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This paper is concerned with the existence results for generalized transition waves of
space periodic and time heterogeneous lattice Fisher-KPP equations. By
constructing appropriate subsolutions and supersolutions, we show that there is a
critical wave speed such that a transition wave solution exists as soon as the least
mean of wave speed is above this critical speed. Moreover, the critical speed we
construct is proved to be minimal in some particular cases, such as space-time
periodic or space independent.
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1. Introduction

The current paper is to explore transition wave solutions of the space-time
heterogeneous lattice differential equation

u̇i(t) = di+1ui+1(t) − (di+1 + di)ui(t) + diui−1(t) + fi(t, ui(t)), (i, t) ∈ Z × R,
(1.1)

where di is a positive constant and f(t, s) := {fi(t, s)}i∈Z is of Fisher-KPP type
satisfying fi(t, 0) = 0 and fi(t, 1) = 0 for all (i, t) ∈ Z × R.

Equation (1.1) comes directly from many biological models in patchy environ-
ments [39,40], which describes the growth of population or biological invasion
process. Chen and Guo [10,11] and Zinner et al. [43] established the existence of
travelling waves for (1.1) in homogeneous media, that is,

u̇i(t) = dui+1(t) − 2dui(t) + dui−1(t) + f(ui(t)), (i, t) ∈ Z × R. (1.2)
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In this case, an entire solution u(t) = {ui(t)}i∈Z of (1.2) is called a travelling wave
solution (connecting 0 and 1) if ui(t) ∈ (0, 1) for all t ∈ R and i ∈ Z, and there are
a constant c and a function Φ(z) such that

ui(t) = Φ(i− ct), (i, t) ∈ Z × R

and

lim
z→−∞Φ(z) = 1 and lim

z→+∞Φ(z) = 0,

where c and Φ(·) are called the wave speed and wave profile of the travelling wave
solution, respectively. For equation (1.1) in space periodic environments, namely,

u̇i(t) = di+1ui+1(t) − (di + di+1)ui(t) + di−1ui−1(t) + fi(ui(t)), (i, t) ∈ Z × R,
(1.3)

where di = di−N and fi(·) = fi−N (·) for all i ∈ Z, N is a positive integer, Guo and
Hamel [16] gave the notion of pulsating waves of (1.3) and proved the existence
of pulsating waves. Here a pulsating wave of (1.3) connecting 0 and 1, which is a
generalization of the notion of travelling wave solutions to space periodic environ-
ments, is an entire solution u(t) = {ui(t)}i∈Z of (1.3) such that ui(t) ∈ (0, 1) for all
t ∈ R and i ∈ Z, and there are a constant c such that

ui

(
t+

N

c

)
= ui−N (t), (i, t) ∈ Z × R

and

ui(t) → 1 as i→ −∞, ui(t) → 0 as i→ +∞, locally in t ∈ R.

For more results on travelling wave solutions of lattice differential equations, we
refer to [9,12,13,17,20] and the references therein. In particular, there were many
works focussing on lattice differential equations with delay, see [14,22,25,41] and
the references therein.

However, the environment may be not homogeneous, even not periodic. For
equation (1.1) in a general heterogeneous environment, the notions of travelling
wave solutions and pulsating waves above are no longer suitable. To investigate
the front propagating dynamics for lattice differential equations in general hetero-
geneous media, Cao and Shen [7,8] gave the following notion of transition waves
for (1.1) recently, which is a discrete version of the notion of transition waves given
by Shen [36] for reaction-diffusion equations in continuous media.

Definition 1.1 Cao and Shen [7,8]. An entire solution u(t) = {ui(t)}i∈Z of (1.1)
is called a transition wave (connecting 0 and 1) if ui(t) ∈ (0, 1) for all t ∈ R and
i ∈ Z, and there exists J : R → Z such that

lim
i→−∞

ui+J(t)(t) = 1 and lim
i→+∞

ui+J(t)(t) = 0

uniformly in t ∈ R.

https://doi.org/10.1017/prm.2020.31 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2020.31


Transition waves for lattice Fisher-KPP equations 575

Under such a notion of transition waves, Cao and Shen [7] established the exis-
tence of transition waves for the following lattice Fisher-KPP equations in time
heterogeneous media

u̇i(t) = ui+1(t) − 2ui(t) + ui−1(t) + ui(t)f̃(t, ui(t)), (i, t) ∈ Z × R. (1.4)

Furthermore, Cao and Shen [8] developed a method to test the stability and unique-
ness of the transition waves established in [7]. Clearly, equation (1.4) studied by [7]
does not involve the space heterogeneity of environment. Thus, it is worthwhile to
further explore this topic for (1.1) in general space-time heterogeneous media, and
this constitutes the purpose of this paper.

Here we would like to point out that, in contrast to those done for equation (1.1)
in patch environment, the front propagating dynamics for reaction-diffusion equa-
tions in continuous media has been widely studied, see [1–3,6,15,23,24,27–
29,32,33,38,42] for the studies of travelling wave solutions and pulsating waves
in homogeneous media and periodic media, respectively. In fact, equation (1.1)
can be regarded as the spatially discrete version of the following reaction-diffusion
equation:

ut = (d(x)ux)x + f(t, x, u). (1.5)

To describe the front propagating dynamics of reaction-diffusion equations in gen-
eral heterogeneous media, the concept of generalized transition waves of (1.5) has
been introduced by Berestycki and Hamel [4,5]:

Definition 1.2. A positive time-global solution u of (1.5) is called a generalized
transition wave (connecting 0 and 1) if u(t, x) ∈ (0, 1) for all (t, x) ∈ R × R and
there exists a function c ∈ L∞(R) such that

lim
x→−∞u

(
x+

∫ t

0

c(s) ds, t
)

= 1, lim
x→+∞u

(
x+

∫ t

0

c(s) ds, t
)

= 0,

uniformly with respect to t ∈ R. The function c is called the speed of the generalized
transition wave u.

From now on, there is a great progress on the study of generalized transition waves of
reaction-diffusion equations in general heterogeneous media, see [18,28–31]. Shen
[36] also gave a definition of generalized transition waves for general time-dependent
equations and there were many important developments on the front propagating
dynamics of reaction-diffusion equations, see [21,34,35,37,38].

As mentioned before, in this paper, we investigate the front propagating dynamics
of (1.1). In this paper, we do not directly use the definition of transition waves
of (1.1) given by Cao and Shen [7,8]. Here we give a more precise definition in a
similar way to definition 1.2, in which the front location function J(t) is defined by
the wave speed function c(t).

Definition 1.3. A positive time-global solution U(t) := {Ui(t)}(i,t)∈Z×R of (1.1)
is called a transition wave (connecting 0 and 1) if Ui(t) ∈ (0, 1) for all t ∈ R and
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i ∈ Z, and there exists a function c ∈ L∞(R) satisfying

lim
i→−∞

Ui+〈∫ t
0 c(s) ds〉(t) = 1 and lim

i→+∞
Ui+〈∫ t

0 c(s) ds〉(t) = 0

uniformly with respect to t ∈ R. The function c is called the speed of the transition
wave U(t), and denote the integer-valued function J : R → Z, t→

〈∫ t

0
c(s) ds

〉
as

the associated front location function, where the function 〈·〉 : R → Z is the integral
function.

It is clear that if the function U(t) is a transition wave of (1.1) according to
definition 1.3, then it must be a transition wave of (1.1) according to definition 1.1.
However, the inverse may not hold. In fact, for a transition wave of (1.1) according
to definition 1.1, the speed function may not be bounded (but the speed function
of equation (1.4) studied by Cao and Shen [7] is bounded). Notice, if ζ(t) is a
bounded integer-valued function, then J(t) + ζ(t) is also a front location function.
Thus, the front location function is not unique. On the other hand, it is easy to
check that if J̃(t) is another front location function, then J(t) − J̃(t) is a bounded
integer-valued function. Hence, front location functions are unique up to addition
by bounded integer-valued functions. The front location function J(t) tells the posi-
tion of the transition front U(t) as time t elapses, while the uniform-in-t limits show
the bounded interface width, that is,

∀ 0 < ε1 < ε2, sup
t∈R

diam{i ∈ Z|ε1 � Ui(t) � ε2} <∞.

This paper is organized as follows. In § 2, we introduce some important definitions
and state our main results. Section 3 is devoted to investigating the existence of
transition waves of (1.1) with spatially periodic and temporal heterogeneous media.
In § 4, we start with checking if the c∗ in theorem 2.2 coincides with the minimal
speed known to exist in some particular cases.

