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We prove optimal improvements of the Hardy inequality on the hyperbolic space.
Here, optimal means that the resulting operator is critical in the sense of Devyver,
Fraas, and Pinchover (2014), namely the associated inequality cannot be further
improved. Such inequalities arise from more general, optimal ones valid for the
operator Py := —Agny — A where 0 < A < A1 (HY) and A\ (HY) is the bottom of the
L? spectrum of —Apn, a problem that had been studied in Berchio, Ganguly, and
Grillo (2017) only for the operator P)\l(HN). A different, critical and new inequality

on HY, locally of Hardy type is also shown. Such results have in fact greater
generality since they are proved on general Cartan-Hadamard manifolds under
curvature assumptions, possibly depending on the point. Existence/nonexistence of
extremals for the related Hardy-Poincaré inequalities are also proved using
concentration-compactness technique and a Liouville comparison theorem. As
applications of our inequalities, we obtain an improved Rellich inequality and we
derive a quantitative version of Heisenberg-Pauli-Weyl uncertainty principle for the
operator Pj.
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1. Introduction

The Hardy inequality on (Euclidean) domains has been studied intensively for the
last few decades. Much of the interest has centred on optimal improvements of the
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inequality and the effect of the domain on the Hardy constant. Its generalization
to Riemannian manifolds was intensively pursued after the seminal work of Carron
[15], see for instance [9,10,18,29-31,40]. Let (M, g) be a Riemannian manifold
and let o(z) be a weight function satisfying the Eikonal equation |V,o| =1 and
Ago > C/(0) where C' > 0 a positive constant. By [15] there holds

C—1\? 2
/M |V gul? dvg, > (2) /M % dv, YueCX(M)\ o '{0}). (1.1)

In the case of a Cartan-Hadamard manifold M of dimension N (namely, a mani-
fold which is complete, simply-connected, and has everywhere nonpositive sectional
curvature), the geodesic distance function d(z,z¢), where xg € M, satisfies all the
assumptions of the weight ¢ and the above inequality holds with the best constant
((N —2)/2)2, see [31]. In particular, considering the most important example of
Cartan-Hadamard manifold, namely the hyperbolic space HY | inequality (1.1) reads

2 2

/ |V~ ul? dugy > (N_Q) / L dvgy, VueCPMHN\{z0}) (1.2)
HN 2 HN r2

with 7 := d(x,z0) and 2o € H" is a fixed pole.

The effect of curvature has been exploited in [29-31,40] to improve inequality
(1.1) (in the sense of adding nonnegative terms in the right side of the inequality) on
Cartan-Hadamard manifolds. This is in contrast to what happens in the Euclidean
setting where the operator —Ag~ — ((N —2)/2)2/(|z|?) is known to be critical in
RN\ {0} (see [19]) and improvements of such quadratic form inequality are not
possible. However, there is a huge literature about improved Hardy inequalities
on bounded Euclidean domains after the seminal works of Brezis and Marcus [13]
and Brezis and Vazquez [14]. See also [5-7,20-24] and references therein. We now
describe qualitatively the contributions given in the present paper.

e Critical improvements of the Hardy inequality with optimal constant.
It is known that the operator, —Ay~ — ((N —2)/2)2/(r?) is subcritical oper-
ator in HY \ {z0}, and the existence of a remainder term for inequality (1.2)
involving a multiple of the L2-norm is also known by [40]. Furthermore, a new
type of improvement of (1.2), and more generally of (1.1) on Cartan-Hadamard
manifolds, has been recently provided in [31] by showing that more curvature
implies more powerful improvements, see remark 2.4 below. Nevertheless, as far
as we are aware, the criticality of the resulting ‘improved’ operators has never
been studied.

The first goal of the present paper is to address this topic by looking for a
weight V' > 0 such that the following improved Hardy inequality holds true

N -2\’ 2
/ |VHNU|2 d'UHN 2 <2> / % dUHN
HN HN T

+ [ Vu? dogy VYue CF(HY) (1.3)
HN

and the associated operator —Agn~ — (N —2)/2)2/(r?) — V is critical in HY \
{z0}. Hence, the inequality is not true when V is replaced by W >V, W # V,
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and this is the reason why we will call such V' an optimal weight. In this respect,
we note that for any second-order elliptic subcritical operator P in HY, and any
compactly supported, positive perturbation V of P in HY, there always exists
Ao 8.t. P — AoV is critical in HY (see [37]). So qualitatively we aim at finding
a potential that is as large as possible at infinity and such that inequality (1.3)
is not improvable.

In corollary 2.3 below we show that an optimal radial weight V' > 0 such that
(1.3) holds is

. (N —=2)(N -3)

) (149

where g(r) = (rcothr —1)/(r?) > 0 and r > 0. In particular, g satisfies g(r) ~
1/3 as r — 0" and g(r) ~ 1/r as r — +o0. It is clear from (1.4) that V(r)
yields, as a byproduct, an L? improvement of the Hardy inequality (1.2) and
we point out that, to our knowledge, the constant N — 2 we get in front of
the L2-term is greater than the existing known bounds in literature, cf. [40].
Though, except for N = 3, the optimality of the weight V' does not imply that
N — 2 is the best constant in obvious sense. It is also interesting to note that our
optimal inequality is closely related to the improved Hardy inequality studied
in [31], we refer to remark 2.4 for a detailed discussion. Here we only mention
that the main result on the Hardy inequality given in [31], when considered on
HY, follows as a particular case of our results. Also the extension of our results
to more general Cartan-Hadamard manifolds is obtained under less restrictive
assumptions than in [31]. Indeed, we only require curvature bound in the radial
direction, see § 4 and, besides, we allow for curvature bounds varying with the
point.

e Hardy-type improvements of the Poincaré inequality. It is worth noting
that the weight V() in (1.4) originates from a suitable family of Hardy weights
improving Poincaré-type inequalities on HY with N > 2. Indeed, the validity
of the Poincaré inequality (or L2-gap inequality, see [35] for generalizations)
on H”Y with best constant

Vanul? d N-—1)?
A (HY) = inf Jux | qu‘ AL ( ) (1.5)
weC@(HN\{0}  [yyn u? dugy 2

makes it natural to inquire whether, for any given A < A;(H”), a Hardy-type
inequality associated with the family of nonnegative operators Py := —Ag~y — A
holds. More precisely, for any A < A (H), one looks for functions Vi > 0 such
that the following inequality holds true

/ | Vi~ u|? dvgy — )\/ u? dogy > / Vyu? dogy  Yu € C°(HY),
HN HN HN
(1.6)

and the operator Py — Vj is critical in HY \ {z¢} so that (1.6) does not hold
for any W)\ 2 V,\, W)\ 75 V)\.
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When A\ = A\ (HY) and N > 3, a weight such that the above condition is satisfied
is known to exist. More precisely, inequality (1.6) holds with A = Ay (HY) and
11 (N-1)(N-3) 1

= . 1.7
472 4 sinh? r (17)

V)\I(HN) (7‘)

Furthermore, the operator Py, vy — Vi @~) is critical in HY. The inequality has
been shown first in [2] and then, with different methods, adaptable to larger classes
of manifolds, in [9], where criticality has also been shown. We refer the interested
reader to [8] and [10] for higher order and L version of inequality (1.6) for A = Aq,
respectively, and to [12] for other functional inequalities in the same setting but
involving the Green’s function of the Laplacian.

Hence, a further goal of this work is to complete the study of (1.6) for A < A (HY)
and to address the criticality issue when N = 2, a case which was not dealt with in
[9]. Clearly, from the validity of (1.6) with A = A (HY) and Vy = V), @~y as given
above, it is readily deduced that for any A < A (HY) an optimal radial weight for Py
is Va(r) = (AL(HN) = X) + Vy, @~y (r). In theorem 2.1 below we provide a second
optimal radial weight V which coincides with V), g~y if A = A1 (HY), while it gives
inequality (1.3) with the weight in (1.4) if A = N — 2. Moreover, for N > 3 and any
A < A(HY), Vy satisfies

N-2\*1
VA(r)~(2> 3 asr — 0T,

The same asymptotic holds for V', hence both V) and V' tend to reproduce the
classical Hardy weight near the origin but it can be shown that V) is larger than
V », see remark 2.2 below. Clearly, when N = 2 one cannot expect an improvement
with a Hardy term like in higher dimensions. Indeed, near the origin we have

14+ VT —4N)(1+ 3V —4X)

19 asr — 0

Vatr) ~ |
for any A < \;(H?) = 1/4.

e A new critical quadratic form inequality on the hyperbolic space. We
shall show the validity of a new quadratic form inequality on HY, which is
locally of Hardy type. The inequality reads

N —2\? 2
/ ‘VHN'UJ|2 d’UHN 2 () / LQ d’UHN
N 2 m~ sinh™r

1 u?

