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In this paper we are concerned with the well-posedness and the exponential
stabilization of the generalized Korteweg—de Vries—Burgers equation, posed on the
whole real line, under the effect of a damping term. Both problems are investigated
when the exponent p in the nonlinear term ranges over the interval [1,5). We first
prove the global well-posedness in H*(R) for 0 < s < 3 and 1 < p < 2, and in H3(R)
when p > 2. For 2 < p < 5, we prove the existence of global solutions in the
L?-setting. Then, by using multiplier techniques and interpolation theory, the
exponential stabilization is obtained with an indefinite damping term and 1 < p < 2.
Under the effect of a localized damping term the result is obtained when 2 < p < 5.
Combining multiplier techniques and compactness arguments, we show that the
problem of exponential decay is reduced to proving the unique continuation property
of weak solutions. Here, the unique continuation is obtained via the usual Carleman
estimate.
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1. Introduction

It is common knowledge that many physical problems, e.g. nonlinear shallow-water
waves and wave motion in plasmas, can be described by the family of Korteweg—
de Vries (KdV) equations. The KdV-type equations have also been used to describe
a wide range of important physical phenomena related to acoustic waves in a har-
monic crystals, quantum field theory, plasma physics and solid-state physics. In the
study of wave propagation in a tube filled with viscous fluid or of the flow of a fluid
containing gas bubbles, for example, the control equation can be reduced to the
so-called KdV-Burgers equation [23]. This is commonly obtained from the KdV
equation by adding a viscous term, and combines nonlinearity, linear dissipation
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and dispersion terms:
Up + OUgpy — VlUge +uu, =0, t>0, x €R.

Since § and v are positive numbers, the model can be viewed as a generalization
of the KdV and Burgers equations. In particular, the Burgers equation is a sim-
ple model equation for a variety of diffusion/dissipative processes in convection
dominated systems, which include the formation of weak shocks, traffic flow and
turbulence. If, besides the convective nonlinearity and dissipation/diffusion mech-
anism, dispersion also plays a role over the spatial and temporal scales of interest,
then the simplest nonlinear partial differential equation (PDE) governing the wave
dynamics is a combination of both the KdV and Burgers equations, known as the
KdV-Burgers equation.

In this work we are concerned with the generalized KdV-Burgers (GKdVB) equa-
tion under the effect of a damping term represented by a function b = b(x); more
precisely,

Ut + Uggpr — Uze + a(w)uy +b(x)u =0 inRxRy,, L1
u(z,0) =up(z) inR. (L1)

Our main aim is to address two mathematical issues connected with the initial-value
problem (1.1): global well-posedness and large-time behaviour of solutions. More
precisely, we establish the well-posedness and the exponential decay of solutions in
the classical Sobolev spaces H®. Therefore, as usual, let us first consider the energy
associated with the model, given by

ORE /R W2(z, 1) dz.

Thus, at least formally, the solutions of (1.1) should satisfy

GEO == [ zdo— [ eyl as (12)

for any positive ¢. Then, if we assume that b(x) > by for some by > 0, it is straight-
forward to infer that E(t) converges to zero exponentially. By contrast, when the
damping function b is allowed to change sign or is effective on a subset of the
domain, the problem is much more subtle. Moreover, whether (1.2) generates a
flow that can be continued indefinitely in the temporal variable, defining a solution
valid for all ¢ > 0, is a non-trivial question.

To obtain the tools with which to handle both problems, we assume that a = a(x)
is a positive real-valued function that satisfies the growth conditions

| ()| < C(1 + |puP~7), VueR, for some C > 0,

. Jo,1 if1<p<2, (1.3)
1= 0,1,2 ifp>2,

except when ug belongs to L?(R) and 2 < p < 5 (see theorem 2.14 and remark 2.15).
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Moreover, in order to obtain the exponential stability in the 1 < p < 2 case,
we take an indefinite damping satisfying the following, where ‘a.e.” denotes ‘almost
everywhere’:

be H'(R) and b(z) = Ao + A1 (z) a.e. for some g > 0 and \; € LP(R),
A 1—1/2p 1 2 1/(2p—1)
such that [[A1]|z»r) < <CO) . Cp = (1 )() . (1.4)
P

) \p

Concerning the p > 2 case, we consider a localized damping that acts everywhere
but on a bounded subset of the line; more precisely,

b € H'(R) is non-negative and b(z) = \g > 0 a.c. in (—o0, a) U (3, 00),
for some o, 3 € R, with a < 5. (1.5)

Our analysis was inspired by the results obtained by Cavalcanti et al. for the
KdV-Burgers equation [10] and by Rosier and Zhang for the generalized KdV
equation posed on a bounded domain [19] (see also [14]). In this context, we refer
the reader to the survey [20] for a review on the state of the art.

When 1 < p <2 and 0 < s < 3, we obtain the global well-posedness in the class
Bsr = C([0,T); H*(R)) N L?(0,T; H**1(R)) and prove that the solution decays
exponentially to zero in H*(R), where H® denotes the classical Sobolev spaces. As
in the theory of dispersive wave equations, the results depend on the local theory,
on the a priori estimates satisfied by the solutions and also on linear theory. Indeed,
we combine the Duhamel formula and a contraction-mapping principle to prove the
local well-posedness directly. In order to get the global result we derive energy-type
inequalities and make use of interpolation arguments. Those a priori estimates are
sufficient to yield the global stabilization result and a strong smoothing property
for solutions u € C([e, T); H*(R)) N L?(e, T; H**1(R)) for any & > 0. Our analysis
extends the results obtained in [10], from which we borrow some ideas involved in
our proofs.

When p > 2 we can use the same approach to prove that the global well-posedness
also holds in Bs 7. In order to obtain the result in a stronger/weaker norm, we need
a priori global estimates. However, the only available a priori estimate for (1.1)
is that provided by (1.2), which does not guarantee the existence of global-in-time
solutions. In fact, we do not know if the problem is locally well-posed in the energy
space. Therefore, we restrict ourselves to the 2 < p < 5 case to prove that the
estimate provided by the energy dissipation law holds, and establish the existence
of global solutions in the space C,,([0,7]; L*(R)) N L?(0,T; H*(R)).

The uniqueness remains an open problem. The main difficulty in this context
comes from the structure of nonlinearities and the lack of regularity of the solu-
tions we are dealing with. Concerning the asymptotic behaviour, we prove the
exponential decay in the L2-setting by following the approach in [19]. This com-
bines multiplier techniques and compactness arguments to reduce the problem to
some unique continuation property for weak solutions. To overcome this problem
we develop a Carleman inequality by modifying (slightly) a Carleman estimate
obtained by Rosier [18] to study the controllability properties of the KAV equation.
It allows us to prove the unique continuation property directly.
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We remark that, by using numerical simulations, in [7] Bona et al. studied the
blow-up and decay for periodic solutions of the GKdVB equation. They conjectured
that, for p > 4 and sufficiently large initial data, the solutions become unstable and
blow-up. Later, in [8], they considered the initial-value and periodic boundary-value
problems for the generalized Korteweg—de Vries equation

Ut + Ugze + upuz =0,

and studied the effect of a dissipative term on the global well-posedness of the
solutions. Actually, they considered two different dissipative terms: a Burgers-type
one —duy, and a zeroth-order term cu. In both cases, they showed that for p > 4
there exist critical values 6. and o. such that if & > . or 0 > o, the solution
is globally well defined. However, the solution blows-up when the damping is too
weak, as with the KdV equation. In contrast, it was proved by Rosier and Zhang [19]
that the generalized KdV is exponentially stable for 1 < p < 4.

With this information in hand and following the ideas in [19], we get a solution of
the initial-value problem associated with the GKdVB equation that decays expo-
nentially for p > 4, without any restriction on the initial data. More precisely, we
get a solution of the initial-value problem for 1 < p < 2 and 2 < p < 5, under an
indefinite damping and a localized damping, respectively.

Our work was carried out for the particular choice of damping effect appearing
in (1.1) and aims to establish as a fact that such a model predicts the interesting
qualitative properties initially observed for the KdV-Burgers-type equations. Con-
sideration of this issue for nonlinear dispersive equations, particularly the problems
on the time decay rate, has received considerable attention. In this respect, it is
important to point out that the approach used here was successfully applied in
the context of the KAV equation posed on R and R under the effect of a local-
ized damping term [9,15,17]. We also remark that the stabilization problem in the
absence of the damping term b was addressed by Bona and Luo [3,4], complement-
ing the earlier studies developed in [1,2,11] and deriving sharp polynomial decay
rates for the solutions. Later on, Bona and Luo [5] and Said-Houari [21] improved
upon such a theory. The asymptotic behaviour has also been discussed by Dlotko
and Sun in the language of global attractors [12,13]. More precisely, Dlotko and Sun
studied the large-time behaviour of the corresponding semigroup in constructing a
global attractor.

The analysis described above is organized into two sections: in §2 we establish
the global well-posedness results, while § 3 is devoted to the stabilization problem.
In both sections we split the results into several steps for clarity.

2. Well-posedness
First, we consider the corresponding linear inhomogeneous initial-value problem:

Ut — Uy + Upgr + b(X)u = f, (z,t) €e R x R+,} 2.1)

u(x,0) = ug(x), z eR.

Setting
Ap:=0%—-02 bl and D(A4,) = H*(R), be L™(R),
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(2.1) can be written in the form

Uty = Abu + f,
u(0) = up.

According to [10], Aj generates a strongly continuous semigroup {S(¢)}:>0 of con-
tractions in L?(R). Hence, if we consider the Banach space

By = C([0,T]: H*(R)) N L*(0, T; H**1(R)),
(2.2)

[ulls,r = sup ||U(t)||HS(R)+||3§+1UHL2(0,T;L2(R)),
t€[0,T]

the following result holds.

PROPOSITION 2.1. Let T > 0. If ug € L*(R) and f € L*(0,T; L*(R)), (2.1) has a
unique mild solution u € By r, and

lullor < Cr{lluollz + || fllLro.riz2y},  with Cp = 2eT 1Pl

Furthermore, the following energy identity holds for all t € [0,T]:

2 ¢ 2 t 2
lu(t)]3 +2 / o ()3 ds + 2 / / b(a)lu(z, )P dz ds
=||u0||§+2/0 /Rf(x,s)u(m,s)dxds. (2.3)

Proof. See [10, proposition 4.1]. O

2.1. The 1 < p < 2 case

In order to establish the well-posedness of (1.1) we need the following technical
lemmas, which will play an important role in the proofs.