2. Preliminaries and main results

In this section, we introduce the standing definitions and state the main results of
this paper. Let

X := l∞(Z) =
{
u = {ui}i∈Z

∣∣∣∣ sup
i∈Z

|ui| <∞
}

equipped with norm ‖ · ‖∞, where ‖u‖∞ = supi∈Z |ui|. For given u1, u2 ∈ X, we
write u1 � u2 if u1

i � u2
i for all i ∈ Z, u1 < u2 if u1 � u2 but u1 	= u2, and u1 
 u2

if u1
i < u2

i for all i ∈ Z. In order to derive the existence result, we first make some
assumptions as follows:

(H0) di = di−N > 0 and fi(t, s) = fi−N (t, s) where i ∈ Z, (t, s) ∈ R
2 and N is a

positive integer.
(H1) f(t, s) ∈ C1(R × R,X) with f(t, s) and ∂sf(t, s) being bounded uni-

formly in (t, s) ∈ R
2; and μ(t) := {μi(t)}i∈Z = {∂sfi(t, 0)}i∈Z is uniformly Hölder

continuous in t ∈ R and satisfies 0 < inf(i,t)∈Z×R μi(t) � sup(i,t)∈Z×R μi(t) < +∞.
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(H2) For any (i, t) ∈ Z × R, fi(t, 0) = fi(t, 1) = 0; fi(t, s) > 0 for all (i, t) ∈ Z ×
R and s ∈ (0, 1); for each i ∈ Z and (t, s) ∈ R × (0,+∞), fi(t, s) � μi(t)s; and

∃C > 0, δ, ν ∈ (0, 1], ∀(i, t) ∈ Z × R, s ∈ (0, δ), fi(t, s) � μi(t)s− Cs1+ν .

By (H1), for any given u0 ∈ X and t0 ∈ R, (1.1) has a unique (global) solu-
tion, denoted by u(t; t0, u0) with u(t0; t0, u0) = u0. In the following, we give the
definitions of the least mean (respectively the upper mean) of a function.

Definition 2.1 Nadin and Rossi [29]. The least mean (respectively the upper mean)
over R of a function g ∈ L∞(R) is given by

�g
 := lim
T→+∞

inf
t∈R

1
T

∫ t+T

t

g(s) ds

(
resp. �g� := lim

T→+∞
sup
t∈R

1
T

∫ t+T

t

g(s) ds

)
.

As shown in proposition 3.1 of [29], the definitions of �g
 and �g� do not change if
one replaces

lim
T→+∞

inf
t∈R

1
T

∫ t+T

t

g(s) ds and lim
T→+∞

sup
t∈R

1
T

∫ t+T

t

g(s) ds

with

sup
T>0

inf
t∈R

1
T

∫ t+T

t

g(s) ds and inf
T>0

sup
t∈R

1
T

∫ t+T

t

g(s) ds

respectively in the above expressions. This shows that�g
 and �g� are well defined
for any g ∈ L∞(R). In the following, we state our main results. The next theorem
consists of a sufficient condition for the existence of generalized transition waves,
expressed in terms of their speeds.

Theorem 2.2. Assume that (H0)–(H2) hold. Then there exists c∗ ∈ R such that for
every γ > c∗, (1.1) has a transition wave with a speed c ∈ L∞(R) such that �c
 = γ.

Remark 2.3. If N = 1, then (1.1) can be represented in the form

u̇i(t) = ui+1(t) − 2ui(t) + ui−1(t) + f(t, ui(t)), (i, t) ∈ Z × R. (2.1)

When the reaction term f(t, s) of (2.1) is replaced by sf̃(t, s), that is, equation (2.1)
can be written as (1.4), the critical speed c∗ has been characterized by Cao and Shen
[7], in which they need an extra assumption on f̃ :

∂f̃

∂s
(t, s) < 0 for s � 0, t ∈ R

and the condition inf(i,t)∈Z×R μi(t) > 0 (= inft∈R f̃(t, 0) > 0) given in (H1), which
will be needed in lemma 3.7 below, could be relaxed by

lim inf
t−s→∞

1
t− s

∫ t

s

f̃(τ, 0) dτ > 0.

In this paper, we adopt a different approach to obtain the existence of transition
waves of (1.1), which contain the result of Cao and Shen in [7] [see (E3) below].
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A natural question is to determine whether the c∗ in theorem 2.2 is the minimal
speed or not; that is, do transition waves with speed c such that �c
 < c∗ exist?
In § 4, we turn out that the c∗ coincides with the minimal speed of transition
waves for some particular cases, such as the coefficients are space-time periodic or
space-independent. The answer in the general media is only partial.

3. Existence of transition waves

Throughout this section, we assume that (H0)–(H2) hold. To show the existence
of transition waves, we present some important lemmas. The first lemma is to
establish the comparison principle, in which the following assumption on integer-
valued functions is needed.

(A) Let J(t) be an integer-valued function on t ∈ [t0, T ). For any t′ ∈ [t0, T ), J(·)
satisfies either J(t) ≡ J(t′) for all t ∈ (t′, T ), or there exists t1 ∈ (t′, T ) such
that |J(t1) − J(t0)| = 1 and either J(t) ≡ J(t′) for t ∈ (t′, t1) or J(t) ≡ J(t1)
for t ∈ (t′, t1).

Lemma 3.1. (1) Let either J1(t) be an integer-valued functions on t ∈ [t0, T ) sat-
isfying the assumption (A) or J1(t) = −∞ on t ∈ [t0, T ). Let either J2(t) be an
integer-valued functions on t ∈ [t0, T ) satisfying the assumption (A) or J2(t) = +∞
on t ∈ [t0, T ), too. Suppose further that J2(t) − J1(t) � 2 on t ∈ [t0, T ). Let v1(t) :=
{v1

i (t)} and v2(t) := {v2
i (t)} be defined in the set

Ω := {(i, t) ∈ Z × [t0, T )|J2(t) � i � J1(t), t ∈ [t0, T )} .

Assume that v1(t) := {v1
i (t)} and v2(t) := {v2

i (t)} are bounded between 0 and 1 on
Ω and continuous in t. Suppose that v1(t) := {v1

i (t)} and v2(t) := {v2
i (t)} are of C1

type in t and satisfy

v̇1
i (t) − di+1v

1
i+1(t) + (di + di+1)v1

i (t) − div
1
i−1(t) − fi(t, v1

i (t))

� v̇2
i (t) − di+1v

2
i+1(t) + (di + di+1)v2

i (t) − div
2
i−1(t) − fi(t, v2

i (t))

for (i, t) ∈ Ω, where Ω := {(i, t) ∈ Z × [t0, T )|J2(t) > i > J1(t), t ∈ [t0, T )}. Then
v1

i (t) � v2
i (t) for t ∈ [t0, T ) and J2(t) > i > J1(t) provided that v1

i (t0) � v2
i (t0) for

all J2(t0) � i � J1(t0) and there holds one of the following four conditions:

(a) v1
J1(t)

(t) � v2
J1(t)

(t) and v1
J2(t)

(t) � v2
J2(t)

(t) for any t ∈ [t0, T ) if both J1(t)
and J2(t) are the integer-valued functions on t ∈ [t0, T ) satisfying the
assumption (A);

(b) v1
J2(t)

(t) � v2
J2(t)

(t) for any t ∈ [t0, T ) and lim infi→−∞(v1
i (t) − v2

i (t)) � 0
uniformly on t ∈ [t0, t′] for any t′ ∈ (t0, T ) if J1(t) = −∞ on t ∈ [t0, T )
and J2(t) is an integer-valued function on t ∈ [t0, T ) satisfying the
assumption (A);

(c) v1
J1(t)

(t) � v2
J1(t)

(t) for any t ∈ [t0, T ) and lim infi→+∞(v1
i (t) − v2

i (t)) � 0
uniformly on t ∈ [t0, t′] for any t′ ∈ (t0, T ) if J2(t) = +∞ on t ∈ [t0, T )
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and J1(t) is an integer-valued function on t ∈ [t0, T ) satisfying the assump-
tion (A);

(d) lim infi→−∞(v1
i (t) − v2

i (t)) � 0 and lim infi→+∞(v1
i (t) − v2

i (t)) � 0 uniformly
on t ∈ [t0, t′] for any t′ ∈ (t0, T ) if J1(t) = −∞ and J2(t) = +∞ on t ∈ [t0, T ).

(2) Let J1(t) and J2(t) be as in (1). Let Ω and Ω be defined in (1). Suppose
w1(t) := {w1

i (t)} and w2(t) := {w2
i (t)} be defined in (i, t) ∈ Ω and be continuous

in t. Suppose that w1(t) := {w1
i (t)} and w2(t) := {w2

i (t)} are of C1 type in t and
satisfy

ẇ1
i (t) − di+1w

1
i+1(t) + (di + di+1)w1

i (t) − diw
1
i−1(t) − μi(t)w1

i (t)

� ẇ2
i (t) − di+1w

2
i+1(t) + (di + di+1)w2

i (t) − diw
2
i−1(t) − μi(t)w2

i (t)

for (i, t) ∈ Ω. Then w1
i (t) � w2

i (t) for t ∈ [t0, T ) and J2(t) > i > J1(t) provided that
w1

i (t0) � w2
i (t0) for all J2(t0) � i � J1(t0) and one of the conditions (a), (b), (c)

and (d) in (1) holds.