T dv
4 /IHIN sinh? r (log (tanh(r/Q)))2 .
N(N -2
+ Q/ u? dogw . (1.8)
4 HN
It will also be shown that the operator
—AHN — . 2 - 2 2
2 sinh®r  4sinh® 7 (log (tanh %)) 4
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is critical in HY \ {x} and the constant (N(N — 2))/4 is sharp in the obvious
sense. For a somewhat related inequality on the geodesic ball and for radial
functions, see [16, proposition 1.8], optimality issues not being discussed there.

e General Cartan-Hadamard manifolds. It is important to comment that all
the above results in fact hold under the curvature bound Kr < —1, K being
the sectional curvature in the radial direction of a Cartan-Hadamard manifold
with a pole (or, with some modifications, if Kr < —c¢ < 0), see theorem 4.1 and
its corollaries. We have so far stated them in the special case of HY for greater
readability only. In fact, theorem 4.1 proves suitable integral inequalities even
under more general curvature bounds that can depend on the point. Inequality
(1.8) can be extended to general Cartan-Hadamard manifolds as well, in fact,
a new critical inequality is proved in theorem 4.5. It is important to stress that
such inequality will be shown under the assumption that curvature is strictly
negative at infinity, more precisely it can be allowed to vanish as the distance
from a given pole tends to infinity but not faster than quadratically.

e Existence of extremals for optimal inequalities. Coming back to inequal-
ity (1.6) with N >3, we also take the different attitude of fixing Vi (r) =
(I(\))/(r?) and looking for the best constant I = I(\) > 0 such that (1.6) holds.
In other words, the following infimum problem arises

Vaul? dvgy — A 24
I0):=  inf Jen [V o S dvgr (1.9)
ueCE (HN )\ {0} Jun (u?/7?) dogw

Clearly, I(0) = ((N —2)/2)? while, by (1.7), I(A(HY)) = 1/4.

In theorems 2.7 and 2.8 we investigate existence/nonexistence of extremals
of I(\) for any A € [0, A\;(H”)]. Furthermore, we provide a lower and an upper
bound of the maximum value of A such that I(\) = ((N — 2)/2)?, namely of
the best constant in front of the L?-type remainder term for (1.2).

e Further results. The rest of the paper is, on one hand, devoted to present a
further remarkable application of (1.6), namely the derivation of suitable quan-
titative versions of Heisenberg-Pauli- Weyl uncertainty principle for the shifted
Laplacian in the hyperbolic setting; the corresponding inequalities should be
compared with those obtained in [29-31]. Besides, we also generalize the Hardy-
type inequalities to more general ones in which the energy term may involve
weights as well, and also prove improved, weighted Rellich inequalities in the
spirit of [9], with optimal Rellich term.

e Plan of the paper. The paper is organized as follows. In § 2, we state
theorem 2.1 in HY, namely our family of optimal inequalities (1.6), and some
interesting inequalities derived from theorem 2.1, among which the inequality
(1.3) associated with the weight (1.4). Finally, we state theorems 2.7 and 2.8
related to the study of existence/nonexistence of extremals for (1.9). Section 3
is devoted to the application of theorem 2.1 to obtain the above mentioned
quantitative versions of Heisenberg-Pauli-Weyl uncertainty principle involving
the shifted Laplacian in the hyperbolic space setting. In § 4, we discuss the
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extension of our results to general Cartan-Hadamard manifolds. Sections 6, 7
and 8 are devoted to the proofs of the statements of §§ 2 and 4. Finally, in the
Appendix we state some Hardy-Maz’ya type inequalities in dimension 2 related
to the inequalities of § 2.

2. Main results

We start by providing a suitable family of optimal Hardy weights for the operators
Py := —Ag~y — A. We comment here and once for all that, although stated for
functions compactly supported away from the pole, most inequalities also hold
without such requirement by density arguments: in fact, for example, in the next
theorem formula (2.1) holds without such requirement if N > 3.

THEOREM 2.1. Let N >2. For all A<\ (HY)=((N—-1)/2)? and all u€
CX(HN \ {z0}) there holds

/ | Vi~ ul? dogy — )\/ u? dogw
HN HN

> (’YN()‘W/ QLQ dogn + N Ow(A) +1) / g(r)u2 dogw~ (2.1)

4 N r2 2
N -1 A))(N =3 — A 2
O IO [,
4 mN sinh” r
where yn(A) := /(N — 1)2 — 4\ and g is defined by
rcothr —1

The function g is strictly decreasing and satisfies
1 N 1
g(r)wg as 7 —0 and g(r)~—- as r— +oc.
r

Besides, the operator —Agn — X\ — V(1) with the positive potential Vy being given

by
Va(r) == (’YN()\ZF— 1)2%2 N 'YN()\)(’Y;[(/\) + 1)g(r)
(N = 1+w\)(N =3 —yn() 1 (2.3)
| 4 sinh? r

is critical in HY \ {xo} in the sense that the inequality

/ |V~ ul? dvgy — /\/ u? dogn > / Vu? dogny  Yu € C°(HN \ {z0})
HN HN HN

is mot valid for all uw € C(HN \ {z0}) given any V = V.
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REMARK 2.2 (Asymptotics of V) (r)). We investigate here the behaviour of V) at
zero and at infinity. For any A < A (HY), there holds

N-2\?1

where Ry (M) := (A (HY) — X) +2/3/ A (HY) — XA — (N — 1)(N — 3))/12 and the
map (—o00, A\;(HY)] 3 A — Ry()\) is decreasing. Hence, among the weights Vj,
Vi @)y, is the ‘smallest’ near the origin. On the other hand, if we consider the
weights Va(r) = (AL(HY) — X) + Vy, @~ (r) as defined in the Introduction, we have
that

2
VA(T):<N_2> Tiz-i‘RN()\)—i—O(T) asr — 07,

where Ry (A) := (A (HY) — \) — (N — 1)(N — 3))/12. Since Rx()\) < Ry (M) for
any A < A\ (HY), we conclude that V) is larger than V) near the origin.

We also note that when N = 2 the first term in the above expansion of V)
vanishes, furthermore, A\; (H?) = 1/4 and we have

(I+vV1—4N)(1+3V1—-4))
12
Let us turn to the asymptotic behaviour at infinity. For any N > 2, there holds

A)+1 1
NVN(A)(’Y;\;( )+ )if/\<)\1(HN) and V)\l(HN)(T)Nw as r — 400,

Va(r) = +o(r) asr—0F.

Va(r)

while
Valr) ~ (A (HY) =\ as 7 — +oo.
Hence, for A < A\;(HY), V, is larger than V) near infinity.

The above difference in the behaviour at infinity of V) (r) between A = Ay and
A < A1 might be related to a well-known phenomenon for the Euclidean Laplacian,
where \;(RY) = 0. The Hardy weight 1/(|z|?) is at the borderline of short/long
range potentials at infinity for —A in RY. In particular, the potential (1 + |z|)~®
is a small perturbation of the —A in RY for N > 3 if and only if a > 2 (see e.g.,
the discussion in [19, example 1.1]). On the other hand, for A < 0 the potential
(1+]z[)~® is a small perturbation of —A — X in RY if and only if o > 1. We
do not claim that 1/r for A < A;(HY) is a border line potential in the hyperbolic
setting, however, it would be interesting to further investigate the (sharp) borderline
behaviour of the potential at infinity in HY for A < Ay (HY).

In the following, we highlight some remarkable inequalities derived from theorem
2.1 by making specific choices of the parameters involved. The basic idea behind
our choices is either to maximize the constant in front of the L?-term, namely to
maximize the gain at infinity, or to maximize the constant in front of the classical
Hardy weight 1/(r?), namely to maximize the gain at the origin.

The maximum value of the constant in front of the L?-term is clearly achieved
for A = Ay (HY). Since yx (A (HY)) = 0, for this choice of A the constant in front
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of the function g(r) in (2.3) vanishes so that V) coincides with the potential in
(1.7) which was introduced in [2,9]. Therefore, (2.1) includes the sharp Poincaré
inequality of [9, theorem 2.1].

Next, we consider the constant ((yy(A) + 1)?)/4 in front of the weight 1/(r?) in
(2.3). For N > 3 its value cannot exceed the Hardy constant and its maximum is
achieved for yn (N —2) = N — 3, namely for A = N — 2. For this choice of A the
coefficient in front of the term involving 1/ (Sinh2 ) vanishes and theorem 2.1 yields
the following sharp Hardy inequality on H.

COROLLARY 2.3. Let N > 3. For allu € C°(HYN \ {xo}) there holds

) N—-2\> [ u? )
|Varvul® dogy > ~5 — dvgy + (N —2) u” dogn
HN HN T HN

+ %Q(N—S) /HN g(r)u?® dogn, (2.4)

where g(r) is as given in (2.2). Besides, the operator

2
—Agy — <N2_2> i_(N_Q)_Wg(T)

is critical in HY \ {x¢} in the sense that the inequality

/N [Veovul? dvgs > [ Ve dugn V€ C(HY\ {zo})
H H

is not valid for all uw € C°(HN \ {z0}) given any

V;(N22) %+(N72)+wg(r).

Moreover, the constant (N — 2)/2)? is sharp by construction, while the constants

(N —2) and (N — 2)(N — 3))/2 are “ointly’ sharp in the sense that no inequality
of the form

N —2)\? 2
/ ‘VHN’ZLF dUHN 2 (2> / % d'UHN
HN HN T

N —2)(N —
+ —( ) 3) / g(r)u? dvgy + c/ u? dogw
2 HN HN

holds for all u € C(HN \ {z0}) when ¢ > N — 2. Similarly, no inequality of the

form
N -2\? 2
/ |Vinul|® dogy > <> / U—Q dog~y + (N — 2)/ u? dugy
HN 2 HN T HN

+ c/ g(r)u? dvgy
HN

holds for all u € C(HN \ {z0}) when ¢ > (N — 2)(N — 3))/4.
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REMARK 2.4. Several contributions are available about Hardy inequality on the
hyperbolic space see for example, [15,18,29,30,40]. Yet, its improvements and
related criticality issues still present open problems. In [40], for N > 3, the authors
show that

N —2 2 2
/ |Vivul|? dvgy > u/ U—Q dogn + C’N/ u? dogy u € C(HY),
HN 4 HN T HN

(2.5)

where Cy > (N —1)/4. The explicit value of Cy is not known and there is no
information whether we can add more remainder terms in the right-hand side of
the inequality. See also [29, theorem 3.1] for a Euclidean L?-type improvement of
inequality (1.2).

