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Abstract

We develop the relationship between quaternionic hyperbolic geometry and arithmetic
counting or equidistribution applications, that arises from the action of arithmetic groups
on quaternionic hyperbolic spaces, especially in dimension 2. We prove a Mertens counting
formula for the rational points over a definite quaternion algebra A over Q in the light cone
of quaternionic Hermitian forms, as well as a Neville equidistribution theorem of the set of
rational points over A in quaternionic Heisenberg groups.

2020 Mathematics Subject Classification: 11F06, 11N45, 20G20, 53C55 (Primary);
11E39, 53C17, 53C22 (Secondary)

1. Introduction

The two main arithmetic results of this paper are a counting theorem and an equidistribu-
tion theorem of rational points with error estimates in quaternionic Heisenberg groups, see
Theorems 1-1 and 1-2 below. The proofs use methods and results from quaternionic hyper-
bolic geometry, arithmetic groups and ergodic theory of the geodesic flow in negatively
curved spaces. We refer for instance to [BeQ, Bre, Kim] for related results, and especially
to the introductions of [PaP3, PaP6] for motivations, going back to the Mertens and Neville
counting and equidistribution results of Farey fractions. The case of the standard Heisenberg
group has been treated in [PaP6], but new tools have to be developped in this paper besides
dealing with noncommutativity issues.

Let H be Hamilton’s quaternion algebra over R, with x — X its conjugation, n: x > xx
its reduced norm and, tr :x — x + X its reduced trace. Let A be a definite (A ®g R =H)
quaternion algebra over Q, with discriminant D, and class number & ,4. Let my =24 if Dy
is even, and m, = 1 otherwise. Let & be a maximal order in A. We denote by s{a, «, c) the
left ideal of & generated by a, «, ¢ € 0. See [Vig] and Section 2 for definitions. The 2-step
nilpotent group

N(O) ={(wg, w) € O x O : txr(wy) =n(w)} (1-1
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with law
(wo, w)(wy, w') = (wo + wy+ Ww', w+ w') (1-2)
actson & x O x O by the shears
(wo, w)(a,a,c)=(@a+wa+wyc,a+wec,c). (1-3)
THEOREM 1-1. There exists k > 0 such that as s — 400,
Card N (O\{(a,0,0) €O x O x O : gla,a,c)=0, tr(@c)=n(a), n(c) <s}
23.3%.5.7 D}

- S(14+0(57™)).
T a1 Mo~ D4 DG -1 O

The quaternionic Heisenberg group
Heis; = {(wg, w) e Hx H : tr wy=n(w)},

with the group law defined by equation (1-2) is the Lie group of R-points of a Q-group
whose group of Q-points is Heis; N(A x A), and in which A" (&) =Heis; N(0 x O) is a
(uniform) lattice. We endow it with its Haar measure Haarye;;, normalised in such a way that
the total mass of the induced measure on .4 (&)\Heis; is D3 /4. We will explain this nor-
malisation later. Theorem 1-1 is a counting result of rational points (ac~!, ac™!) (analogous
to Farey fractions) in Heis7, and the following result is a related equidistribution theorem.
In this paper, we denote by A, the unit Dirac mass at a point x.

THEOREM 1-2. As s — 400, we have
78 mp |07 T, p,(p = D>+ D(p* = 1) =
25.36.5.7 Df‘

*
X E A(ac*‘,atc*‘) - HaarHei57 .

(a,a,c)eOCxOx0,0<n(c)<s
tr(ac)=n(a), ¢la, a, c)=0

We refer to Theorems 8-2 and 8-3 in Section 8 for more general results with added con-
gruence properties, and to Remark 8-5 for counting and equidistribution results in higher
dimensional quaternionic Heisenberg groups.

The proof of the above arithmetic results strongly rely on quaternionic hyperbolic geom-
etry that we recall and develop in Sections 3 and 6 (see also for instance [All, KiP, CaP1,
Kim, Phi, CaP2, EmK]). Let ¢ be the quaternionic Hermitian form on H? defined by

q(20, 21, 22) = — tr(Z0 22) +n(z1) .

Let PU, be its projective unitary group, which is the isometry group of the quaternionic
hyperbolic plane Hz;, realized as the negative cone of ¢ in the right projective plane P?(H),
and normalised in order to have maximal sectional curvature —1. The proofs of Theorems
1-1 and 1-2 use the following two results of independent interests.

The subgroup PU, () = P(GL3(0) N U,) of PU, is an arithmetic lattice, and hence by
a standard result of Borel-Harish-Chandra, the orbifold PU,(¢)\H% has finitely many
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ends (also called cusps). By adapting Zink’s method [Zin], we compute their number in
Section 4.

THEOREM 1-3. The number of ends of the quaternionic hyperbolic orbifold PU,(O) \H3,
is equal to the class number h of A.

Using Prasad’s formula [Pra] and adapting Emery’s Appendix in [PaP2], we compute in
Section 5 the volume of the quaternionic hyperbolic manifolds PU, (& )\HZ. This com-
putation (equivalent by Hirzebruch’s proportionality theorem to the computation of its
Euler-Poincaré characteristic), is close to, and uses argument from, the paper [EmK] of

Emery-Kim.
THEOREM 1-4. The volume of the quaternionic hyperbolic orbifold PU(](ﬁ)\HHZﬂ is
equal to
7T4 ma
Vol(PU (O\HE) = —-——— [[(p = D@+ D’ = 1).

plDa

The analytical tools for the proof of Theorems 1-1 and 1-2 are developped in Section 7,
where we give various computations of the measures that appear in the application of the
ergodic tools of [PaP5], see also [BrPP, Chapter 12] where these results are announced.

The Cygan distance on the quaternionic Heisenberg group, the Poisson kernel, the
Patterson measures introduced and computed in Section 7, and related quantities, should
be useful in potential theory on the quaternionic Heisenberg group and for the study of
the hypoelliptic Laplacian in sub-Riemannian geometry, see for instance [F'S, Kra] for the
(complex) Heisenberg group.

In the subsequent paper [PaP7], we will give geometrical applications of this paper to
counting and equidistribution of quaternionic chains in the boundary at infinity of the quater-
nionic hyperbolic plane. A quaternionic chain is the boundary at infinity of a quaternionic
geodesic line (as defined in Section 3). We will also prove a Cartan-type theorem of rigidity
for the bijections of d,,Hy; preserving the set of quaternionic chains.

2. A reminder on quaternion algebras

In this section, we recall the basic definitions and a few facts on quaternion algebras (4-
dimensional central simple algebras), quaternionic linear algebra, and the ideal theory in
maximal orders in quaternion algebras. Our main reference for this material is [Vig].

Given a skew field D and n € N, we denote by P’ (D) the right projective space of D of
dimension 7, that is, the space of lines of the right vector space D"*! over D.!

Let H be Hamilton’s quaternion algebra over R, with x — X its conjugation, n: x > xx
its and reduced norm, and tr : x — x + X its reduced trace. Note that n(xy) =n(x) n(y),
tr(x) =tr(x) and tr(xy) = tr(yx) for all x, y € H. Let

ImH={xeH : trx =0}

be the R-subspace of purely imaginary quaternions of H, so that every element x € Im H
satisfies x = —x. For every x e H, let Imx =x — (1/2) tr(x) = (x —x)/2, which is a
purely imaginary quaternion.

IFor all X0, X1, - .., Xp € D, we have (x1, ..., x3)x0 = (X1X0, . - . , XpX0)-
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For every N € N — {0}, we consider the right vector space H" over H, on which the group
GLy (H) acts linearly on the left. For all w = (wy, ..., wy) and w’' = (wj, ..., wy) in HY,
we denote by w - w’ = Z,IY=1 w,, w), their standard quaternionic Hermitian product,? and we
define n(w)=w - w = Zg:l n(w,). We endow H" with the standard Euclidean structure
(w, w)+— (1/2) tr(w - w'). In particular, H and Im H are endowed with the Euclidean
structure making their standard basis (1, 7, j, k) and (i, j, k) orthonormal.

On the right vector space H x H"~! x H over H with coordinates (zo, z, z,), let ¢ be the
nondegenerate quaternionic Hermitian form?

q(20, 2, 2n) = — £r(Zo 20) + n(2) (2-1)
of Witt signature (1, n), and let ® : H"*! x H"*' — H, defined by
P ((20, 2, 20)s (20, 75 ) V> =202, —Zw 2p+ 2+ 2, (2:2)

be the associated quaternionic sesquilinear form. An element x € H'™!' is isotropic
if g(x) =0.

Throughout this paper, A is a quaternion algebra over QQ, which is definite, that is, A ®g R
is isomorphic with H. We fix an identification of A ®g R and H and, accordingly, consider
A as a Q-subalgebra of H.

The reduced discriminant D 4 of A is the product of the primes p € N such that A ®q Q,
is a division algebra. Two definite quaternion algebras over (Q are isomorphic if and only if
they have the same reduced discriminant, which can be any product of an odd number of
primes (see [Vig, page 74]).

A Z-lattice I in A is a finitely generated Z-submodule of A generating A as a Q-vector
space. An order in A is a unitary subring & of A which is a Z-lattice. It is invariant by
conjugation, since for every x € &, we have x = —x + tr x and by [Vig, pages 19-20], we
have tr & C Z C U since every element of & is integral over Z and & is a unitary subring.
It is contained in a maximal order (for the inclusion). The left order of a Z-lattice I is

OCi()={xeA:xICI}.

From now on, let & be a maximal order in A. It is well known that the trace map
tr: 0 — Zis surjective (see, for instance, [ChP, proof of proposition 16]). A left fractional
ideal of O is a Z-lattice of A whose left order is &. A left (integral) ideal of O is a left frac-
tional ideal of & contained in &. For any subset B of A, we denote by »(B) the left fractional
ideal of & generated by the elements of B. Right fractional ideals are defined analogously.
The inverse of a left fractional ideal m of & is the right fractional ideal

m'=xred :mxmcmj={xed :mxC0O}.
For all u, v e 0 — {0}, we have
(Ou+Ov)y ' =u'OnNv'0. (2-3)

If M is a right &-module, then endowed with the pointwise multiplication by & on the
left, the Z-module Homg (M, €') (of morphisms of right &-modules from M to O) is a left

2We have wi - (w'p) = A (W - w')p for all w, w’ € HY and A, p € H.
31t satisfies qg(x))=n(r)g(x) forall A e Hand x € H"*+!, since tr(uv) = tr(vu) forall u, v € H.
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O-module. We denote by M the left 0-module equal to the Z-module M endowed with
the left multiplication by & defined by (A, v) — v A. If m is a right fractional ideal of &,
then the map from m~! to Homg (m, &) defined by x > {y > xy} is an isomorphism of left
O-modules, see for instance [Rei, page 192].

Two left fractional ideals m and m’ of & are isomorphic as left &-modules if and only if
m’ =mc for some ¢ € A*. A (left) ideal class of O is an equivalence class of left fractional
ideals of & for this equivalence relation. We will denote by »¢ the set of ideal classes of &.
The class number h 4 of A is the number of ideal classes of . It is finite and independent
of the maximal order O

We denote by & the group of invertible elements (or equivalently of norm 1 elements)
of 0. Its order is 2, 4 or 6 except that || =24 when D, =2 and |0*| = 12 when D4 =3
(see [Eic, page 103] for a formula when 4 = 1).

By for instance [KO, lemma 5-5], the covolume of the Z-lattice & in the Euclidean vector
space H is

Vol(O\H) = % . 2-4)

3. Quaternionic hyperbolic space

In this section, we recall some background on the quaternionic hyperbolic spaces, as
mostly contained in [KiP], see also [Phi]. Note, however, that our conventions differ from
those of these references in the sesquilinearity properties of Hermitian products, in the
choice of the Hermitian form of Witt signature (1, n), and in the normalisation of the
curvature.

We fix n € N — {0, 1}. The Siegel domain model of the quaternionic hyperbolic n-space
H; is

{(wo, w)eHxH'! : tr wy—n(w) >O},

endowed with the Riemannian metric
1

(tr wo —n(w))?

dsi,;{ = ( n(dwo —dw - w) + (tr wo — n(w)) n(dw)). 3-1)
Note that this metric is normalised so that its sectional curvatures are in [—4, —1], instead of
in [—1, —1/4] as in [KiP] and [Phi]. This will facilitate in Section 8 the references to works
using that normalisation. Its boundary at infinity is

docHYy = {(wo, w) e Hx H'™' : tr wy — n(w) =0} U {o0}.