Proof. We prove (1). Here we only consider the case that the condition (a) holds.
In this case, we have that both J1(t) and J2(t) satisfy (A) respectively. Without
loss of generality, we assume that there exists t1 ∈ (t0, T ) such that J1(t) ≡ J1(t0)
and J2(t) ≡ J2(t0) for any t ∈ (t0, t1), and

|J1(t1) − J1(t0)| = 1 or |J2(t1) − J2(t0)| = 1. (3.1)

Let ϑi(t) = ect(v1
i (t) − v2

i (t)), where J2(t0) � i � J1(t0), t ∈ [t0, t1) and c is a
constant to be determined later. Then

ϑ̇i(t) = cect(v1
i (t) − v2

i (t)) + ect(v̇1
i (t) − v̇2

i (t))

� di+1ϑi+1(t) + diϑi−1(t) + (ai(t) − (di + di+1) + c)ϑi(t) (3.2)

for J2(t0) > i > J1(t0) and a.e. t ∈ [t0, t1), where

ai(t) =
∫ 1

0

∂fi

∂s
(t, τv1

i (t) + (1 − τ)v2
i (t)) dτ for J2(t0) > i > J1(t0), t ∈ [t0, t1).

Let pi(t) = ai(t) − (di + di+1) + c. By the boundedness of v1(t) and v2(t) and the
periodicity of di, then there is a c > 0 such that

inf
J2(t0)>i>J1(t0),t∈[t0,t1)

pi(t) > 0.

In the following, one claims that ϑi(t) � 0 for J2(t0) > i > J1(t0) and t ∈ [t0, t1).
Denote p0 = supJ2(t0)>i>J1(t0),t∈[t0,t1) pi(t) and dmax := maxi∈Z di. It is sufficient

to prove the claim for J2(t0) > i > J1(t0) and t ∈ [t0, t0 + T0] with T0 = 1
2 min{t1 −

t0, 1/(p0 + 2dmax)}. Assume, towards contradiction, that there exists J2(t0) > ĩ >
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J1(t0) and t̃ ∈ [t0, t0 + T0] such that ϑĩ(t̃) < 0. Thus

ϑinf = inf
J2(t0)>i>J1(t0),t∈[t0,t0+T0]

ϑi(t) < 0.

Hence, we can find some sequences J2(t0) > in > J1(t0) and tn ∈ [t0, t0 + T0] such
that

ϑin
(tn) → ϑinf as n→ ∞.

By virtue of the condition (a), (3.2) and the fundamental theorem of calculus for
Lebesgue integrals, we get

ϑin
(tn) − ϑin

(t0) �
∫ tn

t0

[din+1ϑin+1(t) + din
ϑin−1(t) + pin

(t)ϑin
(t)] dt

�
∫ tn

t0

[2dmaxϑinf + pin
(t)ϑinf ] dt

� T0(2dmax + p0)ϑinf for n � 1.

Recall that ϑin
(t0) � 0, then

ϑin
(tn) � T0(2dmax + p0)ϑinf for n � 1.

It follows that

ϑinf � T0(2dmax + p0)ϑinf >
1
2
ϑinf as n→ ∞,

which is a contradiction due to ϑinf < 0. Thus, v1
i (t) � v2

i (t) for J2(t0) � i � J1(t0)
and t ∈ [t0, t0 + T0]. Repeating the above procedure on [t0 + T0, t0 + 2T0], [t0 +
2T0, t0 + 3T0], . . ., we can get v1

i (t) � v2
i (t) for J2(t0) � i � J1(t0) and t ∈ [t0, t1].

Further using (3.1) and the continuous of v1
i (t) and v2

i (t) on t = t1 for any given
J2(t1) � i � J1(t1), we get

v1
i (t1) � v2

i (t1) for all J2(t1) � i � J(t1).

Therefore, repeating the above method, we have

v1
i (t) � v2

i (t) for J2(t) � i � J1(t) and t ∈ [t0, T ).

We can prove (2) by the similar arguments as above. The lemma is thus proved. �

Remark 3.2. In lemma 3.1(1), if there further exists J2(t0) > i0 > J1(t0) such that
v1

i0
(t0) > v2

i0
(t0), then one can easily get that v1

i (t) > v2
i (t) for any t ∈ (t0, T ) and

J2(t) > i > J1(t). Similarly, in lemma 3.1(2), if there further exists J2(t0) > i0 >
J1(t0) such that w1

i0
(t0) > w2

i0
(t0), then one can easily get that w1

i (t) > w2
i (t) for

any t ∈ (t0, T ) and J2(t) > i > J1(t).
Here we would like to mention that, compared with the existing results on the

comparison principle of the lattice differential equations, our theorem (lemma 3.1)
is more general. In fact, the comparison principle for the lattice differential equa-
tions was usually established for the infinite lattices (J1(t) = −∞ and J2(t) = +∞)
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(see [8, lemma 2.1]) or finite lattices (J1(t) = 0 and J2(t) = N) (see [22,26]).
Therefore, lemma 3.1 is of independent interest due to possible applications in
future.

Consider the following linearized equation of (1.1)around 0 :

u̇i(t) = di+1ui+1(t) − (di+1 + di)ui(t) + diui−1(t) + μi(t)ui(t), (i, t) ∈ Z × R.
(3.3)

Since equation (3.3) is spatially periodic, we expect to look for the time global
solution u(t) := {ui(t)}i∈Z of this equation under the form

ui(t) = e−λiηλ;i(t), (i, t) ∈ Z × R, (3.4)

where λ > 0 is the spatial exponential decay rate and

ηλ;i(t) = ηλ;i−N (t) > 0, (i, t) ∈ Z × R. (3.5)

Substituting (3.4) into (3.3), it reduces that {ηλ;i(t)}(i,t)∈Z×R must satisfy

η̇λ;i(t) = di+1 e−ληλ;i+1(t) − (di+1 + di)ηλ;i(t)

+ di eληλ;i−1(t) + μi(t)ηλ;i(t), (i, t) ∈ Z × R. (3.6)

The following lemma shows some properties of the solution of equation (3.6) and
is the key point where the spatial periodicity hypothesis (H0) is used.

Lemma 3.3. For all λ > 0, there exists a time-global solution ηλ(t) = {ηλ;i(t)}i∈Z

of (3.6) with the form (3.5), which is unique up to a multiplicative constant and
satisfies

ηλ;i(t+ T ) � max
i∈Z

ηλ;i(t) exp

[
max
i∈Z

di(eλ + e−λ)T +
∫ t+T

t

max
i∈Z

μi(s) ds

]
, (3.7)

ηλ;i(t+ T ) � Cλ max
i∈Z

ηλ;i(t) exp

[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)T

+
∫ t+T

t

min
i∈Z

μi(s) ds

]
, (3.8)

where (i, t) ∈ Z × R, T � 0, and the constant Cλ > 0 depends on λ.

Proof. Note that the equation (3.6) can be regarded as an ordinary differen-
tial system in R

N due to the spatial periodicity of its coefficients. Denote m =
inf(i,t)∈Z×R μi(t) > 0. We know from [16, lemma 2.1] that for each λ > 0, there
exists a unique element ξ−λ = {ξ−λ,i}i∈Z of Kper with maxi∈Z ξ

−
λ,i = 1 such that

di+1 e−λξ−λ,i+1 − (di+1 + di)ξ−λ,i + di eλξ−λ,i−1 +mξ−λ,i = Φ(λ)ξ−λ,i, i ∈ Z,

where Kper := {ξλ = {ξλ
i }i∈Z ∈ X, ξλ

i > 0 and ξλ
i−N = ξλ

i for all i ∈ Z} and
Φ(λ) > 0 is the principal eigenvalue of the N ×N matrix Aλ := [aλ;i,j ] defined
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by ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

aλ;i,i = −(di+1 + di) +m, i ∈ {1, · · · , N},
aλ;i,i+1 = di+1 e−λ, i ∈ {1, · · · , N − 1},
aλ;i+1,i = di+1 eλ, i ∈ {1, · · · , N − 1},
aλ;1,N = d1 eλ,

aλ;N,1 = d1 e−λ,

aλ;i,j = 0, |i− j| � 2 and (i, j) /∈ {(1, N), (N, 1)}.

Then the function vλ(t) := {vλ;i(t)}i∈Z = {eΦ(λ)tξ−λ,i}i∈Z solves

u̇i(t) = di+1 e−λui+1(t) − (di+1 + di)ui(t) + di eλui−1(t) +mui(t), (i, t) ∈ Z × R

and it is a subsolution of (3.6). Similarly, there also exists a positive constant Ψ(λ)
and a positive vector ξ+λ = {ξ+λ,i}i∈Z ∈ Kper with maxi∈Z ξ

+
λ,i = 1 such that

di+1 e−λξ+λ,i+1 − (di+1 + di)ξ+λ,i + di eλξ+λ,i−1 +Mξ+λ,i = Ψ(λ)ξ+λ,i, i ∈ Z,

where M = sup(i,t)∈Z×R μi(t). Clearly, vλ(t) := {vλ;i(t)}i∈Z = {eΨ(λ)tξ+λ,i
}i∈Z solves

u̇i(t) = di+1 e−λui+1(t) − (di+1 + di)ui(t) + di eλui−1(t) +Mui(t), (i, t) ∈ Z × R

and it is a supersolution of (3.6). For each n ∈ N, let ηn
λ(t; k) = {ηn

λ;i(t; k)}i∈Z,t�−n

be the solution of (3.6) with initial datum ηn
λ(−n; k) = kξ−λ , where k ∈ [0, k′n] and

k′n := e−Φ(λ)n. By the comparison principle [see lemma 3.1(2)], we have

ηn
λ(0; k′n) � vλ(0) = ξ−λ ,

which implies that

0 = max
i∈Z

ηn
λ(0; 0) < 1 = max

i∈Z

ξ−λ,i � max
i∈Z

ηn
λ(0; k′n).