More recently, a new type of improved Hardy inequality has been proved in [31,
theorem 4.1]. In terms of the function g(r) defined in theorem 2.1, the inequality
in [31, theorem 4.1] reads:

N —2\? 2 N—1)(N -2
/]HIN VHNu|2dUHN2(2) /H udUHN+()2()/HNg(’I")U2dUHN7

n (2.6)

for N >3 and all u € C2°(HY). By noting that g(r) < 1/3 for every r > 0, it is
readily deduced that inequality (2.6) follows from our inequality (2.4). Hence, in
particular, inequality (2.4) is stronger than that of (2.6) proved in [31, theorem 4.1].

For what remarked above, although we do not have a proof of optimality of the
constant given in corollary 2.3 for the L2-remainder term, our result improves the
existing ones. See theorems 2.7 and 2.8 below and the related discussion for further
interesting consequences of corollary 2.3.

REMARK 2.5. Corollary 2.3 follows by theorem 2.1 by taking A =N —2 in the
potential given in (2.3), so that the coefficient in front of 1/(r?) assumes its maxi-
mum value, meanwhile the coefficient in front of ¢(r) is positive, while the last term
in the expression of the weight V) vanishes. Besides, when N —2 < X < Ay (HV),
then vn (N —2) < N — 3 and all the coefficients in the definition (2.3) are nonneg-
ative, and even positive if A # A (HY). Instead, when A < N — 2, the coefficient in
front of 1/(r?) in (2.3) still increases but since yn(N —2) > N — 3 the coefficient
in front of 1/(sinh®r) becomes negative. However, since 1/(r?) > 1/(sinh®r) for
r > 0, V) is still positive, indeed we have

V)\(T) >

N-2\%? 1 AN (yw(A) +1)
( 2 ) sinh2r+7N W;

As already explained in remark 2.2, these weights become larger and larger near
the origin as A decreases.
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Going on with our analysis of consequences of theorem 2.1, we focus on the case
N = 2 that was not studied in [9]. Taking N = 2 in (2.3), for any A\ < 1/4, we get

Va(r) = (V1 —i/\+ 1) ( 1 1 ) N (V1 —4,\)(\2/1 — 4+ 1)g<r).

2 sinh®r

In particular, for A= \;(H?) = 1/4, theorem 2.1 yields the following sharp
improved Poincaré inequality:

COROLLARY 2.6. For all u € C°(H?\ {x0}) there holds:

1 1 1 1
Vizu|® dvge — % dvge > 7/ — - % duge. 2.7
/Hz |Vizu|® doge 1 /11—112 u” doge > o o\ T Sy u”® doge (2.7)

Moreover, the operator, —Ag> — 1/4 —1/4(1/(r?) — 1/(sinh®r)) is critical in H? \
{zo}, that is, the inequality

1

/ |Vipu|? duge — 7/ u? duge > Wu? dvg: Yu € CP(H?\ {z0})
H2 4 Ju2 H2 :

is not valid for any W = 1/4(1/(r?) — 1/(sinh®r)).

In particular, all the constants in (2.7) are sharp. In particular, no inequality of

the form
2 1 2
/ | Vg2 ul dez—f/ u® dvge
H2 4 Je

1 1
2 - 2 5 [} H2
C . <r2 sinh2r> u” dogz Vu € C°(H \ {zo})

holds when C > 1/4.

In the next results, we change our point of view, taking the attitude of fixing
the Hardy weight for the operator —Ag~ — A to be I/(r?) for some I >0 and
investigating the properties of the best constant. In other words, for any 0 < A <
A1 (HY), we study the infimum problem (1.9) which also reads

2
/ |Vavul® dogy — A/ u? dogn > I(A)/ ©dvge Yu e CZ(H?\ {z0}).
HN HN HN T
(2.8)
We have already remarked that I(0) = ((N — 2)/2)? and I(\;(HY)) = 1/4. Since
the map A — I()) is nonincreasing and concave, hence continuous, the following
number is well-defined

AN = max {A e [0, M HM)]: I(N) = (]\[22)2} . (2.9)

Namely, AV is the best constant in front of the L-term such that (2.5) holds.

When N = 3, the Hardy constant and the Poincaré constant are both equal to
1/4. Hence, from corollary 2.3 (or [9, theorem 2.1], see also [9, remark 2.2]) it follows
that A* = A\ (H?) = 1 and the following statement holds:
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THEOREM 2.7. Let N = 3. For any A < 1, I(\) = 1/4 and the infimum in (1.9) is
not achieved, that is, the inequality in (2.8) is strict for u # 0.

For higher dimensions the situation is more complicated and we have the
following:

THEOREM 2.8. Let N > 3 and let \N be as defined in (2.9). Then,

N—2<;\N<min{)\1(HN),N_2+(N_2)éN—3)}

and the following three cases occur:

(i) for0 < X< AN, I(\) = (N —2)/2)? and the infimum in (1.9) is not achieved,
that is, the inequality in (2.8) is strict for u # 0;

(i) for MW << AL(HN), (14 24/ A (HN) — ) /2)2 < I(A\) < (N —2)/2)? and
the infimum in (1.9) is achieved by a unique (up to a multiplicative con-
stant) positive function u € H*(HY); in particular, the corresponding operator
1s critical.

(iii) for X=X (HY), I(A\(HY)) = 1/4 and the infimum in (1.9) is not achieved,
that is, the inequality in (2.8) is strict for u # 0.

REMARK 2.9. Note that for N > 6 there holds

N —2)(N —3)

min{)\l(HN),N2+( : W=DV =3)

=N -2
fon - B
Open problems related to theorem 2.8:

e Theorem 2.8 does not give the explicit value of AN The strict inequality in
the lower bound provided for I(\) in the statement (i7) of theorem 2.8 and the

inequality
~ 2 2
L2y nEY) - AV <1+2\/)\1(HN)(N2)) (N —2)2
2 h 2 4

suggest the conjecture that AN > N — 2 but we do not have a proof of this fact;
e By theorem 2.8 it is readily deduced that the operator

o 100
,

is critical for AV < \ < A1 (HY) while it is subecritical for 0 < \ < AN and

for A = A\ (HY) (subcriticality for A\ = A\;(HY) comes from [9, theorem 2.1],

namely from the existence of the weight (1.7)). We do not have a proof of the

subcriticality /criticality of the operator when \ = AN
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2.1. A second Hardy-type inequality on the hyperbolic space and a
further upper bound on AN

Now we study a different Hardy-type inequality on the hyperbolic space which
resembles the classical Hardy one near the pole xg. It is quite natural to consider a
Hardy weight related to the defining function of HY as a model manifold, namely
to the quantity sinhr, that behaves like r near pole and decays exponentially near
infinity. We shall produce an optimal Hardy-type inequality, in particular, we have
the following result.

THEOREM 2.10. Let N > 3. For all u € C°(HY \ {x0}) there holds

N —2\? 2
/ |VHN'LL|2 d’UHN > (> / LQ d’UHN
HN 2 HN sinh” r

1 u?
+ - ; 5 3 d’l)HN
4 Ju~ sinh?r (log (tanh(r/2)))
N(N -2
+ ¥/ u? dugn. (2.10)
4 HN
Besides, the operator
N-2\* 1 1 N(N -2
AHN( ) — — 5 5 — ( ) (2.11)
2 sinh”r  4sinh”r (log (tanh(r/2))) 4

is critical in N \ {z¢} in the sense described in theorem 2.1. Moreover, the constant
(N(N —2))/4 is sharp in the sense that no inequality of the form

N —2\? 2
/ |V~ u|? dvgy > ( > / .u 5— dogy + c/ u? dugw
HN 2 g~ sinh” r HN

holds for all u € C°(HN \ {z0}) when ¢ > (N(N —2))/4.

As an immediate consequence, we get the following result.

COROLLARY 2.11. Let N >3 and let AN be as defined in (2.9). Then:

g M=)

REMARK 2.12. One sees that (N(N —2))/4 < N —2+ ((N —2)(N +3))/6 if and
only if N < 6, whereas of course (N(N —2))/4 < A\ (HY) for all N. Hence, the
above corollary provides a better upper bound for AN than in remark 2.9 for
dimension N =4, N = 5.

3. Heisenberg-Pauli-Weyl uncertainty principle for the shifted
Laplacian in the hyperbolic space

In this section, we state some quantitative versions of Heisenberg-Pauli-Weyl uncer-
tainty principle (HPW) that can be derived from theorem 2.1. Firstly we recall that
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HPW principle in the hyperbolic setting reads

N2 ?
(/ |VHNu|2deN> (/ r2u? deN) = e (/ u? deN) (3.1)
HN HN HN

for all u € C°(HY \ {z¢}). The constant (N?)/4 is sharp and the equality is not
attained for u # 0. We refer to [31] for a description of a complete scenario of HPW
principle on complete Riemannian manifolds.

For what remarked in the Introduction, one may wonder what happens if we
replace the first term in (3.1) with the quadratic form associated with the family of
nonnegative operators Py = —Ag~x — A with A < A\ (HY). Clearly, the related best
constant must be nonincreasing with respect to A. In corollary 3.1 below we provide
a lower bound for the constant which reflects this monotonicity property. Indeed, by
combining theorem 2.1 with Cauchy-Schwarz inequality, one immediately obtains
the following quantitative version of HPW principle in HV:

COROLLARY 3.1. Let N > 2. For all u € C°(HN \ {x¢}),

o if \< N — 2 there holds

</ (|VHNu2—)\u2)deN) (/ r2u2deN>
HN HN
2 2
> (557) (L)
2 HN

o if N —2 < X< A\ (HY) there holds

</ (|VHNu\2 f)\u2) d'UHN) (/ r2u2deN>
HN HN

where YN (N) is as defined in theorem 2.1.

