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Abstract Let p be a prime, let K be a complete discrete valuation field of characteristic 0 with a perfect
residue field of characteristic p, and let Gg be the Galois group. Let 7 be a fixed uniformizer of K, let
Ko be the extension by adjoining to K a system of compatible pth roots of 7 for all n, and let L be the
Galois closure of K. Using these field extensions, Caruso constructs the (¢, r)-modules, which classify
p-adic Galois representations of Gg. In this paper, we study locally analytic vectors in some period rings
with respect to the p-adic Lie group Gal(L/K), in the spirit of the work by Berger and Colmez. Using
these locally analytic vectors, and using the classical overconvergent (¢, I')-modules, we can establish the
overconvergence property of the (¢, t)-modules.
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1. Introduction

1.1. Overview and main theorem

Let p be a prime, and let K be a complete discrete valuation field of characteristic
0 with a perfect residue field of characteristic p. We fix an algebraic closure K of K
and set Gk := Gal(K/K). In p-adic Hodge theory, we use various “linear algebra” tools
to study p-adic representations of Gg. A key idea in p-adic Hodge theory is to first
restrict the Galois representations to some subgroups of Gg. For example, the classical
(¢, I')-modules are constructed by using the subgroup G pe := Gal(K /K p) where K po
is the extension of K by adjoining a compatible system of p"th primitive roots of 1
for all n (cf. Notation 1.1.1). Later, it becomes clear that it is also important to study
other possible theories arising from other subgroups. In this paper, we will study the
(¢, T)-modules, which are constructed by using the subgroup Goo := Gal(K/Ks) where
K~ is the extension of K by adjoining a compatible system of p"th roots of a fixed
uniformizer of K for all n (cf. Notation 1.1.1).

The (@, T)-modules, first constructed by Caruso (cf. [9]), originated from works by
Breuil and Kisin (cf. e.g., [8, 21]); they look quite similar to the (¢, I')-modules, but in
certain situations (in particular, if we consider the semi-stable representations), give much
more useful information than the later. For example, these semi-stable (¢, t)-modules
(called Kisin modules, or Breuil-Kisin modules, or (g, G)-modules in various contexts)
can be used to study Galois deformation rings (cf. [22]), to classify semi-stable (integral)
Galois representations (cf. [28]), and to study integral models of Shimura varieties
(cf. [23]), to name just a few. In contrast, the (¢, ')-modules can only achieve very
partial results in the aforementioned situations. However, the (¢, I')-modules have their
own advantages; for example, they can be used to interpret Iwasawa cohomology (cf.
[11]), to prove p-adic monodromy theorem (cf. [4]), and most fantastically, to construct
p-adic Langlands correspondence in the GL(Q,)-situation (cf. [15]). To explore other
possible applications of the (¢, 7)-modules (and also the (¢, I')-modules), it is desirable to
establish more parallel properties and build more links between these two theories. In this
paper, we will study the overconvergence property of the (¢, T)-modules; the analogous
property of the (¢, I')-modules, first established by Cherbonnier and Colmez (cf. [10]),
played a fundamental role in almost all applications of the (¢, I')-modules.

Let us be more precise now.

Notation 1.1.1. Let k be the (perfect) residue field of K, let W (k) be the ring of Witt
vectors, and let Ko := W (k)[1/p]. Thus K is a totally ramified finite extension of Ko;
write e := [K : Ko]. Let C), be the p-adic completion of K. Let v, be the valuation on
C, such that v,(p) = 1. For any subfield ¥ C C),, let Oy be its ring of integers.

Let m € K be a uniformizer, and let E(u) € W(k)[u] be the irreducible polynomial
of w over Ky. Define a sequence of elements 7, € K inductively such that mg = 7 and
(Tps1)? = m,. Define pu, € K inductively such that | is a primitive pth root of unity
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and (up+1)? = py. Let

Koo := U K (), Kpoo = U K(un), L:= U K@y, n).
n=1

n=1 n=1

Let

Goo :=Gal(K/Kw), Gpo:=Gal(K/Kp=), Gp:=Gal(K/L), G :=Gal(L/K).