Then by the continuous dependence of the solutions on initial values, there exists
kn ∈ (0, k′n] such that

max
i∈Z

ηn
λ;i(0; kn) = 1.

In fact, due to m = inf(i,t)∈Z×R μi(t) > 0, we further have maxi∈Z η
n
λ;i(t; kn) � 1 for

all t ∈ [−n, 0]. By the comparison principle, we also have ηn
λ;i(t; kn) � k′′v(t) for all

t � 0, where the positive constant k′′ satisfies k′′ξ+λ,i � 1 for all i ∈ Z. Thus, we can
find a positive, N -periodic in i solution ηλ(t) = {ηλ;i(t)}i∈Z of (3.6), which is the
limit of the sequence (up to extracting a subsequence) ηn

λ(t) locally uniformly in
(i, t) ∈ Z × R as n→ ∞.
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Let us show that ηλ(t) satisfies (3.7) and (3.8). For given t0 ∈ R, the function
ηλ(t) := {ηλ;i(t)}i∈Z,t�t0 with

ηλ;i(t) = max
i∈Z

ηλ;i(t0) exp
[
max
i∈Z

di(eλ + e−λ)(t− t0) +
∫ t

t0

max
i∈Z

μi(s) ds
]

is a supersolution of (3.6) on t � t0. Then by lemma 3.1, we have ηλ;i(t) � ηλ;i(t)
for any i ∈ Z and t � t0, which further reduces to

ηλ;i(T + t0) � max
i∈Z

ηλ;i(t0) exp

[
max
i∈Z

di(eλ + e−λ)T +
∫ T+t0

t0

max
i∈Z

μi(s) ds

]
(3.9)

for any i ∈ Z and T � 0 by letting t = T + t0. By the arbitrariness of t0 ∈ R, we
can derive the inequality (3.7) by replacing t0 with t in (3.9).

Next, we show that (3.8) holds. We claim that there is C̃ > 0 depending on λ
such that

ηλ;i(t) � C̃ηλ;i+J(t+ 1) for (i, t) ∈ Z × R and J ∈ Z. (3.10)

Fix J0 ∈ Z and let (i0, t0) ∈ Z × R be given. Applying lemma 3.1 to problem (3.6),
one immediately has that

ηλ;i0+J0(t0 + 1) � vi0+J0(t0 + 1), (3.11)

where {vi(t)}i∈Z satisfies (3.6) for t > t0 with vi0(t0) = ηλ;i0(t0) and vi(t0) = 0 for
all i 	= i0. For all i ∈ Z, call now γi := zi

i+J0
(1), where {zi

j(t)}j∈Z satisfies (3.6) for
t > 0 with zi

i(0) = 1 and zi
j(0) = 0 for all j 	= i. One has zi

j(t) � 0 for all (j, t) ∈ Z ×
(0,+∞), whence γi � 0. If γi = 0, then (zi

i+J0
)′(1) = zi

i+J0
(1) = 0 and zi

i+J0−1(1) =
zi
i+J0+1(1) = 0. By induction, zi

j(1) = 0 for all j ∈ Z. But

(zi
j)

′(t) � −2max
i∈Z

diz
i
j(t)

for all j ∈ Z. In particular,

zi
i(1) � e−2 maxi∈Z dizi

i(0) = e−2 maxi∈Z di > 0,

which gives a contradiction. As a consequence, each γi is positive. On the other
hand, γi = γi−N for all i ∈ Z, due to the periodicity of (3.6). Therefore, ΓJ0 :=
mini∈Z γi > 0. Eventually, one has

vi0+J0(t0 + 1) = γi0ηλ;i0(t0).

Putting the last formula into (3.11) yields

ηλ;i0+J0(t0 + 1) � ΓJ0ηλ;i0(t0).

This together with the arbitrariness of i0 and t0 implies that

ηλ;i+J0(t+ 1) � ΓJ0ηλ;i(t)
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for all (i, t) ∈ Z × R. Let C̃ = 1/(minJ∈{1,...,N} ΓJ). Thus we get

ηλ;i(t) � C̃ηλ;i+J(t+ 1), (i, t) ∈ Z × R and J ∈ Z.

Note that for given t0 ∈ R, the function η
λ
(t) := {η

λ;i
(t)}i∈Z,t�t0 with

η
λ;i

(t) = min
i∈Z

ηλ;i(t0)

× exp
[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)(t− t0) +
∫ t

t0

min
i∈Z

μi(s) ds
]

is a subsolution of (3.6) on t � t0. Using again lemma 3.1, we have ηλ;i(t) � η
λ;i

(t)
for any i ∈ Z and t � t0, which also reduces to

ηλ;i(T + t0) � min
i∈Z

ηλ;i(t0)

× exp

[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)T +
∫ T+t0

t0

min
i∈Z

μi(s) ds

]
(3.12)

for any i ∈ Z and T � 0 by letting t = T + t0. Due to the arbitrariness of t0 ∈ R,
by replacing t0 with t in (3.12), we have

ηλ;i(t+ T ) � min
i∈Z

ηλ;i(t)

× exp

[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)T +
∫ t+T

t

min
i∈Z

μi(s) ds

]

for any i ∈ Z, T � 0 and t ∈ R. Combining this inequality with (3.10), we derive

ηλ;i(t+ T ) � C̃−1 max
i∈Z

ηλ;i(t− 1)

× exp

[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)T +
∫ t+T

t

min
i∈Z

μi(s) ds

]
(3.13)

for any i ∈ Z, T � 0 and t ∈ R. Using (3.7), we get

max
i∈Z

ηλ;i(t− 1) � maxi∈Z ηλ;i(t)

exp
[
maxi∈Z di (eλ + e−λ) + sup(i,t)∈Z×R μi(t)

]
for t ∈ R. This together with (3.13) implies that (3.8) holds and

Cλ :=
C̃−1

exp
[
maxi∈Z di (eλ + e−λ) + sup(i,t)∈Z×R μi(t)

] .
It remains to prove the uniqueness result. Assume that η1(t) and η2(t) are two

positive, N -periodic in i solutions to (3.6) satisfying (3.7) and (3.8). We first claim
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that there exists K > 1 such that

K−1η2
i (t) � η1

i (t) � Kη2
i (t), ∀t ∈ R, i ∈ Z. (3.14)

Let h > 0 be such that

η1
i (0) < hη2

i (0), ∀i ∈ Z. (3.15)

Applying lemma 3.1(2), we have

η1
i (t) � hη2

1(t), ∀i ∈ Z, t � 0. (3.16)

In fact, there also holds

min
i∈Z

η1
i (t) � hmax

i∈Z

η2
i (t), ∀t � 0. (3.17)

Assume by contradiction that there exists t0 < 0 such that mini∈Z η
1
i (t0) >

hmaxi∈Z η
2
i (t0). Applying lemma 3.1(2) again, we get η1

i (0) � hη2
i (0) for all i ∈ Z

which contradicts with (3.15). Using (3.8) with T = 0 to both η1(t) and η2(t), we
can find two positive constants C1

λ and C2
λ satisfying

min
i∈Z

η1
i (t) � C1

λ max
i∈Z

η1
i (t) and min

i∈Z

η2
i (t) � C2

λ max
i∈Z

η2
i (t)

for all t ∈ R. This together with (3.17) implies that

η1
i (t) � h

C1
λC

2
λ

η2
i (t), ∀i ∈ Z, t � 0,

whence by (3.16), we obtain

η1
i (t) � max

{
h,

h

C1
λC

2
λ

}
η2

i (t), ∀i ∈ Z, t ∈ R.

Thus, using symmetry, there is a possibly larger K such that (3.14) holds. Now,
denote

k := lim sup
t→−∞

max
i∈Z

η1
i (t)
η2

i (t)
.

By (3.14), one gets k ∈ [K−1,K]. Let tn ∈ R satisfy

lim
n→∞ tn = −∞ and lim

n→∞max
i∈Z

η1
i (tn)
η2

i (tn)
= k.

For n ∈ N, consider the functions μn(t) := {μn
i (t)}i∈Z = {μi(t+ tn)}i∈Z and

ηn,j(t) :=
{
ηn,j

i (t)
}

i∈Z

=

⎧⎨⎩ ηj
i (t+ tn)

max
l∈Z

η1
l (tn)

⎫⎬⎭
i∈Z

(j = 1, 2).

