the (p, N, r)-family C= (BN E : B € B). Then

H(C) = —) u(B N E)(log u(B N E)) 2.2)
B
BNE
=H®B) - M(B)(IOg M) + ) (BN (X\E)) log(u(B)) (2.3)
— 1(B) =
u(BNE)
H@B) — B)|log ——— ). 2.4
< H(B) ;m )(og ) ) 2.4)
LetB; ={BeB: u(BNE)> (1l —./&)u(B)}and B, =B\(B}).
Then
— > u(B)lo (“(B )) < —log(1 — Ve)(1 — £/2). 2.5)
=t (B)

Notice that
Y b (M(BHE)> <= (log (BN E)u(B).
BB, ) BeB;

Since w(BNE) < (1 — /e)u(B) for B € By, we have \/eu(B) < u(B\(B N E)), for
any B € B,. Hence

P (1/¢E>u<X\(U (B N E))) < Va

Let
CN. pore)=—log(( N )pI¥riy-Nax.p-e2),
Y [Nr]
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Now the following estimate is obvious:

BNE
~ Y u(B) log<'u('u(—3))> <C(N, p. 1, )z, (2.6)
BeB

Let D(N, p,r,e)=(1/N)C(N, p, r, ). We may deduce from (2.2)—(2.6) that
H(C H(B
%S%—FD(N?pvrvg)\/g‘
Since (hg (T, p) —e/2)(1 —¢) <(1/N)H(C) by the Shannon—-McMillan theorem,
one can use Definition 2.1 to obtain the following estimate:
(hgx(T, p) —€/2)(1 —&) <h(T, p) + D(N, p, r, £)J/e. 2.7
We use Stirling’s formula to estimate D(N, p, r, €) for large enough N, obtaining:

D(N, p,r,e)=—rlogr — (1 —r)log(1 —r) —rlog|p|+ hx(T, p) —e/2+ O(1).

Hence, one can assume that lim,_.o D(N, p, r, ¢) < hg(T, p) — /4, for sufficiently
large N, and it follows from (2.7) that

(hg (T, p) —&/2)(1 — &) <k(T, p) + (hx (T, p) — e/4)/e.

Since ¢ > 0 is arbitrary, it follows from the last inequality that hg (T, p) < k(T, p).
But we have seen above that k, (T, p) < hg (T, p), and hence we deduce that k(T, p) =
hi (T, p). O

Conze [5] and Katznelson and Weiss [23] showed that the above definitions and
theorems all hold for Z", n > 1. In particular, one can apply the version of Shannon—
McMillan from [47] to prove an analogue of Lemma 2.3 for Z"-actions.

2.2.  Ornstein—Weiss spatial entropy. Suppose that a locally compact unimodular group
acts freely and preserves the measure on a probability space (X, B, u) via T, : x = gx.
Ornstein and Weiss [30] introduced the notion of spatial entropy to extend the above theory
to this setting. We summarize here their major results.

If p is a finite partition of X, one can consider a measurable mapping, also denoted p,
from X to a compact metric space (€2, d), whose level sets form the partition

p:X— Q.

The special case where d is the normalized Hamming metric on the set Q=
{1,2, ..., |p|} was considered in §§2.1. For convenience, it is assumed that the diameter
of Qis 1. Let F be a compact subset of G. The basic concept in this approach is a
o — r — F-ball which is a measurable subset E of X such that forall x, y € E,

dﬁ(x, y) <r,

where

db(x. y) = 1/|F] /F Ao (fx), p(fy)) df,

and | F| is the Haar measure of F C G.
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If p is fixed, we write d instead of df-. Let {F,,} be an increasing sequence of Fglner
subsets of G such that Un F,, = G. For fixed r > 0, consider the set H, of all # > 0 such
that for all § > 0, if n is large enough, one can cover (1 — 8) of X by fewer than 27!
p —r — Fy-balls.

Ornstein and Weiss proved that H, is not empty for 0 < r < 1, and defined the spatial
r-entropy of the process of (T, p) by

sh(T, p, r) = iglf H,.
1

They further showed that sp(T, p, r) is a continuous monotonic increasing function in
r, and defined the spatial entropy sh(T, p) of (T, p) by sh(T, p) = lim,_,¢ sh(T, p, r).

In the case of G = Z, we introduced the r-entropy &, (T, p) in Definition 2.2. It is clear
that sh(7, p, r) =k, (T, p), and Lemma 2.3 shows that sh(T, p) = lim,_.q sh(T, p, r) =
hx (T, p), where hg (T, p) is the Kolmogorov—Sinai entropy of the process (7', p). It turns
out that this assertion holds for any countable amenable group.

PROPOSITION 2.4. [30] Let G be an infinite countable amenable group, T an ergodic
action of G on a probability space (X, B, n), and p a finite partition of X. Then
sh(T, p) =hg (T, p).

The proof uses the arguments of the proof of Lemma 2.3 and the version of the
Shannon—McMillan theorem for actions of countable amenable groups proved in [25]
and [47, Theorems 4.4, 4.12].

Ornstein and Weiss [30] introduced a class G of groups which they called groups of zero
self-entropy. This class contains all discrete amenable groups, all nilpotent Lie groups,
some solvable Lie groups, and is closed under direct products. We consider groups from
this class in this paper.

Let G belong to G and let T be a measure-preserving, free ergodic action on a
probability space. Then the entropy /(T') of the action T is defined by:

h(T) = sup sh(T', p),
0

where p is a finite partition of X, sh(T, p) = lim,_,¢ sh(T, p, r), and
h(T) =sh(T, p)

if a measurable partition p is a generator for 7T'.

Ornstein and Weiss studied /#(7T') as an invariant for the action 7. In particular, they
showed that if 71 and 7> are Bernoulli and % (77) = h(T>), then T1 and T, are metrically
isomorphic. They also proved some useful properties of #(7T) which we will use later on.

2.3. Spatial entropy for actions of R". 1If f and g are measurable functions from a
measurable subset C of R” to a finite index set, then we denote by dc(f, g), or d(f, g),
the number (1/|C|)|{f # g}|, where |C| denotes the Haar measure of C. For a measure-
preserving action ¢ of R" on (X, B, ) as above, and a finite partition p of X, one
can define a metric dg(x, y)=d(f, g), where f(v)=p(pyx) and g(v) = p(pyy), v €
C,x,ye X, thatis (1/|CDH{v : p(ppx) # p(@u )}
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Let N be a positive real number and let Cy denote the cube of side N, i.e. all of
whose vertices have coordinates either O or N. Denote by pc, the o-field spanned by
{(pv_l,o; v € Cn}. Then the family B of disjoint sets is called a (o, N, r)-family if:

(i) each BeBisin pc,;and
(ii)) each B € B has dgN -diameter <r.

The r-spatial entropy sh(gp, p, r), or r-entropy, and the spatial entropy sh(g, p) are
defined by analogy with §§2.1 and 2.2, and sh(g, p) = lim,_,¢ sh(yp, p, r).

Now let ¢ be the Z"-action obtained from ¢ on the DZ"-lattice: govD = @py, Where
D is a positive real number. Then one can consider the Z"-process ((pD ,p), and define
the spatial entropy of this process by sh(¢”, p). Feldman [13] found an important
connection between the spatial entropy sh(g, p) of the process (¢, p), and the spatial
entropy sh(¢?i, p) of the process (¢, p), where D;_; C D;, i € N, and D; — 0.

THEOREM 2.5. [13] Let ¢ be an ergodic measure-preserving action of R" on a probability
space (X, B, ). If p is a finite partition of X, then

shp. p) = lim ICpl~'sh(e?, p). (2.8)

Proof. The proof which we will give is based largely on [13]: we give sufficient detail to
establish some key estimates which will be used subsequently. To simplify our argument,
we consider actions ¢ such that ¢! is ergodic for any lattice subgroup I' of R”. In
particular, ¢ has this property if its spectrum does not contain a discrete component (see
Proposition 2.12 below).

Fix D > 0. The continuous d” (x, y)-distance on Cy between x and y from X may be
computed by taking the discrete d”-distance between ¢,x and ¢,y over Cp-lattice points
in Cy and taking the normalized integral of this as v ranges over Cp. More exactly,

dv 1
dey (5, ) fc e ( I wE(NZ/D)n [ puser) #p(wwﬂym),
where we suppose that N /D is an integer.

Let B be a (p, N, §)-family of a measure greater than 1 — ¢, i.e. u((JB) > (1 — ). If
x and y are in the same B € B, i.e. dcy (x, y) < 8, then a sequence of estimates based on
the Fubini theorem shows us that for any given ¢ > 0, a sufficiently small choice of § > 0
guarantees that there exists a set V. .C Cp with |V|/|Cp| > 1 — ¢ such that foreachv € V
there is a set S, C X, u(Sy) > 1 — & with the following properties.

For each B € B, x € BN §,, there is a set Ry C B, u(Ry) > (1 — &) (B) such that if
weV,xe BNS, and y € Ry, then the discrete distance from ¢,x to ¢,y (over the Cp
lattice points in Cy ) is less than € /2.

Thus, if y’, y” are in Ry, the discrete distance from ¢, y’ to ¢, y” is less than . Choose
some fixed v € V and some x(B) in each non-empty B N §,, and let By = {¢_, Ry(p) :
BNS,#@}. Then u(JBp) > 1 —3¢, |Bo| < |B|, and each B € By has discrete d”
diameter at most 3¢ over the Cp lattice points in Cy. Expand each set B € By to the
set B by adding the set B of all points which have the same p-name over the Cp lattice in
Cy as any point of B. The family so obtained consists of sets which are measurable with
respect to \/{g,p : v € (DZ)"}. However, they may no longer be disjoint. We disjointify
them. Thus, we have produced a (p, N/D, 3¢)-family for ¢, of measure at least 1 — 3¢,
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and of cardinality <|B|. This shows that
sh(g, p, 8) = |Cp|~'shp”, p, 3e).
Since ¢ > 0 was arbitrary, we have
sh(g, 0, 8) = [Cp|~'sh(p”, p),
by the properties of sh(p, p, y), and hence
sh(g, p) = 1Cpl~'sh(@”, p), 2.9)

which gives the result in one direction.
To prove the opposite direction, we require a lemma.

LEMMA 2.6. [13] Fix ¢ > 0. There exists D > 0 and Ny such that if N > Ny, and if we
let Ly be the set of Cp lattice points v in Cy for which

{w € Cp : p(@vwx) = p(@ux)}| > (1 —)|Cp],
then R={x:|Ly|> (1 —¢&)|N/D|"} has measure > 1 — ¢, where |N/D|" is just the
number of Cp lattice points in Cy.

Proof. We present a sketch of the proof of this lemma. By a straightforward argument
involving Fubini’s theorem, we get, for sufficiently small D > 0, that

Hw € Cp : p(pwx) = p(x)}| > (1 —)|Cp|

for all x in a set of measure greater than 1 — &2. Since ¢ is ergodic by the assumptions
of the theorem, one can apply the mean ergodic theorem to ¢, O

Proof of Theorem 2.5. Let R be as in the statement of Lemma 2.6. Then w(R) > (1 — ¢),
where R is a pc,-measurable set, and if B is a {¢,p : v € (DZ)" N Cy}-measurable set
of discrete diameter <r for the process {((va, p):veZ"NCy}, then BN R is pcy-
measurable and has continuous diameter <r 4 2¢, where we apply Lemma 2.6 for the

process {(¢y, p) : v € Cn}.
Hence

sh(g, p, r +2¢) < |Cp|~'sh(p?, p, r).

Fixing D and letting r — 0 gives
sh(g, 0, 2¢) <|Cp|~'sh(e”, p).