LEMMA 2.2 (generalized Holder inequality). Suppose f; € LP* and Y . 1/p; =1
fori=1,2,...,n. Then,

If1- fa- fall <H|\fi||mi. (2.4)
i=1
LEMMA 2.3. Let a € C°(R) be a function satisfying
la(p)] < C(L+ [pl?), VueR, (255)

with 0 < p < 2. Then, there exists a positive constant C' such that for any T > 0
and u,v € By we have

la(w)vz Lo, miz2 @y < 27 2CTE P4 ul[f pllvllo,r + CTY2 (o]0,
Proof. Recall that H'(R) — L>°(R) and

lull < 2llull2llusll2 (2.6)
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for all w € H'(R). On the other hand, by (2.5),

T
la(u)vzllLr0,m:L2 @) < C/O 11+ [u(@)|P)ve (8)]]2 At

T T
<C [t +C [ o)z
Using the Holder inequality (2.4) and (2.6), we have
la(u )Ur”Ll(OT L2(R)) & <CT 1/2 ||%||L2(0 T;L?)
+or2c / ) /2 et (11 0 (1) 2
< CT1/2”U$||L2(O,T;L2)
T
2RO ey [ T O Ton O]

Applying lemma 2.2 with ip, i(2 —p) and %7 it follows that

la(uw)vs |l 1o, p2®y) < CTY?|v]lor
2 2
+ 20207 P | 947 2y 102 22 0,752 )

< 2P2CTE P/ A |ulf 4|v

[vllo,7-

LEMMA 2.4. For any T >0, b € L>®(R) and u,v,w € By, we have
(i) loullro,rc2®y) < T2 [bllocllullor,
(ii) [Juws ]| 1oz < 22T 4 [ullo,rllwllor-

If 1 < p < 2, we have that

(i) [JulvP~ wel L 0,miz2 @) < 22T 4 fullo.z|wllo.r||vl§ 7

(iv) for the map M: Byr — L*(0,T;L?(R)) defined by Mu = a(u)u,, M is
locally Lipschitz continuous and
[Mu— Mo|||r10,7;02(r))
g 0{21/2T1/4
+ 20T (fu|§ 7+ [luflo,rllol5 7

+olg ) + T2 u = vllo,r,
where C' is a positive constant.

Proof.
(i) Using the Holder inequality, we have

T1/2

[|bul| 1 (0,T;L2(R)) & T1/2||bHo<>HU||L2 (0,7;L2) S ”b”ooHu”O,T-
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(ii) Combining (2.6) and lemma 2.2 with 1/2, 1/4 and 1/4, it follows that

|uws || 21 (0,7;22 (R))

T
< / () oo o () 2.t
2 1/2
< 212 / ()12 ot (8152 00 (1) -t

T 1/4 T 1/2
1/2
<N ([ Telar) ([ hestolgar) 7

<2274 ullo 7 llwe flo,r-

(iii) We proceed as in (i), combining (2.6) and lemma 2.2 with 1, 2(p—1), 1(2—p)
and % to obtain

[ulv]P~ we | 10,12 ()

T
< / ()l oo [0 (6|25 e () ]2 i
2 1/2 2 2
<2p/2/0 ()3 e 1S 1o IF ™2 o 0IL2 w, (£)]|2 A

T 1/2 1)/2
/0 e ()12 oa ()12, (8)]|2 dt

1/2
< 272 |ullg 70| Py

1/2 1)/2
< 272y 2w H(” )/

T 1/4 /0T (p—-1)/4 , /T 1/2
([ atgae) ([ eatgar)” ([ hunlgar) zes
0 0

1/2 1 2 1/2 1 2
< 22274 | 2| P |82 0| P D2 o,

which allows us to conclude the result.
(iv) Note that
[ Mu — Mo 0.1 r2(r)) < [[(a(w) — a(v)ug || 110,12 R))
+ [la(v)(u = v)z |l 0,7;02R))-
Using the mean-value theorem, (ii), (iii) and lemma 2.3, we have
M= Mol oz < CIL+ P~ + 0P = vl sz
+ [la(v) (v = v)allL10,7522)
< 0{21/2T1/4Hu o
+ 220/2T(2—P)/4||u _ U”O,THUHI&T
+ 2P2TCP Ay — wlo plullorlollf 7
+ 2PPTCP Ay —wljo pllolff 7+ T?||lu = vllo,r}-
O
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The above estimates lead to the following local existence result and a priori
estimate.

PROPOSITION 2.5. Let a be a function C1(R) satisfying
a()| < COL+ 1) and |a/(w)] < C(1L+|ulP™), Vi eR,

with 1 < p < 2. Let b € L¥(R) and ug € L*(R). Then, there exist T > 0 and a
unique mild solution w € By of (1.1). Moreover,

lu(t)]2 +2 / iz (5)]12 ds + 2 / / b(a)lu(z, 5)| dads = [ugl3, ¥t € [0,T).
2.7)

Proof. Let T' > 0 be as determined later. For each u € By 1 consider the problem

vtAvau,} 2.8)

v(0) = wo,

where Ayv = 0%v — 93v — bv and Mu = a(u)u,. Since A, generates a strongly
continuous semigroup {S(t)};>0 of contractions in L?(R), lemma 2.3 and proposi-
tion 2.1 allow us to conclude that (2.8) has a unique mild solution v € By r, such
that

vllo,r < Cr{l|uoll2 + IMullL1(0,7;L2R)) }» (2.9)

where Cp = 2eT Il Thus, we can define the operator
I': By — Bor given by I'(u) =v.
By using lemma 2.3 and (2.9), we have
ITullo.r < Cr{lluollz + 272 CTE P4 |ulB s + CT/?||ullo 1}
Thus, for u € Br(0) := {u € Bo,r: ||ul|B,, < R}, it follows that

[Tullo,r < Cr{lluoll2 + op/20T(2-P)/A prtl 4 C’Tl/zR},

Choosing R = 2Cr||ugl|2, we obtain the following estimate:
[Tullor < (K1 + 3)R,

where K1 = K;(T) = 2°/2C,CTRP)/ARP + CpCTY/2. On the other hand, note
that I'u — I'w is a solution of

v = Apv — (Mu — Mw),
v(0) = 0.

Again, by applying proposition 2.1, we have

[T = I'wllo,r < Cr|[Mu — Mwl|r10,1;12),
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and estimate (iv) in lemma 2.4 allows us to conclude that
[T = T'wllo,r
< CrC2Y 2TV fullo.r
+ 22T (lu[§ o+ [|u

-1
orlwllgz + lwlf 7) + T Hlu —w

0,T-
Suppose that u, w € Br(0) as defined above. Then,
HFU - Fw”Bo,T < KQHU - w”BU‘T?

where Ky = Ky(T) = CrC{2'2TV4R + 3(2°/2)T2-P)/ARP + T1/2}. Since K, <
K>, we can choose T' > 0 to obtain Ky < % and

HFU’”BO,T < Rv

Yu,w € BR(O) C BO,T—
HFU - FwHBo,T < %H’U, - wHBO,T’}

Hence, I': Br(0) — Bg(0) is a contraction, and by the Banach fixed-point theorem
we obtain a unique u € Br(0) such that I'(u) = u. Consequently, u is a unique
local mild solution of (1.1) and

HUHBO,T < QCTHUOH? (210)

In order to prove (2.7), consider v, = ['v,—1, n > 1. Since I" is a contraction, we
have

lim v, =u in By .
n—ooo 0,7

On the other hand, by (2.3), v,, verifies the following identity:

t t
on®I +2 [ Jona(@Eds+2 [ [ s@lota, o) dods
0 0 JR

t
— Jluo2 +2 / / Moy (2 8)on (2. 5) e ds.
0 R

Then, taking the limit as n — oo, we get

t t
lu(t)]2 + 2 / s ()3 ds + 2 / / b() u(r, 3)|? dads = [Juo2
0 0 R

since the limit of the last term is

/Ot /]R Mu(z, s)u(z,s)drds = 0.

In fact,

[ atu@us@ s = [ (@)l de, A = [ Ca(s) ds.

From proposition 2.5 we obtain our first global-in-time existence result.
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THEOREM 2.6. Let a be a function C1(R) satisfying
la(w)] S CAL+|ulP) and |d'(w)] < C(A+[ufP™), YueR,

with 1 < p < 2. Let b € L>®(R) and ug € L*(R). Then, there exists a unique global
mild solution u of (1.1) such that for each T > 0 there exists a non-decreasing
continuous function By: Ry — Ry that satisfies

lullo,r < Bo(lluoll2)l|uoll2- (2.11)

Moreover, the following energy identity holds for all t > 0:

lu(t)]3 +2 / ez (5)]12 s + 2 / / bz, ) deds = [upl3. (2.12)

Proof. By proposition 2.5, there exists a unique mild solution v € By for all
T < Thax < 00. Moreover,

HUHO,T < 4e‘|b”xt||u0||27 vt € [OvaaX)v

which implies that u is a global mild solution of (1.1). On the other hand, (2.10)
implies (2.11) with Gy(s) = 2C7. The identity (2.12) is a direct consequence of (2.7)
in proposition 2.5. O

It follows from theorem 2.6 that for each fixed T' > 0 the solution map
A: L*(R) = Bor, Aug=u, (2.13)
is well defined. Moreover, we have the following result.

PROPOSITION 2.7. The solution map (2.18) is locally Lipschitz continuous, i.e.
there exists a continuous function Cy: RT x (0,00) — R, non-decreasing in its
first variable, such that for all ug,vy € L*(R) we have

[Auo = Avollo,r < Co([luoll2 + [[voll2, T)[[uo — vol[2-
Proof. Let 0 < 0 < T and n = [T/6]. By theorem 2.6, we have
[ Aol

0.0 < 20 [uoll2 (2.14)
and

[ Auo — Avollo,0 < Coflluo — voll2 + [[M (Auo) — M (Avo)|[11(0,0,r2m)) }
where Cy = 2¢%IPll< | By lemma 2.4, we have

| Aug — Avol|o,
< Cylluo — woll2
+ CpC{2' 204 || Au|[o,0
+ 2°/29CPA (| Aug |f o + [ Auollo ol Avollh 5" + lAwollf ) + 672}

X || Aug — Avollo,e,
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and, applying (2.14), it follows that
[ Aug — Avollo,e
< Colluo — o2
+ CoC{23/20Y4Cylug)|2
+ 22 PG (ol + uollalvo 5~ + lluoll5) + 6"/}
X || Aug — Avol|o,
< COrllug — voll2
+ CrCOC P29V ([lug |2 + [|voll2)
+ 2% (||uollz + [[vo|2)? + 67/*}[|. Aug — Auy|

< Crllug — voll2
+ CpCO=P/AL252=D/AC2 (|lug||2 + [|vo|l2)

0,

229

0

+2°P/2CF (|Juol|2 + [[voll2)? + T*/*}H| Aug — Avollo,6-

Choosing 6 sufficiently small such that

0 < [2C7C{2°/2T®= /40| |lug||2

+ [[vollz2 +27P/2C3P (|luollz + Jvoll2)? + TP/ 4}~/ 77 (2.15)

yields
||.AU() — .A’UO

Analogously, we can deduce that

lo,0 < 2C7[lug — vol2.

| Auollo,[ko,(k+1)0) < 2C0|lu(kO)|l2, k=0,1,...,n—1,

where || - [|o,k0,(k+1)9) denotes the norm of

By, ko,(k+1)0) := C([k0, (k + 1)6]; L*(R)) N L*(k0, (k + 1)6; H'(R)).
Moreover, by using the same arguments, we have

| Auo — AUOHO,[ka,(kH)e]
< Crllu(k0) — v(k0)|2

+ CrCOCPA3RTE=DACH(|[u(k)||2 + [|v(k6)|)2)

(2.16)

+ 2200 (||u(kO) |12 + [[o(kO)[l2)” + TP/}

X || Auo — Avollo, k6, (k+1)6]-
Combining (2.14) and the above estimate, it follows that
| Auo — Avollo,[ke,(k+1)6]
< Crllu(k8) — v(k6)| 2
+OpCO P RTE=DACE(||ug|2 + [[vo|2)
+ 277207 (|[uo |2 + Ilwoll2)? + T7/*}

x || Aug — Avollo,[k6,(k+1)6]-
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Finally, from (2.15), we get
| Aug — Avollo ke, (k+1)0) < 2C7|u(k0) —v(kO)|2, k=0,1,...,n—1. (2.17)
On the other hand, note that (2.16) and (2.17) imply that
| Aug — Avollo,[ke,(k+1)0) < 2kC§«||u0 —voll2, k=0,1,...,n—1,

and therefore
| Aug — Avollo,[ke,(k+1)0) < 2"CFlluo — vol|2.