Applying (H1) and the Arzela–Ascoli theorem, we can get that (μn(t))n∈N con-
verges (up to subsequences) to μ̃(t) := {μ̃i(t)}i∈Z locally uniformly in (i, t) ∈ Z × R.
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By (3.7) and (3.8), we have

C1
λ exp

[
min
i∈Z

(di+1 e−λ + di eλ − di+1 − di)t
]

� η1
i (t+ tn)

max
l∈Z

η1
l (tn)

� exp

[(
max
i∈Z

di(eλ + e−λ) + sup
(i,t)∈Z×R

μi(t)

)
t

]
,

which implies that for each i ∈ Z, the sequences (ηn,1
i (t))n∈N are locally uniformly

bounded in t ∈ R and the derivatives (η̇n,1
i (t))n∈N are then also locally uniformly

bounded in t ∈ R. By (3.14), the same matter holds true for (ηn,2(t))n∈N. Therefore,
by the Arzela–Ascoli theorem again, (ηn,j(t))n∈N converges (up to subsequences)
to some functions η̃j(t) := {η̃j

i (t)}i∈Z locally uniformly in (i, t) ∈ Z × R, satisfying

˙̃ηj
i (t) = di+1 e−λη̃j

i+1(t) − (di + di+1)η̃
j
i (t) + di eλη̃j

i−1(t) + μ̃i(t)η̃
j
i (t),

where j = 1, 2 and (i, t) ∈ Z × R. Moreover,

max
i∈Z

η̃1
i (0)
η̃2

i (0)
= k and η̃1

i (t) � kη̃2
i (t), ∀(i, t) ∈ Z × R.

Then, there is i0 ∈ Z such that η̃1
i0

(0) = kη̃2
i0

(0) and

˙̃η1
i0(0) − k ˙̃η2

i0(0) = di0+1 e−λ
(
η̃1

i0+1(0) − kη̃2
i0+1(0)

)
+ di0 eλ

(
η̃1

i0−1(0) − kη̃2
i0−1(0)

)
= 0

holds. Since each coefficient di is positive, one infers that

η̃1
i0+1(0) − kη̃2

i0+1(0) = η̃1
i0−1(0) − kη̃2

i0−1(0) = 0.

Repeating the above procedure, we have η̃1
i (0) − kη̃2

i (0) = 0 for any i ∈ Z. By the
classical theory for ordinary differential equations in Banach spaces [19], we have
η̃1(t) ≡ kη̃2(t) for all t ∈ R. As a consequence, for any ε > 0, we can find nε ∈ N

such that

(k − ε)ηn,2
i (0) < ηn,1

i (0) < (k + ε)ηn,2
i (0), i ∈ Z

for all n � nε. Combining this with lemma 3.1, one has

(k − ε)ηn,2
i (t) < ηn,1

i (t) < (k + ε)ηn,2
i (t), ∀i ∈ Z, t � 0

for all n � nε, which implies that

(k − ε)η2
i (t) < η1

i (t) < (k + ε)η2
i (t), ∀i ∈ Z, t � tn

for all n � nε. Letting n→ ∞ and ε→ 0+, we eventually obtain η1(t) ≡ kη2(t) for
all t ∈ R. Lemma 3.3 thus follows. �
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Remark 3.4. In the particular case T = 0, the inequality (3.8) expresses

min
i∈Z

ηλ;i(t) � Cλ max
i∈Z

ηλ;i(t), ∀t ∈ R. (3.18)

Notice that, in contrast with (3.10), the two sides are evaluated at the same time.
This particular instance of inequality (3.8) will be sometimes used in the following.

Lemma 3.5. For all λ > 0, there is a uniformly Lipschitz-continuous function Sλ :
R → R and a constant βλ > 0 satisfying that∣∣∣∣Sλ(t) − 1

λ
ln
(

max
i∈Z

ηλ;i(t)
)∣∣∣∣ � βλ, ∀ t ∈ R. (3.19)

Proof. Applying inequalities (3.7) and (3.8) yields

lnCλ + min
i∈Z

(
di+1 e−λ + di eλ − di+1 − di

)
T

� ln
(

max
i∈Z

ηλ;i(t+ T )
)
− ln

(
max
i∈Z

ηλ;i(t)
)

�
[
max
i∈Z

di

(
eλ + e−λ

)
+ sup

(i,t)∈Z×R

μi(t)

]
T,

where t ∈ R, T � 0 and Cλ > 0 is a constant given by lemma 3.3 associated with
λ. Denote

β̃λ := max
{∣∣∣∣min

i∈Z

(
di+1 e−λ + di eλ − di+1 − di

)∣∣∣∣ ,
max
i∈Z

di

(
eλ + e−λ

)
+ sup

(i,t)∈Z×R

μi(t)

}
.

Thus we get∣∣∣∣ln(max
i∈Z

ηλ;i(t+ T )
)
− ln

(
max
i∈Z

ηλ;i(t)
)∣∣∣∣ � β̃λT + | lnCλ|

for all t ∈ R and T � 0. For any n ∈ N, define Sλ on [n, n+ 1] as the affine function
satisfying

Sλ(n) =
1
λ

ln
(

max
i∈Z

ηλ;i(n)
)
, Sλ(n+ 1) =

1
λ

ln
(

max
i∈Z

ηλ;i(n+ 1)
)
.

Then we have

|S′
λ(t)| =

∣∣∣∣ 1λ ln
(

max
i∈Z

ηλ;i(n+ 1)
)
− 1
λ

ln
(

max
i∈Z

ηλ;i(n)
)∣∣∣∣

� β̃λ + | lnCλ|
λ

, t ∈ (n, n+ 1),
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which implies that Sλ is uniformly Lipschitz-continuous over R. Furthermore, for
t ∈ [n, n+ 1], we have∣∣∣∣Sλ(t) − 1

λ
ln
(

max
i∈Z

ηλ;i(t)
)∣∣∣∣

� |Sλ(t) − Sλ(n)| +
∣∣∣∣ 1λ ln

(
max
i∈Z

ηλ;i(t)
)
− Sλ(n)

∣∣∣∣
= |Sλ(t) − Sλ(n)| +

∣∣∣∣ 1λ ln
(

max
i∈Z

ηλ;i(t)
)
− 1
λ

ln
(

max
i∈Z

ηλ;i(n)
)∣∣∣∣

� 2
β̃λ + | lnCλ|

λ
.

Thus, we confirm that t→ Sλ(t) − 1/λ ln(maxi∈Z ηλ;i(t)) is uniformly bounded over
R. The lemma is thus proved. �

Now define a function

cλ(t) := S′
λ(t), a.e. t ∈ R. (3.20)

It is clear that cλ(·) ∈ L∞(R). In the following, we construct the transition wave
of (1.1) by using cλ(t) as a possible speed.

Firstly, we show some properties of the least and upper means of the (cλ)λ>0.
Owing to (3.19), we have

�cλ
 =
1
λ

lim
T→+∞

inf
t∈R

1
T

ln
maxi∈Z ηλ;i(t+ T )

maxi∈Z ηλ;i(t)
(3.21)

and

�cλ� =
1
λ

lim
T→+∞

sup
t∈R

1
T

ln
maxi∈Z ηλ;i(t+ T )

maxi∈Z ηλ;i(t)

By (3.7) and (3.8), we get

1
T

lnCλ + min
i∈Z

(di+1 e−λ + di eλ − di+1 − di) +
1
T

∫ t+T

t

min
i∈Z

μi(s) ds

� 1
T

ln
max
i∈Z

ηλ;i(t+ T )

max
i∈Z

ηλ;i(t)

� max
i∈Z

di(eλ + e−λ) +
1
T

∫ t+T

t

max
i∈Z

μi(s) ds, ∀t ∈ R, T � 0 and λ > 0,

which further implies

1
λ

min
i∈Z

(di+1 e−λ + di eλ − di − di+1) +
1
λ

⌊
min
i∈Z

μi(t)
⌋

� �cλ
 � 1
λ

max
i∈Z

di(eλ + e−λ) +
1
λ

⌊
max
i∈Z

μi(t)
⌋
, ∀λ > 0 (3.22)
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and

1
λ

min
i∈Z

(di+1 e−λ + di eλ − di − di+1) +
1
λ

⌈
min
i∈Z

μi(t)
⌉

� �cλ� � 1
λ

max
i∈Z

di(eλ + e−λ) +
1
λ

⌈
max
i∈Z

μi(t)
⌉
, ∀λ > 0. (3.23)

Lemma 3.6. The functions λ→ λ�cλ
 and λ→ λ�cλ� are locally uniformly Lips-
chitz continuous on (0,+∞). So naturally, the functions λ→ �cλ
 and λ→ �cλ�
are continuous on (0,+∞).

Proof. Fix 0 < ε < Λ < +∞ and ε � λ0 � Λ. Let λ1 ∈ [ε,Λ] be such that |λ1 −
λ0| = Λ−ε

2 . For j = 0, 1, the function vλj
(t) := {vλj ;i(t)}i∈Z = {e−λjiηλj ;i(t)}i∈Z

satisfies (3.3). Rewriting vλj
(t) = {vλj ;i(t)}i∈Z = {ewλj ;i(t)}i∈Z, we have that

ẇλj ;i(t) = di+1 ewλj ;i+1(t)−wλj ;i(t) + di ewλj ;i−1(t)−wλj ;i(t)

− (di+1 + di) + μi(t), (i, t) ∈ Z × R.