Lete | Osothat D | 0, as forced by . Then we have

sh(g. p) < sup lim(ICp|™'sh(e”. p)).

D10

Now this estimate and inequality (2.9) allow us to complete the proof. O
We present some simple corollaries of Theorem 2.5.

COROLLARY 2.7. Let ¢, R", (X, B, ), p be as in the statement of Theorem 2.5, and let
p € R, p > 0. Define the action ” of R" on (X, B, ) as follows:

el (x) =p(pvx), veR" xeX.
Then sh(g?, p) = p"sh(g, p) and h(p?) = p"h(¢p).
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Proof. Indeed,
h(p?, p) = lim |Cp| 'sh(ep??, p) = p" lim |Cp,p| 'sh(p??, p) = p"sh(p, p). O
sh(g”, p) Dlrf(l)l pl” sh(p”™, p)=p Dltf(l)l pD|” sh(p?™, p) = p"sh(y, p)

Consider now an action ¢ of the group R" x Z™, n, m € N on (X, B, ). Again let
@P be the Z" x Z™-action obtained from ¢ on (DZ)" x Z™. We need the following
generalization of Theorem 2.5.

THEOREM 2.8. Let ¢ be an ergodic measure-preserving action of R" x Z™ on a
probability space (X, B, ), and p a finite partition of X. If ¢® is the restriction of ¢
to (DZ)" x 7", then
sh(p, p) = lim |Cp|~'sh(p?, p).
(9. p) le pl”sh(p™, p)

To prove the theorem, one can apply the argument of the proof of Theorem 2.5.

COROLLARY 2.9. Let ¢ and p be as in the statement of Theorem 2.8, and ¢ be an
ergodic action of (DZ)" x Z™. Then

sh(g, p) = lim |Cp,| " hi (9™ p) (2.10)
1—> 0
where D; =1/2'D, and hx(¢P, p) is the Kolmogorov-Sinai entropy of the process
@P, p).
Proof. Since ¢P is ergodic, ¢ is also ergodic. Hence, sh(p?i, p) = hx (¢?i, p) by
Proposition 2.4. Now the corollary follows from Theorem 2.8. a

We now consider some generalizations of Theorems 2.5 and 2.8.

Let D= (Dy, ..., Dy), D; €Ry, and Cj, be the rectangle Cp ={0<x; < D;, 1 <
i <n}in R". Consider the family of rectangles C,,, where DN={0<x; <NDj, 1<
i <n}and N e R;. Notice that |Cpy| = N"|Cp|. Let ¢ be an ergodic action of R"
as above, and ¢P" be the restriction of ¢ to the subgroup B!, DiNZ of R", which is
isomorphic to Z".

PROPOSITION 2.10. Let ¢ be an ergodic action of R", as in the statement of Theorem 2.5,
and p be a finite partition of X. Then

h(p, p) = lim |C |~ sh(@PV, p).
sh(g, p) A;rf(l)l pnl~ sh(e Q)

where goD N and C p are defined above.
The analogues of Corollary 2.7, Theorem 2.8 and Corollary 2.9 also hold in this setting.

The proof of the proposition is as in Theorem 2.5.

Actually, we may give a stronger generalization of Theorem 2.5. Let {¢;}, 1 <i <n
be a basis of the space R”, |l¢;|| =1, not necessarily orthogonal. Then R" =Re; +
.-+ Re,. Let D= (D;), 1 <i <n, where D; is a positive real number, and let Cp be
the parallelepiped {x;e;, 0 < x; < D;, 1 <i <n}. Consider the family of parallelepipeds
Cyp =1{xie; :0 <x; < ND;}, where N ranges over R;. Again, |Cyp5|=N"|Cpl|. Let
@ be the action of R" as above, and ¢, D = (D;) be the restriction ¢ to the subgroup
DiZey + - - - + DpZey, of R", isomorphic to Z". In fact, by [33, §II], any uniform lattice
subgroup I' in R” can be reduced to one of this form.
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PROPOSITION 2.11. Let R", ¢ and p be as in the statement of Proposition 2.10; then
sh(g, p) = lim |Cyy 51~ 'sh(e"P, p).
(9, p) Nwl NDI (@™, p)

The analogues of Theorem 2.8 and Corollary 2.9 also hold.

The next proposition describes a class of actions ¢ of R”, for which we apply
Theorem 2.5.

PROPOSITION 2.12. Let ¢ be an ergodic action of R" x Z™ as above, T a lattice
subgroup of R" x 7™, and @" the restriction of ¢ to T'. If the spectrum of ¢ does not
contain a discrete component in [%(X, w ={fe€ L2 f f(x)du(x) =0}, then gor is
ergodic.

Proof. Suppose that ¢ is free and ¢' is not ergodic. Then we can take a Borel
decomposition of ¢! into ergodic components (see for example [24, III, Theorem 18.5]).
Then there is a Borel factor-space (Y, By, v) of X, B, u) and the Borel partition X,y € Y
of X, where the Borel set X is @'-invariant for each y € ¥, and the restriction ¢'| x, of
¢! to X, is ergodic. Furthermore, we have the integral decomposition = [, 1y dv(y),
where 1y is the conditional measure on Xy, and v is the restriction of p to Y.

Observe that for all ¢+ € R", go,l X is again a ¢-invariant subset of X. Thus, (Y, By, v)
is a g-invariant factor-space of (X, B3, u), and, furthermore, it is an ergodic factor-space
because ¢ is ergodic. Now it follows from the definition of Y that the action ¢ of R”
on Y is transitive, and it reduces to the action of the group T = R" /R"™™ x Z™, where
1 <m < n. Hence, (Y, v) coincides with (T", v"), where v’ is the Haar measure for T".

Thus, if (pl is not ergodic, then ¢ has the factor-space (T™, v’). It is obvious that the
restriction of ¢ to this factor-space has a discrete spectrum. O

2.4. Entropy of R"-actions and an analogue of the Abramov formula for the entropy of a
flow. In this section, we discuss a connection between the Ornstein—Weiss entropy 4 (¢)
of an R"-action ¢ and the classical Kolmogorov entropy & x (¢') of an ergodic Z"-action ¢!
(Theorem 2.14). As a consequence of this theorem, we obtain a new proof of the Abramov
formula [1] for entropies of ergodic actions of lattice subgroups of R and its generalization
for R” due to Conze [5].

PROPOSITION 2.13. Let G be a countably infinite amenable group, and G, a subgroup
of G of a finite index r, i.e. [G:G.]=r. If T is a measure-preserving action by
automorphisms of G on the probability space (X, B, ), then hg (G,) =rhg (G).

This statement is well known for Z actions [6, 15] and for Z"-actions [5]. An alternative
proof was given in [7].

Proof. Let E, be a finite subset of G which meets each right G,-coset exactly once. If « is
a finite partition of X, we set " =\/ ek, 82 The following formula was proved in [18]:

hg(Gr,a") =rhg(G, a). (2.11)

One can derive from (2.11) that hx (G) = oo if and only if hx (G,) = 0o. Suppose
that hx (G) < oo, and that T acts freely on (X, B, n). Then there exists a finite
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generating partition o of X for the action of G, i.e. \/geG gp generates the o-algebra
B (see [8, 38]). Furthermore, each such generating partition p has the property that
hx(G) =hg (G, p) [8, 38]. It follows from the definition of p" that if p is a generating
partition for the G-action, then p” is a generating partition for the action of G”, and
hkx(G,) =hg(Gy, p"). Now one sees from (2.11) that hx (G,) =rhg (G).

Now suppose that the action 7 of G is not free. By [46], there exists a Bernoulli
action T2 of G on (Y, By, up) with entropy 0 < hx (T?) < oo, so that the action Té =
T,®T}P, (g€G)is free and h(T') = hi(T) + hg (T?). It follows that hg (T'|g,) =
rhg (T"), where T'|g, is the restriction of 77 to G,. Since [46], hx (T'|g,) = hx (T|g,) +
hg(TB|G,), and h(T8|g,) = rhg (T®). We conclude that hg (T|g,) = rhg (T). 0

THEOREM 2.14. Let ¢ be an ergodic action of R" on (X, B, ) as in the statement of
Theorem 2.5, and suppose that the spectrum of ¢ does not contain a discrete component
(see Proposition 2.12). If ' is the restriction of ¢ to the lattice subgroup 7" of R", then

h(@) =hk ("),
where h(g) is the Ornstein—Weiss entropy of ¢, and hi (¢') is the classical entropy of ¢'.

A more general statement of Theorem 2.14 was conjectured in [30, Appendix B]. We
give the proof of it for our special case.

Proof. Recall that ¢! is an ergodic action, and assume first that hx (¢') < co: we will
consider the other case below. It follows from (2.9) that sh(g, p) > sh(p', p) = hx (¢', p)
for any finite partition p of X. Hence, h(¢) = sup, sh(¢ - p) > sup,, hi (@', p) =hk(@).

We claim that h(¢) = hg (¢'). We will prove this by contradiction. Suppose the claim
is not correct. Then we have h(¢) > hg (¢') and there exists € > 0 such that

h(p) — € > hg(ph). (2.12)

It follows from the definition of 4(g) (see §2.2 or [30]) that there is a finite partition
a of X such that h(p) > sh(p, @) > h(¢) — €. Since sh(p, o) = lim; - 2i”h1<(g01/2l, o),
by Corollary 2.9, for j sufficiently large, 2inp K((pl/ Y , @) > h(p) — €. Furthermore,

2"k (p'*) > h(p) —e.

Now observe that Z" is a subgroup of (1/2/Z)" of index 2/". Hence, we have
ZJ”hK(cpl/zj) = hK(<p1) by Proposition 2.13. But then the following estimate follows:
hi (¢') > h(p) — €. This contradicts (2.12), which shows that 4 () = hx (¢') for ergodic
gol with hK(<p1) < 00.

Now suppose that hg (') = co. Then, for any sufficiently large real number N > 0,
there exists a finite partition o such that hg (¢!, @) > N. But sh(p!, @) = hg (¢!, a) by
Proposition 2.4. Thus, we have

sh(p, @) > sh(p', @) > N

by (2.9). Since N is arbitrary, we have h(p) = oo, and h(p) = hK(gal) = 00. Thus, the
statement is proved. O

The relation h(p) = hg ((pl) holds in more general situations. Let G =R" and let '
be a uniform lattice subgroup of G: these subgroups were described in Propositions 2.10
and 2.11. Now let I act on (G, mg) by shifts, where mg is the Haar measure on G.
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Thus, there is a compact subset G(I') of G such that each I"-orbit intersects with G(I') in a
unique point. Notice that G(I") can be realized as a parallelepiped in R", as we have seen
above. Let |G (I')| be the Haar measure of the set G(I") in G.

COROLLARY 2.15. Let ¢ be as in the statement of Theorem 2.14, T" a lattice subgroup of
R, and ¢" the restriction of ¢ to T'. Then

h(@) = 1GI)| " hx (")
The proof follows exactly as in Theorem 2.14, using Propositions 2.10 and 2.11.

COROLLARY 2.16. (Abramov—Conze formula) Let ¢ and I" be as in the statement of
Corollary 2.15. Then

hi (o) =1G M) hi (o").

Recall that this formula for the entropy of a flow {S;, ¢ € R} was proved by Abramov [1]:
hx (S;) = |t|hg (S1). But he did not require Sy, ¢ # 0 to be ergodic. Conze [5] extended
this result for n > 1 as follows. Let {¢;}, 1 <i <n, where¢; =(0,...,0,1;,0,...,0)
is a basis in the space R”, and {y;}, 1 <i <n is the image of {e;}, | <i <n by a real
n x n-matrix M. Then hg (¢") = |det(M)|hk (¢'), where T is a lattice subgroup of R”,
generated by {y;}, 1 <i <n.