A quaternionic geodesic line in Hy; is the image by an isometry of Hj; of the intersection
of Hj; with the quaternionic line H x {0}. With our normalisation of the metric, a quater-
nionic geodesic line is a totally geodesic submanifold of real dimension 4 and constant
sectional curvature —4.

The Siegel domain Hj; embeds in the right quaternionic projective n-space P! (H) by the
map (using homogeneous coordinates)

(wg, w) —> [wy: w:1].

By this map, we identify Hj; with its image, which when endowed with the isometric
Riemannian metric, is called the projective model of Hy;. Note that this image is the negative
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cone of the quaternionic Hermitian form ¢ defined in equation (2-1), that is {[zo 171z, €
Pr(H) : q(z0, 2, 20) < O}. This embedding extends continuously to the boundary at infin-
ity, by mapping the point (wg, w) € dooHy — {00} to [wp: w: 1] and oo to [1:0:0], so
that the image of 9, Hf; in P! (H) is the isotropic cone of g, that is {[zo 1z:z,] e PH(H) :
q(20, 2, 22) =0}.

The distance between two points in the Siegel domain of Hy; has an explicit expression
using the projective model: If (wy, w), (w(, w’) € Hjy, with ® defined in equation (2-2), then

D ((wo, w, 1), (wgy, w', 1)) ®((wg, w', 1), (wo, w, 1))
q(wo, w, 1) g(wy, w', 1)

cosh® d((wo, w), (wp, w')) =

’

(3-2)
see for example [Mos] with the same normalisation of the metric as ours, [KiP, page 292]
and [Phi, section 1-2] with a discussion of the different normalizations of the curvature.
For every N € N, let Iy be the identity N x N matrix. Let

0 0 -1
J=10 I, 0 )
—1 0 0

which differs only up to signs with the matrix J in [KiP]. Given a quaternionic
matrix X = (xp,p’)ISpSr, 1<p'<s € %’S(H)7 let X* = ()C;p, =Xp.p )ISpSs, I<p'sr € '%sr(H) be
its conjugate-transpose matrix. Let

U,={geGL,y (H) : gog=¢q}={geGL, . (H) : g"J g=J}

be the unitary group of q. Its linear action on H"™! induces a projective action on P (IH)
with kernel its center, which is reduced to {#1,,,,}. The projective unitary group

PU, =U, /{£]w1}

of g acts faithfully on P (H), preserving Hy;, and its restriction to Hy; is the full isometry
group of Hj;. The connected (almost-)simple real Lie groups U, and PU, are also denoted
by Sp(1, n) and PSp(1, n), when the dependence on the choice of ¢ is not important.

We identify any element of H"~! with its column matrix. If

a y* b
X=|la A B|eGL, (M)
c & d

is a matrix witha, b, c,d e H, o, B, ¥, § € H""!' and A € A, ,_ (H), then

d —-p* b
JX*JI=|-8 A" —y
c —a* a
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The matrix X belongs to U, if and only if X is invertible with inverse JX*J. In particular,
X belongs to U, if and only if

cd—88+dc =0
ab—y*y +ba =0
—af* + AA* — Ba* =1,
ch—8y+da =1
ad—AS+Bc =0
ab—Ay+pa =0.

(3-3)

These equations are the same ones as in the complex hyperbolic case in [PaP1, section 6-1],
up to being careful with the orders of the products; see also [CaP1, CaP2] with different
sign conventions.

By for instance [KiP] or the set of equations (3-3), an element g € U, fixes 0o € dHJ;
if and only if its (3, 1) entry vanishes, or, equivalently, if g is block upper triangular (this is
the reason, besides rationality problems, why we chose the quaternionic Hermitian form ¢
rather than a diagonal one). We denote by

Sp(1) ={xeH : n(x)=1}
the subgroup of units (elements of norm one) of H*, and
Sp(n —1) ={g € GL,_ (1) : g"g = 1,1}

the compact symplectic group in dimension n — 1. An easy computation shows that the
block upper triangular subgroup of U, is

wro ¢* @@ +u)p
qu{ 0 U Ut
122

0 0

) el ', uelmH,
"UeSpn—1),ueSpl),r>01"

r

Its image PB, =B, /{%1,+:} in PUj is equal to the stabiliser of oo in PU,,.

4. The number of cusps of PU,(O)

Let A be a definite quaternion algebra over Q, and let &' be a maximal order in A. Let ¢
be the quaternionic Hermitian form defined in equation (2-1), whose associated quaternionic
sesquilinear form ® is defined by equation (2-2). Let U, (&) = U, NGL, (&), which is
(see below) an arithmetic lattice in Uy, and let PU, (&) be its image in PU,. The aim of
this section is to describe precisely the structure of the set of ends of the finite volume
quaternionic hyperbolic orbifold PU, (&) \H}; when n = 2.

In this section and the following one, we will need to make explicit the arithmetic structure
of U, (0). Since J has rational coefficients, we consider the linear algebraic group G defined
over Q, such that G(Q) ={g € GL,;+1(A) : g*J g=J}, and

G(K)={geGL,11(A®qK) : gJg=J}

for every commutative field K with characteristic 0. In particular, G(R) = U, = Sp(1, n)
and G(C) ~Sp,,(C).*

4This group is sometimes denoted by Spa(n+1)(C), for instance in [PIR].
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Note that the elements of G(QQ) automatically have reduced norm one in the right
A-algebra .#,,,(A). The involution t : x — X of the central skew field A over Q is of the
first kind (that is t|p=1idg) and second type (that is, A* = Q : the fixed point set of 7 in A
is its center Q). By [PIR, section 2-3-3] and in particular Proposition 2-15 (1) of op. cit., the
algebraic group G is absolutely connected, (quasi-)simple, simply connected of type C,. 1,
and denoted by SU,,;; (A, ®) in op. cit. Note that here SU means having reduced norm one.
See also [EmK, Remark 2-2].

Considering &"*! as a Z-lattice of H"*!, we endow G with the natural Z-form such
that G(Z) =U,(0) and G(Z,) ={g € GL,+1(0,) : g*Jg = J} for every prime p, where
O,=0Qy37L,.

Let us recall a few facts that follow from the work of Borel and Harish—Chandra (see
for instance [Bor, theorem 1-10]). The discrete group G(Z) is a lattice in G(R). If P is a
minimal parabolic subgroup of G defined over Q (for instance the stabiliser of co), then the
set Par, 4 of parabolic fixed points of G(Z) in G(R)/P (R) = 9. Hy; is exactly

Par, o = G(QP(R) = 9. Hy NP (A) .

This is the set of isotropic rational projective points in ' (H), on which G(Z) acts with
finitely many orbits. In particular, the set of cusps PU,(0)\ Par, ¢ is in bijection with
G(Z)\G(Q)/P(Q).

For every right &-submodule M of 0", with ®, : A"*! x A"*! — A the restriction over
A of the (integral over ©) sesquilinear form ® over H, we denote by

Mt={ye 0" :YxeM, ®,(x,y)=0}

the right ¢-submodule of &' orthogonal to M. Note that ®,(0"+! x 0"ty = 0. The
Hermitian &-module (0", ® ) is unimodular, that is, the map

©: O —> Homg (0", 0)
2= {1 Puz, 2)) 41

is an isomorphism between left &-modules. It is indeed clearly an injective morphism of left
O-modules. Its surjectivity comes from the fact that the coordinate forms z’ — 2,7 = zé),
7+ zi for 1 <i <n — 1 are up to signs the images by ® of the canonical basis elements ey,
e, and ¢; for 1 <i <n — 1 respectively.

For every x = (xg, X1, ..., X,) € A" let 5(x)=Oxog+ Ox; +---+ Ox, be the left

fractional ideal of & generated by xo, x1, ..., x,. The proof of the following result adapts
arguments of [Zin], where & is replaced by the ring of integers of an imaginary quadratic
field.

PROPOSITION 4-1. Assume that n =?2. For all nonzero isotropic elements x, x' in AL
there exists an element in PU,(O) sending the image of x in P! (A) to the one of x" if and
only if the left fractional ideals s(x) and 5(x') have the same class.

We do not know whether the result remains valid when n > 3.

Proof. The direct implication is immediate. Conversely, let x = (xo, ..., x,) and x’ be
nonzero isotropic elements of &"*! such that 4(x) and 4(x’) are in the same left ideal
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class. This means that there is some ¢ € A* such that 5(x) = s(x")c = g{x'c). In particu-
lar, this implies that x'c € 0"t As we are interested in the images of x and x" in P! (A),
it is therefore sufficient to prove that there exists an element of U, (&) sending x to x' if
o(x)= o(x').

Leta={a€A :xac 0"} and @ ={a € A : x'a c 0"}, which are (nonzero) right
fractional ideals of &, containing 1 since x, x’ € 0"*!. By equation (2-3), we have (omitting
x;'0 and Ox; if x; = 0)

a=x10N X O = (Oxg+ -+ Ox) " = (o(x)) = (o) =0

Composing the map ® defined in equation (4-1) @ the restriction map to xa, we
have a surjective morphism of left &-modules from &"+! to Homg(xa, ©). Its kernel is
the orthogonal subspace (xa)* = {z € 0"*! : ®,(x, z) =0}, which contains xa since x is
isotropic.

Let y € A"*! be such that ®,(x, y) # 0, which exists since ®, is nondegenerate. Up to
replacing y by y ®,(x, y)~!, we may assume that ® 4 (x, y) = 1. Let m be the right fractional
ideal of & such that 0"*! = (xa)* @ ym. Composing the explicit isomorphisms of right
O-modules

m=~ ym =~ 6" /(xa)* ~Hom,(xa, ) ~Homy(a, O) ~&~",

we have m =a~!. Since xA N 0"+ = xa C (xa)*, there exists a right &-submodule M of
0" such that

O"'=xadya'eM.

Note that the map tr: A — Q is onto. Since @4 (y +xX, y +xA) =D4(y, y) +tr A, up
to replacing y by y 4+ xA for some A € A such that tr A = —®4(y, y), which is possible
since ®4(y, y) € ANR =Q, we may assume that g(x) =¢g(y) =0and ®,(x, y) = 1.

Since xa@® y a~! is unimodular, we may take M = (xa® y a ~')L. Since n = 2, we may
write M = zb for some z € A" such that ®4(x, z) = ®4(y, z) =0 and some (nonzero)
right fractional ideal b of &. Since (0" *!, ®,) is unimodular and since zb is orthogonal to
xa®ya~!, wehave ®,(zb, zb) = bb ¢ (z) contains 1 and is contained in &, hence is equal
to 0. Therefore g (z) = 1/n(b).

Similarly, we have 0"t =x’a® y' a~! @ z’b’ with

1
n(b’)

q(x)=q()=P4(x", ) =4, 2) =0, P4(x",y)=1 and q(z") =

In order to prove that b = b’ by applying [Fro, theorem 1], we need an idelic interpretation
of the set .#, of right fractional ideal classes, see for instance [Vig, section III-5-B]. For
every prime p>2,let A,=A®yQ, and 0, =0 ®; Z,. Let J(A) be the idele group of
elements (x,), €[] » A, suchthat x, € O’ for all but finitely many primes p. Its subgroup
J(O)=]] » O acts by translation on the right, and the multiplicative group A* acts by
pointwise multiplication on the left. To every nonzero right fractional ideal / corresponds
an idele T = (x,)p € J(A), where I ® Z, = x,0, for every prime p, well defined modulo
multiplication on the right by an element of J(&'). The map I +— T induces a bijection
between the set %, of right fractional ideal classes and the double coset A*\J(A)/J(O).
Note that 0" *! is a free (hence locally free) ¢-module.
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Now [Fro, theorem 1 (ii)] implies that for all m >2 and all right fractional ideals

ar, ..., 4y, by, ..., b, of O, theright &-modulesa; @ --- D a,, and b; & - - - ® b,, are iso-
morphic if and only if the products of ideéles a; ... @, and by ... b, represent the same

ideal class. Now since xa® ya ' @ zb=0""' =x'a® y a~! @ 7'b’, the right -modules
a® a'@band a® a ! @b are isomorphic, hence by cancellation, the right fractional
ideals b and b’ have the same ideal class. Up to changing b and b’ in their equivalence class,
we may assume that b = b’, hence in particular ¢ (z) = ¢ (2).