For τ ∈ (0, 1), the function w(t) := {wi(t)}i∈Z = {(1 − τ)wλ0;i(t) + τwλ1;i(t)}i∈Z

satisfies

ẇi(t) = di+1

[
(1 − τ) ewλ0;i+1(t)−wλ0;i(t) + τ ewλ1;i+1(t)−wλ1;i(t)

]
+ di

[
(1 − τ) ewλ0;i−1(t)−wλ0;i(t) + τ ewλ1;i−1(t)−wλ1;i(t)

]
− (di+1 + di) + μi(t)

� di+1 e(1−τ)[wλ0;i+1(t)−wλ0;i(t)]+τ [wλ1;i+1(t)−wλ1;i(t)]

+ di e(1−τ)[wλ0;i−1(t)−wλ0;i(t)]+τ [wλ1;i−1(t)−wλ1;i(t)] − (di+1 + di) + μi(t)

= di+1 ewi+1(t)−wi(t) + di ewi−1(t)−wi(t) − (di+1 + di) + μi(t), (i, t) ∈ Z × R,

which implies that ew(t) := {ewi(t)}i∈Z is a supersolution of (3.3). Since

ewi(t) = e−((1−τ)λ0+τλ1)iη1−τ
λ0;i

(t)ητ
λ1;i(t), (i, t) ∈ Z × R,

the function η1−τ
λ0

(t)ητ
λ1

(t) := {η1−τ
λ0;i

(t)ητ
λ1;i

(t)}i∈Z is a supersolution of (3.6) with

λ = λτ := (1 − τ)λ0 + τλ1.

Note that for given t0 ∈ R, the function {ηλτ ;i(t+ t0)/maxi∈Z ηλτ ;i(t0)}i∈Z,t�0 is a
solution of (3.6) with λ = λτ and initial datum {ηλτ ;i(t0)/maxi∈Z ηλτ ;i(t0)}i∈Z � 1.
Applying lemma 3.1 and the arbitrariness of t0, we can get

maxi∈Z ηλτ ;i(t+ T )
maxi∈Z ηλτ ;i(t)

�
maxi∈Z

{
η1−τ

λ0;i
(t+ T )ητ

λ1;i
(t+ T )

}
mini∈Z

{
η1−τ

λ0;i
(t)ητ

λ1;i
(t)
}

�
(

maxi∈Z ηλ0;i(t+ T )
mini∈Z ηλ0;i(t)

)1−τ (maxi∈Z ηλ1;i(t+ T )
mini∈Z ηλ1;i(t)

)τ
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for all t ∈ R and T > 0. Hence, using the inequality (3.18) for ηλ0(t) and ηλ1(t), we
get

maxi∈Z ηλτ ;i(t+ T )
maxi∈Z ηλτ ;i(t)

� Cτ−1
λ0

C−τ
λ1

(
maxi∈Z ηλ0;i(t+ T )

maxi∈Z ηλ0;i(t)

)1−τ

×
(

maxi∈Z ηλ1;i(t+ T )
maxi∈Z ηλ1;i(t)

)τ

, (3.24)

where the constant Cλ0 > 0 and Cλ1 > 0 be given by lemma 3.3 associated with λ0

and λ1 respectively.
Defined by F (λ) := λ�cλ
 for λ > 0. Following from (3.21) and (3.24), we obtain

F (λτ ) � lim
T→+∞

inf
t∈R

1
T

(
(1 − τ) ln

maxi∈Z ηλ0;i(t+ T )
maxi∈Z ηλ0;i(t)

+ τ ln
maxi∈Z ηλ1;i(t+ T )

maxi∈Z ηλ1;i(t)

)
.

Consequently, we have

F (λτ ) − F (λ0) � τ(λ1�cλ1� − λ0�cλ0
), ∀τ ∈ (0, 1).

This together with (3.22) and (3.23) implies that

F (λτ ) − F (λ0) � τ

(
dmax(eλ1 + e−λ1) +

⌈
max
i∈Z

μi(t)
⌉

−min
i∈Z

(di+1e−λ0 + di eλ0 − di − di+1) −
⌊
min
i∈Z

μi(t)
⌋)

� τ

(
2dmax eΛ |λ1 − λ0| + 2dmax

(
eΛ + e−ε

)
+ 2dmax

+
⌈
max
i∈Z

μi(t)
⌉
−
⌊
min
i∈Z

μi(t)
⌋)

� Kτ (|λ1 − λ0| + 1)

= Kτ

(
Λ − ε

2
+ 1

)
,

where dmax = max
i∈Z

di and

K = max
{

2dmax eΛ, 2dmax

(
eΛ + e−ε

)
+ 2dmax +

⌈
max
i∈Z

μi(t)
⌉
−
⌊
min
i∈Z

μi(t)
⌋}

.

This proves the Lipschitz continuity of F on [ε,Λ] due to |λτ − λ0| = τ(Λ − ε)/2.
By the similar way as above, we can get the function λ�cλ� is locally uniformly
Lipschitz continuous in λ ∈ (0,+∞). It then follows that the functions λ→ �cλ

and λ→ �cλ� are continuous on (0,+∞). This completes the proof. �

In order to define the critical speed c∗, we introduce the following set:

κ := {λ > 0 : ∃k > 0, ∀0 < k < k, �cλ − cλ+k
 > 0}. (3.25)
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Lemma 3.7. There exists λ∗ > 0 such that κ = (0, λ∗). Moreover, the function λ→
�cλ
 is decreasing on κ.

Proof. It can be proved by the similar arguments in [30, lemma 3.4]. For the
completeness, we provide a proof in the following.

Fix λ0, λ1 > 0. For τ ∈ (0, 1), we set λτ := (1 − τ)λ0 + τλ1. By calculating (3.24),
we get

(1 − τ) ln
maxi∈Z ηλ0;i(t+ T )

maxi∈Z ηλ0;i(t)
+ τ ln

maxi∈Z ηλ1;i(t+ T )
maxi∈Z ηλ1;i(t)

− ln
maxi∈Z ηλτ ;i(t+ T )

maxi∈Z ηλτ ;i(t)

� ln
(
C1−τ

λ0
Cτ

λ1

)
.

This together with (3.19) and (3.20) implies that∫ t+T

t

[(1 − τ)λ0cλ0 + τλ1cλ1 − λτ cλτ
] ds � ln

(
C1−τ

λ0
Cτ

λ1

)
− 2 [(1 − τ)βλ0 + τβλ1 + βλτ

] .

It follows that

λτ

∫ t+T

t

(cλ0 − cλτ
) ds � τλ1

∫ t+T

t

(cλ0 − cλ1) ds+ ln
(
C1−τ

λ0
Cτ

λ1

)
− 2 [(1 − τ)βλ0 + τβλ1 + βλτ

] .

Dividing both sides by T , taking the infimum over t ∈ R and then taking the limit
as T → +∞, we get

�cλ0 − cλτ

 � τ

λ1

λτ
�cλ0 − cλ1
, ∀τ ∈ (0, 1). (3.26)

Similarly, dividing both sides by −T, we obtain

�cλτ
− cλ0
 � τ

λ1

λτ
�cλ1 − cλ0
, ∀τ ∈ (0, 1). (3.27)

Furthermore, considering the upper mean, we analogously have

�cλ0 − cλτ
� � τ

λ1

λτ
�cλ0 − cλ1�, ∀τ ∈ (0, 1)

and

�cλτ
− cλ0� � τ

λ1

λτ
�cλ1 − cλ0�, ∀τ ∈ (0, 1). (3.28)

In the following, we show the properties of κ by using these inequalities and choosing
suitable λ0, λ1 and τ.

Step 1. κ 	= ∅.
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By (3.22) and (H1), we have

lim
λ→0+

�cλ − c1
 � lim
λ→0+

�cλ
 − �c1� = +∞.

Then there exists 0 < λ′ < 1 satisfying �cλ′ − c1
 > 0. Applying (3.26) with
λ0 = λ′ and λ1 = 1, we get that �cλ′ − cλ′+k
 > 0 for all 0 < k < 1 − λ′. Therefore,
λ′ ∈ κ.

Step 2. κ is bounded from above.
It follows from (3.22) that

lim
λ→+∞

�c1 − cλ
 � �c1
 − lim
λ→+∞

�cλ
 = −∞.

Then there exists λ′ > 1 such that �c1 − cλ
 < 0 for any λ > λ′. Then, for any
k > 0, using (3.27) with λ0 = λ+ k, λ1 = 1 and τ = k/k + λ− 1, we get

�cλ − cλ+k
 � k

(k + λ− 1)λ
�c1 − cλ+k
 < 0,

which implies λ /∈ κ. Thus κ is bounded from above by λ′.
Step 3. If λ ∈ κ, then (0, λ] ⊂ κ.
Let 0 < λ′ < λ and k > 0. By using (3.26) and (3.27), we get

�cλ′ − cλ′+k
 �
(

k

k + λ− 1

)(
λ+ k

λ′ + k

)
�cλ′ − cλ+k
 �

(
λ+ k

λ′ + k

)
λ

λ′
�cλ − cλ+k
.

Thus, if λ ∈ κ, then λ′ ∈ κ.
Step 4. If supκ /∈ κ.
Let λ∗ := supκ and k > 0. It follows from the definition of κ and λ∗ that for each

n ∈ N, there exists kn ∈ (0, 1/n) such that

�cλ∗+1/n − cλ∗+1/n+kn

 � 0.