Our proof of the formula of Corollary 2.16 given above uses a different approach
from [1, §5]. We use our approach to give a similar formula for non-commutative nilpotent
Lie groups from U LG in §4.

3. R"-actions with positive entropy

In §3.1, CPE and uniformly mixing actions of R" x Z™ are considered. Spectral properties
of these actions are studied in §3.2. Actions of these groups with a positive entropy, their
Pinsker algebras and spectral properties are investigated in §3.3.

3.1. CPE actions of R".

Definition 3.1. We will say that a free action ¢ of G =R" x Z™, n, m € N on a probability
space (X, B, n) has completely positive entropy (CPE) if the spatial entropy sh(g, p) of
the process (¢, p) is positive for any finite partition p of X.

If G is a discrete group, then an action ¢ of G has CPE if hg (¢, p) > 0 for any finite
partition p of X.

THEOREM 3.2. Let G and ¢ be as above. Then ¢ is a CPE action of G if and only if for
any uniform lattice subgroup T of G (see the remark after the statement of Theorem 2.10),
the action ¢" of T is also CPE.

Proof. Assume first that ¢ is a CPE action of R". Then it is obvious that ¢ is ergodic.
Let us show that ¢ is also ergodic for any D = (D;), D; > 0. Suppose ¢? is not ergodic
for some D. To simplify the notation, consider the situation of Theorem 2.5 and assume
that ¢! is a non-ergodic action of Z”. It follows from the proof of Proposition 2.12 that
there exists a p-invariant factor-space (Y, By, v), where ¥ = T" and v is the Haar measure
on Y. Recall that ¢ is free. Furthermore, (Y, v) also contains the factor-space (Y', V'),
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where Y/ =T. Now, if v is the restriction of ¢ to Y’ and n > 2, then it is obvious that
h(¢¥) =0. If n =1, then again h(y) = 0. This follows from the second part of the proof
of Theorem 2.5 (see [30, Appendices B]).

Hence, if q)l is not ergodic on (X, B, u), then ¢ is a non-CPE action. But this
contradicts our assumption on ¢, and hence ¢! is ergodic. Thus, if ¢ is a CPE action
of G, and I" is a uniform lattice subgroup of G, then ¢! is ergodic.

Let us show that ¢! is also a CPE action of I'. To illustrate the idea of the proof,
consider the case G = R. Then for any finite partition p of X,

sh(p, p) = lim nhg(p"", p),

by Corollary 2.9. As sh(g, p) > 0, our assumption implies that hg (¢'/", p) > 0 for

sufficiently large n. But hg (¢'/", p) is the classical entropy of the (1/n)Z-action, hence
we see that hK((pl/”, p)=H(p| \/fil ¢—i/np) (see [6, 15] for Z-actions, and [5] for Z"-
actions). This relation allows to derive the following estimate:

00 00
O<H<p' (/)i/n/))fH(,O \/(/)_llo):hl((wl’ 0)-
i=1

i=1
Hence, sh(gol, p) = hK(<p1, p) >0, and (pl is a CPE action of Z.

The general case can be treated similarly, using Propositions 2.10 and 2.11, and
properties of the entropy of Z"-actions from [5, 23].

For the opposite direction, we suppose that ¢? is CPE. Then ¢ is ergodic, and
hx (P, p) =sh(p?, p) > 0 for any finite partition p of X by Proposition 2.4. Now it
follows from (2.9) that sh(g, p) > |Cp| 'sh(¢?, p) > 0. This shows that ¢ is a CPE
action of R”. m]

Definition 3.3. An action of a locally compact group G on a probability space (X, B, ) is
called uniformly mixing if for any finite partition p and for any € > 0, there exists a compact
subset K C G such that for any finite set F C G which is K-separated (i.e. gh~! ¢ K for
any two distinct g, & € F) one has:

1
H(p) — WH<\/ gp) <e.

geF

THEOREM 3.4. Let ¢ be a free, ergodic, measure-preserving action of the group G =
R"™ x Z™ on a probability space (X, B, i1). Then ¢ is a CPE action if and only if ¢ is
uniformly mixing.

Proof. We will give the proof for G = R: a similar proof holds in the general case. We
suppose first that ¢ is uniformly mixing and show that ¢ is CPE. To show this, it suffices
to check that ¢! is a CPE action of Z by Theorem 3.2.

Let p be a finite partition of X. Then for any ¢ > 0, there exists, by Definition 3.3, a
compact set K C R such that for any finite set F C R which is K -separated (i.e. g —h ¢ K
for g, h € F), we have

1
H(p) ~ —H(\/(wrp)> <e. (3.1)
I\ er
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Suppose that K is a closed interval K = [0, m], where m € N, and F is a K-separated
set of integers. Then it follows from (3.1) that (pl is a CPE action of Z, by [37] (see
also [12, 47]), and hence ¢ is a CPE action of R by Theorem 3.2. Thus, we have proved
the theorem in one direction.

Suppose that ¢ is a CPE action of R on (X, B, u). We will show that ¢ is uniformly
mixing. Again, this proof can be easily extended to actions of R"”, n > 1. Recall that if
& and 7 are finite partitions of X, then we can set d(&, n) = H(&/n) + H(n/&), where
d(&, n) is the Rokhlin metric on the set of all measurable partitions & of X with H(§) < oo
(see [36, §6] or [15, Ch. 15, §3]).

Since ¢ is a strongly continuous action of R in the operator topology in the Hilbert
space, then for any finite partition p of X and any ¢ > 0, there exists an integer m such that

by [15, Lemma 15.9]. As ¢ is a CPE action, ¢!/ is also a CPE action of (1/m)Z, by
Theorem 3.2. Hence ¢!/ is uniformly mixing by the main theorem of [41], and there

exists for ¢ > 0 a finite subset K = {0, 1, ..., &m}, m; € N such that if a finite subset
F of Z is K -separated, then

1
H(p) - —H(\/ q),-/mp) <e/2. (33)
FL Nicr

Let p = (m; +2)/m, and K| =[—p, p] C R. We claim that if Fj is a finite subset of R
and Fj is K1-separated, then

1
H(p) — —H( \/ %p) <e. (3.4)
|F1| rieFy

To prove this, notice that each r; from F| can be written in the form r; = a; /m + t;, where
a; € Z and |t;| < 1/m. Since |r; —rj| > p, then |a;/m — a;/m| > mi/m, and hence it
follows from (3.3) that

1
H(p) = =—=H( \/ @a/mp) <e/2. (3.5)
| Fl | ri€ Fl
We will use the following properties of the Rokhlin metric.
(i)  d(pp, po’) =d(p, p') for any finite partitions p, o’ of X.
(i) If {p;} and {p]} are two families of finite partitions of X, and 1 <i <n, n € N, then

a(\ o) =1 (V )| =2 aton s
i i=1

i
Using these properties of the Rokhlin metric and (3.2), one can derive from (3.3) the
following estimate:

1
H(pp)— —H -
(o) | (\/ <p,p>

ri€F|

1
< H(p)— WH( \/ (pai/mp> +e/2<e/2+4+¢/2=c¢.
ri€Fy

Thus, (3.4) holds, and ¢ is uniformly mixing. O
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COROLLARY 3.5. Let ¢ be a free CPE action of G =R" x Z™ on (X, B, ), and H a
closed subgroup of G. Then the restriction ¢ to H is a CPE action of H on (X, B, p).

Proof. Let ¢ be the restriction of ¢ to H. Since ¢ is uniformly mixing by Theorem 3.4,
then ¢ is also uniformly mixing. Notice that H is isomorphic to the group G| =
R™ x 7™ (see [33, Ch. II]), where 0 <n; <n,0<m; <n+ m — ny. Hence, it follows
again from Theorem 3.4 that ¢’ is a CPE action of H. O

COROLLARY 3.6. Let G, ¢, (X, B, ) be as in Theorem 3.4, and H a cocompact closed
subgroup of G. Then ¢ is a CPE action if and only if 9" is a CPE action.

Proof. Notice that if H is a cocompact closed subgroup of R”, then the structure of
H is worked out in [33]. More exactly, there is a decomposition of the space R” as
a direct sum of subspaces V and W and a basis {e,...,e,} in W such that H =
V@ (Zey + - - -+ Zep), dim V + p =n. Hence, any uniform lattice subgroup of H is
a uniform lattice subgroup of R”. Now the corollary is obvious. O

To complete this subsection, we make some remarks about Bernoulli actions of
R" x Z™, which are important examples of CPE actions of these groups. If G is an infinite
discrete amenable group, then it is easy to construct a Bernoulli action of G using the von
Neumann construction. Let (X, B, 1) be a probability space, and take a copy (Xg, B, iig)
of (X, B, n) for each g € G. We define a space (Y, By, v) as follows:

(Y, By, v) = Q) (X, Be, itg),
geG

where y = (xg), x; € Xg, isapointof ¥ and v = ®g tg. The Bernoulli action T of G is
defined as follows:

(Tgy)n = Yng»

where g, h € G. It is easily seen from this definition that 7 is a uniformly mixing action
of G, and hence T is a CPE action of G (see for example [12]). It follows from [30] that
any Bernoulli action T’ of G is isomorphic either to some T as above or to a factor action
of this 7. Hence, any Bernoulli action of a discrete amenable group G is CPE.

If G is a locally compact unimodular amenable group, then a Bernoulli action T of G
can be realized either as a Poisson process on (G, m), where m is the Haar measure of G,
or as a factor of this process [30, III, §§4, 6]. Let T be a Bernoulli action of R”. Since Z"
is a closed cocompact subgroup of R”, then the restriction T to Z" is a Bernoulli action of
7" by [30], and hence this restriction is a CPE action of Z" by the remark above. Now we
can conclude that the Bernoulli action T is a CPE action of R" by Theorem 3.2. We will
use these remarks in the next subsection.

3.2. Spectral properties of CPE R"-actions.

Definition 3.7. Let G be a locally compact group, and 7 be a Borel free measure-
preserving action of G on a standard Borel probability space (X, B, n). The action
T defines the unitary representation g — U,, g € G, of the group G on the Hilbert
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space Hy = L§(X, 1) = {f : f € Lo(X, w); [y f(x) du(x) =0} by
U f)(x) = f(T; %), feHygeG.

We say that T has infinite Lebesgue spectrum if the representation g — U, can be
decomposed as a countably infinite direct sum of copies of the regular representations
of G.

THEOREM 3.8. Let ¢ be afree CPE action of G =R" x Z", n > 1 on a probability space
(X, B, ). Then ¢ has infinite Lebesgue spectrum on Hy.

To prove this theorem for G =R" x Z™, we develop the approach which we used
in [11] to study spectral properties of discrete amenable groups. Let G =R" x Z™,
and let G be the Pontryagin dual of G with Haar measure mg. Suppose we have a
Borel free action T of G on (X, B, ), as in Definition 3.7. As above, let g — U,
be the unitary representation of G on Hy induced by 7. It follows from a generalized
version of Stone’s theorem [35] that U _fG g, x)dEyx, where (g, x), g€ G is the
character of G corresponding to x € G, and E, is the spectral measure of g — U, on Hy
commuting with Uy, g € G. Let f € Hy, || f|l = 1. Then we can define a Borel measure
my¢((A))=((EA) f, f) on G, where A is a Borel subset of G. As is well known, there
is a vector fp, || foll =1 in Hp such that the measure mo = m g, is the maximal measure
in the following sense: any my for k € Hy with || k|| =1 is subordinated to myg, or, in
symbols, my < mq. This means that if Ag is the support of my and Ay is the support of my,
then Ay € Ag. Recall that the support A ¢ of m ¢ is the smallest Borel subset of G such
thatmp(Ap)=1,m f(G\A ) =0. Now we can realize Hy as a direct integral of Hilbert
spaces Hy, x € G, with respect to the measure mg:

Ho = / P H dmo(x)
G

(see [9] or [10, Appendice A]). If f;,i=1,2 are vectors from Hy, then there are
functions f;(x) € H, corresponding to f;, or, in symbols, x ~ { fi(x)}, x € é, such that
functions x — (f1(x), f2(x)), x = (fi(x), fi(x)) are measurable, where (f1(x), f>(x))
is the inner product in the space H, for almost all x € G by the measure mg. Furthermore,
(f1, )= fé (fix), fa(x)) dmo(x). Let v(x) = dim H, be the dimension of H,. The
function v(x) is measurable with values in N U oo.