The map xa + yc +zb+> x'a+y'c+zbforallaca, ce a~! and b € b is an isomor-
phism of right &-modules from &"*! to itself, preserving the quaternionic Hermitian form
g and sending x to x’. This completes the proof of Proposition 4-1.

From now on, we fix an integral ideal m of &, which is bilateral and stable by the conjuga-
tion x > X, as forinstancem = (1 + )0 if O =Z[(1 +i + j + k) /2, i, j, k] is the Hurwitz
maximal order in the Hamilton quaternion algebra A = ((— 1,-1)/ Q) over Q. The quotient
Z-module €' /m is then a ring endowed with an anti-involution again denoted by x > X.
We denote by U, (& /m) the finite group of (n + 1) x (n + 1) invertible matrices in &'/m,
preserving the Hermitian form —Zoz, — 2,20 + Z;:ll Z;zi on (O /m)"*!. Let B,(0'/m) be
its upper triangular subgroup by blocks 1 x (n — 1) x 1. We denote by I';,, the Hecke con-
gruence subgroup of U,(0) modulo m, that is, the preimage of B,(&/m) by the group
morphism U, (0) — U, (€ /m) of reduction modulo m. For every subgroup H of U,, we
denote by PH its image in PU,,.

PROPOSITION 4-2. Ifn =2, then:

(i) the set of parabolic fixed points of Py, is the set of points in d,,HY,, which is the

isotropic cone of q in P! (H), having homogeneous coordinates that belong to U,

(ii) the orbit PI'y, - 0o is the set of points in dHy having homogeneous coordinates
in P*(H) of the form [a : a : c] with (a, a, c¢) € O x m"~! x m, tr(ac) =n(a) and
ola, o, c) =10,

(iii) the map which associates to [a : o : c] € P! (A) the class of the left fractional ideal
ola, a, c) generated by its homogeneous coordinates induces a bijection from the
set of cusps PU,(O)\ Par, o of PU,(O) to the set of left ideal classes ¢.9 of O.

The number of cusps of PU, (&) is hence exactly the class number s, of A, and in
particular is equal to 1 if and only if D, =2, 3,5,7, 13 (see [Vig, page 155]). Since the
simple real Lie group PU, has rank one, the set of ends of the quaternionic hyperbolic orb-
ifold PU,(€)\H}, is in bijection with the set of cusps of PU, (&), and Theorem 1-3 in the
Introduction follows.

Proof. (i) By the previously mentioned results of Borel and Harish—Chandra, the result is
true if m = O, since any element in P"(A) may be represented by an element of "', As
PT",,, has finite index in PU, (&), the general case follows since a discrete group and a finite
index subgroup have the same set of parabolic fixed points.

Since (1,0, 0) = O, the assertions (ii) when m = & and (iii) follow from assertion
(i) and Proposition 4-1. assertion (ii) for any m follows by the definition of I'y,, since
the image of (1,0, 0) by a matrix in GL3(H) is its first column, and since a matrix
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ay*b
a A B eU,(0) belongs to I'y, if and only if «, c € m, by reducing modulo m the
c & d
equations (3-3). This completes the proof of Proposition 4-2.

5. The covolume of PU,(O)

In this section, we prove Theorem 1-4 in the Introduction, using Prasad’s volume formula
in [Pra] and arguments from [EmK].

Let & be the set of positive primes in Z. For every p € &, the order 0, = 0 ®7, 7, is
a maximal order in the quaternion algebra A, = A ®q Q, over Q, (see for instance [Vig,
page 84]). Let us denote by v, the p-adic valuation of QQ, and by n, the reduced norm
on A,. For every p € &, recall that by the definition of the discriminant D4 of A, if p
does not divide D,, then A, is isomorphic to .#,(Q,) and otherwise A, is the (unique up
to isomorphism) quaternion algebra over Q, that is a division algebra. Furthermore, let us
consider the discrete valuation v, = % v,on, on A, (with value group % Z). It coincides
with v, on Q,, which is the reason of the factor 1/2. The unique maximal order &, is equal
to the valuation ring of v, (see for instance [Vig, page 34], which does not have the factor
1/2, but this does not change the valuation ring {x € A, : v,(x) > 0}). We fix a uniformiser
7, € O, forv,: wehaven,(7,) = pand v,(r,) =1/2.

As in the beginning of Section 4, let G be the absolutely connected, (quasi-)simple, simply
connected algebraic group over Q, endowed with a Z-form, such that G(Z) = U, (&) and
G(R) =U,. We assume that n = 2 throughout Section 5.

Note that G is a Q-form of the split (hence quasi-split) algebraic group ¢ = Sp, over
Q, whose type is C3, by [PIR, page 89], since the involution 7 : x + X is of the first kind
and second type, ® is Hermitian and G = SU,,.; (A, ®) with the notation of op. cit.. The
Q-group G is an inner form of ¢ since the type C; has no symmetries in its diagram, by
[PIR, page 67].

Recall that (see for instance [Bou, partie V-6-2]) the exponents my, ..., m, of an (irre-
ducible, finite) Coxeter system (W, S) are the positive integers m such that *7% is an
eigenvalue of a Coxeter element of (W, S) (the product of the elements of S, which has
order i) under the standard reflexion representation. The absolute rank r of 4 and the expo-
nents my, . .., m, of the (irreducible, finite) Coxeter system (W, S) having the same type as
& are given by

r=3 and m=1, my=3, my=5 (5-1)

(see for instance [Pra, page 96] or the C, tables of [Bou]). Note that (see for instance [Pra,
section 1-5]) the dimension of ¥ is

dim(@)=r+) m;=21. (5-2)
i=1

Let .75 q, be the Bruhat-Tits building of G over Q,, (see for instance [Tit2, BrT2] for
the necessary background on Bruhat-Tits theory).

Recall that a subgroup of G(Q,) is parahoric if it is the (full) stabiliser of a simplex of
S6.0,» and maximal parahoric if it is the stabiliser of a vertex of the building .%; ¢,. A
vertex x € jﬁ-@p is special (see for instance [Tit2, section 1-9]) if the affine Weyl group of
an apartment of .%; o, through x is the semidirect product of its translation subgroup and
the stabiliser of x in it. A vertex of .%; o, is hyperspecial (see for instance [Tit2, section
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1-10]) if is special and stays special in the building fg,@ for an unramified closure QT,, of
Q, for which G splits. A maximal parahoric subgroup is special (resp. hyperspecial) if it is
the stabiliser of a special (resp. hyperspecial) vertex of .7 q,

A coherent family of parahoric subgroups of G is a family (Y,) ,c 2, where Y, is a para-
horic subgroup of G(Q,) for every p and Y, =G(Z,) for p big enough. The principal
lattice associated with this family is (see [Pra, section 3-4]) the subgroup of G(Q) consist-
ing of its elements that, when considered as elements of G(Q)), belong to Y,, for every
peP.

Let p € &2. First assume that p does not divide D 4. Then G is isomorphic to the algebraic
group & = Sp; over Q,,. The vertices of the building %4 o, are (see for instance [BrT2] or
[She]) the homothety classes of Z,-lattices in Qf generated as Z,-module by the union
A of the standard basis of three orthogonal hyperbolic planes, as for instance with % the
canonical basis for the standard symplectic form on Q,°. The special vertices of .7, are
hyperspecial, and correspond to the endpoints of the Dynkin diagram of type Cs, see for
instance [Tit2, page 60].

LEMMA 5.1. If p does not divide D 4, then G(Z,) is hyperspecial parahoric.

See also [EmK, lemma 5-5] at least when p # 2 : their hypothesis on (L = 03, h = ®)
is not satisfied here, since our form & is not diagonal, and making it diagonal requires to
invert 2 (which is possible in Q, if p # 2), but their proof only uses the properties of the
pair (L ®q Q,, h) at the place p, that stay valid for the diagonalisation of our form & (with

—% 00
matrix | O 1 O |]).
00 —%

Proof. In what follows, we denote by X > "X the transposition map of n x n matri-
ces. Note that A, =.#,(Q,) and &, = .#,(Z,) since p does not divide D,, and that

the conjugation map of the quaternion algebra .#,(Q,) is x = (CCI Z) > x% = ( d _b>

—C a

(see for instance [Vig, page 3]). Let Jo = (? _Ol)’ so that for every x € .#,(Q,), we have

0 0-1L JoO0 O
x% = J(f1 hx Jo.LetJy=| 0 I, O JandJ,=| 0 Jy O |.Considering 3 x 3 matrices
-5L 0 0 00 Jy

with coefficients in .#,(Q),) as 6 x 6 matrices, an easy computation shows that for every
X in A5(#,(Q,)), with X the matrix whose coefficients are the conjugates of the coeffi-
cients of X, we have 2X° = J{l ‘X J,. Thus X belongs to U, (A,), thatis, "X? J; X = J;, if

0 0 —Jy
and only if *X J3 X = J3 where s=JLJ;=| 0 Jy 0 |.Note that J5 is (up to a harm-
—Jo 0 O

less signed permutation of the canonical basis) the matrix of the standard symplectic product
defining ¢ = Sp;. We hence have G(Z,) =U,(0),) = Sp5(Z,), which is the stabiliser of the
class of the standard Z,-lattice Z p(’. This class is a special vertex by [Tit2, section 3-4-2],
or since its stabiliser in the affine Weyl group of the apartment defined by the standard sym-
plectic basis of (Q°, J3) is the spherical Weyl group of signed permutations of this standard
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symplectic basis. Since special vertices are hyperspecial for the type Cs, this completes the
proof of Lemma 5-1.

Now assume that p divides D4. Then G(Q,) = U,(A,) has local type 2C; in Tits’ clas-
sification, see [Tit2, page 67]. Note that SU="U in our case, as mentioned in [EmK,
remark 2-2]. Its local index is shown below (see [Tit2, page 63]):

hs
hs

3 2
X |—|
S S

In particular, G(Q,) has relative rank 1. By [Tit2, example 2-7], the building f@@,} is
a biregular tree of degrees p*> + 1 and p? + 1, and all its vertices are special. Hence all
maximal parahoric subgroups are special ones.

LEMMA 5-2. If p divides D4 and p # 2, then G(Z,,) is special parahoric.

See also [EmK, lemma 5-6] with a different proof (and the same comment as previously
concerning the verification of the hypotheses), our proof being useful in order to deal with
the case p =2 Dy.

Proof. We will use the interpretation of .%; g, as the set of minimaximising norms on A 3
(see [BrT1, BrT2], which uses a — logp version of them, in order to allow for infinite
residual fields).

With the notation of [BrT2, section 1-2], we take K =L :=Q,, D:= A, (so that the
center of the quaternion algebra D is L), o : x — x° :=X the quaternion conjugation in
A, (sothat L =K),e:=+1,D’={x € A, : tr x =0} (so that D’ is the set of elements
&e D such that £7 +¢£=0), X:=A 3 considered as a right vector space over A,, and
b: X x X — D the sesquilinear form over A, induced by extension of scalars to Q, of
the restriction ®,: A3 x A> — A to A of the quaternionic sesquilinear form @ defined
in equation (2-2) with n =2. Hence the form ¢ : X — D/D° = K of loc. cit. (defined by
g(x) =b(x, x) + D°) coincides with the extension of scalars to Q » of our form ¢ : A*—=Q
over (Q defined in equation (2-1).

With the notation of [BrT2, section 1-15], we take w; = w :=v,, which is a discrete
normalised (that is, w (K *) = Z) valuation on K = L =Q,, (such that w; (x”) = w, (x) for
every x € L) and wp = v,, which is a discrete valuation (with value group %Z) onD=A,
extending v, (as explained at the beginning of Section 5).

Let A+ |A|, = p~»™, which is a map from A, to [0, +oo[, be the unique extension
to A, of the absolute value of Q,. A norm on the right A ,-vector space X = A p3 is a map
o : X — [0, +00] such that:

(1) a(x)=0if and only if x =0;
(i) a(xA)=|Al,a(x)forallx e X and A € Ap;
(i) a(x +y) <max{a(x), a(y)}forallx,ye X.
5Compare with [BrT1, section 1-1]: a map o : X — [0, +o0[ is a norm as defined here if and only if
— logp « is a norm in the sense of [BrT1].
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Let f (keeping the notation of [BrT2, section 1-2, equation (6)]) be the map from X x X
to Q, defined by f(x, y) =q(x +y) —q(x) —q(y). As defined in [BrT2, section 2-1], a
norm o on X maximizes f if for all x, y € X, we have

Lf (e, Y <a(x)aly) .