For n large enough, there holds 1/n+ kn < k. Using (3.26), we have

0 � �cλ∗+1/n − cλ∗+1/n+kn

 �

(
kn

k − 1/n

)(
λ∗ + k

λ∗ + 1
n + kn

)
�cλ∗+1/n − cλ∗+k


for n large enough. Consequently, we have

�cλ∗ − cλ∗+k
 � �cλ∗+1/n − cλ∗+k
 + �cλ∗ − cλ∗+1/n� � �cλ∗ − cλ∗+1/n�
for n large enough. Using (3.28), we get

�cλ∗ − cλ∗+1/n� � 1/n
λ∗ + 2/n

�cλ∗/2 − cλ∗+1/n� � 1/n
λ∗ + 2/n

(�cλ∗/2� − �cλ∗+1/n
),

which tends to 0 as n→ ∞ by lemma 3.6. Thus we eventually have �cλ∗ − cλ∗+k
 �
0, which implies λ∗ /∈ κ.

Now we show that λ→ �cλ
 is decreasing on κ. On the contrary, we suppose that
there are 0 < λ1 < λ2 < λ∗ such that �cλ1
 � �cλ2
. Since the function λ→ �cλ
 is
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continuous, it attains its minimum on [λ1, λ2] at some λ′. Due to �cλ1
 � �cλ2
, we
can assume that λ′ ∈ [λ1, λ2). It follows from the definition of κ that there exists
λ′′ ∈ (λ′, λ2) such that �cλ′ − cλ′′
 > 0. Then, we have

�cλ′′
 � �cλ′
 + �cλ′′ − cλ′� = �cλ′
 − �cλ′ − cλ′′
 < �cλ′
,

which contradicts with the definition of λ′. This completes the proof. �

Now we can define the critical speed

c∗ := �cλ∗
, (3.29)

where λ∗ is given in lemma 3.7.
In the following, we construct some suitable subsolutions and supersolutions

of (1.1) to prove theorem 2.2. Let us first introduce a family of functions (ϕλ)λ>0.
For λ > 0, let ηλ be the function given by lemma 3.3. We normalize it by
‖ηλ(0)‖∞ = 1. Define ϕλ(t) := {ϕλ;i(t)}i∈Z by

ϕλ;i(t) = e−λSλ(t)ηλ;i(t), (i, t) ∈ Z × R.

Using (3.19), we have

e−λβλ
ηλ;i(t)

maxi∈Z ηλ;i(t)
� e−λSλ(t)ηλ;i(t) � eλβλ

ηλ;i(t)
maxi∈Z ηλ;i(t)

,

where (i, t) ∈ Z × R and βλ > 0 is the constant given by lemma 3.5. Combining this
inequality with (3.18), we get

Mλ := Cλe−λβλ � ϕλ;i(t) � eλβλ , (i, t) ∈ Z × R, (3.30)

where Cλ > 0 is the constant given by lemma 3.3.

Proof of theorem 2.2. Fix γ > c∗. Since the function λ→ �cλ
 is continuous by
lemma 3.6 and goes to +∞ as λ→ 0+ by (3.22), and κ = (0, λ∗) by lemma 3.6,
there exists λ ∈ κ such that �cλ
 = γ. The function v(t) := {vi(t)}i∈Z defined by

vi(t) := min{e−λiηλ;i(t), 1}, (i, t) ∈ Z × R

is acting as a supersolution of (1.1).
In the following, we construct a subsolution of (1.1). Recall the constant ν in (H2)

and the definition of κ, there exists λ′ ∈ (λ, (1 + ν)λ) such that �cλ − cλ′
 > 0. Set
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ψ(t) := {ψi(t)}i∈Z with

ψi(t) = eσ(t)−λ′(i−Sλ(t)+Sλ′ (t))ηλ′;i(t), (i, t) ∈ Z × R,

where σ ∈W 1,∞(R) will be determined later. Clearly, there holds

ψ̇i(t) − di+1ψi+1(t) + (di+1 + di)ψi(t) − diψi−1(t) − μi(t)ψi(t)

= (σ′(t) + λ′(cλ(t) − cλ′(t)))ψi(t), (i, t) ∈ Z × R.

Here we recall a key property of least mean (see [29, lemma 3.2]):

∀g ∈ L∞(R), �g
 = sup
σ∈W 1,∞(R)

inf
t∈R

(σ′ + g)(t). (3.31)

Since �λ′(cλ − cλ′)
 = λ′�cλ − cλ′
 > 0, by (3.31) we can choose σ ∈W 1,∞(R) such
that

K := inf
t∈R

(σ′(t) + λ′(cλ(t) − cλ′(t))) > 0.

Thus, we get

ψ̇i(t) − di+1ψi+1(t) + (di+1 + di)ψi(t) − diψi−1(t)

� (μi(t) +K)ψi(t), (i, t) ∈ Z × R.

Now we define v(t) := {vi(t)}(i,t)∈Z×R by

vi(t) = e−λiηλ;i(t) −mψi(t), (i, t) ∈ Z × R,

where m is a positive constant to be chosen. A direct computation gives

v(t) := e−λiηλ;i(t) −mψi(t) = e−λ(i−Sλ(t))
(
ϕλ;i(t) −mϕλ′;i(t) eσ(t)−(λ′−λ)(i−Sλ(t))

)
(3.32)

for all (i, t) ∈ Z × R. Since ϕλ(t) and ϕλ′(t) satisfy (3.30) and σ ∈ L∞(R), we can
choose m large enough so that if i− Sλ(t) � 0, then vi(t) � 0, and that vi(t) � δ
for all (i, t) ∈ Z × R, where δ ∈ (0, 1] is defined in (H2). If vi(t) > 0 and therefore
i− Sλ(t) > 0, we see that

v̇i(t) − di+1vi+1(t) + (di+1 + di)vi(t) − divi−1(t) − μi(t)vi(t)

� −mKψi(t)

� −mKψi(t)
v1+ν

i (t)
e−(1+ν)λiη1+ν

λ;i (t)

= −mKv1+ν
i (t)

ϕλ′;i(t)
ϕ1+ν

λ;i (t)
eσ(t)−(λ′−(1+ν)λ)(i−Sλ(t))

� −mKv1+ν
i (t)Mλ′ e−(1+ν)λβλ inf

s∈R

eσ(s),

where we have used (3.30) and the fact that λ′ < (1 + ν)λ. As a consequence, by
hypothesis (H2), for m sufficiently large, v(t) can be regarded as a subsolution
of (1.1) in the set where it is positive.
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Define a integer-valued function

J(t) := 〈Sλ(t)〉 =
〈∫ t

0

cλ(s) ds
〉
, ∀t ∈ R.

Using again (3.30), one has

vi+J(t)(t)

= e−λ(i+J(t)−Sλ(t))
(
ϕλ;i+J(t)(t) −mϕλ′;i+J(t)(t) eσ(t)−(λ′−λ)(i+J(t)−Sλ(t))

)
� e−λi

(
Mλ −m eλ′βλ′+‖σ‖∞−(λ′−λ)(i−1)

)
.

Taking N0 ∈ Z large enough, one has

inf
t∈R

vN0+J(t)(t) � e−λN0

(
Mλ −m eλ′βλ′+‖σ‖∞−(λ′−λ)(N0−1)

)
=: ω ∈ (0, δ).

In fact, when i � J(t) +N0, one has 0 < vi(t) � δ. Now by the definition of vi(t),
there exists an integer-valued function J−(t), satisfying (A) and J(t) � J−(t) �
J(t) +N0 on t ∈ R, such that vJ−(t)(t) � 0 and vi(t) > 0 for all i > J−(t) and t ∈ R.
Furthermore, by the definition of ω, there exists another integer-valued function
J+(t), satisfying (A) and J−(t) < J+(t) � J(t) +N0 on t ∈ R, such that vJ+(t)(t) �
ω and vi(t) < ω for all J−(t) � i � J+(t) − 1 and t ∈ R. Consequently, defined the
function v(t) = {vi(t)}(i,t)∈Z×R by

vi(t) :=

{
vi(t) if i � J+(t),
ω if i < J+(t),

and it will serve as a subsolution of (1.1). Moreover, since vi(t) � vi(t) for (i, t) ∈
Z × R and vi+J(t)(t) � e−λN0Mλ > ω if i < N0 and t ∈ R, one sees that 0 � vi(t) �
vi(t) � 1 for all (i, t) ∈ Z × R.

For each n ∈ N, let un(t) := {un
i (t)}i∈Z,t�−n solve{

u̇n
i (t) = di+1u

n
i+1(t) − (di+1 + di)un

i (t) + diu
n
i−1(t) + fi(t, un

i (t)), i ∈ Z, t > −n
un

i (−n) = vi(−n), i ∈ Z.

Now we show

0 � vi(t) � un
i (t) � vi(t) � 1, ∀n ∈ N, ∀i ∈ Z, ∀t � −n. (3.33)

Firstly, we show un
i (t) � vi(t) � 1 for all n ∈ N, i ∈ Z and t � −n. Since 0 �

vi(−n) � un
i (t) � vi(−n) � 1, applying lemma 3.1(1) with J1(t) = −∞ and J2(t) =

+∞ yields

0 � un
i (t) � 1, i ∈ Z, t > −n.