PROPOSITION 3.9. Let G, ¢, (X, B, ) be as in the statement of Theorem 3.8. Then ¢
has infinite Lebesgue spectrum zf and only if the measure mgy on G is equivalent to the
Haar measure m ¢ of the group G and the dimension Sfunction is v(x) =

The proposition is a simple reformulation of Theorem 3.8 in the terminology of direct
integrals of Hilbert spaces (see [9, 10, Appendice A]). O

The next step in proving Theorem 3.8 is the following lemma.

LEMMA 3.10. Let ¢ be as in the statement of Theorem 3.8. Then the measure mg on G,
as above, is subordinated to the Haar measure m ¢, of the group G, but is not necessarily
equivalent to the Haar measure.
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Proof. Again, to simplify the notation, we treat the case R; the general case can be treated
similarly. In this case, G is again R and m 4 is Lebesgue measure / on R. Now, if we have
an action S;, t € R on (X, B, u), then we can define the unitary representation of R on
Hy = L}(X, p) by

Ui f(x) = f(S—x), teR, f e H.

Thus, we have a one-parameter strongly continuous group of unitary operators {U;}, t €
R on the Hilbert space Hp. It follows that {U,}, t € R has the spectral representation

OO .
U, =/ e dE;,
—0o0

by Stone’s theorem [34], where E), A € R is the spectral family of projections on Hy
commuting with U, for all r € R.

Let ¢ be a finite function on R. Then we can consider the operator ¢ (U) on Hy given
by

I/f<U>=/1/f<t>Uz dr=fw(r>e"“ dE, dr=/w>da,

where (1) = [, ¥ (1)e'*" dt is the Fourier transformation of . In particular, if f € Ho,
and || f|| = 1, then

W) f, ¥2(U) f) =/ J1 ¥ d(Exf. ) (3.6)

and

Uy U) f, Y2(U) f) = f ¢ )0 d(Es f. f), 3.7

where s € R.

Consider the subspace Hy of Hy generated by {Us f}, s € R, where f € Hy, || f|| = 1.
Hy is an invariant subspace with respect to Uy, s € R. It follows from (3.6) and (3.7) that
we can consider the inner product on H s in the following form: if ¥y, ¥» € Hy, then there
exist measurable functions ¥ (1), ¥ (1), A € R such that

W1, ¥2) = /R Y1), Y2 (M) d(Es f, [,

where (Y, ¥;) = fR Wi (W2 d(Eyf, f) <oo,i=1,2. Furthermore, we have
U (¥ (1) = ey (1), t € R for y from Hy.

Recall that m (A1 — A2) = (EG —ay) [ ), i, 1 =1, 2 is a Borel measure on R. We
would like to show that m f is subordinated to Lebesgue measure / on R. Suppose that
m s is not subordinated to /. Then, as is well known, we have m y =m g + m ry, where
m g is subordinated to /, and m g is singular, i.e. does not subordinate to /. Let the Borel
subsets A; and Ay of R be the supports of m s, and m r,, respectively. Then we have
AJUA;CR,ANA; =0, and myg(R) =m(RN Ap), mpg(R) =m(R N Ay), where R
is a Borel subset of R. Furthermore, Hy is decomposed as Hy = H; ® H,, where H; and
H are orthogonal S;-invariant subspaces of H, where t € R, corresponding to A; and Ay,
respectively.

Consider the subgroup S,,, n € Z. Let U, be the corresponding unitary representation of
this subgroup on Hy, and U,, = foz ™ ¢i"® d F, the spectral representation of this subgroup,
where { Fy } is the family of spectral projections for U,, n € Z, commuting with U, n € Z.
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Since S;, t € R has a CPE action on (X, B, u), then S,,, n € Z also has a CPE action
on (X, B, u) by Theorem 3.2 above. Hence, U,, n € Z has Lebesgue spectrum on H
by [11, 37]. In particular, it has a spectrum on Hy, subordinated to the Lebesgue spectrum,
because H, is an (S;, t € R)-invariant subspace of Hy. We use this observation below.

If now 1, ¥ € Hy, then we can rewrite the inner product of ¥| and vy, as follows:

W1, ¥2)y = / Y1) P2(L) dmg(L).

It is obvious that the function g(A) = x[0,27)n4, (A), Where x; is the indicator of the set
I € R, belongs to Hy. Suppose that (g(1), g(1)); > 0, and consider the following relations

(Fa®)(), g = /0 I dms(0).

The left part of this equality defines the measure on [0, 2;7) which is subordinated to
the Lebesgue measure in view of the spectral properties of S,, n € Z. But the right part
defines a singular measure on [0, 27). This contradiction shows that (g(A), g(1)); =0,
and A, N[0,27) =9

Hence, for any k € Z, we also have A; N [2km, 2(k + 1)) = @. Since {Si/m}, i €
Z,m € N also has a CPE action on (X, B, u) by Theorem 3.2, then again Az N
[2kmm, 2(k + 1)mm) = @. Thus, mys; =0, and my =my;, and since f is an arbitrary
vector from Hy, we conclude that the maximal measure m is subordinated to /. O

We now consider spectral properties of Bernoulli actions of the groups G =R" x
7", n, m € N, which are an important class of the CPE actions of these groups. First,
we will prove a Lemma on the structure of these actions.

LEMMA 3.11. Let G be a countable discrete infinite abelian group so that G = R" x Z™,
and let T be a measure-preserving Bernoulli action of G on the probability space (Y, B, v).
Let (Z, Bz, nz) = Qi_;(Yi, Bi, vi), where (Y;, B;, vi) is a copy of (Y, B, v), and n €
N U oo. If ¢ is the action of G on (Z, Bz, juz) defined by

(@"2)i =Twyi. heG,
where z = (y;), | <i <n, y; €Y, then ¢ is a Bernoulli action of G, and h(¢) = nh(T).
Proof. First assume that G is discrete. Since all Bernoulli actions of G with the same

entropy are isomorphic [30], the action T of G on (Y, B, v) is a von Neumann action, as
discussed at the end of §3.1. Thus, we have

(2. By 1) = Q) QXL B i)
i=1 geG
Consider a subspace (Z,, Be, te) of (Z, Bz, z), which we define as follows:
n
(Ze, Be, o) = QXL Bl ).
i=1
For g € G, we have

¢4 (Ze, Be. 1) = Q)X By 1)
i=l1
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Furthermore, it follows from the construction that subspaces (Z., Be, t.) and
¢8(Z,, Be, 1e) are independent for g # e, and UgeG ¢8(Ze, Be, o) =(Z, Bz, uz).
Hence,
(2, Bz, nz) = Q) $*(Ze, Be. 110),
geG
and one can see that ¢ acts according to the von Neumann construction. This means that
¢ is a Bernoulli action of G. The equality #(¢) = nh(T) is obvious.

Now suppose that G = R” x Z™. Then I' = Z" x Z™ is a closed cocompact subgroup
of G. It follows from [30] that any free action S of G is Bernoulli if and only if the
restriction of § to I' is Bernoulli. Since the restriction ¢ to I" is Bernoulli by the argument
above, it follows that ¢ is also a Bernoulli action of G. The equality h(¢) = nh(T) now
follows from the equality for actions of I', above, and Theorem 2.14. O

LEMMA 3.12. Let G, (X, B, n) be as in the statement of Theorem 3.8, and let ¢ be a
Bernoulli action of G on (X, B, w). If h(¢p) = oo, then ¢ has a Lebesgue spectrum.

Proof. Consider first the case G =R. The general case can be proved similarly. Let
S ={S;, t € R} be a Bernoulli action on (X, B, u) with h(S) =00, and t — U; the
corresponding unitary representation of S on Hy.

It follows from Stone’s theorem [34] that U; = ¢''4, where A is a self-adjoint operator
on Hy. Recall that a complex number A is said to be in the resolvent set p(A) of A if the
operator Ry = (Al — A)~! is bounded on Hp. If the number A does not belong to p(A),
then this number is said to be in the spectrum o (A) of A. Notice that o (A) is a closed
subset of R.

Now let S™! = {S_,, r € R}. Since h(S;) = hk (S—,) for each 7, then h(S) = h(S~1)
by Theorem 2.14, and, furthermore, S—1is Bernoulli, as S;, ¢ # 0 is Bernoulli. Hence, S
and S~! are isomorphic by [30], and therefore the unitary representations t — U, = ¢/'4
and t — U_, = e~ are unitarily equivalent. This allows us to conclude that o (A) =
o(—A) = —0(A), and, furthermore, if L € 6 (A), then —A € 6 (A).

Consider the action S® S=(S; ® S;),t€e R on (X x X, Bx B, u x n). This is a
Bernoulli action of R with 2(S ® §) = 0o, by Lemma 3.11. Then § ® S is isomorphic
to S by [30], and hence the unitary representation  — U; of R on £2(X, p) is unitarily
equivalent to the unitary representation t — U, @ U;, t e Ron £L2(X ® X, u ® ). Since
U Q@ Uy = !4 @ ¢l'A = ¢tABIHI®A) 5 (A)=6(A®I+1®A). Hence, if A, &€
o0(A), then A + & € 0 (A) too. Thus, 0 € 6(A), and hence o (A) is a closed subgroup of R
because o (A) is a closed subset of R. It follows from Lemma 3.10 that o (A) = A;, and
(0 (A)) =1(A;) > 0, where [ is Lebesgue measure on R. Thus, A is a closed subgroup of
positive measure of R. It is well known (and easily proved) that this implies A = R; hence
the spectrum of § is Lebesgue.

We now give the details of the case G =R?: the proof for general n is sufficiently
similar to be left to the reader.

Let S = (S', $%) be a Bernoulli action of G on (X, B, W) with h(Sl, 52) = 00, where
(t,0) —> Sll and (0, 1) —> Stz, t € R are free actions of R. Notice that if t — U,] is the
unitary representation, corresponding to S/, j =1, 2, then U,j has a form U,j = ¢l4),
where A is the infinitesimal generator of U J, and there is a common domain of essential
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self-adjointness to each operator A, j =1, 2 (see [34, Theorems VIIIL. 12-13]). We claim
that t — S! is Bernoulli. Indeed, as S is a Bernoulli action of R?, then (S!, S2), n, m € 72
is a Bernoulli action of Z2, by [30, §III, Theorem 3.10], because 72 is a closed cocompact
subgroup of R2. But then each of the actions S! and S2, n € Z is also a Bernoulli action of
Z, by [12, Proposition 3.2]. Hence, S,i ,t € R is a Bernoulli action of R for each i, again
by [30], and, furthermore, h(Si) =oofori=1,2.

Now let

Ho = fRz P Hiyno dmoGur, 22)

be the decomposition of Hy corresponding to the representation (¢1, t) — (Utll, Utzz) of
R? on Hp. Tt follows from Lemma 3.10 that dmg(r1, A2) = g(A1, A2) dA1 dAy, where
g(A1, A2) is a non-negative function from £ (R2, [ x 1) and f g1, M) dr dry = 1.