A norm o on X maximises the pair (f, g) if it maximises f and if furthermore, for every
x € X, we have |[g(x)], < a(x)?. Note that if p # 2 so that 2], =1, since f(x,x)=2q(x),
then a norm « maximises f if and only if it maximises (f, ¢). A norm « on X minimax-
imises the pair (f, g) if it is minimal among the norms that maximises (f, ¢). The linear
action of G(Q,) =U,(A,) on X induces a left action on the set of norms on X that are
minimaximising for (f, ¢), by (g, @) > a o g™

A Witt basis of X is a basis (e_i, ey, e;) of the right A ,-vector space X such that

q(ex)) = f(ep, ex1) =0, and g(ey) = f(ej,e_1)=1.

By [BrT2, theorem 2-12], there exists a G(Q,)-equivariant bijection from the building
6., to the set of norms on X that are minimaximising for (f, ¢). Moreover, by [BrT2,
section 2-9, Proposition], using the fact that the value group of v, is %Z, for every Witt basis
(e_1, eg, 1) of X, the sequence («,,),cz of norms

1
o Y ek max{ p Aot [Aolp, PP IAI,

i=—1

for n € Z, is the sequence of norms that are minimaximising for ( f, ¢) associated with the
sequence of vertices (x,),cz along an apartment of jg,@p’ such that o is associated with
Xxo. Furthermore, let

%:e,ln;"ﬁp—i—eoﬁp—}—elnl’fﬁp

be the right &),-lattice generated by the Witt basis (e,lnp‘ ", e00),, eln;‘), which is the unit

ball of the norm «,, since |7,|, = p*%. Then by [BrT2, section 3-9 page 180], the smooth
affine group scheme %, over Z, associated with the vertex x, is the schematic closure of G
in the Z,-form of the general linear group GL3(A,) over Q, defined by the Z,-lattice 2y,
and ¥,,(Z,) is the stabiliser of the vertex x, in G(Q,).

Since p # 2, the element —2 is an invertible element of Z, hence of 0. If (¢’ , g, €})
is the canonical basis of X = A}, which satisfies g(el,) = f (e}, ¢,) =0, g(ef) =1 and
f(e), e ) =—2, then the triple (e_i, ey, e1) = (¢" 4, €, €] }2) is a Witt basis of X, and
generates the same right &),-lattice 2, as the canonical basis. Therefore, the subgroup
U,(0,)=6G(Q,) NGL3(0,) =%,,(Z,) is maximal parahoric, hence special parahoric.
This completes the proof of Lemma 5-2.

Remark 5-3. When p divides D, and p =2, the group U,(&),) is not parahoric. Indeed,
again with (¢’ |, e, ¢}) the canonical basis of X, since n,(m,) =2, the basis (e_, ey, 1) =
(¢ 75", e}, —€,m; ") is a Witt basis of X. With the above notation, U, (&%) is the subgroup
of the stabiliser of the special vertex x, in G(Q,) fixing the two edges with origin x, and
endpoints x4, since Z_ 1N Z1=¢_,0,+¢,0,+e¢, 0,.
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Thus, by definition, if D, is odd, the family (Y,) e with Y, = G(Z,) for every p € &,
is a coherent family of (maximal) parahoric subgroups of G, and

Uy (0)=G(Z)={geG(Q) : Vpe P, g€ G(Z,)}

is its associated principal lattice. If D, is even, the family (Y},),cs with ¥, =G(Z,) if
p #2 and Y, the stabiliser in G(Q,) of the point x, defined in Remark 5-3, is a coherent
family of special parahoric subgroups of G. We will compute below the index of U, (&) in
the associated principal lattice when D, is even.

For every p € &:

(i) lety, (respectively v,) be the vertex of . q, (respectively .#y o) stabilised by the
subgroup U, (&, (respectively Sp;(Z,)), such that if D, is even, then y; is the point
xo defined in Remark 5-3;

(1) let M,, (respectively %1,) be the maximal reductive quotient, defined over the resid-
uval field F, =Z,/pZ,, of the identity component of the reduction modulo p of the
smooth affine group scheme over Z, associated with y, (respectively v,); see for
instance [Tit2, section 3-5] with Q2 = {v}.

Note that M,, = ],, if p does not divide Dy, and that for every p € & the algebraic
group %p is isomorphic to Sp; (of type C3) over F,. In particular %p (F,)=Sp;(F,) and
thus, for every p € &2, by equation (5-2) and the orders of the finite groups of Lie type being
listed for example in [Ono, Table 1], we have

dim .#Z, =21 and | .Z ,(F,) | = p’(p> — D(p* = D(p* - 1). (53)

Assume now that p divides D4 and p # 2. Let us consider the pair (L = 0°, h = ®y),
where @4 : L x L — O is the restriction to L x L of the map ® defined by equation (2-2)
with n = 2. Recall that & is a maximal order in A = & ®y, Q. The pair (L, h) is a Hermitian
right &-module with Witt signature (1, 2), which is unimodulgr/ over p (called regular
over p in [EmK]). Recall that this means that the map from ﬁ; to Hom@,(ﬁp3 , 0p) is
an isomorphism of left &/,-modules. This property is indeed satisfied by [EmK, lemma 5-1]
since p # 2. This restriction p 7 2 is needed since putting % in diagonal form as in [EmK,
equation (5-1)] requires to invert 2 in &,.

With the notation of [EmK, lemma 4-1], let us consider k =Q, v=p, k, =Q,, G=G
(which does not split over p since p divides D), and P? =U,(&,), which is a special para-
horic group by Lemma 5-2, with type the vertex of the Tits index 2C; distinct from the one
coming from the hyperspecial vertices of the Tits index Cs. See also [EmK, lemma 5-6], with
the same caveat about the hypotheses as before. Then [EmK, lemma 4-1, equation (4-8)]
says that

p\dim M—dim 77,)/2 | /_/ZP(FPN —(p—DP+ P =1). (5-4)

| M ()l
Assume finally that p =2 divides D,. The Tits index of M,,, as computed by the rule of
[Tit2, section 3-5-2] is ?A,, and by [Tit2, section 3-5-4], the link of the vertex yp in the tree
J.q, canonically identifies with the spherical building of M,, over IF,. By [Titl, page 55],
Mp is hence the group U, (IF,2) where the involution on [F . is its Frobenius automorphism
x = x = x?. The spherical building of Mp is the finite set of isotropic points in the projective
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plane over IF .. The vertices of the link of y, = x, corresponding to x_; and x; with the nota-
tion of Remark 5-3 are the projective points defined by the (isotropic) first and last vectors
of the canonical basis of (IF ,,z)3 . Let H be the intersection of the stabilisers in U, (F ) of the
two isotropic points [1:0:0] and [0:0: 1]. An easy computation shows that H consists of
a00
the diagonal matrices | O U O |, with a, U, d € IF:Z, d=1/a=a"" and U’ = UU=1.
00d
Since the multiplicative group IF;Z is isomorphic to the additive cyclic group Z/((p*> — 1)Z),
which contains exactly p + 1 elements x such that (p + 1)x =0, the order of H is equal to
(p?> — 1)(p + 1). The center of U, (F,2) has order p + 1, and the quotient by its center is the
finite group called the Steinberg group >A,(p?) (which is simple if p # 2, and solvable if
p =2), whose order is®

1

—— PP =D+ D).
(3’p+1)p(p Yp'+ 1)

Hence the index of H in U, (IF ) is p*(p>+ 1)/, p+1). By Remark 5-3 and since p =2,
we hence have that the index of U, (&) in the parahoric subgroup Y, is

Y21 Uy(02)] = U, (Fy) : H] =24 (5-5)

Now, let u be the Haar measure on G(R) = U, = Sp(1, 2) normalized as in [Pra, section
3-6]. The next lemma relates it to the Riemannian measure coming from the choice made in
Section 3 of the sectional curvature on HZ.

JT4
LEMMA 5-4. We have Vol(PU, (0,) \ H) = o5 u(Uy (6,) \Uj)

Proof. The proof is similar to the one in [Eme] or Emery’s appendix of [PaP2].

By the definition [Pra, section 3-6 and section 1-4] of w, if w is the top degree exterior
form on the real Lie algebra of G(R) whose associated invariant differential form on G (R)
defines the measure  and if G, = G, (R) is the compact real form of G(C), then the com-
plexification w¢ of w on the complex Lie algebra of G(C) = G, (C) defines a top degree
exterior form w, on the real Lie algebra of G,, whose associated invariant differential form
on G, defines a measure u,, and we require that u,(G,) = 1.

Let i’ be the Haar measure on the noncompact real Lie group Sp(l, 2) that disinte-
grates by the fibration Sp(1, 2) — Sp(1, 2)/(Sp(1) x Sp(2)) = Hﬁ with measures on the
fibers of total mass one and measure on the base the Riemannian measure dvoly: of the
Riemannian metric with sectional curvatures contained in [—4, —1], as in Section 3. In
particular,

Vol(PU,(0,) \H]%H) = (U (OH\U,) .

Let ./, be the Haar measure on the compact real Lie group Sp(3) that disintegrates by the
fibration Sp(3) — Sp(3)/(Sp(1) x Sp(2)) = IP’r2 (H) with measures on the fibers of total mass
one and measure on the base the Riemannian measure dvolp:, of the Riemannian metric

6See [GLS , table I on page 8 ] where the group 2A,(p?) in our notation is denoted by 2A,(g) for ¢ = p.
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with sectional curvatures contained in [1, 4]. By [BGM, page 112 and example A-III-8], this
Riemannian metric is the standard Fubini—Study metric, and

4

i
Sp(3)) = Vol(P: (H)) =
., (Sp(3)) = Vol (P; (H)) = 20"

The duality between irreducible symmetric spaces of noncompact type endowed with a
left invariant Riemannian metric and the ones of compact type sends HZ, to P?(H), with
opposite signs on the range of the sectional curvatures (see for instance [Hel, chapter 5]),
and hence ' = % w. This completes the proof of Lemma 5-4.

We now want to apply Prasad’s volume formula [Pra, theorem 3-7]. For the notation of
this theorem, we take:

(i) k=Q, so that its set of infinite places is V., = {oc} with associated completion
ks =R, its set of finite places is V; = & with associated (nonarchimedean) com-
pletions k, = Q, for every v = p € V,, with valuation ring 0, = Z,, maximal ideal
m, = pZ,, order q, of the residual field f, =Z,/pZ, =T, equal to p, and its set of
placesis V =V, U Vy;

(ii) G =G, which is an absolutely quasi-simple, simply connected algebraic k-group,
which is an inner form of the absolutely quasi-simple, simply connected algebraic
k-group ¢, which is (quasi-)split over k, (and whose absolute rank r and exponents
mi, ..., m, have been recalled above), so that the integer 5(%) associated with ¢ in
[Pra, section 0-4] is 5(¢) = 0 since ¢ = Sp, splits over k = Q, and the Tamagawa
number of G is

w(G)=1

by page 109 of op. cit. since k is a number field, £ = Q is a smallest splitting field
of & over Q (since ¥ is split over QQ), and the discriminants of k and £ over Q are
Dk = Dg = 1,

@iii) S ={oo}, which is a finite set of places of k, containing all the Archimedean
ones, such that G(R) = U, is noncompact, so that Gs=]],.s G(k,) =U, and
Sy =8NV, isempty;

(iv) s =, which is the Haar measure on G = U, normalised as in [Pra, section 3-6],
and

(v) A is the principal S-arithmetic lattice associated with the coherent family of special
(maximal) parahoric subgroups (Y,),cy_s constructed after Remark 5-3, which does
satisfy the assumptions of [Pra, section 1-2], since when G splits over k, for v e V,
then Y, is hyperspecial by Lemma 5-1.

ves

With this notation, we may now state Prasad’s theorem in the special case when Sy is
empty, which is the case at hand. By [Pra, theorem 3-7], we have

(dim M,+dim .#,)/2

q,
(G)
>" 1_! | M, ()|

LamG [ Dy \35@) (m;)!
ws(A\Gs) = D; ‘ G(Wﬁc]) ( ’ l_[ (27;")’" i

(5:6)
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Assume first that D, is odd, so that A = U,(0). Equation (5-6) hence gives, since we
have A, = Mp if p does not divide D, and by equation (5-1) for the second equality,

P lL[ (m;)! 1_[ (dim M p+dim 7 ,)/2
1(Uy(O)\U,) = 2 _
q q i (27T)'"'+1 e |Mp(Fp)|
720 plim A, 7N R
H P\ P p(d M,—d //1,,)/2. (5-7)

TR LI, El i, | M, (E)

pID4

Using Euler’s product formula ¢ (s) = ]_[p < 1/(1 — p~*) for Riemann’s zeta function, we
have by equation (5-3), since ¢(2) =72/6, £(4) =7*/90 and ¢ (6) = 7°/945,

dim ., 12

p - —
=5(2) 54 ¢6)= 510300 °

pein | A o (E)p)|

(5-8)

Thus Theorem 1-4 in the Introduction when D4 is odd follows from equations (5-7), (5-8),
(5-4) and from Lemma 5-4.