Finally,
n—1 n—1
[l Aug — Avollor <D Il Aug — Avollo,o,k+1)01 < D 2" Clluo — voll2
k=0 k=0
< 2"Cpnllug — voll2 < Co([luoll2 + [lvoll2)[[uo — voll2,
where

00(8) = %8)[2071]71/0(3).
O

Next, we shall show well-posedness in B3 7 with 1 < p < 2. Therefore, let us first
consider the following linearized problem:

Vt + Vexxr — VUzz + [a’(u)v]z + bv=20 in R x (07 00)7} (2 18)

v(0) =vg in R x (0,00).
Then, we can establish the following proposition.
PROPOSITION 2.8. Let a be a function C*(R) satisfying
()| < CO+ ul") and |a'(w)] < C(1L+ |ufP™), Y eR,

with 1 < p < 2. Let T > 0, be L®(R), u € Bor and vy € L*(R). Then, prob-
lem (2.18) admits a unique solution v € By 1 such that

[vllo,r < a([lullo,r)llvoll2,
where 0: RT — R* s a non-decreasing continuous function.

Proof. Let 0 < 0 < T and u € By, 1. The proof of the existence follows the steps
of proposition 2.5 and theorem 2.6. Therefore, we shall omit the details. First,
note that lemmas 2.3 and 2.4 imply that Nw := [a(u)w], € L*(0,0; L*(R)) for all
w € By . Hence,

INwl 10,0222y < C{2/26" ullo,o][wllo.0
+ 20D 2GERu|IE llwlop + 02 [lwlloe}.  (2.19)
With the notation above, problem (2.18) takes the form

o :Abv—Nw,} (2.20)

v(0) = o,
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where Ayv = 92v — 92v — bv. Since A; generates a strongly continuous semigroup
{S(t)}+0 of contractions in L?(R), by proposition 2.1, (2.20) has a unique mild
solution v € By g, such that

[vllo,6 < Cofllvollz + [[Nwllz1(0,0:02®)) }»

where Cp = 2e91bllo

. Thus, we can define the operator
I': By — Bor given by I'(w) = v.

Let R > 0 be a constant to be determined later and let w € Bgr(0) := {w €
Boyg: |w|B,, < R}. Thus,

Iwlo < Cr{llvolla + (2/2CO |[ullo,r + 20 FD2COE P u|[f 1. + 0'/2C)R}.
By choosing R = 2Cr||vgl|2, we have
[Tullop < (K1 + 3R,

where K1 = CpC(2Y/2C0M*ullor + 2% T2/2CHRP)/4|[ul|f 1 +6'/2). On the other
hand, note that I's — I'w solves the following problem:

vy = Apv — (Ns — Nw),
v(0) = 0.
Thus,
[I's = I'wllo,p < Kills — wlloe-
Choosing 6 > 0 such that K; = K;(0) < %, we have

w5, < R,

Vs, w € Br(0) C By,.
|I's — I'wl|g,, < %ls w||0,9,}

Hence, I': Br(0) — Br(0) is a contraction and, by the Banach fixed-point theorem,
we obtain a unique v € Bg(0) such that I'(v) = v. Consequently, v is a unique local
mild solution of problem (2.18) and

[olly6 < 2C7[lvoll2-

Then, using standard arguments we may extend 6 to T'. Finally, the proof is com-
pleted by defining o(s) = 2Cr. O

Our second global-in-time existence result is proved below. We make use of propo-
sition 2.8 and classical energy-type estimates.

THEOREM 2.9. Let a be a function C1(R) satisfying
la(w)| < CA+[ul?) and |a' ()] < C(L+[ufP™h), VpeR, (2.21)

with1 <p<2. Let T >0, b€ H'(R) and ug € H*(R). Then, there exists a unique
mild solution w € Bs p of (1.1) such that

lulla,r < Ba(luoll2) luoll 3 ),

where B3: Ry — Ry is a non-decreasing continuous function.
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Proof. For clarity of exposition, the proof will be carried out in several steps.

STEP 1 (u € L?(0,T; H3(R))). Since uyg € H3(R) — L?*(R), by theorem 2.6 there
exists a unique solution u € By r such that

[ullo,r < Boll[uoll2)[uoll2- (2.22)
We shall show that u € B3 7. Let v = u;. Then, v solves the problem

Ut + Ugge — VUzx + [Q(U)U]az + bv =0,
v(0, z) = vo,

where vy = —93ug + 02ug — a(ug)dzug — bug. Note that v € L?(R) and there exists
C = C(||ug||2) satistying

lvoll2 < C(lluoll2) uoll s @)-
In fact, from (2.6) we can bound vy as follows:

|03ugl|2 + [|0Zuol|2 + ||a(uo)deuo||2 + ||buo]|2
2 2)/2
Cr{(L+ [1bl] o ) 1o | s sy + o5 | 8zuo |72}

[[voll2

NN

Recall the Gagliardo—Nirenberg inequality:
|8uoll2 < ClaTuolly ™ luoll, ™™, jym=0,1,2,3, j <m. (2.:23)
Applying (2.23) with j = 1 and m = 2, we have
3p+2)/4 +2)/4
lvollz < Cof (1 + bl o= ) o ars gy + olls™ 7 0%uo 1577},

Then, Young’s inequality guarantees that

4p/(2—
[volla < Cs{ (1 + [1Bl| oo (z)) ol 5 ) + lluolls? @~ o2 + [[0%uo]|2}-

Consequently, this gives

lvoll2 < C([luoll2)uoll 3 () (2.24)

where C(s) = C5{2 + ||b]| L= ) + s*?/(>~P)}. Using proposition 2.8, we see that v €
BO,T and
[vllo,r < a[lullo,r)l[voll2,

where o(s) = 2C7. Combining (2.22) and (2.24), we get

[vllo,r < a(Bollluoll2)luoll2)C(luoll2)llwoll s r) - (2.25)
Then,
u,u; € L2(0,T; H'(R)), (2.26)
and therefore
u € C([0,T); H (R)) — C([0,T]; C(R)). (2.27)
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On the other hand, note that a(u)u,,bu € L?(0,T; L?(R)). In fact, from (2.27) it
follows that

T T
Ha(u)uw||%2(0,T;L2(R)) <C{/O ||Um||§d$+/0 |||U|pum||§d$}

2
<Cc{l+ H“”(ﬁo,T;c(R))}”u |(2J,T
and
1bull L2 0,7:L2®)) < 1Bl @) 1ullZ2 (0 7:22 (R))-
Moreover, Uy — Ugy = —uy — a(u)u, — bu in D'(0,T,R). Hence,

Uy — Uzpe = [ € L2(0,T; L2(R)), where f:= —u; — a(u)u, — bu.

Taking the Fourier transform, we have

o f+a
i= gy e (2.28)
and
[u(t) [ Frary < Ca{llF O3 + [ul@®)]I3}, (2:29)

where C3 = 2sup,cp(1l + £%)%/((1 + €2)? 4 £°). Integrating (2.29) over [0,T], we
deduce that
u € L*(0,T; H*(R)). (2.30)

STEP 2 (u € B3 ). First, observe that, according to (2.26) and (2.30), we can
apply [16, theorem 2.3] to obtain

u e O([0,T]; H*(R)).
This further implies
Ugr, bu € C([0,T); L*(R)) N L2(0, T; H'(R)). (2.31)
On the other hand, note that
la(u(t))us(t) — alu(to) us(to)|2
< [lfau(t)) — a(u(to))]us (t)]l2 + lla(u(to)) [ue () — ua(to)]ll2
S CUA A+ [u@) P~ + Julto) P |u(t) — ulto)|ua(t)]2
+ 11 4 [u(to)[?) ue () — ue(to)lll2}
< C{(L A+ u@)lIB + lluto) 12 ) l[u(t) — ulto)lloolua (t)]l2
+ (14 [Juto) [I2) [t (t) — ua(to)|2}-
Then, by (2.27) we have

lim fla(u(t))ue () — a(u(to))us(to) ]2 = 0,

t—to
and therefore a(u)u, € C([0,T]; L?(R)). The results above also guarantee that
a(u)u, € C([0,T); L*(R)) N L2(0,T; H' (R)). (2.32)
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Indeed, it is sufficient to combine (2.27), (2.30) and the estimates

lla’ ()| L2 0,72 my) < CLOL+ [l o 170 Ul 00,130 )
X |luallpz(o,my;2®)

and

la(u)tiaz || 22 0,7;L2(R)) < CLA + 1ull&o 1.0y [Uax | 220,122 R)) }-
Since

Uprw = —Ut + Uge — a(U)uy — bu,
using the fact that u, € C([0,T], L?(R)) and (2.26), (2.31) and (2.32) we obtain
Uzze € C([0,T], L*(R)) N L*(0, T; H'(R)). (2.33)

Moreover, since u € By 7, it follows from (2.33) that u € Bs 7.