Notice that when A = A\;(HY) and N > 3, corollary 3.1 was already known from
[10]. However, since the map A € [N — 2, A\ (HY)] — ((yn(A) + 1)?)/4 decreases
from ((N —2)/2)? to 1/4, the validity of the HPW principle for A = A; (HY) does
not yield the HPW principle for A < A (HY).

When N > 3 and A > N — 2, by repeating the same argument of corollary 3.1,
but with a finer exploitation of theorem 2.1, we derive the following improved HPW
principle:
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COROLLARY 3.2. Let N >3 and N —2 <A<\ (HY). For all ue CXHN\
{zo}), there holds

/ (|VHN u|2 — )\u2> dog~ / ru? dvg~
HN HN

2 2
> W (/HNu2deN) + (/HNr2u2deN> X

XN v +1) (N=1+ywA)N =3—anvAN) 2
x (/HN ( 2 g(r) + 4 sinh? r ) “ dUHN) ’

where g(r) >0 and 0 < yn(A) < N — 3 are as defined in theorem 2.1.

The proof of corollary 3.2 is similar to that of corollary 3.3 below, hence we omit
it.

Coming back to corollary 3.1, for A = 0 it yields a weaker inequality than (3.1).
Nevertheless, in the spirit of corollary 3.2, a finer exploitation of theorem 2.1 yields
a more powerful quantitative HPW principle in H:

COROLLARY 3.3. Let N > 2. For allu € C°(HYN \ {x0}) there holds

2 2
(/ |VHNU|2deN> (/ a(r) r?u? dezv) > ol (/ u? dez\r) , (3.2
HN "N 4 HN

with
_ 1
L+ [(2(N —1))/N?] 72 (Ng(r) — (2/(sinh?r)))

>0

a(r)

and g(r) > 0 as defined in theorem 2.1. Moreover, there exists R = R(N) > 0 such
that

a(r)>1 YVOKr<R and a(r)<1l Vr>R. (3.3)

It is worth noting that, even if we do not know whether the inequality in corollary
3.3 is sharp, the behaviour of the function «(r) outlined in (3.3) indicates that
inequality (3.2) does not follow from (3.1). Besides, inequality (3.2) becomes more
powerful than inequality (3.1) for functions having support outside the ball B7(0).

Proof of corollary 3.3. 1t suffices to notice that, by Cauchy-Schwarz inequality and
theorem 2.1 for A = 0:

2 = |U| u T Vn N
/HN“ deN—/HN TV s

u2 1/2 1/2
< < . VOT)dUHN> (/HN lu|? Vo (r) deN>

u2 1/2 1/2
< —— dogw~ / \Y% Nugdv N) s
(Lo wiems) ([, wavuttans
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where

2 _9)\2 _
Vo(r)N<1 1 > (N-2)2 1 N(N —1)

— - +
4 \r?2  sinh%r 4 sinh? r 2

Inserting the wvalue of V, in the formula above and defining
a(r) = (N?)/(4VE(r)r?) we obtain (3.2). Also by rewriting Vy we obtain a(r)
as defined in the statement and hence, using the fact that a(r) <1< Ng(r) >
2/(sinh? r), we obtain R = R(N) > 0 such that (3.3) holds true. O

4. Improved Hardy inequalities on general Cartan-Hadamard manifolds

In the present section, we state a generalization of the improved Hardy inequality of
theorems 2.1 and 2.10 to more general manifolds under suitable curvature assump-
tions. Denote by K the sectional curvature in the radial direction of a Riemannian
manifold with a pole zy. We assume throughout the bound

Kr(z) < —G(r(z)) <0 Vze M, (4.1)

where G is a given function and r(z) = d(x, x¢). In particular, we are assuming
that M is Cartan-Hadamard. We also define v to be the solution to the Cauchy
problem

{1/)”(7") -G =0 r>0, (12)

¥(0) =0, ¥'(0) = 1.

Clearly, by the sign assumption on G, @ is positive convex function, and in par-
ticular, by the initial condition we have ¢ (r) > r for all » > 0. One can adapt the
present results to manifolds with pole being positively curved somewhere, under
suitable smallness conditions.

We shall use the well-known strategy of constructing barriers using Hessian com-
parison and equations posed on the Riemannian model M, associated with 1
constructed above. Namely, we consider the N-dimensional Riemannian manifold
My, admitting a pole z, whose metric is given in spherical coordinates by

ds? = dr® + ¢?(r) dw?, (4.3)

where dw? is the standard metric on the sphere SV—!. The coordinate r represents
the Riemannian distance from the pole zg, see for example, [26,36] for further
details. For Riemannian models the curvature condition in (4.1) holds with an
equality. Clearly, for ¥(r) = r one has My, = RY, while for ¢(r) = sinh7 one has
M, =HN

Now we are in a position to state the counterpart of theorem 2.1 under more
general curvature conditions.

THEOREM 4.1. Let N > 2 and let M be an N -dimensional Cartan-Hadamard man-
ifold such that the curvature condition (4.1) holds. Let 1 be defined in (4.2) and let
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A< ((N —1)/2)2. Then, for allu € C2*(M \ {z0}), there holds

2 2
/M \Varu? do, > W/M 2—2 dvg + /M V$ u? dog, (4.4)
where YN (A) := /(N — 1)2 — 4\, and
v Mot vt vl 1) (r(zb’/w) -1
v 2 VP 2 r2
L N1V =3 ) (1&”
4 v )|

Furthermore, the inequality (4.4) is sharp in the sense that the operator

(M) +1)* 1

A
Aum e E W

is critical in M \ {zo} when M coincides with the Riemannian model My.

A special case of the above construction is the situation in which the curvature
bound is simply Kg(z) < —c for some ¢ > 0. In this case, it is readily checked that
the solution of (4.2) is given by 9 (r) = y/csinh(y/cr). Writing (4.4) with ¢(r) =
Vesinh(y/er), from theorem 4.1 we derive the following analogue of the improved
inequality (2.1) on Cartan-Hadamard manifolds having sectional curvature bounded
above by a negative constant:

COROLLARY 4.2. Let N > 3 and let M be a Cartan-Hadamard manifold with pole

xo such that Kg(z) < —c for some ¢ > 0. Let A < ((N — 1)/2)%. Then the following
improved Hardy inequality holds

|VMu| dvq—)\c/ u? dv,

(v +1)% +1 /—dvg v (A (v ()\)+1)/ ge(r) u? du, (4.5)
M

(N— 1+nv(A)N =3 - 'VN(/\)/ u?
4 M sinh?(y/er)

for allu € C*(M \ {z0}), where g.(r) := (ry/ccoth(y/er) —1)/(r?).

+c

dvg

Although the following is a particular case of corollary 4.2 (for A = (N — 2)), we
state explicitly this case for its special significance in improving the sharp Hardy
inequality.

COROLLARY 4.3. Let N > 3 and let M be a Cartan-Hadamard manifold with pole xq
such that Kr(z) < —c for some ¢ > 0. Then the following improved Hardy inequality
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holds

N —2\? u?
f s (152 ] 2o
+c¢(N — 2)/ u? dv, + W/ ge(r)u® duy
M M
for all uw € C2° (M), where g.(r) := (ry/ccoth(y/cr) — 1)/(r?).

Clearly, g1(r) = g(r) with g(r) as defined in theorem 2.1.

REMARK 4.4. One can consider in an almost explicit way other classes of curvature
bounds in (4.1). For example, if the manifold satisfies the curvature bound (4.1)
with G(r) ~ Cr?® as r — +o0o for some a > —1, one can take 9 (r) ~ At see
for example, [28, § 2.3]. In this case, the potential Vdj\ in theorem 4.1 satisfies, if
a >0,

sz?\(r) ~Ma+1)%%2" as r — +oo.

The case a = 0 has been dealt with in the previous corollaries. If a € (—1, 0) the
leading term is a pure Hardy one. The case a < —1 which is qualitatively Euclidean
and in fact yields a pure Hardy potential, and the case a = —1 which gives rise to
functions ¢ of a different kind (see again [28]), are left to the reader.

Moreover, if the curvature bound is written in terms of the quantity —C(1 + r2)®
instead, for all r and for an appropriate value of C, ¢ can be written explicitly, see
the calculations in [11, appendix A].

Our final result in this section is an analogue of theorem 2.10 on general Cartan-
Hadamard manifolds.

THEOREM 4.5. Let N > 2 and let M be an N -dimensional Cartan-Hadamard man-
ifold such that the curvature condition (4.1) holds. Let ¢ be defined in (4.2) and
assume that 1/v is integrable at infinity. Denote

1 too
o0 =) T o)

and consider the nonnegative potential Uy,

(N2 @' -1  N-—2¢"(r)

Uy(r) := 1 20 > ) (4.7
Then for all uw € C°(M \ {xo}) there holds
9 N —2\? u? 9
/]VI Varul® dvg > ( 2 ) /M P2(r) g+ /M Pl v (4.8)

1 0%*(r) ,
+4/M1/)2(7”)u dvg.
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Moreover, (4.8) is sharp in the sense that the operator

N-2\> 1 02(r)
= (557) 0~ 2 .

is critical in M \ {zo} when M coincides with the Riemannian model My.