Consider the direct integral of Hilbert spaces
HAI Z/ @ HA],)Q dm)ul ()"2)9 (38)
R

where dmj, (A2) = g(A1, A2)dAy. Let Eg = {A; : fR g(A1, X2) dry = 0}; then

H():/ H)\ d)\.]
o, D

is the decomposition of Hy corresponding to the representation t — U,l. Since ¢ — Szl is
a CPE action of R by Corollary 3.5, the spectrum of t — S,l is Lebesgue by the argument
above. Hence, [(Eg) = 0, and we obtain

HOZ/ H, dX.
R

Since t — S,2 has also a CPE action of R on X by Corollary 3.5, the restriction of
the representation ¢t — U,2 to H,,, defined by (3.8), has Lebesgue spectrum for any
A1 € Ep, where E; =R\ Ey. Thus, if A; € Eq, then g(A1, Ap) > 0 for a.a. A, € R. If now
No = {(r1, X2) : g(A1, A2) =0}, then we have [ x [(Ng) = 0 by Fubini’s theorem. This
means that (S!, $2) has Lebesgue spectrum, as claimed. O

LEMMA 3.13. Let G, (X, B, ) be as in the statement of Theorem 3.8, and ¢ a Bernoulli
action of G on (X, B, u) with 0 < h(¢) < oo. Then ¢ has Lebesgue spectrum.

Proof. As usual, we first consider the case G = R. Let S = {S;, r € R, } be the Bernoulli
flow with 0 < h(¢) < oo, and ¢ — U; the unitary representation on Hy = L(z)(X, 17
corresponding to t — S;, t € R. Then U, =e¢’4 by Stone’s theorem, where A is an
unbounded self-adjoint operator on Hyp. Notice that A is unbounded because the spectrum
of the lattice subgroup 1/nZ is the set [—n, nx] for any n € N.

If 0 (A) € R is the spectrum of A, then 0 (A) = —o (A) (see the proof of Lemma 3.12),
and /(o (A)) > 0 by Lemma 3.10. Consider also the flow S = {Sp = Sy, t € R}, where
p € R, p > 0. Itis clear that S? is Bernoulli, and 4 (S?”) = ph(S). The last formula follows
from Corollary 2.7 above. It is obvious that the unitary representation t — U/ of R,
corresponding to the flow S, has a form t — U/ = ¢/’P4. This shows that the spectrum
of S§? is the subset o (pA) = po (A) of R.
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Since h(SP) < h(S) for 0 < p <1, S has factor-space (Z,, B, tp) such that the
restriction 7, of S to (Z,, By, i) is Bernoulli with entropy h(Tp) = h(S?) = ph(S)
by [30]. As T, is Bernoulli with the entropy ph(S), then T}, is isomorphic to S?, by [30],
and hence the spectrum of T, coincides with the set po(A), which is the spectrum
of SP. Since T?,0 < p <1 is the restriction of S to the factor-space (Z, Bp, Hp)s
po(A) Co(A) for any 0 < p < 1. Now, if a € 0(A),0 <a < oo, and p ranges over
0 < p < 1, then the closed interval [—a, a] C 0 (A), because o (A) is a closed subset of R.
Since o (A) is unbounded in R, we see that 0 (A) = R. Thus, the support of the measure m
in the statement of Lemma 3.10 is equal to R, and my is equivalent to Lebesgue measure
on R. This means that the flow S with 0 < h(S) < oo has Lebesgue spectrum.

To complete the proof of the lemma, we make some remarks about the case G = R?.
In fact, we can apply the same argument as in the preceding proof. Furthermore, we see
that if S = (S', $2) is a Bernoulli action of G with 0 < h(S) < oo, then each S*,i =1, 2
will be a Bernoulli action of R with /#(S;) = co. Thus, one can repeat the argument of
Lemma 3.12 for G = R2. The case R x Z can be treated similarly. O

For the next lemma, we recall some properties of direct integrals of Hilbert spaces
(see [9, 10], Appendice A). Let M be the commutative von Neumann algebra on Hy
generated by the unitary operators Uy, g € G, where the group G is as in the statement of
Theorem 3.8, and let g¢ — U, be the unitary representation of G described in Definition 3.7.
Denote by M’ the commutant of M on the space Hy: a bounded operator b on Hy belongs to
M’ if bm = mb for any m € M. If b € M’, then there is a correspondence b ~ {b(x)}, x €
G, where b(x) is a bounded operator on H, fora.e. x € G (a.e. denotes almost every), such
that for any vector f ~ {f(x)}, x € G, from Hop, we have bf ~ {b(x) f(x)}. Furthermore,
the function x — ||b(x)|| is measurable, and ||b| = sup,. [|b(x)]|.

Thus, we have realized our space Hp as the direct integrals of Hilbert spaces
Ho = [¢ @ Hx dmo(x). Now we have (U, f) ~< g, x > f(x), where g — Uy is the
representation of the group G on Hp, < g, x > is the character of G, corresponding to
g€G,and f ~ f(x) is a vector from Hy. If b€ M’ and f € Hy, then bf ~ b(x) f (x).
This means that in our case the von Neumann algebra M’ is realized as direct integrals of
von Neumann algebras M}, or M" = [z @ M dmo(x). It is important to note that in our
case M| = B(H,), where B(H,) is the algebra of all bounded operators on the space H,.

LEMMA 3.14. Let ¢ be a Bernoulli action of G =R" x Z" on (X, B, ). Then ¢ has
Lebesgue spectrum with infinite multiplicity.

Proof. 1t suffices, as above, to consider the case G = R. This simplifies the notation, and
the proof of the general case follows by the same arguments. Thus, let S = {S;, t € R} be
a Bernoulli flow, and first consider the case /(S) = oo. Consider the unitary representation
t — U;, on the Hilbert space Hy= E%(X, W), corresponding to the action t — S; on
(X, B, u). Then we have Hy = fR P H, dx, by Lemma 3.12.

Let K be a cyclic finite group with k a generator: K = {ki, 1 <i<n—1,k" =e}.
Consider the space

(Ya BY’ U):®(X57BX5 MS)’ §s=e, k7-~-9kn_1a
sek
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where each (X, By, ug) is a copy of (X, B, ). Define the action S’ = {S}, r € R} on
(Y, By, v) by
(St/y)s = Sixs,

where y = (x5), s € K is a point in Y. Tt follows from Lemma 3.11 that S’ is Bernoulli
with 2(S") = oo.
Now K also has an action on (Y, By, v) defined by

(Liy)s = xks, s € K.

It is easy to check that L, S] = S/L, fort e R, r € K.

Let t — U/, t € R be the unitary representation of R on the space H;= L(z)(Y , V),
corresponding to r — S/, and let s — V; be the unitary representation of K on H),
corresponding to s — Lg;.  Notice that s — V; is isomorphic to the left regular
representation of K.

We may write U/, t € R in diagonal form U, = [, '"* d E}, and realize H| as the direct
integral of Hilbert spaces H) = [ @ Hj dA. To show that dim H; > n for a.e. 1 € R,
consider the subspace H, K — (®S ek HOS) of H!, where Hg is the copy of Hy, and notice
that HOK is invariant with respect to U’ and V.

Consider the restriction U, and Vi to HOK and retain the same notations for them.
Observe that U/, r € R can be considered on the space HOK as the diagonal n x n-matrix
with operator U; on the diagonal and the remaining coefficients are zero, and Vj as the
n x n-matrix with coefficients 0 and /y,, where Iy, is the unit operator in Hy, such that
ViUV =Ul teR.

Consider also the S;-invariant subspace Yy = (X, Bs, is) of (X, B, v) and let E; be
the conditional expectation E; from Y onto Y. It is obvious that S)E; = E;U; = E;S),
and E; defines the orthogonal projection Py from HOK onto Hg , and, furthemore, Ul/ P, =
P U,’, t € R. The projection P can be also considered as the n x n-matrix {a;;, i, j =
1,2, ..., n}, where ags = Py, and the rest a;; = 0. It is obvious that V Py V,:l = Pys.

Recall that Hg is {U;, t € R},-invariant. Hence, we can realize HOK in the following

form:
HE = / @ af an.
R

Since Vi and P; commute with U/, ¢ € R, then there exist measurable operator functions
{Vk(A)} and {Ps(A)}, corresponding to Vi and P;, respectively, where V(1) is a unitary
operator and P(A) is a projection for a.a. A. Moreover, Vi (X) Ps(X) Vk_1 (A) = Pys(X) for
a.a A. Recall that S;, 7 € R is a Bernoulli flow, and it has the Lebesgue spectrum by
Lemmas 3.12 and 3.13. Hence, Ps(A) 0 for a.e. A. Then we have that the relation
Vi (L) Py (A)Vk_l(k) = Pis(A) is not zero for a.e. ». But the operators {Vi (1), Ps(1)} act
on the space H K hence one can conclude that dim HAK > n for a.e. A. Finally, since n is
arbitrary, we have that dim HAK = oo fora.e. A.

But HF is a subspace of H| = [p € H; dA, so HX is a subspace of Hj for a.e. A.
Thus, dim H; > dim HAK > oo for a.e. A.

Returning now to S ={S;,t € R} and S’ ={S;, r € R}, we see that as § and S’ are
Bernoulli actions of R with the same entropy & (S) = h(S") = oo, they are isomorphic
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by [30] and their unitary representations t — U, and t — U/ on the spaces Hy and H|),
respectively, are unitarily equivalent. But Hy = fR & H,. di, and we can deduce from the
estimate above that dim H, = oo for a.e. A. This means that the Bernoulli action S of R
with 2(S) = oo has infinite Lebesgue spectrum.

Now let S be a Bernoulli action of R with 0 < 4(S) < co. Then there exists a Bernoulli
action S, of R with entropy h(S,,) =1/mh(S) for any m € N (see [30, III]). Let
S" = (®S,,)™. It follows from Lemma 3.11 that S’ is also Bernoulli with #(S") = h(S).
Hence, S and S’ are isomorphic, and one can apply a similar argument to show that S has
infinite Lebesgue spectrum. g

Now we can complete the proof of Theorem 3.8.

Proof of Theorem 3.8. Let S be a CPE action of R on (X, B, ). There exists a factor-
space (Y, By, v) of (X, B, u) such that the restriction S’ of S to (Y, By, v) is Bernoulli
with 0 < h(S") < h(S) (see [30, III, §3]). Moreover, there exists a conditional expectation
E from (X, B, u) onto (Y, By, v) such that ES; = S;E = S} for any r € R. The last
equality shows that E and S; commute for any ¢.

It is obvious that E can be extended to an orthogonal projection Pg from HOX =
E(z)(X , w) onto HY = L(z)(Y , V). Furthermore, if + — Uy is a unitary representation of t —
Sy on Hy and t — U/ is a unitary representation on H of t — U}, then PgU; = U, Pg =
U/ for any . Consider the decomposition HX = fR H) dmo(X) of HOX corresponding to
the diagonal presentation of U; = f e dE,, where my is the Borel measure on R, defined
in the statement of Lemma 3.10 and subordinated to the Lebesgue measure / on R. Let M
be a commutative von Neumann algebra on HOX generated by U, t € R. Then Pg belongs
to the commutant M’ of M, and there is a measurable field { P, }, where Pj, is an orthogonal
projection from B(H,) for a.a. A € R, such that Pg ~ {P,} (see [9]).