STEP 3 (||uHC([07T};H3(R)) < 0'1(||U0||2)||u0||H3(]R))- First, note that, due to (2.29),
the following estimate holds:

() ey < Cafllue(®)]l2 + lla(u()ua(®)]|2 + [bu(t)||2 + [[ult)]2}.  (2:34)
Next, we combine (2.21), (2.6) and (2.23), with j = 1 and m = 2, to obtain
la(u(t))us ()2 < C{llua(®)l2 + lu@)|5? ua (0)1 5272}
< Ol ()l (@) 3" + a5 (157727}

Moreover, Young’s inequality gives

3p+2)/(2—
Jau®)us®)lz < Cs (@)l + [u®S™ ) + oo )
Replacing the estimate above in (2.34) and taking the supremum in [0, 7], we get

lulleo,mrsms @y < 2Ca{llucllo,r + (Co + [1blloo) lullo,z + Csllul| 52/ =)y,
Then, using (2.22) and (2.25), it follows that
lulle o,y < 2Ca{o(Bollluol2)luoll2)C(luoll2) lluollrracey
+ (Cs + [[b]l o) Bo[[uoll2) | uo 2
+ OB C) (g ) uoll5? 77 [luoll2}
= o1([luoll2) ol 3 (), (2.35)

where

01(s) = 204{0(Bo(5)5)C(s) + (Co + [Ibllsc) () + C 55" 2/ 77 (550070},

STEP 4 (”uchx”LZ(&T;LQ(]R)) < 0'5(||U0H2)||u0||H3(]R))- We know that u € L2(O,T;
H*(R)) by (2.33). To prove the desired result, we differentiate the equation with
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respect to x to obtain
[tsasallz2 01,2y < IWllor + T2 |l oo, mo)) + la' (W2l 20, L2 ()
+ [la(u )UzmHL2(0;T,L2(R)) + || [bu ]x||L2(O;T7L2(R)). (2.36)

Next, we estimate the terms on the right side of (2.36). First, observe that

bl || 207, 2 ) < N0l ar ) 1wl 2 o5, 11 ) + 1101 0 () 1w || 22 (057, 22 ()
< 2|16l 2 ()

Then, from (2.22), (2.25) and (2.35), we obtain
|Uzzas || 201, L2R)) < 02(][uoll2) |uoll 73 ®) + ”a/(u)ui”L?(O;T,L?(R))
+ ||a(u)um||Lz(0;T7Lz(R)), (237)

where 05 (s) = o(80(s)s)C(s) + T'/201(s) + 2/|b]| g1 () Bo(s). Moreover, using (2.6)
it follows that

la’ (u(t))u2 (1)
< C{Jlu2 (®)l2 + [[u() P12 (2)]|2}
< Cr{llua (O3 taw (0)11"% + (O™ ua (O uze ()15}
< Cr{lluaOll2llu(®) o) + Tu@8 ™ ua (@127 e ()13}

Then, the Gagliardo—Nirenberg inequality (2.23) with j = 1 and m = 3 leads to

5p+2)/6 4)/6
o/ (u())u2 ()2 < Cs{llu (8) |2l |9y + [u@ 157 g (BIF Y.
Moreover, Young’s inequality gives
5 2 2
o’ (w(®))u2 (1)1 < Colllua(®) l2llw@) s ey + Iu) ST/ 4 lugaa(t) 12},
which allows us to conclude that
o (w)u2 || 20,7522 ®y) < Cro{llulleqo, s ms ) lullo,r
5 2 2—
+ T2 ul| S5 P L TV oo 12 2 }-
Hence,
lla" (w)u2l| 20,7522 R)) < o3(l[uoll2) l[uoll a3 ) (2.38)
with
0_3(5) _ ClO{Ul(S)ﬂO(S)S + T1/2ﬁ(()5p+2)/(2*17)(S)S((5p+2)/(2—p))—1 + T1/20'1(S)}.
On the other hand, (2.6) yields
2 2
lla(u(t))uza(®) |2 < Crafllult)llpo gy + lut)]| IIUm( )52 1tz (t) |2}

Cru{llulleqo,m;m3®)) + HU” HUHC ([0,77; 3 (R)) ||z ()

NN

2
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It transpires that

|a(u)uz, ||L2(O,T;L2(]R))

T 1/2
2
<012{T1/2||u||c<[o,T];Ha<R»+||u||€,/T|u||c<[o,mm(m>( / ||ux<t>§) }

< CroAT? [l oo, sz yy + TP ullf pllulle o,y mey)

from which one obtains the inequality

la(w)uzsllr2(0,1;02(R)) < oallluoll2)||uollmsw), (2.39)
with o4(s) = C12{T %01 (s) + T2P)/438(s)oy(s)sP}. Consequently, (2.37)-(2.39)
lead to

||Um1:zzHL2(O;T,L2(]R)) < US(||UO||2)||UO||H3(]R)a (2-40)

where o5(s) = 02(s) + 03(s) + 04(s). Finally, using (2.35) and (2.40), we conclude
that v € L0, T; H*(R)) and

lullsr < Bs([luoll2) lluoll s )
where (33(s) = o1(s) + o5(s). O

Next, we shall show the well-posedness of the initial-value problem (IVP) (1.1)
in the space H*(R) for 0 < s < 3 and 1 < p < 2. To do this, we shall use a method
introduced by Tartar [24] and adapted by Bona and Scott [6, theorem 4.3] to prove
the global well-posedness of the pure initial-value problem for the KdV equation
on the whole line in fractional order Sobolev spaces H*(R).

Let By and By be two Banach spaces such that B; C By, with the inclusion map
being continuous. For f € By and ¢t > 0, let

K(f,t) = inf {[lf = gllz, +tllgll5.}-

oo 1/p
0p = (/0 K(f, t)t_ep_l dt) < oo}

with the usual modification for the p = oo case. Then, By ), is a Banach space with
norm || - ||g,p- Given two pairs, (61,p1) and (f2,p2), as above, we write (61, p1) <
(92,])2) when

For 0 < <1 and 1 < p < 400, define

B07P = [BOaBl]O,p = {f € Bol ||f

01 <60 or 61 =40 and p; > ps.

If (61,p1) < (62,p2), then By, ,, C By, ,, with the inclusion map being continuous.
Then, the following result holds.

THEOREM 2.10. Let Bg and B{ be Banach spaces such that B{ C Bg, forj=1,2,
with continuous inclusion mappings. Let a and q lie in the ranges 0 < o < 1 and
1 < g < co. Suppose that A is a mapping satisfying

(i) A: B}, — Bj and, for f,g € B}

a,q’

IAS — Agllgs < CollFllss. . + lgllss If = gll s,
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(ii) A: BI — B? and, for h € B},

ARz < Cr(llhlley, IRl B
where Cj: RT — R are continuous non-decreasing functions for j = 0,1. Then, if
0,p) = (a,q), A maps Bé,p into B%,p and for f € Bé,p we have
147155, < O Ny sy,

where C(r) = 4Cy(4r)'=9C1(3r)?, r > 0.
Proof. See [6, theorem 4.3]. O

This theorem leads to the main result of this section.
THEOREM 2.11. Let a be a C*(R)-function satisfying

la()| < COU+[u), 0 (w)] < C(L+[ufY), VueR,

with 1 < p <2, andletT >0 and 0 < s < 3 be given. In addition, assume that
be L*(R) when s = 0 and b € H'(R) when s > 0. Then, for any ug € H*(R),
the IVP (1.1) admits a unique solution u € B, . Moreover, there exists a non-
decreasing continuous function Bs: RT — RT, such that

lull B, » < Bs(l[uoll2)l[woll s (m)-
Proof. We define
BL=1I2%R), B:=DBor, B!=H3R) and B2=DBsr.
Thus,
B30 = [L*(R), H*(R)]y/32 = H*(R) and B3, =[Bor, B3 1)s/32 = Bs1-

Combining proposition 2.7 and theorem 2.9, we obtain (i) and (ii) in theorem 2.10.
Then, theorem 2.10 yields the result. O

Theorem 2.11 gives a strong smoothing property for the solutions of the problem.

COROLLARY 2.12. Under the assumptions of theorem 2.11, for any ug € L*(R) the
corresponding solution u of (1.1) belongs to

BB,[E,T] = C([E7T]7H3(R)) N LQ(EvT; H4(R))
for every T >0 and 0 <e <T.

Proof. The same result was obtained for the generalized KdV and the KdV-Burgers
equations in [19] and [10], respectively. Since the proof is analogous and follows from
classical arguments, we omit it here. O
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2.2. The p > 2 case

We first restrict ourselves to the 2 < p < 5 case in order to obtain the existence
of solutions in the L2-setting, i.e. finite energy solutions. Next, we prove the global
well-posedness in the space B3 7.

First, we recall the following result, which follows from the Egoroff theorem.

LEMMA 2.13. Let £2 be an open set in RN, N > 1, and let {f,} be a sequence of
functions in LP(§2) with 1 < p < oo, such that f, — f in LP(£2) and fp(z) — g(z)
a.e. Then f(z) = g(z) a.e.

Unlike the 1 < p < 2 case, the next result is not obtained by combining semi-
group theory and fixed-point arguments. Here, due to some technical problems, the
solution is obtained as a limit of the regular problems. We follow the ideas in [19].

THEOREM 2.14. Let a be a C*(R)-function satisfying
a(w)| < ClplP ld' (W] < ClufP~", YueR, (2.41)

with 2 < p < 5. Then, for any ug € L?*(R), problem (1.1) admits at least one
solution u, such that

u € Cy([0,T]; L*(R)) N L*(0,T; H'(R)), VT > 0.
Proof. Consider a sequence {a,} € C§°(R) such that

D ()] < COL+ ™), VueR, j=0,1, (2.42)

an — a uniformly in each compact set in R. (2.43)

Note that |an,(p)] < Cr(1 + |u]) and |al, ()| < Cp. Then, for each n, theorem 2.6
guarantees the existence of a function u,, € By r as a solution of

Oy, + O3y, — %y, + ap (U)Op iy, + (), = 0, (2.44)
un (0, ) = up(x),
with [[unllo,r < 2C7||uo || L2(r)- Hence,
{u,} is bounded in C([0,T]; L*(R)) N L*(0,T; H'(R)). (2.45)

From (2.45) we obtain a function v and a subsequence, still denoted by the same
index n, such that

u, —u in L>(0,T; L*(R)) weak", (2.46)
u, —u in L*(0,T; H'(R)) weak. (2.47)

In order to analyse the nonlinear term a,,(u, )0, u,, we consider the functions

Au) := /O“ a(v)dv and A,(u) = /Ou an(v) dv. (2.48)

Note that an (uy)0yun = 0:[An(uy)]. Then, taking « € (1,6/(p+1)) and proceeding
as in the proof of [19, theorem 2.14], we deduce that, for each interval I C R, the
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sequence {A, (u,)} is bounded in L*([0,T] x I). Indeed,

pH1\@
At < 02l + LY < oui v ), )

where C and C’ denote some positive constants depending only on p and «. There-
fore,

| An (un) H%O‘((O,T)XI)

T
< o”(lun||%z<o,T;Lz<m + un<t>||zo<p“>—2||un<t>||%dt)

T
gCu(|un||&T_,_2((x(p+1)—2)/2/0 IIun(t)||§“(”“)”)/2||um(t)||§°‘(”“)2)/2dt>

< C”(HunHST + olalp+1)=2)/27p(6—a(p+1) /4H ||(04(P+1 +2 /2” n”(a(z’)-&-l)—?)/?)