REMARK 4.6.

e The quantities appearing in the potential Uy defined in (4.7) have a clear
geometrical meaning: in fact,

"
rad __ ,(/}

—_"  and Hlen — _ (w/>2 -1
™, 770 ™,

P2
where K;?Td (resp. Hfra,?) denotes sectional curvature relative to planes con-
taining (resp. orthogonal to) the radial direction in the Riemannian model
associated with 1. Clearly, U, is nonnegative given the assumed sign condition
on the curvature.

e Theorem 4.5 shows that the results of theorem 2.10 also hold when the radial
sectional curvature satisfies Kp < —1 anywhere. Of course, a variant of theorem
2.10 can be stated by applying theorem 4.5 when Kr < —c < 0 proceeding as
in the proof of corollary 4.2.

e The results of theorem 4.5 do not hold on general Cartan-Hadamard manifolds,
because of the request that 1/¢ is integrable at infinity. In fact, this request
amounts qualitatively to requiring that curvature is negative enough at infinity.
In particular, the required condition does not hold on R™. In fact, it can be
shown by constructing explicitly an appropriate ¢ (see [28]), that for example,
it is enough that Ky satisfies an upper curvature bound outside a ball in terms
of the quantity —c/r?, where ¢ > 0.

5. Weighted Hardy and Rellich inequality on the hyperbolic space

This section is devoted to state some further applications of our Hardy inequality,
namely the derivation of suitable improved weighted Hardy and Rellich inequalities.
The statements should be compared with those contained in [30], here the novelty
of the improvement lies in adding a remainder term involving the function g(r) as
defined in theorem 2.1. Starting with the weighted Hardy inequality we have:

THEOREM 5.1. Assume that N —2—2a > 0. For all u € C®(HN \ {z¢}) there
holds

|V ul? (N —2—2a)? u? u?
AN ’/‘T d’UHN > 4 . 7’2a+2 dUHN + (N — 2) . 7'270‘ d’UHN

+ <(N_2)2<N_3) — (N — 1)a> /HN MUQ dogn, (5.1)

T20¢

where g(r) is as defined in (2.2). Moreover, the constant (N — 2 — 2a)?) /4 is sharp
in the obvious sense.
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REMARK 5.2. We note that the coefficient in front of the last term in (5.1) is
positive provided that a < ((N —2)(N —3))/(2(N —1)). Nevertheless, for a >
((N =2)(N —=3))/(2(N — 1)), by recalling that g(r) < 1/3 for every r > 0, we infer
that

(N—Q)/HN:idUHN + ((N_2)2(N_3)—(N—1)a> /HN gr(;;)quvHN

N -2 — 2 _ 2
= ( JIN +3) - WV — Lo / LdUHN > 72(]\[ 2) / LdeN7
6 3 HN 7‘25‘ 3 HN T2a

for N —2—2a > 0. Hence, inequality (5.1) still gives an improvement of the
weighted Hardy inequality. Also see ([40, theorem 4.2]).

Next, we state a weighted Rellich inequality

THEOREM 5.3. Let 0 < a < (N —2)/2. For all u € C°(HY \ {x0}) there holds:

| Apgnul? (N —2—2a)*(N —2+2a)? u?
/HN r2a—2 dvgy > 16 . T2a+2dUHN
N —2—=2a)(N —2+2a)(N —2 2
N UV 2N [,
2 HN T o
N —-2—-2a)(N—-2+2 N —-2)(N -3
L O‘); O‘)<( )2( )(Nl)a>
X /HN %quva (5.2)

where g(r) is defined in (2.2). Moreover, the constant ((N —2 — 2a)?(N — 2+
20)2)/16 is sharp in the obvious sense.

Taking o = 1 in (5.2), one has the following improved Rellich inequality:

COROLLARY 5.4. Let N > 4. For allu € C°(HN \ {xo}) there holds:

N2(N —4)2 [ o2 N(N —2)(N —4) [ u?
Apnu)? N> — — N — N
/HN( mrvu)” dug 16 / y 73 dumy + 2 /HN 7z dvm
N(N —4)(N?2 —7N +8 u?
+ ( ) 1 ) / g(r) ) dogw, (5.3)
HN

where g(r) is defined in (2.2). Moreover, the constant (N?(N — 4)?)/16 is sharp in
the obvious sense.

6. Proof of theorems 2.1 and 2.10

We begin the proof by establishing the following lemma.
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LEMMA 6.1. Let N =2 and let W(r) :=r®(sinhr)?, where a and B are real
parameters. Then U satisfies the following equation

cothr \
U—-0[(B+N—-2)—— 5
sinh” r

— (B +(N=1B)T inHY\ {xo}. (6.1)

AU = — (afl)gf(QaﬁJr( —1)a)

Moreover, if we assume that o = —(8 + (N — 2)/2)), then (6.1) yields

h
B ¥ = A(B) + B

+D(B)¥ in HY \ {z0},
(6.2)

v+C(P)

sinh” r

where  A(B) =—(B+ [(N —2)/2])(8 + (N/2)), B(B)=(B+[(N—2)/2])(28 +
N-1),CB)=—-p(B+ N —2) and D(B8) = —p(8 + N —1). In particular, since

A(B) + B(B) + O(p) = (H>2

(6.2) yields

2
—AHN\I/~<N2_2> %—i—D(ﬂ)\I/ asr — 0T,
T

Proof. The expression of hyperbolic Laplacian in radial coordinates, enables us to
write

—Agn¥ = —0"(r) — (N — 1) cothr ¥'(r) in HY \ {z0}.

Since, for r > 0,

U(r) = a@ + Beothr¥(r),
and
v () = a(a - 1)U + 209 w(r) + 55 - 1) 4 prug)
we obtain
h
=~ [ata— 1) 12050 ) 4 (5 - 1) -
cothr

U(r) + (N — DAU() + (N — 1)) 4 g2y

sinh? r

+ (N -1

in HY \ {z}. Now, rearranging the above terms, the proof of (6.1) and (6.2) follows
directly by substituting the value of a in (6.1). a
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An application of lemma 6.1 yields

LEMMA 6.2. Let N > 2. For all A < \{(HY) = ((N —1)/2)? and r > 0, set

)

r

Wy (r) —(N=2)/2) (Sinh’”)_[(N_HW(A))/Q]
NG

where YNy (A) := /(N — 1)2 —4\. Then U, satisfies the following equation
7AHN\IJ)\ - )\\I/X == VA(T)\I/)\ m HN \ {O}, (63)
with Vx(r) as given in (2.3).

Proof. Let g(r) be as defined in theorem 2.1. Then (6.2) can be rewritten as follows

2
—Apgn ¥ = <ﬂ+N;2> %4*2 <6+N2_2) <ﬁ+N;1> g(r)¥

v

sinh? r

—B(N—-2+0) — BN —-1+p9)¥. (6.4)

Now the proof follows by substituting 6= —[(N —1+ynx(N))/2] in (6.4) and
denoting by ¥, the corresponding function. O

We now turn to the criticality issue. We exploit [38, theorem 1.7] regarding a
Liouville comparison principle for two nonnegative Schrodinger operators. For the
reader’s convenience, we quote below the theorem in the particular case where the
principal part of the two operators is the Laplacian.

THEOREM 6.3. [38, theorem 1.7] Let N > 1 and Q be a domain in RN or any
noncompact Riemannian manifold. Consider two Schrédinger operators defined on
Q of the form

Q] :_A+W]7 .720517
such that W; € LY. (Q;R) for some p > N/2.

loc
Assume that the following assumptions hold true:

1. The operator Q1 is critical in 2. Denote by ® be its ground state.

2. Qo is nonnegative in Q, and there exists a real function ¥ € H () such
that Uy #£ 0, and Qo¥ < 0 in Q, where uy (x) := max{0, u(x)}.

3. The following inequality holds:
(U,)2(z) < CO*(z) ae. inQ,

where C' > 0 is a positive constant.
Then the operator Qq is critical in Q and ¥ is its ground state.

Recently the above result is extended to more general settings. We refer to [3] for
further details.
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We have now all the tools necessary for the proof of our main theorem.

Proof of theorem 2.1. The proof of the inequality rests on supersolution technique.
The construction of a supersolution (in fact a solution in the case at hand) for
the desired equation directly follows from lemma 6.2 which states that, for all A <
A1 (HY), the function Wy, as defined there is a positive solution of (6.3). Moreover,
Uy € HL (HY \ {z0}), and hence the required inequality (2.1) follows using the
Allegretto-Piepenbrink theorem [17, theorem 2.12].

Next, by invoking theorem 6.3, we show that W, is the ground state of
—Ag~y — A — Vi(r) with Vy(r) as given in (2.3). For this, following the notation
of theorem 6.3, we consider the operators defined in HY \ {x¢}:

Qj = —Agy +W;, j=0,1,
where
Wo=-A—Vy and Wi =-X\(H") -V, @n.
Clearly, W; € L (HV \ {zo};R) for any p > 1. By [9, theorem 2.1] we know

loc
that when N >3 the operator @ is critical in HY \ {xo} and the cor-
responding ground state is Wy, (r) = ®(r) := r~(N=2/2)((sinhr) /)~ (N=1)/2),
The same statement holds for N =2 but we postpone the proof to the
end of the section. As concerns the operator (Qp, by lemma 6.2, we know
that Wy (r) = r~((N=2/2)((sinhr) /r) (V=14 ()/2) € gL (HN\ {20}) satisfies
QoY = 0. Moreover, for all N > 3, we have

Ua(r)) T\
= < .
( (1) ) (sinhr) <1 forallr >0, (6.5)

since Yy (A) = 0 for 0 < A < Ay (HY). Therefore, all the assumptions of theorem 6.3
are satisfied and we conclude that @)y, namely the operator —Agxy — A — V) is
critical in HV \ {zo} for all 0 < A < A\ (HY) and W}, is its ground state.