Assume now that D, is even. The right-hand side of equation (5-7) computes the covol-
ume of the principal lattice A associated with the coherent family (Y,) ,c 2. By construction,
the group U, (0) is exactly the subgroup of elements in A that, when considered in G(Q),
belong to the finite index subgroup U, (&) of Y. Since A is dense in Y, and U, (€) is dense
in U, (&), this proves that the index m, of U, (&) in A is equal to the index of U, (&) in
Y,, which is m 4 = 24 by equation (5-5). This proves Theorem 1-4 of the Introduction when
D, is even.

6. Horospherical quaternionic hyperbolic geometry
In this section, we describe the geometry of the horospheres in the quaternionic hyperbolic
space Hj; (see also [KiP, Phi]). We introduce the quaternionic Heisenberg group and discuss
the geometry of its quaternionic contact structure (see for instance [Biq]).
The horospherical coordinates (¢, u, t) € H'™' x ImH x [0, +oo[, that we will use from
now on unless otherwise stated, of (wy, w) € Hjj U (0oHp — {00}) are

&, u,t)=(w, 2Imwy, tr wy —n(w))
n)+t+u (6-1)
f’ {)7

so that the Riemannian metric of Hj; is given by

hence (wg, w) = (

ds}y, = ﬁ(dtz—i—n(du —2Imd¢ -¢) +41 n(de)) . 6-2)

In horospherical coordinates, the geodesic lines from (¢, u, 0) € doHy — {00} to oo are, up
to translations at the source, the maps s — (¢, u, €*), by the normalisation of the metric.
The Busemann cocycle of Hy; is the map § : d..Hy; x Hy; x Hjy — R defined by

€, x, y) = Pe(x, y) = lim d(&, x) —d(&, y),

where s — & is any geodesic ray ending at &. It is invariant under the diagonal action of
the isometry group of Hj;. The horosphere with centre § € 9, Hj; through x € Hy; is the
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subspace {y € Hf; : B:(x, y) =0}, and the subspace {y € Hy; : B:(x, y) > 0} is the (closed)
horoball centred at £ bounded by this horosphere.

Given two points x = (¢, u, t) and x’ = (¢, u’, ') in HY,, the maps &, : s > (¢, u, e*) and
E s> (L', u', e*) are geodesic lines in Hyj through x and x’ respectively, converging to
00 as s — +oo. The Riemannian length of the affine path from &, to &/, whose last coor-
dinate is constant and equal to t = e*, is bounded by a constant times (t/ 12)% =e~*, hence
lim_, 4o d(&;, &) =0. Thus

Netm? 63
,Boo(X,x)—E 11?- (6-3)

The closed horoballs centred at 0o € 9., Hy; are therefore the subsets
A ={(¢, u,1) eHy : 1 =5} ={(wo, w) €Hy : trwy —n(w) > s}, (6-4)

and the horospheres centred at co are their boundaries 9727, where s ranges in ]0, +o00[ .
Note that, for every s > 1, we have

1
A, 0.H) = % . 6-5)
The Cygan distance’ on H}; U (0ocHp; — {00}) is (see for instance [KiP])

deye (G, u, 1), € u' i) =n (0@ =)+t — |+ @ —u' —2Im7 -2))"* . (6:6)

The quaternionic Heisenberg group Heisy,_; of dimension 4n — 1 is the real Lie group
structure on H"~! x Im H with law

& w¢ u)y=C+¢  u+u'+2Im¢-¢)

and inverses (¢, u)~! = (—¢, —u). When we have n =2, using the change of coordinates

¢ =w and u =2 Im wy as explained in equation (6-1) with + =0, we recover the defini-

tion given in the Introduction. The group Heisy,_; identifies with d Hj — {00} by the

map (¢, u) — (¢, u, 0). It furthermore identifies with a subgroup of PB, C PU, by the
1 ¢* n(@)+u

map (¢, u)—~> £ |01, g% , where ¢ € ., | |(H) also denotes the column vector
00 1

of ¢ € H"~'. It acts on the space H}; U (3.H}; — {00}) by the Heisenberg translations

€ ', t)y=@C+¢, u+u +2Im¢-¢', ).

They are isometries for both the Riemannian metric and the Cygan distance, and they pre-
serve the horospheres centred at oo. For every u € Im H, the Heisenberg translation by (0, «)
is called a vertical translation.

It is easy to see that the Cygan distance on Heisg,_; is the unique left-invariant distance
on Heis,,_; with

deys (2, 1), (0, 0) = (n(2) +n(w)* ,

"It is analogous to the Euclidean distance on the closure in R” of the upper halfspace model of LI
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or equivalently using Equation (6-1) that if (wo, w) € 9,Hy; — {00}, then

deyy (o, w), (0, 0)) = (4 n(wp))* .

We conclude this section with geometric lemmas that will be useful in Sections 7 and 8.
See also [Kim, section 3], with slightly different conventions, for a computation similar
to Lemma 6-1. The proofs are analogous to those in the complex hyperbolic case with the
added ingredient of being careful with the noncommutativity of the multiplication in the
present quaternionic case.

LEMMA 6-1. Forall points x = (¢, u, t) and x' = (&', u', t') in HY;, and for every (€, r) €
Heisa,—1 = dcHjy — {00}, we have

n o L fdey(x, (6, r)’
IB(EJ’)('X’ X ) - 2 In tdCyg('x,’ (gv I"))4 .

Proof. Ttis easy to check that the map ¢ : (wg, w) (wofl, wwofl) is an isometric involution
0 01

of Hy; sending (0, 0) € d,.Hy; to oo, induced by { 0 [,_; O |, which does belong to U,.
1 00

Hence, with x = (wy, w) and x" = (wy, w’), using equations (6-3) and (6-1) and the fact that

deye(x, (0, 0))* =4 n(wp) and deye (x', (0, 0))* =4 n(wy), we have

/ y_ 1ty = n('wp) )
X, X)) = Puo, X, X )=~ In
Bio,0y(x, x") = Bi0,0)( ) 5 ey B
_ L a1 1 dey (@, 0,007

2 tn(w ") 2 tdey(x, (0,004

The Heisenberg translation 7 by (&, r) preserves the last horospherical coordinates and the
Cygan distances. We have B (x, x’) = B, 0)(1*1x, 7~1x’), since T is an isometry of H;.
This completes the proof of Lemma 6-1.

LEMMA 6-2. The orthogonal projection from d..Hy — {(0, 0), oo} to the geodesic line in
Hy; with points at infinity (0, 0) and oo is (wo, w) — (2 n(wo)%, 0), that is, in horospherical
coordinates, (¢, u, 0) — (O, 0, (n(¢)? +n(u) )1/2).

In particular, the point preimages by this orthogonal projection are the spheres of center
(0, 0) for the Cygan distance on Heisy,,_1.

Proof. For every parameter a ranging in ]0, +o00[, consider the horosphere 9.7, centred
at oo. Its image by the isometric involution ¢ : (wg, w) > (wofl, wwofl) is, using Equation

(6-1), the horosphere { (§,r,¢t) eHy : t = a/4((n(§) +1)2+ n(r)) } centred at (0, 0). The
image of this horosphere by the Heisenberg translation by (¢, u) is the horosphere

{(.r,1)eHy : t=%((n(E—§)+t)2+n(r—u—21mz-§))}

centred at (¢, u). The orthogonal projection of (¢, u) on the geodesic line ¢ from (0, 0) to
oo is attained when the parameter a gives a double point of intersection (0, 0, t) between
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this horosphere and ¢£. The quadratic equation

a 2
t= 1 ((n(¢) + 1) +n(u)

whose unknown is ¢ has a double solution if and only if its reduced discriminant given by
A = (n(¢) —2/a)*> — (n(¢)* + n(u)) vanishes, that is, since a > 0, if and only if

2
T @) 2+ 0@

giving t = (n(¢)? + n(u))'/2. This completes the proof of Lemma 6-2.

LEMMA 6-3. Let C be the quaternionic geodesic line {(wy, w) e H : w=0}. The
orthogonal projection from Hy; to C is the map (wo, w) — (wo, 0). On dcHj — 05C
endowed with the horospherical coordinates, this map extends as (¢, u, 0) — (0, u, n(¢)).

Proof. Let (wy, w) € Hjj. It is easy to check that the distance given (see equation (3-2)) by
the formula

n(wo + wyg)

h? d((wo, w), (wp, 0)) =
cosh™ d((wo, w), (wy, 0)) —q(wo, w, 1) trw;

is minimised over (wy, 0) € C exactly when wj = wy.

Since C is totally geodesic, the closest point mapping from Hj; to C coincides with the
orthogonal projection, which is hence (wg, w) — (wy, 0). The expression in horospherical
coordinates of the boundary extension follows from the equations in (6-1). This completes
the proof of Lemma 6-3.

LEMMA 6-4. For every (wy, w) € 0ooHp — {00} with wo #0, the map from R to Hj
defined by s + (wo(1 +2e*wo) ™", w(l + 2e*wp)~") € HY, is a geodesic line from (wp, w)
to (0, 0).

1 0 0
Proof. The image of | ww, ' I,., 0] in PGL,,,(H) is the conjugate by the isometric
-1 —1\x
w, (ww, )*1

1 7 —1

involution ¢ : (wy, w') — (w; ~, w'wy, ) of the Heisenberg translation by ¢(wy, w). Hence
it belongs to PU,, fixes ¢(co) = (0, 0) and maps oo to (wy, w). It thus sends the geodesic
line from oo to (0, 0) defined by s > (0, 0, e=>*1"2) in horospherical coordinates, hence
by s+ [e7*:0: 1] in homogeneous coordinates by formula (6-1), to a geodesic line from
(wp, w) to (0, 0). An easy computation gives that this geodesic line is

S —> (wo(l +e®we) !, w(l + ezswo)*l) ,
as wanted, after a time translation. This completes the proof of Lemma 6-4.

LEMMA 6-5. Forall g € U, and s > 0 such that the horoballs F; and g 7€, have disjoint
interiors, if c, is the (3, 1)-entry of the block matrix g, then
s

d(J;, g 7)) = % Inn(cy) +1In 3
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Proof. We follow [PaP1, lemma 6-3]. As seen in Section 3, if we had ¢, =0, then g would

fix oo and would stabilise .77, which contradicts the assumption. Thus ¢, # 0. Multiplying

g on the left and right by elements of Heiss,_; does not change ¢, or d(J%, g %). We

may hence assume that g(oco) = (0, 0) and g~'(c0) = (0, 0) (in the coordinates (wg, w)).
ay*b

Writing g=| o A B |, the first condition implies that @ =0 and o =0, and the second
c & d

one that 8 =0 and d = 0. The first and second equations of formula (3-3) then imply that

y = =0, the third one implies that A is unitary, and the fourth one gives cb = 1. Thus,

00c¢!
g=[0A4 0
c0 0

with A € Sp(n — 1). It is easy to check, using the properties of tr and n, that
g7 = {(wy, w) € H x H'": tr wy — n(w) > s n(c) n(wp))} .

The points of intersection of the geodesic line from (0, 0) to co with the horospheres 9.7
(centred at 0o) and g 0.77; (centred at (0, 0)) are (s/2, 0) and (2/s n(c), 0). The distance
between them is as required by the statement. This completes the proof of Lemma 6-5.