(p+1)
C”(||Un||0T+ [|lu nHo v )

Cluoll$ + uoll3 ™), (2.50)
where C is a positive constant. Consequently,
{An(u,)} is bounded in L*(0,T; H~*(I)) (since L*(I) — H'(I))
and
{an () 0puin} = {0:[An(uy)]} is bounded in L¥(0,T; H %(I)). (2.51)

Moreover, (2.45) and the fact that 1 < o < 2 allow us to conclude that

{03un}, {0%u,} and {bu,} are bounded in L*(0,T; H *(R)) ¢ L*(0,T; H %(R)),
and therefore

Oy, = —aiun +a§un — ap (Un)Optiy, — buy, is bounded in L*(0, T H*2(I)). (2.52)

Since {u,} is bounded in L*(0,T; H*(R)) and the first embedding in H*(I) <
L2(I) — H~2%(I) is compact, we can apply [22, corollary 4, p. 85] to conclude that
{un} is relatively compact in L?*(0,T; L?(I)). Using a diagonal process, we obtain
a subsequence, still denoted by {u,}, such that

u, —u in L?(0,T; L} .(R)) strongly and a.e. (2.53)
Moreover, by (2.47),
up, —u weak in L?*(0,T; L*(R)) = L*(R x (0,T))
and by applying lemma 2.13 we obtain
u, = u  a.ein R x (0,7). (2.54)
Then, using (2.43), (2.48) and (2.54), it is easy to see that
Ap(up(z,t)) = A(u(z,t)) aein R x (0,7).
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Next, proceeding as in the previous steps and by applying lemma 2.13, the following
convergence holds:

Ay (up) = A(u)  weak in L¥(0,T; L . (R)).

loc

Therefore, A, (u,) — A(u) in D'(R x (0,7)) and, by taking the partial derivative,
we obtain

A (Un ) Optty, — a(u)dpu in D'(R x (0,T)). (2.55)

From (2.53) and (2.55), we can take the limit in (2.44) to conclude that u solves
(1.1) in the sense of distribution, i.e.

Ut + Uggy — Uze + a(w)uy +bu=0 in D'(R x (0,7)). (2.56)

On the other hand, by (2.45) and (2.52), we infer from [22, corollary 4, p. 85] that
{u,} is relatively compact in C([0,T]; H;}(R)). Therefore, there exists a subse-
quence (denoted by {u,}), such that

u, —u in C([0,T); H L (R)). (2.57)
In particular, u(x,0) = lim,,— oo tn(x,0) = ug(x). Now, note that (2.47) yields
Upre € L?(0,T; H2(R)) < L*(0,T; H %(R)),
Upe € L*(0,T; HY(R)) — L*(0,T; H %(R)),
bu € L*(0,T; H(R)) = L*(0,T; H *(R)).

Finally, we claim that

a(u)u, = [A(u)]. € L*(0,T; H2(R))

[\

(2.58)
for any a € (1,6/(p+1)). In fact, first note that 8 = Ja(p+1) —2 < 2, then (2.46)
)

and (2.47) imply that u € L>(0,T, L2(R)) N L2(0, T, H'(R)) € L>=(0, T, L*(R)) N
LP(0,T, H'(R)). Moreover, by using (2.41) and (2.48), there exists C' = C(a,p) > 0
such that |A(u)|* < Clu|*®+D), Thus, we obtain
T T
A5 = [ [ @@ dedt<C [ [ fule "ot dedr
o Jr 0o Jr
T
<C [ ol fute) e
0
T
< 2(a(p+1)—2)/20/ ||u(t)||ga(p+1)+2)/2||uz(t)||ga(p+1)72)/2 dt
0
— a 1)+2)/2

< 2(a(p+1) 2)/20||u||([,o(ozzz)r’]212)(]§e))Hu”lzﬁ(o,T,Hl(]R))

This yields that
A(u) € L¥(0,T, L*(R)). (2.59)

Furthermore, since a € (1,2), it is easy to see that L*(R) C H~*(R). Indeed, taking
v € L*(R) with 1 < o < 2 for any ¢ > 1, it thus follows that

ol = [ (1 EP) O € < Kol ey
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(a—1)/q
K= fariprena)
R

In order to obtain finite K, we take ¢ = a/2(a—1) > 1 and, applying the Hausdorff—
Young inequality

where

||{}||L(x/(o¢—1)(R) < C(XHUHL“(R) for some C, > 0,
we obtain
ol 7y < Mvll7e),
where M is a positive constant, which proves that L*(R) ¢ H~(R). Thus, (2.59)
implies that A(u) € LY(0,T, H '(R)), proving the claim (2.58). Now, by (2.56),
we deduce that u, € L*(0,T; H2(R)), and then v € W1*(0,T; H=%(R)). Since
a > 1, we conclude that w € C([0,T); H~2(R)). In particular, we obtain
u € L=(0,T; L*(R)) N Cy ([0, T); H*(R)),
and from [25, ch. III, lemma 1.4] it follows that u € C,, ([0, T]; L?(R)). O

REMARK 2.15. When 2 < p < 4 we can prove theorem 2.14 with more general
assumptions on the function a(-). More precisely,

la()l < CA+[pl), (W] <COA+|ulP™), VueR.

The proof follows the same steps as those above, except for (2.59). Indeed, we first
claim that there exists o € (1,6/(p + 1)) such that

A(u) € L*(0,T, L*(R)). (2.60)
To prove it, note that

[ A(u) H%Q(O,T,LQ(R))

/OT (/}R|A(u)(x,t)|2dx>a/2dt

T
<o [ ([ tute 0P + fute o) anyer2as
0 R
T T /2
0 0 R
T
< c(num(ow(m n / ) 192 o ) 15 ey dt)

T
@ o « 2)/2 ap/2
<C<”“|L“(0,T;L2(R))+2 % / a2 g ()17 dt>. (2.61)

Since 1 < 4/p < 6/(p+1), by picking any « € (1,4/p) and by using (2.47) we obtain
u € L=(0,T,L*(R)) N L?(0, T, H'(R)) ¢ L*(0,T,L*(R)) N L*?/2(0,T, H'(R)).
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Hence, (2.61) implies that

(| A(u) ”%Q(O,T,L?(R))

a a a(p+2)/2 ap/2
O(H“HL&(O,T;L?(R)) +2 p/2|| HLch)(o 1“/L2(R)) ||UHL{ZP/2(0 T Hl(R)))
which proves (2.60). Consequently, we obtain (2.58) provided that 2 < p < 4.

DEFINITION 2.16. Let 7' > 0. A function u € C,([0,T]; L*(R)) N L?(0,T; H*(R))
is said to be a weak solution of (1.1) if there exist a sequence {a, } of functions in
C§°(R) satisfying (2.42) and (2.43) and a sequence of strong solutions w,, to (2.44)
such that (2.46), (2.47), (2.54) and (2.57) hold.

The proof of theorem 2.19 requires the following adaptation of lemma 2.4.

LEMMA 2.17. For any T >0, p > 1 and u,v,w € Bsr such that u,v¢, wy € By,
the following hold.

(i) We have

[(a(u)va)ellL2 0,702 R)) < C 3,7 + 2[[ull§ 7[lv
(ii) We have

lla(u)ve |lwia oL ®))

<CTY*{(|lv 1)+ [lulls £ ( T)
||:‘;,T||U||§,_T1
(i) We have
|uws [wo,7:02 (r))
(iv) If p > 2, then
l[ufwP~ vz [l OTL2(]R))
< TY2{lulls,rllwlf 7 (] T)
+ [[vlls, Tlle |Ut||OT+( = Dlulls zllwlZ vlsrllwelor}-
Proof. First, note that if uw € B3 7, then we have
due C([0,T]; H> 7 (R)) — C([0,T]; C(R)),
Ju e C(0,T) H*(R) = C(0.7] <>>} e e
l02ullco,micm)) < Cllullsr,

du e L2([0,T); H*I(R)) — L3(]0,T]; L*(R)),
A (0, 7] (R)) ([0, T]; L*(R)) j=0.1,2.3. (2.62b)
1051l 2 (j0, 17,2 (R)) < Cllulls,T,
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(i) Formulae (1.3) and (2.62) imply that
I{a(u)ve)ell L2 (0,702 m))
< C{T"?|luzll oo, 10 @) 102 | o 0,722 (R))
+ T2 |ull 0.2y cn 1 leqo.mro@y lve oo ric2 @)
+ T2 |oge oo, msz2 @) + T2 1ullqo. 17,00y 1022 le 0,702 }
< CTY*{|[ulls rlvllsz + 2wl 3,7}
(ii) By (1.3), the Holder inequality and (2.62) we get

||CL(’U/)’U$||W1,1(0,T;L2(R))
< C{llvallzzo miz2@n T + 16ll oy ey 0zl 220 7302 T
+ [lvellogo ro@y lull L2 0 iz2 @y T
+ e o o 1oe e o rio@y luell 20,702 ey T2
+ T2 |vel| 20,722 R)) + Illo 7y 10t 220 ms22 @y T
< CTY?{||v]lsr + ||U||p ollollsr +[vllsrlludlo,r

+ lullfz

57l
(iii) This is a consequence of lemma 2.4(ii).
(iv) The Holder inequality and (2.62) lead to the desired result:
lulwP~ vz lw 0,152 )
< lulleo.mo@ 1wl e m) el 220,702 @) T

+ lvalleqo, ey lwlie o, C(R))HUtHL2(0,T;L2(R))T1/2

+ (p = Dllulleqorom)) ||w||C( orp:cen velloqo ey w2 o r2 @y T2

+ llulleo,rsemy lwlEgo r1.0my) ||UthL2<o T2y T

<TY*{Jlulls rlwllf 7 ollsz + llollszlwlf

+(-1) \IUII3T|\wII HUIISTllthIOT+IIUIISTIIwII

O

Proposition 2.1 asserts that the inhomogeneous linear problem (2.1) is well posed,
and we obtain the existence of a mild solution. However, we can have a regular
solution as shown by the following.

PROPOSITION 2.18. Let T > 0, b € H*(R) and ug € H3R). If f € WHY0,T;
L?(R)) and f, € L%*(0,T;L*(R)), the inhomogeneous linear problem (2.1) has a
unique regular solution w € Bs r such that

lulls,r < Cs r{lluoll 3wy + Iflwrro,rr2my) + 1 fellL2omr2wy ), (2.63)
lutllo.r < Co,r{lluollms®) + 1F (O L2y + I fellzr0,r;22®)) (2.64)

and u¢ € By, where C3 1 = 2Celtl=T gnd Cor = 2¢ellblleaT
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Proof. By using semigroup theory and the previous results, we obtain a unique
regular solution u € C([0,T]; H3(R)). Therefore, we shall prove that u € L?(0,T,
H*(R)). Indeed, first note that ug € H3(R) < L?(R). Hence, by applying proposi-
tion 2.1 it follows that u € By and

l[ullo,r < Cr{lluollms®) + [Ifllwr10,r;L2m)) + [ fzllLzo,mr2w) ) (2.65)
where Cp = 2ellbl=T' On the other hand, note that u; solves the following problem:

vt_vmx+vzzx+bv:ft iHRX(0,00),
v(0) =wvg in R x (0,00),

where vy = 0%ug — 03ug — bug + f(+,0) € L?(R). Then, by applying proposition 2.1,
we have u; € By r and

lutllo.r < Cr{lluollzsw) + [ £(O)ll2 + [ fell oy o,722(r)) }» (2.66)
which yield (2.64). Moreover,

wa||2||u||L2(0,T;L°°(]R)) + ||b||00Huw||L2(O,T;L2(R))
0,T> (2.67)

where C' is the embedding constant of H!(R) < L°°(R). Since

[(bw)zllL2(0,7:L2®)) <
<

C”bHHl(R)”u

Otu = 03u — Opuy — 0, (bu) + 0. f in D'(R), Vt >0,

we have that 9u € L?(0,T; L*(R)), i.e. u € L?*(0,T; H*(R)) and u € Bs 7. In order
to prove (2.63), we need some estimates. Note that from (2.65) we get