To complete the proof we still have to show that the operator @@, is also critical
in dimension two. To this aim, we show that the equation Q;u = 0 admits a ground
state in H? \ {z¢}, namely a positive solution of minimal growth in a neighbourhood
of infinity in H? \ {xo}, see [39, § 1]. When N = 2 the function ® defined above
reads ®(r) = (r/(sinhr))*/2. Let f be a smooth radial function in H? \ {x¢}, also
exploiting lemma 6.1, one can verify that

B @0)f0) = ¢ (14 % - s ) #0S0)

r sinh 72

- (1o + o) e

r
From the above computations, it follows that two linearly independent solutions of
the equation QQqu = 0 are given explicitly by:

001 (i) 0= () e
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hence ® is a positive global solution while ® changes sign. Since ® is a positive
solution of Qiu = 0 near infinity of H? \ {z¢} and
®(r) O(r)

im — = lim =——= =0,
=0 |P(r)| r—too O(r)

by [19, proposition 6.1] we conclude that ® is a positive solution of minimal growth
in a neighbourhood of infinity in H? \ {z0} and hence a ground state of the equation
Q1u = 0. Namely, @ is critical in H? \ {z¢}. By (6.5) and theorem 4.3, it follows
that Wy is a ground state of (Qg. This completes the proof. O

Proof of theorem 2.10. The proof is divided into two steps. It rests on the explicit
construction of solutions and then using the result of [19] we derive an optimal
Hardy weight for the related operator.

Step 1: It is an immediate consequence of lemma 6.1 that wug(r):=
(sinh)2=N)/2 satisfies the following equation:

(N-2)2 1 N(N —2)
wp —
4 sinh®r 4

HUO = —AHNUO — ug = 0. (66)
Now we shall construct a second solution. Let us define v(r) = (sinh )N =2)/2y(r),
where w solves (6.6). Then, v satisfies the following equation

v"(r) + cothro’(r) = 0.

This immediately implies either v(r) = log [tanh(r/2)| or constant. Therefore two
independent positive solutions of the equation Hu = 0 are ug(r) = (sinhr)=N)/2
and u; (r) = —(sinh r)(2=N)/21og |tanh(r/2)] .

Step 2: Now we evoke [19] for the construction of an optimal Hardy weight
involving two independent positive solutions. Using the above two positive solutions
of the equation Hu = 0, we obtain the following optimal Hardy weight (in the sense

of [19])
W ‘Vlog <“1>
4 U

for the operator H. In particular, H — W is critical.

Sharpness: To prove the sharpness of the constant (N(N —2))/4, let us fix
some notations. Denote the cone of all positive solutions of the equation Pu =0
in HY by Cp(HY), where P denotes any second order elliptic operator. Define for
a nonnegative potential V|

S| 1

4 sinh? r (log (tanh %) ) 27

Mo(P,V,HY) := sup{\ € R: Cp_ v (HY) # 0},
and
Aoo(P,V,HY) i=sup{A € R : 3K € HY s.t.Cp_yy (HY \ K) # 0}.

Clearly A\o(P, V, HY) < Ao (P, V, HY).

https://doi.org/10.1017/prm.2018.139 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.139

1722 E. Berchio, D. Ganguly, G. Grillo and Y. Pinchover
From [19], we also know that the above optimal Hardy weight W satisfies

Ao(H — W, W, HV \ {20}) = Ao (H — W, W, HN \ {z0}) = 0.

Furthermore, A = 1 is the best constant in a neighbourhood of infinity of HY for
the inequality H — AW > 0.

Since, W (r) — 0 as r — oo, we conclude that for any € > 0 there exists a compact
set K. containing x( such that

0 < No(H,1,HN\ {z0}) < XNo(H,1,HY \ K.) < \o(H — W, W,HY \ K.) + £ = <.

Therefore, A\o(H, 1, HY \ {z¢}) = 0. Hence, (N(N —2))/4 is the best constant
in the above sense, and the proposition is proved.

7. Optimality issues: proof of theorems 2.7 and 2.8

7.0.1. Proof of theorem 2.7 Let N = 3. It is a well-known fact that the equality
in the Hardy inequality (1.2) is never achieved in H'(H") for any N > 3, hence
the infimum for 7(0) is never achieved. Therefore, it is enough to consider the case
0 < A < A (H3). Furthermore, we have already seen that A3 = A;(H?) = 1, hence
I(\) =1/4 for every 0 < A < 1, where I(\) is defined by (1.9). For 0 < A < 1 it is
easy to see that minimizers do not exist. Indeed, suppose for some 0 < Ay < 1 there
exists a minimizer uy, € H'(H?) for I(\g), then any A with \g < A < 1 yields

1 _ fHN |VIHINU’)\O|2 deN - )\O fHN ug\o d’UHN

4 Jun (03, /72) dogy
S [Vivung|? dvgy — X fin 63, dogs -

Jun (U3, /72) dogw ~

a contradiction. Alternatively, we note that the subcriticality of the operator
—Ag~y — A —I()\) (1/(r?)) for Ay < A < 1 readily implies nonexistence of minimiz-
ers. To complete the proof it remains to show that minimizers do not exist also
for A = 1. From the proof of theorem 2.1 we see that Wy, (s)(r) = (v/r)/(sinhr)
satisfies

)

| =

1%y, @3y .
_AIHP\I/)\I(H?') — \I/)\I(Hs) = Z ;(2 ) m H3 \ {1‘0},

and W, (gs) is the unique ground state to the corresponding equation. Since
Wy, ms) ¢ H'(H?), I()\) does not admit a minimizer. This completes the proof. [

7.1. Proof of theorem 2.8

Let N > 3. We start by noting that from corollary 2.3 we have MW > N-—2
Furthermore, I(N — 2) is not achieved. Indeed, the operator
(N-2)21
i
is subcritical in H™ \ {x(}, since the proof of theorem 2.1 implies that the function
Uy o(r) = rN=2/2(sinh)>~N is a positive supersolution of the Euler-Lagrange
equation associated with I(/N — 2) and it is not the ground state.

~Agy — +(N-2)
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As concerns the upper bound for AN , it also follows as a corollary of theorem 2.1.
Indeed, since AV > N — 2, from the definition of AV we have

N —2\? 2 -
/ |V~ ul? dogy > () / —5 dugy + )\N/ u? dogy
HN 2 HN HN

N —2)° 2
= () / U—Q dogw —|—(N—2)/ u? dvgy
2 HN T HN

+ (AN - (N—Q))/HN u? dogn.

3|

Therefore, combining the fact that ¢(r) < 1/3 with the criticality issue of
theorem 2.1, we readily infer that

(N —-2)(N -3)

MW (N-2)< :

Proof of (i).

For 0 < A < AN, the operator —Ag~y — (N —2)2)/4)(1/(r2)) — X is suberitical in
HN \ {x0}, and hence, there is no minimizer associated with the related functional
inequality.

Assume now A = AN. This is the most delicate case. We adapt to our setting
the Euclidean approach of constructing suitable ‘subsolution’ to show nonachieve-
ment of the Hardy constant, see for instance, [1]. Suppose, by contradiction, that
there exists a minimizer @ € H*(HN) of I(AN) = ((N — 2)2)/4, then it satisfies the
equation

~ — 2 4
—AHNQ—)\NQQ—ME
4 r2

Without loss of generality, by standard symmetrization on the hyperbolic space, see
[4], we may assume @ is radial and nonnegative. Furthermore, being superharmonic,
@ turns out to be positive by the Strong Maximum Principle [25].

Let § < —1/2 and @s(x) = |z|~((V=2/2) log(1/(|z]))? € H(Bg) for 0 < R <
1/e. By computing in hyperbolic radial coordinates, for r € (0, R) one has

=0 ae in Y\ {0}.

A N —2)2
7AHN9067)\N305*%£§
"
#s N2 2 2
= 2(log )2 [5(1*5)*A r?(logr)? — 6(N — 1)r? logr
+ (N-1) (cothr 1) (NQ_ 2r(10g'r)2 +or logr)] )
r

Set now 0 < Ry < 1/e (not depending on 4!) such that for all »r < R; we have

-2

r (log(r))? < i

o (ot )
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Since |logr| < ((N —2)/2)(logr)? for r < 1/e and N > 4, for r < Ry we infer
6(1—=6) = ANr2(logr)? — 6(N — 1)1 logr

+(N-1) (cothr - 1) (N — 27"(10g7”)2 + or logr)

r 2

5 r(logr)?(1 —9)

<O —6)+(N—1) (cothi—e)

Hence,

—Agvps — AN g5 —

N — 2)?
u%<o in Bp, \ {0}.

4
Set M(0) = (W(R1))/(ps(R1)) and s(r) :=u(r) — M(5) ps(r). Then, 5 €
H}(Bg,) and satisfies

3 N —2)2 s .

—AHNlb(; — )\N s — % 7'72 >0 in BR1 \ {0}
Set now 15 = min{s, 0} and 1/13 = max{1);, 0}, we have that v, wgr € H}(Bg,).
By multiplying the above inequality by %, , using the fact 15 = ¢gr +5 and
recalling the definition of AN in (2.9), we get

N N —2)?
0> —Agntps — ANV s — V=27 vs V5 dogy
BR1 4 7'2 3
_ . _ N o 2 2 —\2
:/ |V’l/}5 |2 dUHN - AN/ (1/)6 )2 d’UHN - ( 4 ) / (1!1:2) d’UHN 2 0.
Br, Br, Br,

Hence, 95 = 0. In particular, 15 > 0 and in turn a(r) > M(4) 5(r) for 0 < r < Ry.
Finally, letting § — 0 := —1/2 we readily get a contradiction since M (§) > 0 (due
to the fact that @ is positive and R; does not depend on §) and

aQ _ (pg
+oo>/ — dogy > M? (5)/ 0 dugy = 400.
2 2
Br, r Br, r

Proof of (ii).