Since PEHOX = Hg, we have Hg/ = fR P, H, dmo(A). But this is a decomposition of
Hé’ with respect to t — U/, and since ¢t — S; is Bernoulli, m is equivalent to the Lebesgue
measure [ by Lemmas 3.12 and 3.13. Furthermore, dim P, H, = oo for a.e. A € R, by
Lemma 3.14. Hence, dim H; > dim P; H, = oo for a.e. A, which means that S has infinite
Lebesgue spectrum. O

3.3.  The Pinsker algebras of R"-actions. In this section, we consider ergodic actions ¢
of R" with positive entropy, and we also suppose that action ¢! is ergodic on (X, B, )
for any lattice subgroup I of R”. We will show that the Pinsker algebra IT(¢) of the action
¢ exists and coincides with the Pinsker algebra of any action ¢! of a lattice subgroup I" of
R” (see Theorem 3.17). Then we will describe the spectral properties of such actions (see
Theorem 3.18).

Definition 3.15. Let ¢ be a free action of an amenable group G on (X, B, u), and let T1(¢p)
be the minimal g-invariant o -subalgebra of B which contains each finite partition p of X
such that 4 (¢, p) = 0, where we assume that i (¢, p) is the Kolmogorov—Sinai entropy if
G is a discrete group, and the spatial entropy in other cases.

PROPOSITION 3.16. Let ¢ be a free action of R" on (X, B, i), and let ¢ and ¢ be, as
above, the restriction of ¢ to 7" and T, respectively, where T is a lattice subgroup of R",
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and T # 7", If TI(¢") and T1(¢") are the Pinsker algebras of ' and ¢, respectively,
then T1(¢') = T1(¢"). In particular, ¢* is a CPE action if and only if ¢ is a CPE action.

Proof. 1t follows from the properties of the entropy hx (¢!, p) (see [15, 36]) that TT(¢")
is p-invariant. Thus, it is also (pl—invariant. As the restriction of (pr to H((pr) has zero
entropy, the restriction of ¢! to IT(¢") also has entropy zero, by the Abramov—Conze
formula (Corollary 2.16). It follows that I"I(gpl) - H((pr), and the opposite inclusion
follows from symmetry. O

Notice that results analogous to Proposition 3.16 were discussed in [3, 19] for the case
n = 1; we believe that the case n > 1 has not been considered before. In the next theorem,
we show that IT(¢) = IT(e") if any ¢! is ergodic.

THEOREM 3.17. Let ¢ be a free ergodic action of R", n < 0o, on (X, B, ) with positive
entropy h(¢), and let ' be ergodic for any lattice subgroup T of R". Then T1(¢) = IT(p").

Proof. In view of Proposition 3.16, it is enough to show that IT(¢) = IT(¢"). Since IT(p")
is p-invariant (see proof of Proposition 3.16), we can consider the restriction ¥ of ¢ to
M(e'). It follows from the definition of v that hx (') =0, but h(y) =hx(¥') by
Theorem 2.14. Hence, i () = 0. This shows that TT(¢!) C IT(¢p).

For the opposite direction, consider a finite partition p of X such that sh(¢, p) =0.
It follows from the estimate of equation (2.9) that sh(gp, p) > sh(<p1, p). Since gol is
ergodic by our assumptions, then i x (92, p) = sh(p?, p) by Proposition 2.4, and we have
hK(ch, p) < sh(p, p) =0. Hence, I1(¢) C H((pl) and we have I1(p) = H((pl).

The case of an arbitrary uniform subgroup I uses the same argument, if one takes into
account Propositions 2.10 and 2.11, which generalize Theorem 2.5. O

We next analyse the spectral properties of R"-actions with positive entropy.

THEOREM 3.18. Let ¢ be a free ergodic action of R", n < o0 on (X, B, ) with entropy
h(¢) > 0 and with Pinsker algebra T1(¢), and let ' be ergodic for any lattice subgroup
of R™. Then ¢ has infinite Lebesgue spectrum on the space E%(X , W) O E%(H((p)), where
E%(H((p)) is the subspace of E%(X , i) consisting of all T1(p)-measurable functions.

Proof. Since ¢! is an ergodic action of (Z)", ¢!/ 2 s an ergodic action of (1/2¢7Z)",
and, furthermore, I1(¢) = [T (p!/ 2k) by Theorem 3.17. But o/ 2" has countable Lebesgue
spectrum on HX = £(2)(X, w e E%(l’[(cpl/zk)), by [11, Theorem 5.4]. This observation
allows us to apply the argument of Lemma 3.10 to show that HX = fR" H; dmg()), where
mg is a Borel measure on R”, subordinated to the Haar measure on R”. Now we need to
show that m is equivalent to the Lebesgue measure on R” and dim H, = oo for a.a. A.

To do this, we observe that ¢ has a Bernoulli subfactor in view of our assumptions on it.
This means that there exists a ¢-invariant subspace (Y, By), such that the restriction ¢|y of
¢ to (Y, By, uy) is Bernoulli with 0 < A(¢|y) < h(gp), and even h(¢|y) < 00, according
to [30, III, §3, Theorem)].

Then ¢ = ((,0|y)l also has a Bernoulli action on (Y, By, uy), by [30, III, §6, The-
orem 10], and there exists a finite partition p of (Y, By, ny) such that the family
{go)’, 0,y €Z"} is independent for y # y’ and generates By. If 8 is any finite partition
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of X from II(p) =I1(¢"), then hx (¢!, B) =0, and it follows from [5, Theorem 4.2]
that p and B are independent. Since By is generated by {<p;,,o, y € Z"}, any A € By and
B e I1(¢) is independent. One concludes from this observation thatif f € KS(Y, y), then
also f € HX = E(Z)(X, w e L(Q)(l'[(w)), and hence L%(Y, Wy) is a g-invariant subspace of
HOX . But since ¢|y is Bernoulli, then ¢ has infinite Lebesgue spectrum on Eg(Y, nwy),
by Lemma 3.14. Thus, we are in the situation of Theorem 3.8, and the argument given
there shows that ¢ has infinite Lebesgue spectrum on HOX . This completes the proof of the
theorem. O

4. Entropy of nilpotent Lie group actions

We described in the Introduction the class of unicommutator Lie groups ({LG). Recall
that any connected, simply connected nilpotent Lie group can be realized as a closed
subgroup of the group UT, (R) of upper triangular unipotent n x n-matrices over R for
some n € N [33]. The simplest example of a non-commutative group from U LG is the
Heisenberg group H = U7 3(IR). In this section, we consider free ergodic positive entropy
actions of elements of /LG. We will see that all the results on CPE actions and actions
with positive entropy which were proved in §3 extend to this class of nilpotent groups.
Detailed proofs are mostly given for H, but these generalize easily to all of U/ LG.

4.1.  Classical entropy for actions of UT ,((Z)) and its subgroups. In this section, we
briefly consider the entropy of actions of nilpotent countable torsion-free groups with a
finite number of generators [17]. Recall that each such group can be faithfully represented
inUT ,(Z) for some n € Z, by a well-known theorem of Malcev.

Let G be a countable two-step nilpotent matrix group,

1 n3 m
G=|0 1 ny),
0o 0 1

where n; € Z,i =1, 2, 3. We fix generators of G: let T;, (i = 1, 2, 3) be the matrix such
that n; =1 and n; =0 if j #i. Here T generates the centre Z of G. We define the
linear order T3 > T, > T}, together with the associated lexicographical linear relation on
G:TPTI T < T3k3 Tzk2 lel ,if (j3, Jjo, j1) is lexicographically less than (k3, ko, k1). This
order relation is invariant with respect to the left translations of G, so we have the notion
of the ‘past’ in G defined as a subset of all elements of G which are less than the identity
inG. '

Consider the sequence of rectangles F, = {T3'3 Tzi2 Tlil, mg(n) <ig < Mg(n), s =
1, 2, 3}, where (M(n) — mg(n)) — 00, as n — 0o, and

Mi(n) —myi(n)

oo, s§s=2,3,
M;(n) — mg(n)

as n — o0o. Now, (F,), n € N is a Fglner sequence of sets in G [17]. In particular, we can
let Mr(n) = M3(n) =n, Mi(n) = n2, mg(n)=0,s=1, 2, 3.

Now suppose that we have a free measure-preserving action S of G on the probability
space (X, B, i), and a partition p of X with H(p) < oco. Then we can consider the
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Kolmogorov entropy

hi(S. p) = lim ——H(p")

—oo | Fy|
of the process (S, p), where {F,}, n € N is a sequence of sufficiently invariant subsets of
G, as above. Note that hg (S, p) does not depend on the choice of the sequence { F;,}.
Since G has a past, we can calculate kg (S, p) in a different form, using conditional
entropy, which will be useful for us below.
To do this, we introduce some new notation. Let

o0 o
pr =\ T p. o=\ TFp.
k=1 —0o0

where 7; and p are as above. We also set p; =\/ T3k3 T2k2 le !, where the join is taken over

all triples (k1, k2, k3) € 73, which are lexicographically less than (0, 0, 0). More precisely,
PG = 7, (1)1, (P 1)7, @.1)

Now we have hg (S, p) = H(p|pg), by [32, 42]. A similar formula for the entropy of
Z" -actions was introduced in [5] (see §4). Now we can extend the methods of that section
to non-commutative groups from U LG.

Let p be a partition of X and H (p) < co. We set

p=N\T"o7 vV T (017, v Ts " (o 1)7,)-
n

The next proposition will be useful in the following.

PROPOSITION 4.1. Let S be a free action of G on (X, B, w) with positive entropy, and
let p" and p? be partitions of X with H(p') < 00 fori =1, 2. Assume that p' = v, where
v={X, &), and hg (S, p*) = 0. Then the partitions p' and p* are independent.

This proposition is an analogue of [5, Theorem 4.2], where it was proved for Z"-actions

2
Proof. Let G, be the subgroup of G generated by 7J*, T/* and T,’*, where py. divides
Pr+1. Then G, | is a subgroup of G, and the sequence of partitions p,} = (pl)z;pk is
decreasing. Since p! = v, AV ,o,l = v, and hence limy_, oo H(p' |p,§) = H(p"). Now, since
hi (S, p*) =0, we have the equality H (p' Ip,}) =H(p' |,0,l v p?), the proof of which is
contained in the proof of [17, Theorem 2.6]. Hence,

H(p'lp*) = H(p'lp{ v p*) = H(p'Ip),
and thus H(p'|p?) > H(p'). But since H(p'|p?) < H(p'), we can deduce H(p!) =

H(p'|p?). It is well known that this equality implies that pland p? are independent. O

COROLLARY 4.2. Let S be a free ergodic action of G on (X, B, u) with positive entropy
hi(S), (Y, By, uy) a Bernoulli factor of (X, B, ) for S, and hg(S|ly) <oco. If p is a
finite partition of X from T1(S), i.e. hg (S, p) =0, and « is a finite By -measurable partition
of Y, then p and o are independent.
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Notice that this assertion for Z-actions was first proved in [31], then in a more general
form for Z"-actions in [44], and finally for countable amenable groups in [16]. We present
a simple proof of this statement for our case.

Proof. Since the restriction of S to (Y, By, v) is Bernoulli and g (S|y) < oo, there exists
a finite partition y of Y such that all partitions gy, g € G are independent and generate
the o-algebra By. It follows from these properties of y that y =v. Hence, y and
p are independent by Proposition 4.1. The same holds for gy and p for any g € G.
But gy, g € G generate By, and as « is By-measurable, it follows that o and p are
independent. O

4.2.  Spatial entropy for actions of ULG-groups. Let us describe the structure of a
nilpotent Lie group from the class U/ LG, defined in the Introduction (Definition 1.2). If a
group G belongs to this class, then its Lie algebra g has a basis {e; }{V whose commutators
satisfy the following conditions:

(i) [e,-,ej]=00r [e,-,ej]zek(,-,j);and

(i) e, exa, j)l = lej, ek, )] =0.