S[up] lu(t)ll2 < Cr{lluollmswy + I fllwrio,re2m)) + Il fellL2o,rL2my ). (2.68)
te[0,T

Multiplying the equation in (2.1) by us, and integrating in R, one obtains the

inequality
1d 9 9
3 g [te @2 + luze (12 < UIF Oz + [bu®)ll2} ue (©)]l2-
Then, Young’s inequality leads to
1d
5 g1t O3 + gllwaa O < CUFOIS + 1Bl u®) 3}

By integrating on [0, T], using (2.65) and the embedding W11(0,T)(0,T; L?(R)) <
L>(0,T; L?(R)), the solution can be estimated as follows:
sup [uz(@)ll2 < COr{lluollms®) + | fllwrao,re2m®)) + 1 fellL2o,m22®)) - (2-69)
telo,T
A similar estimate is obtained by multiplying the equation by d%u, integrating in
R and using Young’s inequality:
1d

5 3 1t D13 + 3lltaws O3 < CLIL@3 + 1 (0w)a (D3}
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Integrating on [0, 7] and using (2.67) and (2.65) yields

S[%PT] |tz (t)|l2 < COr{|luoll 3wy + | fllwrr 0,522 ®)) + | fellL2(0, 7502 )y - (2.70)
te|0,

Since
[tz ()2 < llue(B)ll2 + [[tae (@) [l2 + [bu@)]2 + [ (E)]]2;
using (2.65), (2.66), (2.70) and the embedding above, we conclude that

sup ||ugee (t)l|2 < CCT{||UO||H3(R) + ||f||W111(0,T;L2(]R)) + Hfm”L?(o,T;L?(R))}-

te[0,7]
(2.71)
Putting together (2.68), (2.69), (2.70) and (2.71), we obtain

lullegorms®) < CCT{llvollms@+ Il fllwrior.L2@) + fallL2 0.2y b (2.72)
On the other hand,
”a;luHLQ(O,T;L%R)) < ||U;caca:||L2(0,T;L2(R)) + Haxut||L2(O,T;L2(R))
+ | (0bw) e || L2 0,722 (R)) + || fe |l L200,7; L2 (R))

< T3 |ulloormemy) + lluellor + 11(0w)e |l 22 0,702 (RY)
+ I fallL20,7;22R))-

The above inequality, (2.65)—(2.67) and (2.71) allow us to conclude that

H53U||L2(0,T;L2(R)) < CCr{|luoll sy + | fllwrro,mse2myy + | fallL20,m 02 ®)) }-
(2.73)
Estimates (2.72) and (2.73) imply (2.63). O
THEOREM 2.19. Let b € HY(R) and a € C*(R) satisfy
la(w)] < CA+[uP),  d' (W] < CA+|plP™Y)  and |a"(p)] < 1+ |uP~?),
Vi eR, (2.74)

with p > 2. Let T > 0 and ug € H3(R). Then, there exists a unique solution
u € Bs 1 of (1.1) such that

l[ulls,z < n3(l[uoll2) luoll s (w)
where n3: Ry — Ry is a non-decreasing continuous function.
Proof. Let 0 < 8 < T and R > 0 to be a constant to be determined later. Consider
Sor i= {(u,v) € Byg x Bog: v = g, (1, 0)l| 2y o100 = lullas + [0]l0.0 < R

Then, for each (u,u;) € Sp.r C Bsg X By, consider the problems

v = Apv — a(u)um,}

o(0) = ue (2.75)
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and
= Apz — x|ty
2 bz — [a(uw)ug]s (2.76)
2(0) = 2o,
with 2o = —Ugaes +Uoze —bto—a(ug)ug, € L2(R) and Ayv = 020 — 93v — bv. Recall

that A, generates a strongly continuous semigroup {S(t)}:>0 of contractions in
L?(R). Moreover, by lemma 2.17(i), (ii), a(u)u, € W11(0,0; L?(R)) and [a(u)u.]. €
L?(0,0; L?>(R)). Then, by proposition 2.18, problems (2.75) and (2.76) have a unique
mild solution v such that (v,v;) € Bs g x Bgg and

(0, v0)[| B3 g x Bos < Co{lltoll sy + lla(w)uzllw 0,0;L2))
+ [lfa(w)us]e| 220,022 )} (2.77)
where Cy = 26011blloo Thus, we can define the operator
I': Sy r C Bsjg X Bog — Bsg x Bog by I'(u,us) = (v,v¢).
Since Cp < Cr, from (2.77) and lemma 2.17, we have
T (w, ue) 1By g% Boy < Crlluollms(ry
+0rCOY*{(ullso + lluelloe) + l[ullf o(llullze + llucloe)
+ [luello,ollu ull§ o}
+CrCOV2{[[ul3 o + 2lull5y’ + llullsr}
< Crlluol|msw) + CT091/2{4R”+1 +2R? +2R)}.

3.6 + [luello.ol

Choosing R = 207 ||ug|| g3 (w), it follows that
(1w, ut)”BS,GXBO,B < (K1+ %)RV

where K;(0) = CrCOY2{4RP + 2R + 2}. On the other hand, let (u,u;), (w,w;) €
Sp.r and note that I'(u,u;) — I'(w, w;) is solutions of

vy = Apv + [a(w)w, — alu)uy),
v(0)=0
and
zt = Apz + [a(w)w, — a(u)uglt,
z(0) = 0.
Hence, by lemma 2.17, the following estimate holds:
(17 (w; ue) — I'(w, we) | By o x Bo o
< Or{lla(w)ws — a(u)uz||wi(0,0,22(r))
+ lla(w)ws — a(u)us]ellL2(0,0:02(r)) }- (2.78)
The next steps are devoted to estimating the terms on the right-hand side of (2.78),
ie.
la(w)ws — a(u)usllwii(o,6;02 ()

< [[(a(w) - a(u))wxﬂwlvl(o,e;p(n@)) + [la(u)(w — u)xHlel(O,@;L?(R))-
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By using the mean-valued theorem and lemma 2.17, we have

la(w)ws — a(u)ug|[wr(0,6,L2)
S|+ [ulP~t + [wP~Hw = ulwellwri0,6:22 ()
+ [la(u)(w — w)elwi1(0,0:2(r)) + wlP~Hw — wlwg|lwir0,6,L2r))
+ lla(u)(w — w)e lwra0,0;,22(r))
< C{2'20"{||w (w—u)
+ 02 {[lw — ulls glull5 5" (
+ [(w —u)e
+(-1) — ull3 gl[ullf 5% [w]ls,0}
+ 0" {Jlw — w3 gllwl 5 (] 0)
+ [[wlff ol [w = ulello.o + (p = Dllw — s ollwl5" lwilloo}
+COY{([lw = ulls,0 + [|(w — w)ello,0)
30w (w = u)tllo,0)
+ luclloollw = ulls.o + [luelloollw — ullsollulfs'

< Kol[(w — u, (w —u)e) || By g xBo s (2.79)

— ullsollwelloo}

0)

where K5(0) = C{(2%/20Y/% + 0Y/2)R + 2(p + 1)0*/2RP + 6'/2}. To estimate the
second term, note that

[a(w)w, — a(u)uy], = [a' (w) — a’ (uw)]w? + a’ (u)[w — u],[w + ul,
+ [a(w) — a(w)]wyr + a(u)[Wey — Uze].  (2.80)

Then, using the mean-value theorem, (2.62) and (2.74), we have the following esti-
mates:

o’ (w) — a' (u)]w :2c||L2(09L2(]R))
SO+ w2 + [uP~ 2w — u|w? || L2 0,6:22(r))
< C{lllw — wlw?]l 20,022 r)) + wP~?|[w — ulw2 |l L2(0,0,L2(R))
+ [lJuP~?w — ulw? | 220,622 ) }

CO2{[[wlF ollw — ulls.o + [[wllf gllw — ulls.0 + lullf s [wlI3 llw — ulls,6},

N

lla’ (u)[w — ulz[w + ulz || L2 (0,022 (R))
lla’ (u)[w — ulpws || L2 (0,022 (R)) + lla’ (W) [w — u]ouz || L2 0,0:22(R))
Cll[w — ulawe || L2(0,0:02r)) + I[w — ulavzl|L2(0,0,12(R))
+ ulPHw — ulaws| 220,022y + [ulP~Hw — wlatis| L2 (0,022 R))

< OOV {||wlls,ollw — ullzo + lulls.ollw — ullse

<
<

+ Jull5 g lwlls,6lw

—ul[30}
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and

Ifa(w) = a(u)]wae || 2 (0,6:L2 ®))

< COY2{||lwl|z0]lw — ull3,6

-1
+ llullzg lwlisellw —ullse + wl3gllw — ullse},
lla(w)[wae — tzall22(0,0,22(R))
< COV{||w —ulls0 + |ull§ gllw — ull3,6}-
The above estimates and (2.80), show that

[fa(w)w, — a(u)uaﬁ]x||L2(0,9;L2(R))
< COPL2wlf 4+ [lwll3 o + 2l|wlls0 + 2l ullf o + lullze
—1 )
+ 2lullgy llwllse + lullf g lwll3 o + 1}Hlw — ullse

< K3||(w - u, [w - u]t)”Bs,eXBo,ev (281)

where K3(0) = COY2{7TRP + R? 4+ 3R + 1}. From (2.78), (2.79) and (2.81), we get
”F(uvut) - F(wth)”Bs,QXBo,e < K4||(w —u, [U} - u]t)”Bs,eXBo,ev
where

K4 = CT(KQ + Kg)
= CrCOY*{2(p+9)RP + RP™* + R? + 4R + 2} + 2%/2CrCO'/*R.

Note that K7 < K4. Therefore, choosing 6 > 0 such that K4 < %, it follows that

R,
%”(w - u, [w - u]t)||B3,9><Bo,97

V(U,, ut), (w,wt) S S@J:g C Bg,g X Boﬁ.

HF(ua ut)HBs,eXBo,e

<
Hf(u,ut) - F(wﬂwt)||33,e><Bo,e <

Hence, I': Sg,r — Se,r is a contraction, and by the Banach fixed-point theorem we
obtain a unique pair (u,u;) € Sp g such that I'(u,u;) = (u, u¢). Thus, u is a unique
local mild solution to problem (1.1) and satisfies

ull3,0 < 2CT||uoll 73 ®)- (2.82)

Moreover, (2.82) implies the solution does not blow-up in finite time, and by using
standard arguments we can extend 6 to [0, T]. Finally, by defining n3(s) = 2Cr, the
proof is complete. O

3. Exponential stability

This section is devoted to proving the exponential decay of the solutions under the
assumptions (1.4) and (1.5). We consider two cases: 1 < p <2 and 2 < p <5.
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3.1. The 1 < p < 2 case

In order to make our work self-contained, we prove the following proposition,
which is similar to [10, theorem 5.1].