Let V be a finite dimensional Q,-vector space equipped with a continuous Q,-linear
Gk-action. In [9], using the theory of field of norms for the field Ko, Caruso associates
to V an étale (¢, 7)-module (if one uses the field K,~ instead, one would get the
usual étale (¢, I')-module); this induces an equivalence between the category of p-adic
representations of Gk and the category of étale (¢, t)-modules. An étale (¢, t)-module
is a triple D= (D, ¢p, é) (see Definition 6.2.2 for more details). Here, we only mention
that D is a finite dimensional vector space over the field B := Ag_ [1/p] where

“+0o0
Ay = { > aiu iaj € W(k), vp(a;) — +00, as i — —oo],

i=—00

and ¢p is a certain map D — D (here, we ignore the discussion of the G—data). We say
that D is overconvergent if we can “descend” the module D to a g-stable submodule D'
over a subring BJ}(OO (called the overconvergent subring) of B, where

400
BJ;{OO = { Z aju' € By, vp(a;)+ia — 4oo for some a > 0, as i — —oo} .

i=—00

The following is our main theorem.

Theorem 1.1.2. For any finite dimensional Q,-representation V of Gk, its associated
(¢, T)-module is overconvergent.

Remark 1.1.3. (1) Theorem 1.1.2 is originally proposed as a question by Caruso in
[9, §4], as an analogue of the classical overconvergence theorem for étale
(¢, I')-modules by Cherbonnier and Colmez ([10].

(2) In a previous joint work by the first named author and Liu, Theorem 1.1.2 is
established when K is a finite extension of Q, using a completely different method
(see [19]); a key ingredient in loc. cit. is the construction of “loose crystalline
lifts” of torsion Galois representations, which requires the finiteness of k (see e.g.,
[19, Remark 1.1.2]).

(3) There does not seem to be any obvious comparison between the proof in this paper
and that in [19]. The main idea in [19] is to “approximate” a general p-adic Galois
representation by torsion crystalline representations, whereas we do not use any
torsion representations in the current paper.
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Remark 1.1.4. (1) Inan upcoming work by the first named author, the overconvergence
property will also be established for (¢, 7)-modules attached to an arithmetic family
of Galois representations Vs over a rigid analytic space S (we need to assume K /Q,
finite there). Furthermore, we will use these family of overconvergent (¢, t)-modules
to study sheaves of Fontaine periods (e.g., as in [3]).

(2) Using ideas and methods in this paper, it also seems very plausible to formulate and
prove overconvergence results for geometric families of (¢, t)-modules, in analogy
with results in [24].

(3) In contrast, the methods in [19] cannot be generalized to families (either arithmetic
or geometric) of Galois representations.

Remark 1.1.5. We refer to [19, § 1.2] for some discussions of the importance and usefulness
of overconvergence results in p-adic Hodge theory. In particular, in loc. cit., we mentioned
about the link between the category of all Galois representations and the category of
geometric (i.e., semi-stable, crystalline) representations. Indeed, in loc. cit., we used this
link to prove the overconvergence theorem. In the current paper, we do not use any
semi-stable representations; instead, some results we obtain in the current paper will
be used to study semi-stable representations. One result worth mentioning is Theorem
3.4.4(4) (see also Remark 3.4.5), where we show certain ring of locally analytic vectors
is related with the ring Ojo,1) in [21]. We will report some progress (in particular, on the
theory of (¢, é)—modules) in a future work by the first named author and Liu.

1.2. Strategy of proof

The key ingredient for the proof of Theorem 1.1.2 is the calculation of locally analytic
vectors in some period rings, in the spirit of the work by Berger and Colmez [2, 7]. The
philosophy that overconvergence of Galois representations is related with locally analytic
vectors is first observed by Colmez, in the framework of p-adic Langlands correspondence
(cf. [15, Intro. 13.3]). For example, overconvergent (¢, I')-modules (cf. [10]) are closely
related with locally analytic vectors in the p-adic Langlands correspondence for GL»(Q,)
(cf. [16, 29]), i.e., via the “locally analytic p-adic Langlands correspondence”.