These properties imply some strong conditions on the group G and its Lie algebra g.
Let M (n, R) be the space of all n x n-matrices over R, and introduce in M (n, R) the usual
Lie bracket: [x, y] =xy — yx for x, y € M(n, R). Consider M (n, R) as the Lie algebra
of the group GL(n, R) and it follows from the Ado—Iwasawa theorem [33] that there is a
faithful representation p of g on the subalgebra of all upper triangular nilpotent matrices of
M (n, R) for some n € N. We will identify p(g) with g; we can then considere;, 1 <i <N
as upper triangular nilpotent matrices from M (n, R).

The exponential mapping exp from M (n, R) to GL(n, R) is given by

expX=1+X+1/2X>+...

for X e M(n, R). If X € g C M (n, R), then exp X contains only a finite number of terms,
since X is a nilpotent matrix and hence exp g is a connected simply connected nilpotent
Lie subgroup of U7, (R), isomorphic to G [33]. We identify exp g with G.

Now let n be the Z-linear span of {e; }{V , so that n is a lattice in g [33], and, furthermore,
n is a Lie subalgebra of M (n, Z) in view of the above commutation relations for {ei}?’ .
To see this, one can use the argument of the proof of [33, Theorem 2.12]. Now, as in [33,
Theorem 2.12], we can conclude that exp n is a lattice subgroup of G.

We now introduce the new assumption (A) on our Lie algebra g. We assume that each
matrix e; from g satisfies ei2 =0,1<i<N.

First notice that condition (A) does not follow from the above commutations relations.
It is easy to construct examples of this. If condition (A) does hold, then we have exp te; =
I +te; € M(n, R) for t € R and, in particular, expe; =1 +¢; e UT ,(Z). Recall that
UT ,(Z) is the group of all unipotent n x n-matrices over Z. Hence, the lattice subgroup
exp n of G is also a subgroup of U7 ,(Z). This will be important for us in Theorem 4.7

below.
Clearly, the simplest situation is if e; is a matrix unit uxs, | <k <s <n of M(n, Z)
for some i or, of course, for all i =1, 2, ..., N. Observe that if g is the subalgebra of

all upper triangular nilpotent matrices from M (n, R), then the basis of g can be chosen
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as follows: wuyg, 1 <k <s <n, where uy, is a matrix unit from M (n, Z). In this case,
expg =UT,(R) and expn=UT ,(Z).

We have introduced U/ LG as a simple class of connected nilpotent Lie groups where it
is easy to study the entropy of actions of the group and its lattice subgroups. We will try
to describe all phenomena which occur in this situation. We feel sure that many of our
theorems can be extended to a wider class of groups.

We consider in detail the Heisenberg group H = U7 3(R), the simplest example of a
non-commutative group from U/ LG, and the entropy of its actions. The properties we
develop actually hold for any group from U/ LG, in view of the above structure theorems,
and this allows one to apply similar methods:

I x12 xi13
H=10 1 xa3]|,
0O 0 1

where x;; €R,i, j=1,2. Let ¢ be an ergodic action of H by automorphisms of
(X, B, u), preserving a probability measure p, and p a finite measurable partition of X.
We introduce the metric dg(x, y) =dc(x, y), where x, y € X, and C is a measurable
subset of H, as follows: dc(x,y)=/IC)[{veH : p(pyx) # p(pyy)}|l, where v e
'H, |C] is the Haar measure of C in H, and p(¢,x) is defined in §2.1. Now, for a positive
real number N, we take the rectangle C in H of the form Cy = {0 <x12 < N, 0 <xp3 <
N,0<x;3< N2}, and consider the analogue of the (p, N, r)-family of disjoint subsets of
X for the action of R” in §2.3. We can now define the r-spatial entropy sh(p, p, r) and the
spatial entropy sp (¢, p) of the process (¢, p) as in §2.3.

Let D be a positive real number. Denote by HP? the subgroup of H of the form
x12 = Dnya, x13 = D%ny3, x23 = Dny3, where nij € Z. One easily sees that HP is a
uniform subgroup of H, isomorphic to UT3(Z). Thus, if ¢ is a free ergodic action of
‘H on (X, B, u), then ¢ induces a free action (pD of HP on (X, B, ), and one can define
the classical Kolmogorov entropy Ak (¢?, p) and the spatial entropy sh(p?, p) of the
process (¢?, p). The next theorem describes the connections between entropy sh(g, p)
and entropies sh(¢?, p) as D | 0. This is an analogue of Theorem 2.5 for spatial entropies
of R"-actions.

THEOREM 4.3. Let ¢ be a measure-preserving ergodic action of H=UT3(R) on a
(X, B, ), and let P be the restriction of ¢ to the lattice subgroup HP of H. Then

sh(g, p) =1lim |C Ish (p[,p ,
( ) i ICpl ( )
where p is a finite partition of X.

Proof. Let u € Cy and D > 0 be such that N/D is an integer. Then the matrix u can
be decomposed as a product u = vw, where w € Cp,or 0 < w2 < D,0< w3 <D,0<
wiz < D2, and v has the following coefficients: vip =i12D, va3 = i3 D, vi3 = i13D2.
Here, the integers i;; satisfy the following inequalities:

0<in<N/D, O0<in<N/D, —N/D-1<ij3<N?/D 4.2)

Observe that the inequalities (4.2) define the rectangle F' ,e in the lattice subgroup H”,
and, furthermore, {F 1{,) } is a Fglner sequence of subsets in HP for fixed D, N /DeZ
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and N/D — oco. Now we apply the same approach as in the proof of Theorem 2.5
to compute the continuous d”-distance on Cy between x and y from X by taking the
discrete d”-distance between gx and ¢y over the Cp-lattice points in Cy, and taking the
normalized integral of this as w ranges over Cp. More exactly,

d 1
dgN(x,y>=/C w( Z|{w:p(cpvwx>¢p(va>}|).

ICpI\|FP|
D| D| |FN|U€F16)

The rest of the proof is sufficiently similar to the proof of Theorem 2.5 above to be left
to the reader. |

Again we have an analogue of Proposition 2.12.

PROPOSITION 4.4. Let ¢ be an ergodic action of H =UT3(R) on (X, B, w), and ¢P the
restriction of ¢ to the lattice subgroup HP. If the spectrum of ¢ does not contain a discrete
component in ﬁg(X, w={f¢€ E(z)(X, w): fX f(x)du(x) =0}, then ¢P is ergodic for
any D > 0.

To prove this proposition, we use the same argument as in Proposition 2.12.
The next assertion is a consequence of Theorem 4.3.

COROLLARY 4.5. Let ¢ and p be as in the statement of Theorem 4.3, and suppose that

@P is ergodic. Then

sh(g, p) = lim |Cp, |~ hi (0", p),

where D; =1/2'D, and hg (P, p) is the Kolmogorov-Sinai entropy of the process
@”, p).
This corollary is an analogue of Corollary 2.9, and can be proved similarly.

There is also an analogue of Proposition 2.10 for actions of H =U73(R). Let
D= (D1, D7), where D; is a positive real number. Consider the discrete subgroups of
H, HD_, where x12 =i12D1, x13 =113D1 D2, x03 = i23D3, and iy € Z . It is easy to see
that P is a uniform subgroup of H in each case.

Let ND = (ND;, ND>), where N € Ry, and let Cj; be the rectangle in H defined by

Cp={0<x12<D1,0<x23 <D, 0=<x13 <D Dy}

It is obvious that |C | = (D1 D2)?.

Notice that if I" is a lattice subgroup of #, then one can show that I is conjugated to
HP for some D = (D1, D7), D; >0,i =1, 2. This follows from [33, Proposition 2.17].
A similar statement holds for any group in U LG.

PROPOSITION 4.6. Let ¢ and p be as in the statement of Theorem 4.3. Then
sh(g, p) =1lim |C =17 1sh ND, .
(@, p) Nwl 1951 "7, p)

The analogues of Proposition 4.4 and Corollary 4.5 also hold in this situation.

Again, all the above results of this subsection hold for U/ LG.
Now we are ready to prove an analogue of Theorem 2.14.
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THEOREM 4.7. Let ¢ be an ergodic measure-preserving action of H =UT3(R) on the
probability space (X, B, u), and let the spectrum of ¢ not contain a discrete component
(see Proposition 4.4 above). If ' is the restriction of ¢ to the subgroup H' =UT3(Z) of
‘H, then

h(p) = hg (p)),

where h(g) is the Ornstein—Weiss entropy of the action ¢ (see §2.2), and h (¢") is the
classical Kolmogorov entropy of the action ¢'.

It is important to note that the statement of Theorem 4.7 makes sense for any nilpotent Lie
group G from U LG because G NUT ,(Z) is a lattice subgroup of G, as explained in the
beginning of this subsection.

Proof. The proof is based upon Theorem 2.14. To demonstrate this, we recall that ¢! is
ergodic. We present several steps of the proof, sufficient to convey the ideas. Notice that the
analogue of (2.9) for the present case is sh(p, p) > sh(p', p), where p is a finite partition
of X. One can deduce from this, as in the proof of Theorem 2.14, that h(¢) > hg ((pl). _
To prove the opposite inequality, we apply the relation sh(g, p) = lim; o0 16/hig (/%
p) from Corollary 4.5, where p is a finite partition of X. Furthermore, notice that H'isa
subgroup of H!/2 of index 16; in symbols, [H1/2 : H]] = 16. This observation shows that
[H'/% : H'] = 16, and it follows from Proposition 2.13 that g (¢') = 16/ hg (¢'/?). We
can derive from these, as in the proof of Theorem 2.14, that h K((pl) > h(¢), and hence
h(p) = hi(¢") holds. o

As in §2.4, let us consider a general version of the relation 4(¢) = h K((pl). Let I be
a lattice subgroup of . Then there is, as in §2.4, a compact subset H (I") of H such that
each I'-orbit in G meets H(I") in a unique point. If [H (I')| is the Haar measure of H (I")
and if I' = HP?, then |H(I")| = (D D2)?%, where D = (D, D»).

COROLLARY 4.8. Let ¢ be as in the statement of Theorem 4.7, T a lattice subgroup of 'H,
and let o' be the restriction of ¢ to T. Then

h(g) = [H()|hg (¢").

The proof is analogous to the proof of Theorem 4.7, taking into consideration
Proposition 4.6.

Now we are ready to present our analogues of the Abramov formula for the entropies
of lattice subgroups of actions of a nilpotent Lie group from U/ LG.

COROLLARY 4.9. Let ¢, I" be as in Corollary 4.8, then

hi (o) = |H(T)|hg (o).

4.3. CPE actions of ULG-groups and uniform mixing. Recall that the definition of CPE
actions for a group G from /LG is given in Definition 3.1 above.

THEOREM 4.10. Let ¢ be a free measure-preserving action of a group G e ULG on a
space (X, B, w), and let T be a lattice subgroup of G. Then the action ¢ is CPE if and
only if the restriction " of ¢ to T is CPE.
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Proof. The proof is similar to the proof of Theorem 3.2. However, we make some
comments on it for the case of the group H = U7 3(R). It follows from Theorem 4.7 that
the action ¢! is ergodic on X for any lattice I". This allows one to apply Corollary 4.5
to prove that ¢ is a CPE action if ¢ is CPE. In proving this, we use the formula
hx(p', p)=H(p | \/cl>O ¢_ip) (see proof of Theorem 3.2), where p is a finite partition of
X. Now we use a similar formula hg (¢!, p) = H(p|p7_{1), where ,07_{1 is defined in (4.1).
Now we make several remarks about the proof that a CPE action of <p_r implies that the
action of ¢ is CPE. Recall that I has a special structure, namely I' = H? (see the remarks
following Corollary 4.5). This allows us to apply the estimate of (2.9) to complete this
proof along the same lines as the proof of Theorem 3.2. O

As in §3.1, we now consider uniformly mixing actions of groups from U/ LG. The
definition of these actions is given in Definition 3.3. Theorem 4.10 allows to prove a
well-known conjecture about the connection between CPE and uniformly mixing actions
of groups from ULG.