7. Measure computations in quaternionic hyperbolic spaces

Let I' be a nonelementary discrete group of isometries of Hyj, let AI" be its limit set (the

smallest closed nonempty I'-invariant subset of d,,Hy;) and let dr be its critical exponent,
defined by

or = lim l In Card (I"xp) N B(xq, n)
n—>+oo n

for any xo € Hj;. We refer to [BrPP, chapter 1] for the background definitions and infor-
mations on the notions of this section. In this section, we give proportionality constants
relating, on the one hand, Patterson, Bowen—Margulis and skinning measures associated
with some convex subsets and, on the other hand, the corresponding Riemannian measures,
in the quaternionic hyperbolic case. These results were announced in [BrPP, chapter 7].

We start by briefly recalling the construction of these measures. Let (i4,)ccn; be a
Patterson density for ', that is a family (u,)cen;. of nonzero finite (nonnegative Borel)
measures on d,H; whose support is AT, such that y,u, = u, and

d iy

— ,dre(x. )
e )=e

¥
forall y eI, x, y € H; and (almost all) & € 9, HJ.

For every v € T'H!, let m(v) € H{; be its footpoint, and let v_, v, be the points at —oo
and +o0 of the geodesic line defined by v, respectively. Let xo € Hj; be a basepoint. The
Bowen-Margulis measure mpy for I' on T'H}; is defined, using Hopf’s parametrisation
vi> (U, vy, Bu, (X0, T(V))) from T'HY into 9 HY; X dHYy x R, by

difign(v) = e BT 20 Fhe 30D gy () d iy (v4) dt (7-1)
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Note that in the right-hand side of this equation, 7 (v) may be replaced by any point x’
on the geodesic line defined by v, since B, (w(v), x") + B,, (w(v), x’) =0. We will use
this elementary observation in the proof of Lemma 7-2 (ii). The measure rigy is nonzero,
independent of xy, is invariant under the geodesic flow, the antipodal map v +— —v and the
action of I'. Thus, it defines a nonzero measure mgy On T‘\TIH%I which is invariant under
the geodesic flow of I'\7'HY; and the antipodal map, called the Bowen—Margulis measure
on I'\T'HE,.

Let D be a nonempty proper closed convex subset of Hy;, with stabiliser I', in I', such
that the family (y D), cr,r, is locally finite in Hj;. We denote by 91D the outer/inner unit
normal bundle of 0 D, that is, the set of v € TlHﬁ}'JI such that w(v) € 0D, vy € dooHfy — 05 D
and the closest point projection on D of v, is w(v). Using the endpoint homeomorphism
v vg from 8}_LD to d,cHj; — 90D, we defined in [PaP4] (generalising the definition of
Oh and Shah [OhS, section 1-2] when D is a horoball or a totally geodesic subspace in the
real hyperbolic space HZ,) the outer/inner skinning measure 5 of I' on 31D, by

dGy (v) = e Pt gy (vy) . (7-2)

The measure 5; is independent of x,. It is nonzero if AT is not contained in d., D, and it sat-
isfies 5, = .0, forevery y € I'. The measure > yer/Th ¥«0p is a well defined I'-invariant
locally finite measure on 7'HY;. Hence, it induces a locally finite measure aff on M\T'H.,
called the outer/inner skinning measure of D in I'\T'H};. Note that if ¢:v+> —v is the
antipodal map, then 1,6, = &,. In particular 7,5, = 7,5,,, and the measures o, and o,
have the same total mass.

We will denote the standard Lebesgue measures on the Euclidean spaces H"~!' and Im H
by d¢ and du respectively, so that the usual left Haar measure dX4,_; on the Lie group
Heisy,_ is

d)\.4,1,1(§, u) = dCdu . (73)

In horospherical coordinates, the volume form of HY, = Heisy,_; x ]0, 4+o0[ is®

dvoly, (¢, u,t) = d¢ dudt . (7-4)

16 t2n+2

We begin by giving a lemma that relates the Riemannian volume of a Margulis cusp
neighbourhood with the Riemannian volume of its boundary, close to [KiP, lemma 3-1].

LEMMA 7-1. Let D be a horoball in Hyy and let T" be a discrete group of isometries of
Hy; preserving 0D (hence D). Then Vol(I'\0 D) = (4n + 2) Vol(I'\ D).

Proof. Since the group of isometries of Hf; acts transitively on the set of horospheres
of Hj;, we may assume that D = .. The horosphere centred at oo passing through a

point (¢, u,t) € 74 is equal to 9.7 and its orthogonal geodesic line at this point is
s+ (¢, u, e*), hence

dt
dvoly, (¢, u, t) =d voly (S, u, t) >

8See also [KiP, page 301] with a different normalisation.
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By equation (7-4), we hence have

dvoly (¢, u,t)= d¢ du (7-5)

8 t2n+l

for every t >0, therefore d voly (¢, u,t) = 1/t d voly % (¢, u, 1). The homeomor-
phism from 8.7 to 0.7 defined by (¢, u, t) — (¢, u, 1) commutes with the action of T'.
Thus,

+00 dt
Vol(r\jfl)zf dvolHnH(g,u,t)zf / d ol (C,u, 1) o
M\ r\wf 2t

+00 1
d vol Vol(T'\0.74]) .
/ ./;\(a}f Vol (6. D) 5 am 21‘2’“r2 T An+2 +2 oM7)

This proves Lemma 7-1.

Let I be a lattice in Isom(H), that is, a discrete group of isometries of Hy; such that the
orbifold I"\Hy; has finite volume. Its critical exponent is

or=4n+2 (7-6)

(see for instance [Cor, theorem 4-4 (i)]). The Patterson density (i4,)cen, of ' is uniquely
defined up to a multiplicative constant, and is independent of I". We will choose the normal-
isation as follows. Let o, be the Heiss,—;-invariant measure on doHy — {00} defined (see
for instance [BrPP, equation (7-5)]) by

/’Loo— hm e /’Lp(t), (77)

where p is the geodesic ray starting from any point in 3.5 and converging to co. By
the uniqueness property of Haar measures on Heisy, ;, we may uniquely normalise the
Patterson density so that p coincides with A4,_; on 0, Hy; — {00} = Heisy, i, that is

diteo(§, 1) =drap1(§,r) =dE dr .

The various computations of Patterson, Bowen—Margulis and skinning measures are
gathered in the following statement.

LEMMA 7-2. Let I' be a lattice in Isom(Hy), and let (i) eny, be its Patterson den-
sity, normalised as above. For all x = (¢, u, t) and x' = (', u', t') in HY, for all (§,7) in
3o H, — {00} and for all v in T'HY; such that vi. # 00, we have:

| t2n+l
() dp. (&, r)= deyg (x, (£, 1))8r+4

(i1) wusing a Hopf parametrisation v — (v_, vy, §),

g1 (v-) dhgp1(vy) ds

dé dr;

dimgy(v) =
dCyg(U79 U+)8n+4 ’
(ii1)
- 1
mpm = San—a VOIT‘H%I )
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and in particular, if M = U'\HE,, the total mass of the Bowen—Margulis measure of
C\T'Hy}, is

ol = s o Vol(M)

ML S n — 1y

(iv) using the homeomorphism v v, from Bi% to dooHyy — {00} = Hleisy,—1, we
have

45}, (v) = i (1)

for every horoball D in HY;, we have

J'r,ﬁDi =8 volyp ,

and the total mass of the skinning measure of D in T\T'Hy, is
losll =16(2n + 1) Vol(T'p\D) ;
(v) for every geodesic line D in Hyj, we have

2n+1

~t+
MO = 5 an = )

dm, voly p

and, with m the order of the pointwise stabiliser of D in T,

2n—1
4 T Cn+ 1!
=——— Vol(I'p\D);
o5l = i —yr VOIT\D)

(vi) for every quaternionic geodesic line D in Hy,, we have

1
~4 _
dm.op, = S dm, volyi p

and, with m the order of the pointwise stabiliser of D in T,
2n—2

m 2412 (2n — 3)

loy || = - Vol(I'p\D) .

Proof. In the computations below, it is useful to note that Lemma 6-1 implies that

t2n+1 dCyg(-x/a (%-’ r))8n+4
()2 deyg (x, (€, r))3ntt

(i) The geodesic line from (&, r) to oo goes through 9.7 at the point (&, r, 1). For all
1 € 0 Hjy — {00}, let x 44 , be the intersection point with 0.7 of the geodesic line from
n to co. By the normalisation of d 1, by the definition of 1., and by the Radon-Nikodym
property of the Patterson density, we have

e—(4n+2) Bie.n(x, x') _

(7-8)

dy () = 0By (%, X1 ) ,
dpos

https://doi.org/10.1017/50305004121000426 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000426

92 JOUNI PARKKONEN AND FREDERIC PAULIN

for all x € Hy; and (almost all) € d,.Hj; — {oc}. Hence we have

du dpy
e dr & .r)= .

The result then follows from equations (7-6), (7-8) and (6-6).

(ii) Note that if x" is on the geodesic line £ defined by v, since £ is asymptotic near v_
to the geodesic line from v_ to oo, an easy computation using equation (6-6) shows that
deyg (X', v_)>~ 1t as x' — v_. Hence, by equation (7-1) and the comment following it, by
equations (7-6) and (7-8), by assertion (i), and by letting x" converge to v_ on the geodesic
line defined by v, we have

(&, r)= e rBent & r D)

ditigp(v) = e~ @RIV g (v) d e (vy) ds

B ( t dCyg(xv U,)4 ¢ dCyg(xa v+)4 t2 )2n+l
tdeyg (X', Vo)t deye (X7, V1) deye (X, v2)* deye (x, v4)*

ddap—1(v_) dAgy_1(vy) ds
1

= m dhgn—1 (V) dAgy_1(vy) ds .
Cyg\V—, Uyt

(iii) Recall that the Liouville measure volrig;, (which is the Riemannian measure for
Sasaki’s metric on T'HY,) disintegrates under the fibration 7 : T'Hj, — Hf, over the
Riemannian measure voly; of Hy, with conditional measures the spherical measures on
the unit tangent spheres:

d volrig (v) = f d volriy (v) d voly, (x) .
xeHY,

Letx = (¢, u, t) € Hy;. Since the group I, of isometries of Hj; fixing x acts transitively on
T Hy;, since both 1, and the Riemannian measure volr g, are invariant under /., using the
I,-equivariant homeomorphism v > v, from T'HY, to d,,H};, we have, for all v € T'H},
such that v, # oo, using assertion (i) for the last equality,

4n—1 4n—1 2n+1
dvolrig. (v) = w duy(vy) = VolE™ ) 1 i
”/’Lx” ”/'Lx” dCyg(x’ v+) +

By homogeneity, by assertion (i), by equation (6-6) applied with (¢, u, t) = (0, 0, 1) and
(', u',t')y=(&,r,0), by using the spherical coordinates in the Euclidean spaces H"~! and
Im H of real dimensions 4n — 4 and 3 so that d& = s*'3ds d volgw—s and dr = p*dp d vols:,
and by using the changes of variables p — p/(s> + 1) and s > s2, we have

letall =1 ||—/ az dr
AT IO J s (@ + 1D 0

+00 4n 5 st d,O
—VOI(S4" 5) Vol(Sz) // (s2+ 1)2+p2)2n+1

d +00 2n—3 d
— 7 Vol(S*~ 5)/ p_ap / v
o (1 +p2)2n+l 0 (S + 1)4n—l

d)"4n—l(v+) . (79)
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By the residue formula at a pole of order 2n 4 1 and by Leibniz formula, considering the

. 1 . . *f — (=DF@n+k)!
map f:z+> e which satisfies ok ()= Bt 1T for every k € N, we have

+o0 p2 dp ) Z2 . 1 82
/oo (,02+ 1)2n+1 =2im Reszzi (z 2 4 1)2n+1 =2in (2n)! 3z n (Z) (sz(Z))
2i 92 §2n-1 5212
= (Zl’g'< a2{:(z)+4nza f(z)+2n(2n—1)82 J;(Z)) _
mn(4n—2)!

24n—2((2n)!)2 ’
By integration by parts and by induction, we have

/+°° s 3 ds 2n — 3)! +oo ds _ (2n—3)!(2n)!
0

(s+D* 1 (4n—-2)---2n+2) Jo (G+DP2 " (4n —2)!

Since Vol(S*~!) = Vol(S“”*S), we hence have

2n— 1 ) (2n

[l = Vol(S*™ 1.