PROPOSITION 3.1. Let b satisfy (1.4). Then, for any ug € L*(R) and 1 < p < 2,
the corresponding solution w of (1.1) is exponentially stable and satisfies the decay
estimate

Ju@®)llz < e uglla, ¥t > 0. (3.1)

Proof. We first consider vy € H?(R) and the corresponding smooth solution, wu.

Multiplying the equation in (1.1) by u and integrating in R yields

d
1 OIE + 2l @115 = ~ /b($)|U($»t)\2d$-
R
Hence, proceeding as in [10, theorem 5.1], we obtain
[u(®)]l2 < ™22 [lug]|2.

Now, let uy € L?(R) and let u be the corresponding mild solution given by theo-
rem 2.6. Consider {u, o} € H3(R), such that

Uno — up in L*(R).
Then, the corresponding strong solutions u,, satisfy the estimate
[un () ]|2 < €722 [[un,oll2- (3.2)

On the other hand, note that the identity (2.12) in theorem 2.6 implies that, for all
t>0,
up, — u  in L*(R).

On taking the limit in (3.2), we obtain (3.1). O

COROLLARY 3.2. Let T > 0, ug € L*(R) and b satisfy (1.4). Then there exists
a non-decreasing continuous function ag: RY — RT such that the corresponding
solution, u, of (1.1) with 1 < p < 2 satisfies

lullo e,y < aolfluoll2)e™", vt > 0.

Proof. Note that, after a change of variable, the restriction of u to [¢t,t + T] is a
solution of problem (1.1) with respect to the initial data u(¢). Then, by theorem 2.11
and proposition 3.1 we have

o(lu®)ll2)[[u(®)]]2

Bo(e™ > |uol|2) ||uoll2e "
—2Xot
b

HU”O,[t,HT]

N ININ

ao([[uoll2)e

where ag(s) = Bo(s)s. O

The next result was inspired by the ideas introduced in the proof of [10, theo-
rem 6.1] and in [19, proposition 3.9].
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PROPOSITION 3.3. Let T >0, 1 <p <2, a(0) =0 and b satisfy (1.4). Then, there
erist v > 0, Ty > 0 and a non-negative continuous function az: R* — RY such
that for every ug € H3(R) the corresponding solution, u, satisfies

lu()]| sy < s(lluoll2, To)luoll ms@ye™ ", vt > Tp. (33)

Proof. Let v = uy. Then, by proposition 2.8, v solves the linearized equation (2.18)
with vg = —02ug + 02ug — a(ug)dzug — bug and satisfies

[vllo,r < a(llullo,z)llvoll2- (34)

After a change of variable, the restriction of v to [t,t + T] is a solution of prob-
lem (2.18) with respect to the initial data v(t) and

lvllo, e+ < o([[wllo, i) [0 (E)]]2-

Applying corollary 3.2, it follows that
[vllo,t.0+7) < o(ao(lluollz)e™ ") f(t)]|2 < o(ao(uoll2)][v(t)]l2- (3.5)

On the other hand, the solution v may be written as

v(t) = S(t)vg — /0 S(t — s)[a(u(s))v(s)]. ds,

where S(t) is a Cop-semigroup of contraction in L?(R) generated by the operator
Ap. Note that v1(t) = S(t)vg is solution of problem (2.18) with a(u) = 0. Then,
proceeding as in the proof of proposition 3.1, we have

[o1 ()2 < [lvolle™**, vt > 0. (3.6)
Let us now define .
va(t) = /0 S(t — s)[a(u(s))v(s)]. ds.
Note that
|v2(T) |2 < lla’ (wW)uev| Lro,r;L2®)) + la(w)va || 0,02 R))-

Moreover, a(0) = 0 implies that |a(u)| < C(1 + [u[P~1)|u| for some C > 0. Thus,
by using lemma 2.4, the following holds:

loa(T) 2 < CLNA + [l Huavllzo.mizz@y) + 11+ [P~ Hulvell oo, 72w }
<2002 2TV ullo rl[vllor + 272 TP/ ullf 1o llo.r}- (3.7)

Using (3.4), (3.6) and (3.7), we obtain a positive constant Kp such that

- -1
lo(T)ll2 < (727 + K (L + [lullg 7)) lulloro(lullo.r))llvoll2.

With the notation introduced above, we consider the sequence y,,(-) = v(-,nT) and
introduce wy,(+,t) = v(-,t + nT). For ¢ € [0,T], w, solves the problem

dpwy, + w, — 02w, + [a(u(- + nT))wy]e +bw, =0  in R x RT,
w,(0) =y, inR.
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First, observe that for y, we can obtain an estimate similar to that for v(T):

1Yn+1ll2
= [lwn(T)]]2
< e 2wl + Ko (1 + [lu(- + nT) [ 7))l + nT) o, |wnllo.r
< e 2T L Kp(1+ ||quE,}T,(n+1)T])||U 0,7,y (1wllo,fnr, (n41y17) HIYn ll2-

(3.8)
On the other hand, we can take 8 > 0 sufficiently small such that
e 2T 4 Kp(1+ 87 HBo(B) < 1.

With this choice of 3, corollary 3.2 allows us to choose N > 0 sufficiently large,
which satisfies

[ullo,fnr, (1)) < @0(|[uoll2)e 22" < ap([|ugl2)e 2N < B, V¥n > N.
Thus, from (3.8) we obtain the following estimate:
[Yns1llz < 7llynlle, Vn =N, 0<r <1,

which implies
lv((n +k)T) |2 < r*[lo(nT)]l2, ¥ = N. (3.9)

Let To = NT and t > Tp. Then, there exist k € N and 6 € [0, T] satisfying
t=(N+k)T+6.
Then, from (3.5) and (3.9), we find that

lv@ll2 < [[ollo,(v+8)7,(v+r+1)7] < (0 ([[uoll2))[[0((N + £)T) |2
< a(ao([[uol|2))r NI |[o(Ty) |2
< oag(|[uoll2))r* N0 T o (ag(To, [|uoll2))[[0(0)]|2
< m([luoll)e™*||voll2,

where . 1
6 = T In (r) and 7(s) = ‘7(‘10(3))0(060(7’0,s))r*(NH).

Invoking the estimate (2.24) in theorem 2.9, and bearing in mind that v = wu;, we

get
lue ()12 < ma(luoll2) [uollzr2 e ™", vt > To, (3.10)
where 12(s) = 71(s)C(s). On the other hand, note that
[tz (D)2 < llue(O)ll2 + [luee (@)]l2 + a(u@)u@)]l2 + [[bllcolu(®)ll2- (3.11)

Estimating the nonlinear term as in the proof of lemma 2.3, i.e.

la(u(t))u()]l2 = [[u(t)”* uy ()]
()P ool (£) 2
2072 4y () | D2 g (1) ]|

NN

)
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we obtain from (3.11) that

[tz ()2 < Jue(®)ll2 + [Juze (£)]]2
+ 200/ 2 )y (1) | P2y (8) [ D2 4 1B oo 1 (B) |2

Using the Gagliardo—Nirenberg and Young inequalities, it follows that

[tz (B) 12 < [t (8) |2 + Cllttaa (015 ) 15
+ 2020 aa () |t (OIS 4 1] (D)2

<Ol + (5 + 10l o)

2(p+1)/2(3_p) 5p+9)/(3 p+7
i n<<“/<”+()0ﬂ%mwm

6e 6
Choosing € = 3/C(p + 7), we have

el < 2ol + 2( D ol ol

2+1/2(3 — p)(p + 7)C?2 (5p+9)/(3-p)
+ T [[u(t)ll3 -

By applying proposition 3.1 and estimate (3.10), the following decay estimate holds:

[taza(®)ll2 < ([0l luol s @e™", ¥t > To, (3.12)

where
13(8) = 2m2(s) + 2C%(p+ 7) + 2||blloo + 3RPTV2C3(3 — p)(p + 7)s P~ D/ GP))

and v = min{dy, 2\¢}. Now, using Gagliardo—Nirenberg and Young inequalities it
is easy to obtain
()]l 3y < Crlllu®)|l2 + [[uaze (t)]]2)-

Finally, by proposition 3.1 and (3.12) we obtain (3.3) with az(s) = C1(1+n3(s)). O

Propositions 3.1 and 3.3, together with corollary 2.12 and interpolation argu-
ments, give the main result of this section.

THEOREM 3.4. Let T >0, 1< p <2, a(0) =0 and b satisfying (1.4). Then, there
exist positive constants 7, €9 and a continuous non-negative function o: RT™ — RT,
such that, for every ug € H*(R), with 0 < s < 3, the corresponding solution u
satisfies

[w(t)[| ey < @(To, luoll2) [[woll s mye ™, Vit = To. (3.13)

Proof. By corollary 2.12, the corresponding solution u belongs to By . ) for all
€ (0,T). In particular, we choose ¢ < Ty, where Tj is given by proposition 3.3.
Then, by using the interpolation inequality (2.43) in [16, p. 19], we have

1—s/3 s/3
()l @y = )l z2@y. @, 0 < Clu®)lls 2 lu(®)|3gy, VE> e
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Finally, propositions 3.1 and 3.3 give us that

()| e ry < Ce™ /D0ty |87/ flug o, To)e™ /3, Wt > T,

Observe that, by construction, v < 2Ag. Therefore we obtain (3.13) with a(s, Tp) =
C’ag/?’(s,To). O

3.2. The 2 < p < 5 case

Throughout this section we assume that the damping function b = b(z) does not
change sign and satisfies (1.5). Under this condition, we prove the exponential decay
of the solutions in the L?-norm by using the so-called compactness—uniqueness
argument. The key is to establish the unique continuation property for the solution
of the GKdVB equation. The proof of this unique continuation property is mainly
based on a Carleman estimate.

The following Carleman estimate is based on the global Carleman inequality
obtained for the KdV equation in [18].

LEMMA 3.5 (Carleman’s estimate). Let T and L be positive numbers. Then, there
exist a smooth positive function 1 on [—L, L] (which depends on L) and positive
constants so = so(L,T) and C = C(L,T) such that, for all s > so and any

qe€ L*0,T;H*(~L,L)) N H'(0,T; L*(—L, L)) (3.14)

satisfying
q(t,£L) = q.(t,£L) = ¢z (t,£L) =0 for 0 <t < T, (3.15)

we have

/oT /_LL {155(T55 t)5 |q|2+t3(T83 BE |qw|2+t(T87 ) |qm|2} exp (—M) dz dt

T L
2s1p(x)
< — 2 - .
S C/O /_L |qt Az + me:\ exp < t(T — t)) dz dt

The Carleman estimate in lemma 3.5 does not require a proof. Indeed, it is well
known that the second-order term —gq,, and the first-order term ¢, can be absorbed
by choosing s sufficiently large and increasing the constant C' in the Carleman
estimate in [18].