Let A < A\;(HY). Exploiting the Poincaré inequality (1.5), in the sequel we will
endow the space H'(H") with the equivalent norm:

1/2
[lul[x = [/ (|[Vavul> = M?) d'UHN:| , u€CxX(HY). (7.1)
HN
Since by inequality (2.8) we know that the embedding
1
HY(HY) — L2HV, — dug)

is continuous but not compact, the existence of a minimizer to I(\) does not follow
straightforwardly. When AN < X\ < A\ (HY), we overcome this difficulty by adapting
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to our setting the approach of [34]. To this aim, the crucial tool will be the following
concentration compactness lemma in the hyperbolic setting.

LEMMA 7.1. For A < A\(HY), let HY(HY) be endowed with the norm (7.1).
Furthermore, let {u,} be a bounded sequence in H'(HY) such that: u, — u €
HY(HY),
U2
([Va~vu,? — Au2) dvgy —* i and —5 dvgny —" v in the sense of measures.
r

(7.2)
Then, there holds

2
> (|VHNU|2 — )\u2) dogn + pods,, v = :—2 dogn + vo0a,,

where §,, is the Dirac measure centred at xg, and 0 < vg < po4/((N —2)?).

Proof. The proof is divided into two steps.
Step 1: Since {u,} is bounded in H*(HY), (2.8) implies that {(u,)/r} is bounded
in L2(HY). Then,
up = win HYHY), w, —uin L2 (HY) and — — 2 in L2(HY),
r r

up to a subsequence. Denoting v, := u,, — u, it is then readily seen that

loc

Up = 0in HYHY), v, —0in L2 (HY) and -% — 0 in L2(HY).
T
On the other hand, for ® € C2°(HY) we have

/ P (|Vinug* — Aul) dogy :/ @ (|Vinul® — Au?) dugw
HN HN

+/ P (|Vinva|® — M) dugw
HN

+ 2/ O (Vo - Vu + vyu) dogw,
HN

and
2

2 2
H H H H

Hence, taking the limit and recalling (7.2), for all ® € C2°(H") we conclude that

/ (I)d,u:/ @ (|Vynul® — M?) deN+/ ®dp,
HN HN

HN

2
/cbdy:/ @%duHN+/ & duy,
HN HN T HN

where (|[Vgnyv,|? = M2) dvgy —* py and (v2/r?)dvgy —* 11 in the sense of
measures.

and
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Step 2: For what showed in Step 1, we may take v = 0 in the following. Namely,
we assume that {u,} is such that

loc

u, — 0in HY(HY), w, —0in LE (HY) and u—”éOinLQ(HN),
r

and

2
u .
(| Vi~ U |? — )\ui) dogy —* p, and —T; dvgy —" v in the sense of measures.

For ® € C°(HY), we apply the Hardy inequality (1.2) to the functions {®u,,} and
we get

dUHN

(N —2)? / (Bu,)’
-~

4 72

< / |VHN (fl)un)|2 d’UHN
HN

= / O (| Vv un|> — Mu2) dogw +/ (Vin ®)%u? dogw
HN HN

+2/ (OVgn @) (u, Vi~ uy,) dugy +/\/ ®? u? dogw.
HN H

N

Passing to the limit in the above inequality we conclude that

4
/HN d2dv < e /HN ®3dp  for all & € C°(HN). (7.3)
Then, a proper modification of the standard concentration compactness lemma
(82, 33] yields that there exist a sequence of points x; € HY and two sequences of
positive constants ¢; and & such that v = E:;Of ¢i0y, and p > Z;of 0y, , where
d., is the Dirac measure centred at x;. On the other hand, choosing ® € C>°(H™Y)
with supp(®) = K, a compact set, such that xg ¢ K, we have that

(I)2u2

/ oh deN<C/ u? dogny — 0,
HN T K

2 (HY). Therefore the measure v is only concentrated at zo and

we conclude that v = vyd,, and p > pody,, for some positive constants vy and p.

Furthermore, inequality (7.3), together with standard measure theory arguments,

gives

since u,, — 0 in L?

4

v(B(z0,¢)) < m w(B(zo,€)),

where € > 0 and B(xg, ) denotes the ball with centre xy and radius e. Finally, the
arbitrariness of £ implies

4
Vo < m#o'
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The next lemma is devoted to study the tightness of the measure defined
above.
LEMMA 7.2. In the same assumptions of lemma 7.1, as n — oo there holds
u? u?
/]HIN T—ZdUHN = /HN T—deHN + v+ o(1).

Proof. By the definition of convergence of measure we have

’U’EL u2 0o N

— fdogy = — fdvgny + f(zo)vo +o(1) Vfe CXHY). (7.4)

HN T HN T

Let € > 0, since 1/(r?) — 0 as r — oo, there exists R, >> 1 such that 1/(r?) < e
¥ r > R.. Thus

u% ’lL2 U% U2
5 T 3 dUHN — Vg = - — & d’UHN—VO
HN r r B(zo,R<)

r2 r2

U2 U2
+/ <; - 2> dUHN.
HN\B(zo,R.) \ T r

Using the fact that {u,} is a bounded sequence in H*(H"Y) together with Poincaré
inequality, the last integral can be estimated as follows:

u

2 2
/N\ ( )(i;‘ﬂ> doyw <5</NuideN+/Nu2deN>gCg.
HN\B(z0,Re H H

Let us choose ¥ € C®°(HY) such that ¥ =1 in B(zg, R.) and supp ¥ :=
B(zo, 2R.), then we have

u% u? d
T2 gz | dvmy T
B(Io;Re) r r

<

X

2 2
u u
/ \I!<;l—2> dog~y — 1
B(z0,2R.) r r

2 2
/ v ( - “2) dug | .
B(z0,2R:)\B(z0,R:) r r

Therefore, using (7.4) for the first term and the fact that u, — win L2 (HY) for
the last term, we conclude that

2 2
U u
/ (;—2>dUHN—VO—>O, n — 00
B(zo,R:) \T r

and the proof follows.

+
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We are now ready to prove the existence issue of theorem 2.8-(i7). For MW <a<
A (HN), let {u,} be a minimizing sequence for I(\) such that

2

/ u—g dogy =1 and / (|Vanun? — Mu2) dvgy = I(X) +o(1) as n — +oo.
HN T HN

Then, up to a subsequence, the assumptions of lemma 7.1 are satisfied and using

lemma 7.2 one can write

2

I(\) (/ u—g dog~y + Vo) 2 / (Vv ul* — Mu?) dvgs 4 po + o(1) as n — +oo,
HN T HN

and recalling the definition of I(\) we get I(N)vg > po = (N — 2)?)/4)vp. Since

A > AV we know that I(\) < ((N — 2)2)/4. Therefore, we get a contradiction unless

o = vo = 0. Hence, we get

2
/ % dogy =1 and / (|Vg~vu? — u?) dogs = T(N).
HN T HN

Namely, u # 0 is a minimizer for I(\). As already remarked in the proof of (4),
up to replacing u with |u| and by maximum principle arguments, we may always
assume that any minimizer has constant sign in HY \ {zo}. Once this noted, the
uniqueness follows immediately. Otherwise, by taking a suitable linear combination
of two minimizers, one may define a minimizer which changes sign, a contradiction.

To conclude the proof of statement (ii), we still have to show the lower bound

for I()). Using theorem 2.1, it follows that for any AN < A < A\ (HY) we have

oy <1+2\/>\1(HN)—)\>2
= 2 .

Since I(\) is achieved, the inequality is strict otherwise we contradict the criticality
issue of theorem 2.1.

Proof of (iii).

The proof relies on the fact that operator
(N-1)2 1

4 4?

is subcritical. Indeed, we have already remarked in the proof of theorem 2.1 that
®(r) = (r/(sinhr))(N=1/2p2=N)/2 j5 4 positive supersolution to the equation Lu =
0 in HY \ {z¢} which is not a solution. Hence, a minimizer for I(\) = 1/4 cannot
exist.

L= —Agn —

8. General Cartan-Hadamard manifolds: proof of theorems 4.1, 4.5

We first recall some known facts. Let (M, ¢g) be a Riemannian manifold. Take a
point (pole) zg € M and denote Cut{zg} the cut locus of zy. We can define the
polar coordinates in M \ Cut*{zo}, where Cut*{zo} = Cut{zo} U {xo}. Indeed, to
any point z € M \ Cut*{zo} we can associate the polar radius r(x) := dist(z, z¢)
and the polar angle # € S¥~1, such that the minimal geodesics from x4 to x starts
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at x( to the direction §. The Riemannian metric g in M \ Cut*{zo} in the polar
coordinates takes the form

ds? = dr? + ai,j(r, H)dezﬂj,

where (61, ..., Ox_1) are coordinates on SV~ and ( a;j))ij=1,.,N is a positive

definite matrix. Let a := det(a; ;), B(xo, p) = {z:=(r, 0) : 7 < p}. Then in M \
Cut*{xo} we have

1 0
f@r

where App(a,,r) is the Laplace-Beltrami operator on the geodesic sphere 0B (o, r)
and m(r, §) is a smooth function on (0, co) x S¥~! which represents the mean
curvature of B(z, r) in the radial direction. For radial functions, namely functions
depending only on r, if M is the Riemannian model M, defined in § 4, the above
expression reads

2

a _ 0 0

1 0
Ap, = oL [W(T))

where v is as defined by (4.2).
The following Hessian comparison principle relates (8.1) and (8.2):

20 - o YO sy

o] = o T Dy

LEMMA 8.1 [26,27]. Let M be as in theorem 4.1. The mean curvature of 0B(xq, 1)
in the radial direction satisfies

Y'(r)
m(r,0) > (N —1
) > (V-1
Proof of theorem 4.1. We follow the same idea of the proof of theorem 2.1, we
define the function Wy (r) := = ((N=2/2)((4)(r))/r)~(N=1+75(A)/2) and on the
Riemannian model M, we compute

(v (A) +1)* 0,

for all v >0 and 6 € SN 1L

7AM1/;\I/>\( ) 4 7"2 Vw( ) in Mw \ {I0}7
where VJ‘ is defined as in the statement of theorem 4.1. On the other hand, we
claim that
Uy
WA(r) =5, %0 (L +ynMW)Y(r) = (N = 1+anA)rg'(r) <0 forr > 0.