To study the p-adic Langlands correspondence for GLy(F) where F/Q), is a finite
extension, Berger recently proves overconvergence of the Lubin—Tate (¢, I')-modules
(cf. [7]). The key idea in loc. cit., very roughly speaking, is that there should exist
“enough” locally analytic vectors in the Lubin—Tate (¢, I')-modules. To find these locally
analytic vectors, one first “enlarges” the space of Lubin—Tate (¢, I')-modules over a bigger
period ring; then there are indeed enough locally analytic vectors, by using the classical
overconvergent (¢, I')-modules as an input (cf. [7, Theorem 9.1]). One then descends from
the bigger space of locally analytic vectors to the level of Lubin—Tate (¢, I')-modules, via
a monodromy theorem (cf. [7, §6]).

The key idea in our paper is similar to that in [7]. Indeed, (very roughly speaking),

we first “enlarge” the space of the (¢, 7)-module over the big period ring BZig, ;. (which
is Gal(K /L)-invariant of the well-known ring ﬁjig); there are enough locally analytic
vectors on this level, by using the classical overconvergent (¢, I')-modules as an input
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again (cf. the proof of Theorem 6.2.6). To descend these locally analytic vectors to the
level of (¢, T)-modules, we can use a Tate-Sen descent or a monodromy descent (see
Proposition 6.1.6 and Remark 6.1.7 for more details).

As the strategy suggests, one needs to compute locally analytic vectors in some period
rings (e.g., ﬁ;g,L). In the case of (¢, ')-modules, the concerned p-adic Lie group is
Gal(K ,~/K) (see Notation 1.1.1), which is one-dimensional. In the case of Lubin-Tate
(¢, T')-modules, the p-adic Lie group is Oy, which is of dimension [F : Q,]. In general,
it would be very difficult to calculate locally analytic vectors for p-adic Lie groups
of dimension higher than one. In [7], Berger considers first the “F-analytic” locally
analytic vectors, which behave similar to the one-dimensional case. He then uses these
“F-analytic” locally analytic vectors to determine the full space of Of-locally analytic
vectors. In our paper, the concerned p-adic Lie group is G= Gal(L/K), which is of
dimension two. The key observation is that we need to first consider G—locally analytic
vectors which are furthermore Gal(L/K )-invariant; these locally analytic vectors then
again behave similar to the one-dimensional case. Indeed, we have:

Theorem 1.2.1. Let (BTg YEPaY=1 denote the set of Gal(L/K px)-(pro)-locally analytic
vectors which are furthermore fized by Gal(L/K ). Then we have

B - 1 -
B, )= = o Bl k)
m=0

where B, is the “Robba ring with coefficients in Ko” (cf. Definition 3.4.6).

rig, Koo

With the above theorem established, we can also completely determine the G—locally
analytic vectors in B rig, L} since the statement is too technical, we refer the reader to
Theorem 5.3.5.

1.3. Structure of the paper

In §2, we study the rings B/ and B! (where I is an interval), as well as their
Gal(K /K »o)-invariants which are denoted as B%w and va(w. In §3, we compute locally
analytic vectors in B o and in §4, we need to carry out similar calculations when we

replace Koo with a ﬁnlte extension. In §5, we compute the é-locally analytic vectors in
B]{. All these calculations will be used in §6 to carry out the descent of locally analytic
vectors, giving us the desired overconvergence result.

1.4. Notations

1.4.1. Convention on ring notations. In this paper, we will use many rings. Let
us mention some of the conventions about how we choose the notations; it also serves as
a brief index of ring notations.

(1) In §1.4.2, we define some basic rings. We also compare them with notations
commonly used in integral p-adic Hodge theory (see Remark 1.4.3).
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(2) In §2.1, we define the rings A’ and B! (where I is an interval), which are exactly
the same as A’ and B/ in [5] (which are A; and By in [4]). (See also the table in
[5, §1.1] for a comparison of notations with those of Colmez and Kedlaya.)