24n71
Hence, by equations (7-4) and (7-9), using the endpoint homeomorphism defined by
v (vg, (V) = (¢, u, 1)) from T'HY, to 9. HY x HY;, we have, for all v € T'H; such that
Uy # o0,
2471—5

d volrign = Ay, d¢dudt. 7-10
YOI () = (@, 1), vy e e du 710

Now, let us consider the smooth map F : Heiss,—; xR — H; defined by

€ rs)— (=80 +@E+n e,
u=1m () +1 (1 + @) +r)e)7),

. m@V+nv»&f>
Tal+@®+ne™ /)

Note that we have F (0, i, 0)=(0,i/2, 1/2). By Lemma 6-4 and formula (6-1), the map
s+ F(&,r,5) is a geodesic line in Hy; starting from (&, r, 0) and ending at (0, 0, 0). On
this geodesic line, s and the time parameter in Hopf’s parametrisation differ only by an
additive constant, hence have the same differential.

Recall that by homogeneity, the two measures /gy and voly gy, are proportional. Hence
we compute their (constant) Radon—Nikodym derivative at the unit tangent vector v € T'H}
such that v_ = (0, i, 0) and w(v) = (0, i/2, 1/2), so that v is tangent to the geodesic line
s+ F(0,1i,s) at s =0, hence v, = (0, 0, 0). By assertion (ii) with (£, r, 0) parametrising

_ and by equations (7-10) and (6-6), we have

dvolpy, 2% deys (0., 0), (0.0, 0))8+* d¢ du dt

~ - (Oy ia O)
deM dCyg((Oa 27 )s (05 07 O))8n+4 d%‘ dr ds
d¢dud
_ o3 AL AUdL ()
dé drds
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Let us compute the Jacobian at (0, i, 0) of the map F: (&, r, s)— (¢, u, t). Taking the
derivatives at the point (0, i, 0), we have, using the canonical basis i, j, kK of Im H in order
towrite r =ryi +roj +r3k and u = uyi + usj + usk,

ad 1 a ad ar 0t a
—é‘: .IHn—l, —é‘:—é‘zo, —:—:O, —uzo’
& 141 ar  0s ds  0& &
000 -1
a a at
—=oto]. =[o|. Z=(00).
r 00% s 0 r

Since the Jacobian matrix of F at (0, 7, 0) is block diagonal when the variables are separated
into the 4(n — 1) first ones and the last 4 ones, since the multiplication by 1/(1 + i) in H"~!
is a Euclidean homothety of ratio 1/+/2, and since the determinant of the 4 x 4 matrix of
the partial derivatives of u, t with respect to r, s has absolute value 1/8, the Jacobian of
F at (0, i, 0) is equal to (1/+/2)*"*D x (1/8) = 1/(22"*"). The first claim of assertion (iii)
follows.

The second claim follows from the facts that Vol(7'M) = Vol(S*'~') Vol(M) and that
Vol(S*—1) = (22””_2,”)!.

(iv) By the definition of the skinning measure 8’% in equation (7-2) and of the measure
U in Equation (7-7), we have

5 (v) = djins (v})

for every v € Bjrjﬁ, since B,, (7 (v), p(t)) =—t +o(1) as t — +oo. The first claim of
assertion (iv) follows by the normalisation of the Patterson density.
By equation (7-5), we have

1
d volypi (¢, u, 1) = g dg du. (7-11)

Hence 77*5;%, =8 volyuu, and by the transitivity of the isometry group of Hy; on the set of
horoballs in Hy;, the second claim of assertion (iv) follows. Therefore, by Lemma 7-1,

lof|l = llmoi] =8 Vol(I'p\dD) =16(2n + 1) Vol(Tp\D) .

(v) By the transitivity of the isometry group of Hj; on the set of its geodesic lines, we may
assume that D is the geodesic line in Hf; with points at infinity (0, 0) and co. The map from
the full-measure open subset {({, u) € Heisy,—1 : ¢ #£0, u # 0} in Heisg,_; to the product
manifold S* =5 x §?x 10, 4+o0[ x 0, 7/2[ defined by

12
(C, u) —> (o — =" = (@) +nw)"?, 6 =arctan nr(l'g) > (7-12)

n@):  n@):

is a diffeomorphism. Since

1/2

n)=pcosf and n(u)’~=psind, (7-13)
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we have

dr du = % n(0)* 2 d(n(¢)) d volgu-s ( ) n(u) d(n)'’?) d volg (

¢ u
n(¢)'? n(u)1/2>

1
=3 cos? 36 sin? 0 p>" d volgu-s (o) d vols:(w) dp d# . (7-14)

Using respectively in the following sequence of equalities:

o the definition of the skinning measure in equation (7-2) with basepoint x, = (0, 0, 1) and
the homeomorphism sending v € BJFD to vy = (¢, u) € Heisq,—; —{(0, 0)}, equation (7-6)
and Lemma 6-2;

e equation (7-8) and assertion (i);

e equation (6-6); and

e equations (7-13) and (7-14),

we have
d&;(l)) — e*(4n+2) B (0,0, ((¢)*+n(m))'/?), (0,0, 1)) d/’L(O o ({, Lt)
(R(6)* +n(uw) P2
= 2 12 St d{ dl/l
deye((0, 0, ((2)? +n@)"?), (¢, u, 0))8+
2 12 2n+1
—( (n(2)* + n(w)) ) e
() + (n(5)* +n))"?)? + n(u)
cos* 3 sin® 0 dp

= 22142 (1 + cos B)2n+1 d volguw-s(o) d volg (w) 7 deo .

Thus,

_ ¢, Vol(§*'=5) Vol(S?) dp

dmn.5; (0,0, p) 2242 0

(7-15)

where, using the change of variable t = tan(6/2),

Z 2n-3 g i 29 1 1
. / oF T T e = / (A=) 32(1+12) dr .
s (I+cosgynet @0~ om=2 |y
With I, ,, = [, £2P(1 — £2)7 dt, we have by integration by parts and by induction
g I

22 gl 2p)! (p+q)!
P pl@p42g+ 1)

221 2n =3 2n—1)! 2n+ 1)
(4n—1)! '

The next step is to obtain an expression similar to equation (7-15) for the Riemannian
measure of the submanifold 3} D of T'H}; (endowed with Sasaki’s metric). For every x € D,
let us denote by v! D the fiber over x of the normal bundle map v > 7 (v) from 9 iD to D.
We endow v! D with the spherical metric induced by the scalar product of the tangent space
T.Hj; at x. The Riemannian measure of 9} D disintegrates under this fibration over the

/ 1
Hence ¢, = 55 (11,203 + D2, 20-3) =
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Riemannian measure of D as
d Volaw(v) = / d vol,ip(v) d volp(x) .
xeD

By looking at the expression (6-2) of the Riemannian metric of Hj; in horospherical
coordinates, using the homeomorphism p — x = (0, 0, p) from ]0, 4+oo[ to D, we have

dp
dvolp(x)=—.
2p

Hence
a2, dp
dm, volaiD(O, 0, p) = VoI(S ) 35" (7-16)
P
We have
24;171 7'[2"71 (271 _ 1)y 27‘[2”72
Vol(S*'~2%) = d Vol (S )y = ———— .
oI(5™™) (4n —2)! an ol = 5

Equations (7-15) and (7-16) give the first claim of assertion (v).
The second one follows, since pushforwards of measures preserve their total mass, and
since

| Vol (S#1-2)
Vol(T'y p\3L D) = ———= Vol(T'p\D).
m

(vi) By the transitivity of the isometry group of Hy; on the set of its quaternionic geodesic
lines, we may assume that D is the quaternionic geodesic line

C ={(wy, w) eHy : w=0}

or, in horospherical coordinates, C = {(¢, u, t) e Hf; : ¢ =0}.

Hence, using the homeomorphism from H}FC to {(¢, u) € Heisq,_; : ¢ #0} sending a
normal unit vector v to its point at infinity v, = (¢, u), by the definition of the skinning
measure in equation (7-2) with basepoint xo = (0, 0, 1), by equation (7-6), by Lemma 6-3,
by equations (7-8) and (6-6), and by assertion (i), we have

dgc(v) — ¢~ @n+2) B (0,1, n(0)), (0.0, D)) d,U«(o 0 1)@-’ u) = d¢ du

24n+2 n(§)2n+1

¢
= W d(n({)) d VOISM—S (W) du .

In particular,

Vol(S§*~) gy 1@@)

AmGe (0, 1, () = g du =

For every x € C, let us denote by v! C the fiber over x of the normal bundle map v > 7 (v)
from BiC to C, endowed with the spherical metric induced by the scalar product of the
tangent space T, Hy; at x. The Riemannian measure of BiC disintegrates under this fibration
over the Riemannian measure of C as

d volaic(v) = / d vol,ic(v) d volc(x) .

xeC
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Using equation (6-2) and the homeomorphism (u,t=n(¢))r>x=(0,u,t) from
Im Hx ]0, +o00[ to C, we have

LR} 1 dn@))
d vole() = (37)"du dt = o5 du ===
Hence
4n—5
dr, voly: ¢ (x) = Vol (S %) d vole (x) = Vol (S*'7?) du d(n(?))

24 n(¢)*

The result follows as in the end of the proof of the previous assertion. This completes the
proof of Lemma 7-2.

8. Equidistribution and counting in quaternionic hyperbolic geometry

In this section, we first use the general results of [PaP5] (see also [BrPP]) and the compu-
tations of Section 7 to give explicit asymptotic counting and equidistribution results on the
number of common perpendiculars that are shorter than a given bound between two properly
embedded locally convex proper closed subsets of I'\Hy, for any lattice I' in PU,,. Using
Sections 4 and 5, we then give two arithmetic applications, generalising Theorems 1-1 and
1-2 in the Introduction. We refer to [PaP7] for geometric applications.

Let I' be a lattice in PU,. Let D~ and D* be nonempty proper closed convex subsets of
Hy;, with stabilisers I'p- and I'p+ in I" respectively, such that the families (y D7) er/r,-
and (y D"),er/r,, are locally finite in Hj;. With the measures defined at the beginning of
Section 7, let

(o p+y 2 o o]
r [lmemll

For all y, ¥’ in T, the convex sets y D~ and ' D™ have a common perpendicular if and
only if their closures y D~ and y’D~ in Hj; U 9,.Hy; do not intersect. We denote by o, -
this common perpendicular, starting from y D~ at time ¢ = 0, and by £(c,, ,-) its length. The
multiplicity of o, , is

1
N Card(yTp-y—' Ny Tpy'~H’

my,y

which equals 1 for all y, y’ € I" when I acts freely on 7 'H; (for instance when I" is torsion-
free). Forall s > 0and x € 9D, let

ms(x) = E ey
yel/Tp+ : D~ NyD¥ =0, a, , (0)=x, L(ct,, ,)<s

be the multiplicity of x as the origin of common perpendiculars with length at most s from
D~ to the elements of the ['-orbit of D*. For every s > 0, let

“/1/D’,D+(s) = Z nmy .y,

(v, yNeP\((I/Tp-)x(I'/Tp+)) : y D= Ny’ DY =, L(a,, ,1)<s

where I' acts diagonally on I' x I'. When I has no torsion, .49~ p+(s) is the number (with
multiplicities coming from the fact that I'p+\ D* is not assumed to be embedded in I'\H};)
of the common perpendiculars of length at most s between the images of D~ and D™ in
M\H},.
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Let us determine some constants before stating Theorem 8-1 giving the asymptotics of
Np-. pr(s) as s — +00, and its associated equidistribution claim. We assume from now on
that D~ is a horoball in Hj; centred at a parabolic fixed point of I'. We assume from now on
that D% is one of the following three possibilities, we denote by m™ the cardinality of the
pointwise stabiliser of D' in I" and we compute ¢(D~, D) using Lemma 7-2 and equation
(7-6). If D™ is also a horoball in HJ; centred at a parabolic fixed point of T, then

24+ (20 + 1)! Vol(I'p-\D~) Vol(I'p+\D")

D™, D" =
o ) nn Vol("\HYy)

If D* is a geodesic line in H}; such that I'p+\ D" is compact, then

24 (20 — 1)!2n + 1)! Vol(Tp-\D~) Vol(I'p+\ D)
7 m* (4n)! Vol(I'\HY,)

(D™, DY) =

If D* is a quaternionic geodesic line in Hj; such that I'p+ \ D™ has finite volume, then

2(n—1)(2n—1) Vol(Tp-\D7) Vol(I'p+\ DY)

D™, D" =
ol ) 2 mt Vol(T\HZ)
Lemma 7-2 (iv) also gives that
1 - 1
4 + dvolyp- .