In fact, this is clearly true for r close to zero, whereas we notice that
(L4 yn (N (r) = (N = L+ n(N)re! (1))
= —[(N =1+ nW)rd"(r) + (N = 2)¢'(r)] <0

since v is increasing and convex. Combining this fact with lemma 8.1, by (8.1) we
infer

7AM\I/>\ > *AMU,\I/)\'

Hence, since W, € H} (M \ {zo}), the Allegretto-Piepenbrink theorem [17,
theorem 2.12] implies (4.4).
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The proof of the criticality of the operator —Aps, — [((vn(A) +1)%)/(4r?)] —
qu‘(r) in My \{zo} follows by arguments similar to the one applied in the
proof of theorem 2.1, hence we omit the details. We only mention that one
has to exploit the fact that, by [9, theorem 2.5], it is known that the operator
—Ap, —1/(4r?) - Vdj\l(r) is critical in My, \ {20} and the corresponding ground
state is ®(r) = Uy, (r), where \; = (N — 1)2/4. Finally, we note that since ¥ (r) > r
for 7 >0 by construction, we can show that the quotient ((¥,(r))/(®(r)))? is
bounded, exactly as done in (6.5) in the hyperbolic setting. O

Proof of theorem 4.5. We proceed with steps similar to the ones given in the proof
of theorem 2.10. First, we notice that by a direct computation the function ug :=
(2=N)/2 i5 a solution to the equation

(V —2)°

e u—Upu=0. (8.3)

—Ap,u—

We look for a second independent, positive solution to the same equation. If we set
v = pN=2)/2y with w satisfying (8.3), by another direct computation it turns out
that v must satisfy

!
v+ w—v’ =0.
P

This yields that another positive, independent solution of equation (8.3) is found
by taking, under the running assumptions,

with © as defined in (4.6). Notice that both solutions are decreasing. Hence they give
rise to supersolutions of the corresponding equation on M by Hessian comparison.
We then perform the construction of the optimal weight given in [19] starting from
the two positive solutions ug and ugv, see [19], thus yielding the stated inequality
on M and criticality on M. O

REMARK 8.2. It turns out from [27, proposition 3.1] that the subcriticality of
—Ay, in My is equivalent to the following

+o0 1

Moreover, under (4.1), it can be shown easily that (8.4) is a weaker assumption
than (4.6). Therefore, assuming (8.4) we can associate a natural Hardy weight for

the operator —Ayy, . It is easy to see ug = 1 and u; = f:_m 1/((¢(s))N=1)ds are
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two independent positive solutions of
_AMw =0 in Mw.

Therefore using [19], an optimal Hardy weight V~V¢, for the operator —Ajy, is given
by
2

o[ ey
/_ ((s)) =V ds

In the hyperbolic space HY, Wy, has the following asymptotic which should be
compared with the statement of theorem 2.1 for A = A\ (HY):

= ~ (N —2)?

Wsinh(r) r—0 47"2 and

T ~ (N_ 1)2 (N_ 1)(N+3) —2r —2r
Weinh (1) +Soo 1 Nl e " +ole” ).

9. Weighted Hardy and Rellich inequalities: proof of theorems 5.1
and 5.3

9.1. Proof of theorem 5.1

We consider u € C(HN \ {z0}) and define wu(x)/r® = ¥(z)v(z). Then we
compute

‘VHNUF

o |Vin U20? + | Vgn o2 U2 + 20 U (Vgn U, Vign o)

UpU 5 u?

o9 .
r20¢+1 r2o¢+2

+ 2«

Now integrating above and by integration by parts we obtain

2 —A W] 2
/ NVavul g :/ w%dUHN-I—/ |Vaanv]? W2 dug
HN r HN v T HN

2
2 (s
— /HN 7T2a+2 dUHN
o 2
+ (20 + 1)/ (/ %H (sinh )N 1 dr> do
S§N—1 0 T

00 2
— (N - 1)a/ </ r;iﬁ cothr (sinh )V =1 dr) do
SN-1 0
(—A N\I’) u2 u2
> /HN +7‘270‘de]\’ +(Oéz— (N—2)Oé)/HN mdUHN

- (N—l)a/ %quva.
HN
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Here, in particular, we insert W := Wy _5, as defined in the proof of theorem 2.1, in
the above to obtain the desired result (5.1). The sharpness of the constant follows
immediately by exploiting the test function of type ®(r) := r(2=N)/2 combining
with a proper cut off as in the case of classical Hardy inequality on the hyperbolic
space (see [40, theorem 3.1]).

9.2. Proof of theorem 5.3

The proof is based on a suitable combination of theorem 5.1 with some ideas taken
from the proof of [30, theorem 3.1]. More precisely, starting from the inequality

1 20(N — 2 — 2a)

_AHNTQT = r2a+2 for a > O,

multiplying both sides by u? € C°(HN \ {z0}) and integrating over HY, one gets

uAgnu | Vi~ ul? 2
_AN TQOL d’UHN >/HNTC1UHN +C¥(N_2_2a) HdeUHN.
Then, for any € > 0, by Young’s inequality there holds
|AHN 7.L|2
AN 77‘2‘1_2 d’UHN
|Vav ul? °
245‘/HN TTdeN +(450{(N_2_2OZ) _452) . mdUHN.

A combination of the above inequality with (5.1) yields

Avnal? N —2—2a)? °
/ “HNud’UHN>4€((O[)+Oé(N_2_2OK)_E)/ LdUHN
HN

7"20‘72 4 N ,r.20¢+2
2
u
+4€(N—2)/HN T27ad'UHN
N —=2)(N -3
e (WD ) [,

Finally, by maximizing the coefficient in front of the first term on the right-hand
side, one gets € = (N — 2 — 2a)(N — 2+ 2«))/8. By inserting this value in the
above inequality, the proof follows.

Appendix A. Improved Hardy inequality in two dimensional Euclidean
Space

This section is devoted to state certain improved Hardy inequalities in two-
dimensional Euclidean space. The results can be obtained from a direct application
of theorem 2.6 after suitable transformations.

Let B be the Euclidean unit ball. From theorem 2.1 and conformal invariance
of the Dirichlet norm in dimension two, that is, [y, |[Vizul? dvge = [ [Vul* dz,
where dz denotes the Euclidean volume element, we derive the following result.
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COROLLARY A.1. For all A< M\ (H?)=1/4 and all u e C(B) the following
inequality holds

2 2
Vul? de — 2
/B‘ u‘ a )\/B (1_ |$|2) e (Al)

L WI=AA+1) / ( 1
Z 1 5\ (log (1 — [2])/(1 + |z])))?

1|\ 2\’ ,
— = — d
( 2] ) —z) "

+(\/14/\)(\/14>\+1)/Bg(|x) (12|2)2u2dx,

2 — |z

where dx denotes the Fuclidean volume and §(|x|) := g(log((1 — |=|)/(1 + |z])))
with g > 0 as defined in theorem 2.1. In particular, for A = Ay (H?) = 1/4, inequality
(A.1) reads as

/Bwﬁdxi/B(l_Qw)zu?dx
- 3/3 <<1og<<1 |x|§/<1+|x>>>2 B (1;|a|c9|c|2> ) (1—2|x|2) W dz,

and the constant 1/4 in the right-hand side in the above inequality is sharp.

REMARK A.2. The inequality (A.1) can be compared with optimal Leray inequality,
(cf. [19, example 13.2]). Note that the weight in the left-hand side of (A.1) has
a singularity only at the boundary of the ball but on the other hand, we have a
subcriticality of the resulting operator unlike in the case of classical Leray inequality.

By considering the upper half space model for H?, namely R2 = {(x, y) €
R x Rt} endowed with the Riemannian metric (8;;)/(y?). theorem 2.1 yields the
following improved Hardy-Maz'ya-type inequality in the half space in dimension
two:

COROLLARY A.3. For all A < \(H?) = 1/4 and allu € C2°(H? \ {x0}) there holds

/ /\Vu|2dxdy )\/ /—dxdy
R+

(WI-4r+1)? 1 u?
— - | 5 dzdy
R+ d sinh” d

+(\/1—4>\)(g1—4/\+1 // 7dxdy’

where (x, y) € R x RT, d = d(z, y) := cosh™ (1 + ((y — 1)® + |z[*)/(2y)) and g > 0
is as defined in theorem 2.1.
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In particular, for X = \;(H?) = 1/4, the above inequality reads as

1 u? 1 1 1 u?
Vul? dz d 77/ /—dxd 27/ /()dmd,
/R+/R| | Y7 r+ Jr Y2 =2y g+ Jr \d?> sinh*d/ y? v

(A.2)
and the constant 1/4 in the right-hand side of (A.2) is sharp.

Hence, (A.2) provides an optimal nonstandard remainder term for the Hardy-
Maz’ya inequality in dimension two, see [9] for the case N > 3.
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