(3) When Y is a ring with a Gg-action, X C K is a subfield, we use Yx to denote the
Gal(?/ X)-invariants of Y. Some examples include when Y = Al , B! AT B! and
X =L, Koo, M where M /K is a finite extension. This “style of notation” imitates
that of [5], which uses the subscript *g to denote G pc-invariants.

(4) In §2.2, we define the rings A’/ and B/ and study their Gy-invariants: A%oo and
Bf(m. These rings “correspond” to those rings studied in [13, §§6.3, 7]. Our A’
and B! are different from A’ and B’ in [13] (cf. Remark 1.4.3); fortunately, we
are mostly interested in Af(m and Bkm, and since we are using K, as subscripts,
confusions are avoided.

1.4.2. Period rings. Let Et :=lim (’)K/p(’)K where the transition maps are x — x?,

let E := FrE*. An element of E can be uniquely represented by (x(”))n>0 where x™ e C,
and (x"TD)P = (x™); let v be the usual valuation where vg(x) := v, (x©@). Let

AT :=WEY, A=WwE), Bt:=AT[1/pl, B:=A[l/pl],

where W(:) means the ring of Witt vectors. There is a unique surjective ring
homomorphism 6 : AT — Oc,, which lifts the projection Et - 0% %/p onto the first
factor in the inverse limit. Let B:IR be the Kerf[1/p]-adic completion of B+ (so the
f-map extends to B r)- Let & = {unln>0 € E*, let [e] € AT be its Teichmiiller lift, and
let 1 :=log([e]) € BdR as usual.

Let 7 :={my}n>0 € Et. Let E+ =k[[z]l, Ex,, = k(()), and let E be the separable
closure of Eg, in E. By the theory of field of norms (cf. §4), Gal(E/Ek_) ~ Goo.
Furthermore, the completion of E with respect to vg is E.

Let [z] € A+ be the Teichmiiller lift of . Let A+<><> = W[u]] with Frobenius ¢
extending the arithmetic Frobenius on W (k) and ¢(u) = u?. There is a W (k)-linear
Frobenius-equivariant embedding A;goc < At via u > [z]. Let Ak, be the p-adic
completion of AJIgoo[l/u]. Our fixed embedding A;x <> AT determined by m uniquely
extends to a ¢-equivariant embedding Ag  — K, and we identify Ag_  with its image
in A. We note that Ak, is a complete discrete valuation ring with uniformizer p and
residue field Eg_ .

Let Bk, :=Ag_[1/p]. Let B be the p-adic completion of the maximal unramified
extension of Bk, inside B, and let A C B be the ring of integers. Let AT := At NA.
Then we have:

(A9~ =Ak,, B~ =Bk, AH™>=AF .
Remark 1.4.3. (1) The following rings (and their “B-variants”) that we defined above,

Ef, E. AT, A AL, A, A AT
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are precisely the following rings which are commonly used in integral p-adic Hodge
theory (e.g., in [19]):

R, FrR, W(R), W(rR), 6, Og, Oz, 6™

(2) The rings A and B (and their variants, e.g., A/, B/ in §2.2) are different from
the “A” and “B” in [5] or [13]. Indeed, they are the same algebraic rings, but
with different structures (e.g., Frobenius structure). In the proof of our final main
theorem (Theorem 6.2.6), we will use the font A, B to denote those rings in the
(¢, I')-module setting.

1.4.4. Valuations and norms. A non-Archimedean valuation of a ring A is a map
v:A—> RU{+o0} such that v(x) = 400 < x =0 and v(x +y) > inf{v(x), v(y)}. It is
called sub-multiplicative (respectively multiplicative) if v(xy) = v(x) +v(y) (respectively
v(xy) = v(x) +v(y)), for all x, y. All the valuations in this paper are sub-multiplicative
(some are multiplicative). Given a matrix T = (#;,7)i,j over A, let v(T) := min{v(%; ;)}.
A non-Archimedean valuation v on A induces a non-Archimedean norm where |a| :=
pV@ and vice versa.

1.4.5. Some other notations. Throughout this paper, we reserve ¢ to denote
Frobenius operator. We sometimes add subscripts to indicate on which object Frobenius
is defined. For example, ggn is the Frobenius defined on 9. We always drop these
subscripts if no confusion arises. We use My(A) (respectively GL;(A)) to denote the
set of d x d-matrices (respectively invertible d x d-matrices) with entries in A.