By fi(t, un
i (t)) � μi(t)un

i (t) for all i ∈ Z, t > −n, applying lemma 3.1(2) with
J1(t) = −∞ and J2(t) = +∞ yields

un
i (t) � e−λiηλ;i(t), i ∈ Z, t � −n.

Thus, we get un
i (t) � vi(t) for i ∈ Z and t � −n. Next, we show un

i (t) � vi(t) for
all n ∈ N, i ∈ Z and t � −n. Since un

i (t) > 0 for all i ∈ Z and t � −n, we have
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un
J−(t)(t) � vJ−(t)(t) for all t � −n. Applying lemma 3.1(1) with J1(t) = J−(t)

and J2(t) = +∞, we get un
i (t) � vi(t) for all i � J−(t) and t � −n. It follows

that un
i (t) � vi(t) for all i � J+(t) and t � −n. Since un

J+(t)(t) � vJ+(t)(t) � ω for
t � −n, again applying lemma 3.1(1) with J1(t) = −∞ and J2(t) = J+(t) yields
that un

i (t) � ω for i � J+(t) and t � −n. Thus, we have showed that un
i (t) � vi(t)

for i ∈ Z and t � −n. Thus, (3.33) holds.
Following from (3.33), one has that un

i (−n+ 1) � vi(−n+ 1) = un−1
i (−n+ 1)

for all n ∈ N
+ and i ∈ Z. It resorts from lemma 3.1 that un

i (t) � un−1
i (t) for all

n ∈ N
+, i ∈ Z and t � −n+ 1. For each (i, t) ∈ Z × R, the sequence (un

i (t))n∈N,t�−n

is nondecreasing and bounded; call Ui(t) its limit as n→ +∞. On the other hand,
for each i ∈ Z, the functions (un

i (t))n∈N,t�−n are uniformly bounded between 0 and
1, and the derivatives (u̇n

i (t))n∈N,t�−n are then also uniformly bounded. Therefore,
the convergence un

i (t) → Ui(t) as n→ +∞ holds at least locally uniformly in t for
each i ∈ Z. For each n, we can integrate equation (1.1) in any given interval of
time, and then pass to the limit as n→ +∞. It follows that the functions Ui(t) are
of class C1 and solve (1.5) for all (i, t) ∈ Z × R. Furthermore, the above estimates
imply that

∀(i, t) ∈ Z × R, 0 � vi(t) � Ui(t) � vi(t) � 1.

One further sees that

lim
i→+∞

Ui+J(t)(t) � lim
i→+∞

vi+J(t)(t) � lim
i→+∞

e−λ(i+J(t))ηλ;i+J(t)(t)

� lim
i→+∞

e−λ(i+Sλ(t))ηλ;i+J(t)(t) = 0

uniformly with respect to t ∈ R. It remains to prove that

lim
i→−∞

Ui+J(t)(t) = 1

holds uniformly with respect to t ∈ R. Set

ϑ := lim
r→−∞ inf

i�r,t∈R

Ui+J(t)(t).

Our aim is to show that ϑ = 1. We know that ϑ � ω > 0, because Ui(t) � vi(t) � ω
if i < J(t) +M. Let in ∈ Z and tn ∈ R satisfy

lim
n→∞ in = −∞, lim

n→∞Uin+J(tn)(tn) = ϑ.

For n ∈ N, let kn ∈ NZ satisfy yn := in + J(tn) − kn ∈ {1, · · · , N} and define
wn(t) := {wn

i (t)}(i,t)∈Z×R = {Ui+kn
(t+ tn)}(i,t)∈Z×R. The functions (wn(t))n∈N are

solutions of

ẇn
i (t) = di+1w

n
i+1(t) − (di+1 + di)wn

i (t) + diw
n
i−1(t)

+ fi(t+ tn, w
n
i (t)), (i, t) ∈ Z × R.

Clearly, (wn(t))n∈N are uniformly bounded between 0 and 1, and the derivatives
(ẇn(t))n∈N are then also uniformly bounded. Therefore, by the Arzela–Ascoli
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theorem, (wn(t))n∈N converges (up to subsequences) to some function w(t) :=
{wi(t)}(i,t)∈Z×R locally uniformly in (i, t) ∈ Z × R, satisfying

ẇi(t) − di+1wi+1(t) + (di+1 + di)wi(t) − diwi−1(t)

= fi(t+ tn, wi(t)), (i, t) ∈ Z × R.

Furthermore, letting y be the limit of a converging subsequence of (yn)n∈N, we find

ϑ = lim
n→∞Uin+J(tn)(tn) = lim

n→∞wn
yn

(0) = wy(0)

and

wi(t) = lim
n→∞Ui+kn

(t+ tn) = lim
n→∞Ui+in+J(tn)−yn

(t+ tn) � ϑ, ∀(i, t) ∈ Z × R.

By (H2) and di > 0 for all i ∈ Z, one infers that wy+1(0) = wy−1(0) = ϑ. By induc-
tion, we have w(0) ≡ ϑ and fi(t, ϑ) = 0 for all (i, t) ∈ Z × R. This together with
(H2) implies that either ϑ = 0 or ϑ = 1. In virtue of ϑ � ω > 0, we eventually get
ϑ = 1. Theorem 2.2 thus follows. �

4. Application to particular cases

In this subsection, we give further applications of the results of § 3 to some particular
classes of heterogeneities already investigated in the literature.

(E1): If the terms f(t, s) := {fi(t, s)}i∈Z are also periodic in t with period
T > 0, the class of admissible speeds has been characterized by Cao and Shen
[8], Fang, Yu and Zhao [15], Liang and Zhao [24], and Weinberger [42]. Following
the method described above, we see that an entire solution of (3.3) in the form (3.4)
given by ηλ(t) = eM(λ)tϕλ(t), where M(λ) and ϕλ(t) := {ϕλ;i(t)}(i,t)∈Z×R with
ϕλ;i+N (t) = ϕλ;i(t+ T ) = ϕλ;i(t), is the corresponding principal eigenvalue and
principal eigenfunction of the problem

ϕ̇λ;i(t) = di+1 e−λϕλ;i+1(t) − (di+1 + di)ϕλ;i(t)

+ di eλϕλ;i−1(t) + μi(t)ϕλ;i(t) −M(λ)ϕλ;i(t)

for all (i, t) ∈ Z × R. Thus, Sλ := M(λ)/λt satisfies (3.19), whence the speed of
wave for the linearized equation with decaying rate cλ ≡M(λ)/λ. Since the cλ is a
constant, we can get

�cλ − cλ+k� = �cλ − cλ+k
 =
M(λ)
λ

− M(λ+ k)
λ+ k

.

By (3.22), we have

lim
λ→+∞

M(λ)
λ

= +∞, lim
λ→0+

M(λ) = lim
λ→0+

λcλ �
⌊
min
i∈Z

μi(t)
⌋
> 0.

This together with the strict convexity of M(λ) with respect to λ (see [24] and
[42]) implies that λ∗ given by lemma 3.7 is the unique minimizer of λ→M(λ)/λ.
Therefore, the threshold λ∗ we obtain for the decaying rates coincides with the
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minimum point of λ→M(λ)/λ. We eventually derive the existence of a generalized
transition wave for any speed larger than c∗ := min

λ>0
M(λ)/λ, which is exactly the

sharp critical speed for travelling fronts obtained in [8,15,24,42]. To sum up, the
c∗ we constructed in theorem 2.2 is the minimal speed in the space-time periodic
monotone systems. It should be mentioned that the solutions we obtain in this
paper must be transition waves, but not necessarily be pulsating waves.

(E2): Under the assumptions made by Guo and Hamel in [16], that is, f does not
depend on t, the speed c∗ derived in the present paper and that in [16] coincide, and
thus it is minimal in the sense that there do not exist any generalized transitions
wave with a lower speed.

(E3): Consider the case investigated by Cao and Shen in [7], namely, di ≡ 1 and
f only depend on (t, u) and is replaced by sf̃(t, s). One can easily check that ηλ(t) ≡
exp [

∫ t

0
f̃(s, 0) ds+ (e−λ + eλ − 2)t]. We can take a Lipschitz continuous function

Sλ(t) :=
1
λ

∫ t

0

f̃(s, 0) ds+
1
λ

(
e−λ + eλ − 2

)
t,

which implies that

cλ(t) :=
e−λ + eλ − 2 + f̃(t, 0)

λ

is a speed of a wave with decaying rate λ. By [7, lemma 5.1], we have that the
threshold λ∗ given by lemma 3.7 of this paper satisfies

c∗ := �cλ∗(t)
 =
e−λ∗ + eλ∗ − 2 + �f̃(t, 0)


λ∗
= inf

λ>0

e−λ + eλ − 2 + �f̃(t, 0)

λ

.

Thus, in this paper, we get the same critical speed c∗ as in [7], which was not proved
to be minimal since the nonexistence of transition waves with lower speed was not
investigated. Of course, if f̃(t, 0) is unique ergodic, then the speed c∗ is minimal
(see [7, remark 1.1]).
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