T JT*O'D_ =
llop-II 22n+1) Vol(I'p-\D™)

Recall that every lattice in PU, is arithmetic, by the works of Margulis, Corlette, Gromov-
Schoen, see [GS, theorem 8-4]. The following counting and equidistribution result of
common perpendiculars follows from [PaP5, theorem 15 (2)] (with the remark preceding
it concerning the proof by Kleinbock—Margulis and Clozel of the exponential mixing prop-
erty for the Sobolev regularity of the geodesic flow), see also [BrPP, sections 12-2-3]. We
denote by A, the unit Dirac mass at a point x.

THEOREM 8:1. Let T, D—, D" be as above. There exists k > 0 such that, as s — 09,
N p () =c(D”, D) % (140(e™)) .

Furthermore, the origins of the common perpendiculars from D~ to the images of D™ under
the elements of I equidistribute in d D~ to the induced Riemannian measure: as s — 400,
2(2n+1) Vol(I'p-\D7) o=l +2)s
c(D—, D%)

> m() A, X volyp- . 8-1)

xedD~

For smooth functions i with compact support on d D™, there is an error term in the
equidistribution claim of Theorem 8-1 when the measures on both sides are evaluated on 1,
of the form O(e™* || ||,) for some « > 0, where |||, is the Sobolev norm of ¥ for some
feN.

We now apply Theorem 8-1 in order to prove an analog of Mertens’s formula and
Neville’s equidistribution theorem in the quaternionic Heisenberg group. See for example
the Introduction of [PaP6] for an explanation of the name.

Let m be a nonzero bilateral ideal in & stable by conjugation. As defined in equations
(1-1)—(1-3) in the Introduction, the action by shears on & x & x € of the nilpotent group
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N (O) preserves O x m x m. We will study the asymptotic of the counting function W,
where, for every s > 0, the number W, (s) is the cardinality of

JV(@’)\{(a,a, c)el0 xmxm: tr(ac) =n(a), gla,a,c)=0, 0<n(c)§s}.

We endow the ring &' /m with the involution induced by the quaternionic conjugation. Let
U, (0 /m) be the finite group of invertible 3 x 3 matrices in &'/m, preserving the Hermitian
form —Zo 22 — 22 20 + 21 21 on (O/m)*. Let B, (0 /m) be its upper triangular subgroup.

THEOREM 8-2. There exists k > 0 such that, as s — +00,
23-36-5-7D§ | B, (0 /m)]
wEmy |07 [],p,(p — D>+ D(p? — 1) | Ug(O/m)]

W (s) = $S(14+03G™)).

The particular case m = & gives Theorem 1-1 in the Introduction. We will prove this result
simultaneously with the next one. We endow the Lie group Heis; with its Haar measure
Haaryys, defined in the Introduction. The following result is an equidistribution result of the
set of Q-points (satisfying some congruence properties) in Heis;, seen as the set of R-points
of a Z-form of a Q-algebraic group with set of Q-points Heis; N(A x A) and set of Z-points
N (0). The particular case m = & gives Theorem 12 in the Introduction.

THEOREM 8-3. As s — +00, we have

76 mal0%| Ty, (P = D@ + DE* = DU /ml
25.36.5.7 D% | B,(O/m)| '

*
Z A(ac“,ozc“) - HaarHeiS7 .
(a,a,c)e0xmxm, 0<n(c)<s
tr(ac)=n(a), ¢la, a, c)=0
As in Theorem 8-1, for smooth functions ¥ with compact support on Heis;, there is an
error term in this equidistribution result when the measures on both sides are evaluated on

Y, of the form O(s ™ || ||,) for some k > 0, where |||, is the Sobolev norm of i for some
£eN.

Proofs of Theorem 8-2 and 8-3. We start by introducing the notation used in these proofs.

We consider the quaternionic Hermitian form ¢ defined in equation (2-1) with n = 2. For
every subgroup G of U,, we denote by G its image in PU,, and again by g the image in PU,
of any element g of U,,.

We consider the lattice I' = U, (&) in U, defined in Section 4, so that T = PU,(0). We
denote by I'y, the Hecke congruence subgroup of I' modulo m, that is the preimage, by the
group morphism I' — U, (&' /m) of reduction modulo m, of the upper triangular subgroup
B, (0 /m). Since —id € T',,, we have

| U, (O/m)]

F:Toer: e Yaiml
[ 1=l =15 @ m)

(8-2)
We denote by I 4 the stabiliser in 'y, of the horoball .77 defined in equation (6-4). It is
equal to B, NI', where B, has been defined in Section 3, since an element of I" fixes oo if

and only if it preserves .7¢]. The group I" ;4 is independent of m, by the definition of I'y,.
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The projection map from I' ;4 to I' ;5 is 2-to-1 since —id € I" ;4. We identify the lattice
N (O) of Heis; with its image .4" (&) by the embedding of Heis; in PU, defined in Section
6. The description of B, at the end of Section 3 gives

- 1 1
[Fﬁl:W(ﬁ)]=5[rﬁﬁ:ﬂ(ﬁ)1=§|ﬁﬂ2. (8:3)

The following result gives in particular the computation of the volume of the cusp at infinity
for T.

LEMMA 8-4. The Haar measure A7 on Heis; defined in equation (7-3) coincides with the
Haar measure Haaryeis, defined in the Introduction, that is, the total mass of the measure
induced by A7 on N (O)\Heis; is D% /4. Furthermore

D

VOI(F_M\%)ZW-

(8-4)

For instance, if D4 =2 and & is the Hurwitz order

Cl+i4j+k
o 2

72 Z+Zi+7Zj+ Zk,
which has 24 units and Im & = Zi + Zj + Zk, then vol(T » \.74) = 1/23040, to be com-
pared with [KiP, proposition 5-8] for a related computation.

Proof. Note that tr : H — R is a fibration, with fiber /2 + Im H over ¢ € R. The Lebesgue
measure of the Euclidean space H disintegrates by this fibration over the Lebesgue mea-
sure of R, with conditional measures on the fiber 1/2 the Lebesgue measure of the fiber:
dxodx dx,dx; = (% dx1dx>dx3)d(2xo). Since the map tr is additive, since it maps &
onto Z with kernel Im & as recalled in Section 2, this implies that Vol(Im & \ Im H) =
2 Vol(0' \ H)). Again by the surjectivity of the map tr: & — Z, for every w € O, the set
{woe€ O : tr wyp=n(w)} is a translate of Im &. Hence by equations (6-1) and (2-4), we
have
D 2
A7(A (O) \ Heis7) =2 Vol(Im &'\ Im H) Vol(€' \ H) =4 Vol(0 \ H)* = TA .
This proves the first claim of Lemma 8-4.

Now, by equation (8-3), by Lemma 7-1, by equation (7-11), we have

S 2 - 1 -
Vol( T \ ) = e Vol( AN (O) \ H) = 5167 Vol( A (0) \ 0.74)
2

A (AN (O) \ Heisy) = Dy

40072 160 |0<

This proves Lemma 8-4.

We need one more notation before giving the proof of Theorem 8-2. Consider an element
g €T, such that g7 and 7] are disjoint (there are only finitely many double classes
[glel 4 \[w/T o for which this is not the case). We denote by £(8,) the length of the
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ag
common perpendicular §, between g 7 and J7. If | «, | is the first column of g, then

Cg

g-oo=la,:a,:cyl
We use the following facts in the system of equations below.

e For the first equality, note that the cardinality of each nonempty fiber of the projection map
from {(a, a,c) e xmxm: gla,a,c)= ﬁ} to P2(H) is | €| and that the projection
from A (O) to A (0) is injective.

e The second and third equalities follow from Proposition 4-2 (ii).

e The fourth equality follows from Lemma 6-5.

e The fifth equality follows by equation (8-3) and by the definition of the counting function

N, -
e The sixth equality follows from the first claim in Theorem 8-1 with n =2, ' =T, and
D~ =Dt =J4.

e The last equality follows from equations (8-4) and (8-2) and from Theorem 1-4

We hence have, for some « > 0 and for every s > 0,

(a,a,c) € 0 xm xm,
W, (s) = |0| Card W\{[a:a:c]ePf(H) : ola, a, c) =0,
tr(ac)=n(a), 0<n(c) <s

(a,a,¢c) € 0 x m x m, }

=|0"| Card g \{la:a:c] €Ty 00 : pla. o) = 0. 0<n(c) <s

=0 Card{[g]eg/V(ﬁ)\ﬁ/F_%pl : 0<n(cg)§s}
=|0"| [T : A (0)]Card{[g] € Ty \ T / T 1 £(8,) < st —In2}+0(1)
=%|ﬁxl3 JVM,%(mTS —1n2) +0(1)

15107 (Vol( T \ 7))’
T 7% Vol(Tw \H2)
B 2.30.5.7 D4 | B, (6 /m)|
— 78 ma |0 [ Ug(O /)] T,p, (P — D(P?+ D(p> = 1)

(1407

s> (1+06™)).

This concludes the proof of Theorem 8§-2.

Let us prove now Theorem 8-3. The orthogonal projection map f : 9 HZ;, — {oo} — 9.7
is the homeomorphism defined by [wy: w : 1]+ ({ = w, u =2 Im wy, 1) using the homo-
geneous coordinates on GOOHIZHI — {oo} and the horospherical coordinates on 9.7 (see
formula (6-1)). Let x € .74 be the origin of a common perpendicular of length at most
s from .77{ to a horoball y 77 for some y € I'y, not fixing co. The point x is the orthogonal
projection on J# of the point at infinity of this horoball y 7. This point at infinity may
be written [ac™!, ac™!: 1] for some triple (a, a, ¢) € O x m x m with s(a, o, ¢)= 0,
tr(ac)=n(a)and 0 <n(c) <4 e* (using Lemma 6-5). Such a writing is not unique, there
are exactly |€*| such triples. Hence by the second claim of Theorem 8-1 with I' =T, and
D~ = D* = ], using the horospherical coordinates on 3.74], we have, as s — +00,
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7* Vol( Ty, \H%)

210.3 10| Vol(T 4 \7A)

Z A(arl,zlm(arl), 1) EN VOIa%ﬁ . (8-5)

(a, &, c)eOxmxm, 0<n(c)<4e*
tr(ac)=n(a), ¢la, o, c)=0

e—lOs X

Recall that the Haar measure A; on Heis; = EJOQH%1 — {00}, defined in equation (7-3), coin-
cides with the Haar measure Haary,;, by Lemma 8-4. Its image by the above map f is, by
equation (7-5),

S Haargei,, = fu A7 =8 voly i .

Using the change of variables s — 4 ¢ and the continuity of the pushforward by f~! of the
measures on d.7#] applied to equation (8-5), we hence have, as s — 400,

*
A(ac*‘,ac*‘) — HaarHeiS7 .

8 * Vol(T, \H?
R iy OIS
3 |ﬁ | VOI( F‘}fl \jﬁ) (a, o, c)eOxmxm, 0<n(c)<s
tr(ac)=n(a), ¢la, a, c)=0
Finally, Theorem 8-3 follows from this, from equations (8-4) and (8:2) and from
Theorem 1-4.

Remark 8-5. Theorems 8-2 and 8-3 have generalisations in higher dimension. Theorem 8- 1
(which is valid in any dimension), applied with I' = PU, (&) and with D~ = D™ the horoball
of points in Hy; with last horospherical coordinates at least 1, gives a counting and equidistri-
bution result of the orbit I" - oo — {0} in dooHleisy,_; with error term. The volume of I'\H;
could be computed using [EmK], up to computing the index of I' in a principal arithmetic
subgroup containing it. The volume of the cusp corresponding to oo in I'\H}; may also be
computed by the same method as for the proof of equation (8-4).

Other counting and equidistribution results of arithmetically defined points in the quater-
nionic Heisenberg group Heiss,_; may be obtained by varying the cusp (when n =2 and
ha # 1, there are at least two cusps by Theorem 1-3), the integral quaternionic Hermitian
form g of Witt signature (1, n) and the arithmetic lattice I" in Uj,.
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