2. A study of some rings

In this section, we study some rings which are denoted as B/ and B/ (where [ is an
interval). In particular, we study their Go-invariants (see 1.1.1 for Goo), which are
denoted as BI k., and BI . The results will be used in §3 to further determine the
link between these rings. All results in this section are analogues of their G pc-versions,
established in [4, 13]; the proofs are also similar.

2.1. The ring B! and its Goo-invariants

Let ¥ =& — 1 € ET (this is not ), and let [7] € AT be its Teichmiiller lift. When A is a
p-adic complete ring, we use A{X, Y} to denote the p-adic completion of A[X, Y]. As in
[4, §2], we define the following rings.

Definition 2.1.1. (1) Let

=15
Alrnsl. _ R+ _P ,[JT] when r < SGZ/O[l/P] s > 0;
[z]" »p
Alrtool . — X+ {[%r} when r € ZZ°[1/p];
K[+oo,+<>0] . — X
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Here, to be rigorous, Kﬂp/[ﬁ]’, [71°/p} is defined as K*‘{X, Y}/ (7 X—p, pY —
[T1°, XY —[71*™"), and similarly for AT{p/[7]"} (and other similar occurrences
later); see [4, § 2] for more details.

(2) If I is one of the closed intervals above, then let B! := A’[1/p].

Remark 2.1.2. We do not define A0, Indeed, we will refrain from using the interval
[0, 0] throughout the paper; see Remarks 2.1.9 and 2.2.6 for more remarks concerning
[0, 0].

2.1.3. If I is one of the closed intervals above, then Al is p-adically separated and
complete; we use V! to denote its p-adic valuation (which is sub-multiplicative). When
I C J are two closed intervals as above, then by [4, Lemma 2.5], there exists a natural
(continuous) embedding A’ < A’ we identify A’ with its image (as algebraic rings) in
this case.

Definition 2.1.4. When r € ZZ[1/p], let

Blrtoo) . ﬂ Blrsal
n=0

where s, € Z7°[1/p] is any sequence increasing to +00. We equip Bl with its natural
Fréchet topology.

Lemma 2.1.5. (1) Let I C J be as in §2.1.5. If 0 ¢ J, then B’ is dense in B! with
respect to Vi,

(2) Suppose r < s € ZZ%[1/p] and s > 0, then BIOs] s closed in B! with respect to
ylrsl,

(3) Suppose 0 < s1 < 52 < s < 400 and sy > 0, then the closure ofﬁlo’” in Blst-s2] (with
respect to VIs1:521) s BlOs2],

(4) Whenr € 72%[1/p], BIrt+o0) g complete with respect to its Fréchet topology, and
contains BT s a dense subring.

Proof. Item 1 is easy. To prove Item 2, it suffices to show that
K051y pRIrs) = pRI0s] (2.1.1)

This is indeed [7, Lemma 3.2(3)]; however, in loc. cit., the definitions of Al%s1 and Al
rely on the valuations W/ (denoted as “V(x,I)” in loc. cit.) which we will recall in
Definition 2.1.8. Here we give a “direct” proof using the explicit structure of these rings
per our Definition 2.1.1. Let x € A"l such that px € Al®*l. We can decompose x =
x4+ xt with x~ € AT and x* € A% (the decomposition is not unique). It suffices
to show that px~ € pAl®s]. But indeed,
px~ € pAlrteolnAl0s]
— px[r,+oo] N (K[r,-i-oo] mK[O,s])
c pg[r,+oo] N (K[s,+oo] HK[O,S])
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= pAlr+lnAl0+%] 1y (4 Lemma 2.15]

px N Al0-+oo]
gﬁQ+oﬂ.