LEMMA 3.6 (unique continuation property). Let T be a positive number. If u €
L*(0,T; HY(R)) solves

U — Ugy + Ugze + a(w)u, =0 in R x (0,7,
u=0 in (—oo,—L)U(L,00) x (0,T),

for some L > 0, with a € C(R) satisfying (1.3), then u =0 in R x (0,T).

Proof. For h > 0, consider
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Then, u" € WH(0,7", H'(R)) and

uh = w in L0, T'; HY(R)) (3.16)
for any 7' < T. Moreover, u" solves

ul —ul Ful 4 (a(u)u)" =0 in R x (0,T7),

h=0 in (—o00,~L)U(L,o0) x (O,T)}

On the other hand, note that u € L°(0,7, H'(R)) implies a(u)u, € L*>(0,T,
L?(R)). Indeed, since

(3.17)

la(w)te|l Lo 0.1.22®)) < Clllull Lo, 1.m1 @) + 14l oo (0.1, L ) 12l Lo 0. 1.1 )

(a(u)u,)" € L>(0,T, L*(R)). Then, proceeding as in the proof of theorem 2.9, we
have

ul € L0, 7", H3(—~L,L)) N H (0, T', L*(—L, L)).

Invoking lemma 3.5, we obtain C, sy > 0 and a positive function 1 such that
51,2 31,2 h |2
[ (ISP (200 Yoy,
o (T —t)> 3T —1t)3 (T —1t) t(T —1t)
251)(x)
h __ _h h |2 dz dt
C/C'Q |ut Uy g +uzzz| €Xp < t(T— >>
for all s > sg and @ = (0,7") x (—L, L). By (3.17),
2
/ lup — ul, +ul, % exp ( (Sw( ))) dz dt
251)(x)
dt
- [ ot e (-7 ) e
2
/ la(u)u’)? exp ( (sz/) ) dt+/ |(a — a(u)u"? dz dt

2
< o)~ g f o exp (— Tk ) o+ o))" = i

Hence,

5 3
87 h|2 87_ 2 h12 S ho12
0< /Q {t5(T—t)5u | + (tS(T—t)3 C”Cl(u)lLQc(Q))WgE + t(T—t)'um”' }

X exp ( f(STw( >)) dz dt

< Cll(a(u)es)" - alu)ul 22 ) (318)

since, for s large enough, we obtain

s3

=3 — Clla(u)|[F= gy > 0.
BT —1)
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Note that (3.16) guarantees that a(u)u® — a(u)u, in L%(0,T; L?(~L.L)), since
a(u) € L>=(0,T', L>°(—L, L)). Moreover, as a(u)u, € L?(0,T’, L*(—L, L)) we have
that

(a(u)uz)" € Wh(0,T', L*(—~L, L)),
(a(u)uz)® = a(u)u, € L*(0,T', L*(—L, L)).

Thus, passing to the limit in (3.18), we obtain that v = 0 in (=L, L) x (0,7").
Using (3.17), and since 7" may be taken arbitrarily close to T, we have u = 0 in
R x (0,7). O

Now we show that any weak solution of (1.1) decays exponentially to zero in the
space L?(R).

THEOREM 3.7. Let a be a C*(R)-function satisfying (2.41) with 1 < p <5 and b
satisfying (1.5). Then, system (1.1) is semi-globally uniformly e:cponentmlly stable
in L2(R), i.e. for any r > 0 there exist two constants C' > 0 and n = n(r) > 0 such
that, for any ug € L*(R) with |lug|| 2wy < r, and any weak solution u of (1.1),

()]l 2®) < Clluoll2@e™, = 0.

Proof. First, note that the corresponding solution u of (1.1) satisfies the following
estimate:

)2 + 2ot 0001y + 2 / / )lu(e, ) dedr = [uol3.  (3.19)

On the other hand, by multiplying the equation in (1.1) by (7' —t)u and integrating
on R x [0, 7], we obtain

T
LT o2 = L2 0 rozoqay) + / / (T — O)lug (2, )| do

// = O)b()[u(@, t)]* dzdt, (3.20)

ol € ooy + 20l +2 [ [ Mol 0P azat
(3.21)

which implies that

Cram 3.8. ForanyT > 0 andr > 0 there exist C = C(r,T) such that the following
estimate holds for any weak solution u of (1.1) with ||ugl|2 < 7:

T B T
/0 / |u(a:,t)|2d:vdt§C’(||ux||2LQ(07T;L2(R))+/O /Rb(:z:)|u(x,t)|2dxdt). (3.22)

Proof. We argue by contradiction and suppose that (3.22) does not hold. Hence,
there exists a sequence {u,, } of weak solutions in C,, ([0, 7]; L*(R))NL2(0, T; H*(R))

satisfying
[un(0)]]2 < 7
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and such that
1

T —
el (Il sy + [ [ sl Parar) = o

(3.23)
Define
Up(T,t
Ap 1= ||un||L2(07T;L2(aﬁ)) and ’Un(:mt) = g\ )
Then, v,, satisfies
”vn”L?(O,T;LQ(a,B)) = ]., Vn € N, (324)
and is a weak solution of
Oyvn + 020, — 020y + a(Apvn)0pvy + by, = 0,
un(z,0)
n(,0) = 20,
vn(,0) = #
Moreover, from (3.20), we get
)\n = ||un||L2(O,T;L2(a,ﬁ)) < T1/2||u7l(0)||2 < Tl/QT, (325)

and (3.23) implies that

n—roo

T
lim (10,00 2200, rupzy) =0 and lim/ /b(x)\vn|2dxdt:0. (3.26)
n—oo [ 0 R

Furthermore, by (3.25) we obtain a subsequence, denoted by the same index n, and
A > 0, such that
An — A

On the other hand, note that
la(Anp)| < C'(1+ |ul?)
and v, (z,0) is bounded in L?(R). In fact, by (3.21) and (3.26) we obtain that

2 2 T
oI < 7 + 3 {0l + [ [ @lluate.0Pasar) @2

for n sufficiently large. Combining (3.26), (3.27) and (3.19), we conclude that {v,}
is bounded in L>°(0,T; L*(R)) N L2(0, T; H'(R)). Hence, extracting a subsequence
if needed, we have

v, — v in L®([0,T]; L*(R)) weakly*,
v, — v in L([0,T]; H'(R)) weakly,

as n — oo. In order to analyse the nonlinear term, we consider the function

A(v) == /0 CaOw)du,  An(v) = /0 " () du,
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Proceeding as in the proof of theorem 2.14, it is easy to see that a(A\,vy,)0,v, =
0x[An(v,)] is bounded in L*([0,T); H.2(R)), for a € (1,6/(p + 1)), and v, =

loc

—02v, + 0%, — a(A\yvy)0pvy — buy, is bounded in LY([0, T); Hfz(R)) — LY(0,T;

loc

H,_?(R)). Since {v,} is bounded in L?([0,T]; H*(R)), using the Aubin-Lions theo-

loc
rem (see [16]), we obtain a subsequence such that

v, — v strongly in L?((a, B) x (0,T)). (3.28)

On the other hand, by (3.26) it follows that v, — 0 strongly in L2((R\ (a, 3)) x
(0,7)). Therefore,
v, — v strongly in L*(R x (0, 7)), (3.29)

with
v=0 onwx|[0,T], w=R\(a,) (3.30)

and
a(An)0zvn — a(Av)0,v  in D'(R x [0,T]).

Thus, v solves
Ut + Vage — Uz + a(A0)v, +bv =0 in D'([0,T] x R),
and from (3.24) and (3.28)—(3.30), it follows that
lvll20,7:L2®)) = 1. (3.31)

CLAM 3.9. Let 0 < t1 < ta < T. Then, there exist (t},th) C (t1,t2) such that
v € L=t t H'(R)).

Proof. Let w, be a solution of

Opwy, — 02wy, + 02wy, + an( My )0pw, =0 in R x (0,7T),
wp(z,0) = v,(2,0) in R,

where a, € C§°(R) satisfies (2.42) and (2.43). Proceeding as in the proof of theo-
rem 2.14, we have that

wy, — v, =0 in C([0,T]; Hyt(R)) and ||wnl|r20,7.01 &) < C. (3.32)
Consider 7, € (t1, %(tl + t2)) such that
Tn — T and ||wn(Tn)||L2(O,T;H1(R)) < C.

Hence, by theorem 2.19,

lwn (Tn 4+ )| 200,651 () < C (3.33)

for any ¢ < T. On the other hand, note that (3.32) implies that
Wy (7o + ) = v(7+-) in C([0,¢]; H L (R)) (3.34)
for £ < 4(t2 — t1). Thus by (3.33) and (3.34), v € L*(7,7 + &; H'(R)). O

Applying the claim above and lemma 3.6, we deduce that v = 0 in R x (], 5),
where (t],t5) C (t1,t2). As to can take an arbitrary value close to t1, by continuity
of v in H ! (R) we obtain that v = 0, which contradicts (3.31). O
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Returning to the proof of theorem 3.7, note that (3.19) implies

T
()72 @y + 2>\o/ / [u(z, )] da dt < [|uo|Eg)-
0 JR\(a,8)

Consequently,

—||u(T)]|? HPdedt < — 2 // )| dz dt.
2AOIIU( )HL2<R>+/O /RIU(JS, pl et 2)\0||u0||L2(]R)+ A lu(x,t)|” dz

Then, by claim 3.8 and the monotonicity of ||u(-,t)\|%2(R), the following estimate
holds:

1 2
(3 +7) WD

1 T
< gl + D) (el + [ [ dlute dsar).

and by (3.19) we get

1 C(T, T) 2 1 O(Ta T) 2
<2>\0 +T+ 9 >||U(T)||L2(R) < 2N + 9 [uollzz (r):
i.e.
(DN 72y < Vllwollzegy,  with 0 <y < 1.
Consequently,

0.
t < (k+1)T. Thus,

(kD)1 72y < V*luolZ2my VK

>
Moreover, for any ¢ > 0, there exist £ > 0 such that kT <

[u()l|72 @y < lukT)Z20) < ¥ [luoll2 )
Vt/T771Hu0||%2(R)

771”“0”%2(]&)67"2

where n = —(In~)/T > 0. O

<
<

The next result asserts that (1.1) is globally uniformly exponentially stable in
L?(R). It means that the constant n in proposition 3.7 is independent of r when
luollL2(my < 7

THEOREM 3.10. Let a be a C*(R)-function satisfying (1.8), with 1 < p < 5 and
let b satisfy (1.5). Then, (1.1) is globally uniformly exponentially stable in L*(R),
i.e. there exist a positive constant 1 and a non-negative continuous function a: R —
R such that, for any ug € L*(R) with ||uo| 2y < 7 and any weak solution u
of (1.1),

Ju(®) 2y < allluollzage)e™, ¢ >0. (3.35)

Theorem 3.10 is a direct consequence of theorem 3.7, as the decay 7 can be taken
as the decay for r = 1 (the decay rate is given by the behaviour of the solutions in
a neighbourhood of the origin, since all trajectories enter into this neighbourhood).
The estimate (3.35) holds for all ¢ > 0.
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