THEOREM 4.11. Let ¢ be a free measure-preserving ergodic action of a group G from
ULG-class on a probability space (X, B, ). Then ¢ is CPE if and only if ¢ is uniformly
mixing.

Proof. The proof is similar to that of Theorem 3.4. For the case G = H, there are some
slight differences. If ¢ is uniformly mixing, ¢! is also uniformly mixing for the action
of H' =UT3(Z). But then ¢' is a CPE action of H! by [12, 18, 47]. Thus, ¢ is also a
CPE action of H by Theorem 4.10. On the other hand, if ¢ is a CPE action of H, then
¢! is a CPE action by Theorem 4.10, and hence ¢' is uniformly mixing by [41]. Since
¢ is a strongly continuous action of H and ¢' is uniformly mixing, it follows that ¢ is
also uniformly mixing using the properties of the Rokhlin metric given in the proof of
Theorem 3.4. |

COROLLARY 4.12. Let ¢ be a CPE action of a group G € ULG on a space (X, B, u), and
let K be a discrete closed subgroup or closed ULG-subgroup of G. Then the restriction
X of ¢ to K is a CPE action on (X, B, 1v).

Proof. Tt follows from Theorem 4.11 that ¢ and ¢X are uniformly mixing. If K is
discrete, then goK is a CPE action, by [12]. If K is a ULG-group, then (pK has CPE by
Theorem 4.11. O

PROPOSITION 4.13. Let G € ULG, g be its Lie algebra, and {e;}| the canonical basis of
g, described at the beginning of §4.2. Let K be a closed cocompact subgroup of G such
that the connected component of unity K is a normal subgroup of G, and its Lie algebra
o has a basis { fi}]', m < n such that { f;}]' is a subset of {e;}]. If ¢ is a free measure-
preserving ergodic action of G on (X, B, i), then ¢ is a CPE action of G if and only if ¥
is a CPE action of K.

Proof. Tt follows from the assumptions that K contains a uniform lattice subgroup I" which
is a lattice subgroup of G. Now it is possible to develop the theory of §4.2 for actions of
the groups K and their uniform lattice subgroups I', and prove, in particular, analogues
of Theorems 4.10 and 4.11. The subsequent argument is obvious. O
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4.4. Spectral properties of CPE actions of ULG-groups. A locally compact group G is
of type L if any of its factor-representations by unitary operators in a Hilbert space is of type
I in the von Neumann classification [10]. For such groups, Mackey [28] defines the dual
object G, elements of which are equivalence classes of irreducible unitary representations
of G. Mackey introduced a Borel structure in G, and he showed that if g — U, is a unitary
representation of G in a Hilbert space H, then there exists a decomposition

53} @
H :/A Hydu(x) and U, =f Ug(x) dp(x),
G G

where x — H, is a Borel field of Hilbert spaces, x — Ug(x) is a Borel field of factor-
representations of type I of G, and p is a Borel measure on G.

Furthermore, H, = HXl ® Hf and U, (x) = Ué}(x) ® Iy(x), where x — H)’;, i=1,2,
are Borel fields of Hilbert spaces, x — U, ; (x) is a Borel field of irreducible representations
of G, and I,,(y) is the identity operator in H? such that dim H? = n(x) for a.e. x € G.

Thus, it is posmble to define for every unitary representation g — U, of the group G, a
Borel measure 4 on G and a Borel multiplicity function x — n(x) on G. Mackey proved
that two unitary representations g — U}, i = 1, 2 of G are unitarily equivalent if and only
if uy ~ o and ni(x) =ny(x) forae. x € G.

Let us recall some examples of groups of type I which are considered in this paper. If
G is an abelian locally compact group, then its dual G coincides with the Pontryagin dual
group G. The other important, for us, class of groups is nilpotent connected Lie groups
which are also of type I. If G is such a group, and Z is its centre, then G=Zg.

More detailed information and references on type I groups can be found in Dixmier’s
monograph [10, 13.11.12], where a large class of Lie groups of type I is described,
including connected nilpotent Lie groups. Notice also that Dixmier (§18) introduced the
notion of the Plancherel measure mg on G for the decomposition of the regular (left and
right) representation of G. This measure allows us to obtain a version of the Plancherel
formula for non-commutative groups of type L. If G is abelian, then m g coincides with the
Haar measure of G, and if G is a connected nilpotent Lie group, then m¢ coincides with
the Haar measure of ZA(;.

Now we are ready to present our results about the spectrum of CPE action of U/ LG-
groups.

THEOREM 4.14. Let ¢ be a free CPE action of G e ULG on (X, B, ). Then the action
of  on [%(X , 1) has Lebesgue spectrum with infinite multiplicity.

Proof. Let Zg be the centre of G. Then Zg is a closed subgroup of G, and it follows
from Corollary 4.12 that <pZG, the restriction ¢ to Zg, also has a CPE action. But Z¢ is
isomorphic to R” for some integer 7, in view of our assumptions on U/ LG-groups. Hence,
wé has infinite Lebesgue spectrum by Theorem 3.8, and the measure corresponding to ¢,
is the Plancherel measure m g of ZE, as above. Thus, the spectrum of ¢ is Lebesgue.

To prove infinite multiplicity of the spectrum of ¢, assume first that ¢ is a Bernoulli
action of G, as in the case of Theorem 3.8.

LEMMA 4.15. If ¢ is a Bernoulli action of G as above, then ¢ is a CPE action and it has
Lebesgue spectrum with infinite multiplicity.

https://doi.org/10.1017/50143385711000587 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000587

570 A. H. Dooley and V. Ya. Golodets

Proof. Notice first that ¢ is a CPE action. Indeed, if ¢ is Bernoulli, then ¢' is a Bernoulli
action of the lattice subgroup I'| of G, by [30, III, §6]. But since any two Bernoulli actions
of I'1 with the same entropy are isomorphic [30, III], then we can realize it using a von
Neumann construction (see the end of §3.1). It is easy to see from this construction that ¢!
is CPE. Then it follows from Theorem 4.10 that ¢ is also the CPE action of G, and hence
¢ has the Lebesgue spectrum by the result above.

Now let ¢ act on the space (X, B, u), and consider the unitary representation g —
Uy, § € G on the Hilbert space Hyo = (f € E%(X, nm : fX f(x)du(x) =0). If we reduce
the representation g — Uwg, g € Z¢ to the diagonal form, then Hy is realized as

®
Hy= [ H;dmg(z2),
Zc

and we have the following decomposition of the representation g — Uy, , g € G of G,

@
Utpg :f Ug(Z) dmg(2),
Zg

where ¢ — U, () is the irreducible /-representation of G on the space H; for a.e. z.

Let M be the commutant of U, e 8 € G, i.e. M contains all bounded operators m on Hy
such that mUy, = Uy, m. There is a decomposition of M, M = fZ@ M, dmg(z) (see [9,
Appendice A]), where M; is a factor of type I,(;), where n(z) is a measurable function
from ZG to N.

Since ¢ is a Bernoulli action of G, then we can apply the same approach as in the proof
of Lemma 3.14 and prove that M contains for a.a. z a subfactor of type I, for any natural
number n. This means that M is also I-factor, and our representation g — Uy, has
Lebesgue spectrum with infinite multiplicity. a

Let us return to the proof of Theorem 4.14. Since ¢ is a free CPE action of G, then it
contains a Bernoulli subfactor, by [30, III, §3]. Thus, ¢ has the Lebesgue spectrum and
has a Bernoulli subfactor which has Lebesgue spectrum with infinite multiplicity. Hence,
¢ also has Lebesgue spectrum with infinite multiplicity (see proof of Theorem 3.8 for
details). O

4.5.  Actions of ULG-groups with positive entropy and their Pinsker algebras. In this
section, we consider an action ¢ of a U/ LG-group G with positive entropy, assuming that
¢ does not contain a discrete component, and hence the action ¢! is ergodic for any lattice
subgroup I' of G. We will show that the Pinsker algebra IT(p) exists for such an action,
and that IT(p) = IT(¢") (see Theorem 4.17). Then we will describe the spectral properties
for the action ¢ (see Theorem 4.18 below).

Recall that we assume that G is a subgroup of U7 ,(R), and 'y =G NUT ,(Z) is a
lattice subgroup of G, and below we will write ¢! instead of ¢!1. Notice also that the
definition of the Pinsker algebra for action ¢ is given in Definition 3.15 above.

PROPOSITION 4.16. Let ¢ be a free action of G on (X, B, n), with positive entropy
h(p) > 0, and let the spectrum ¢ not contain a discrete component. Then the Pinsker
algebras T1(p') and T1(¢") of the actions @' and ¢*, respectively, coincide. In particular;
@' is a CPE action of U if and only if T'y is a CPE action of T'y.
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Proof. The proof is based on Corollary 4.9, and can be proved by the same argument as
the proof of Proposition 3.16. O

THEOREM 4.17. Let ¢ and I'| be as in the statement of Proposition 4.16. Then T1(p) =
M(gh.

Proof. The proof is the same as the proof of Theorem 3.17, but now we apply
Proposition 4.16 instead of Proposition 3.16. Let us check only that IT(¢!) is ¢-invariant.
Without loss of generality, it is enough to consider the case G ="H. In this case,
I =H'=UT3D).

Let N be a normal subgroup of H such that x12, x23 € Z, and x13 € R. It is easy to
see that ! is a cocompact lattice subgroup of N. The same argument as in the proof of
Proposition 3.16 shows that TT(¢!) is " -invariant, and TT(p') = IT(¢N). If now g € H,
then I' = gH'g ™! is also a cocompact lattice subgroup of N and IT(p") = IT(p"). It is
clear that IT(¢") = gI1(¢;)g~". Hence,

gMehHg ' =" =M(e") =("H.
Since g is an arbitrary element from H, IT(¢') is g-invariant. O

Consider now the spectral properties of an action ¢ of G, as above, with positive
entropy. Again, we aim to reduce the problem to the restriction of ¢ to the centre Zg
of G and apply the results of Mackey [28] and Dixmier [10] outlined in §4.4.

THEOREM 4.18. Let ¢ be a free ergodic action of a group G, as above, on a space
(X, B, ) with positive entropy h(p) > 0 and Pinsker algebra T1(p). Then ¢ has infinite
Lebesgue spectrum on the Hilbert space HX = /J%(X, nw e /J%(l'[((p)), where L%(l'[((p))
is a subspace of E(Q)(X , 1) consisting of all T1(¢p)-measurable functions.

Proof. First, we can show that H, X = f Ze H, dmy(L), where mq()) is a Borel measure on

Z subordinated to the Haar measure on Zg, by applying the argument of the beginning
of the proof of Theorem 3.18.

Then we again use the same approach as in the proof of Theorem 3.18, applying
Corollary 4.2 instead of [5, Theorem 5]. This corollary states the existence of the Bernoulli
factor of ¢ such that it is independent, in some sense, from IT(p). Since this factor has
infinite Lebesgue spectrum by Lemma 4.15, the measure my(A) on Z¢ is subordinated to
the Haar measure, and then one can conclude, using the same argument as in the proof of
Theorem 3.18, that ¢ has also infinite Lebesgue spectrum on the space Hy. O
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