N

=Ppr

To prove Item 3, simply note that B!%s] is contained in BI®%! but its closure contains
]NS[O’”], and then apply Item 2. (Note that Items 2 and 3 correct the statements above
[4, Remark 2.6], as Berger never explicitly requires 0 ¢ J.) Item 4 is [4, Lemma 2.19] (the
proof there works for r = 0 as well). O

Remark 2.1.6. (1) For any interval / such that A’ and B! are defined, there is a natural
bijection (called Frobenius) ¢ : A/ — AP! which is valuation-preserving.

(2) Forn € ZZ0, let r,, := (p— 1)p" L. Let
1. .= {[re, ri], [re, +00], [0, r¢], [0, 4+00]}  where £ < k run through 779,

By item (1), in many situations, it would suffice to study A’ (and B?) for I € I,
or I = [+00, +00]. The cases for I a general closed interval can be deduced using
Frobenius operation; the cases for I = [r, +00) can be deduced by taking Fréchet
completion.

Convention 2.1.7. From now on, whenever we define rings with an interval as superscript
(such as Al ,or A, Al etc. in the following), we always define in the general case with
inf(I), sup(I) € {ZZ°[1/p], +00}. But we will only compute (the explicit structure of)
these rings with inf(1), sup(I) € {0, r¢, r¢, +00} (when applicable); the general case can
always be easily deduced using Frobenius operations.

There is another type of valuation W! on ]~3[r’+"°]7 which we quickly recall.
A particularly useful fact is that W1 are multiplicative valuations (not just
sub-multiplicative), see Lemma 2.1.10.

Definition 2.1.8. Suppose r € ZZ°[1/p], and let
x =) p'lxi] € Bl (¢ Bltootool),
i>ig

Denote wy (x) := inf;<i{vg(x;)}. See [13, §5.1] for the properties of wy; in particular,
we have wy(x + y) > inf{wg (x), wg(y)} with equality when wy(x) # wi(y). For s > r and
s >0, let

p—1
ps

wbsl(x) := inf {k +

. p—1
Y — inf dk+2 . :
Lot vE(xk)} in { + s wk(x)}

k>ko

this is a well-defined valuation (cf. [13, Proposition 5.4]). For I C [r, +00) a non-empty
closed interval such that I # [0, 0], let

wli(x):= inf {W*¥x)).
ael,a#0
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Remark 2.1.9. We do not define “W®9” Indeed when r =0, then B0+ = B+, It
might seem that we could define “W1%-%(x) := infy, +o{k},” which is precisely the p-adic
valuation of B¥. However, this valuation is “incompatible” with the valuations W51 for
s > 0. Indeed, one observes that the valuations W1 behave continuously with respect
to s > 0; but this continuity breaks for “s = 0”. Indeed, W*!(x) do not converge to
the aforementioned “W[0%(x)” when s — 0; this phenomenon is best explained using
the geometric picture of the “degeneration of annuli to a closed disk”, cf. Remark 2.2.6.
Alternatively, it might seem that we could define “W!%%(x) := 400, Vx”; however this is
not a valuation anymore (cf. §1.4.4).

Lemma 2.1.10. Suppose r < s € ZZ°[1/p] and s > 0, then the following holds.

(1) When r > 0, A"l gnd Alnto0l[1/[7]] are complete with respect to W1,

(2) Wl(xy) = Wisl() + Whl(y), v, y € BUntol,

(3) Let x € Blr+ool,
(a) When r > 0, WInsl(x) = inf(Wlr1(x), Wissl(x)}.
(b) When r =0, WIrsl(x)(= wi%sl(x)) = wlsl(x).

(4) For x € BIn+l e have V[r’ﬂ(x) = |WIsl(x)], where VIsl(x) is defined by
considering x as an element in BUs1.

(5) The completion ofﬁ[””’o] with respect to W51 is isomorphic to BIs] gs topological
rings. (Thus, we can extend W1 to BIs1,)

Proof. All these results are well known. Item 1 is [13, Proposition 5.6]; note that
the ring “AOr1 50 Joc. cit. is our X[(l’_l)/(f”)'Jroo][l/[ﬁ]], and the ring of integers
in AO1 i precisely our Al(P=D/(rr)-+001 Ttem 2 is [6, Lemma 21.3]. Item 3(a) (the
maximum modulus principle) is [4, Corollary 2.20]; indeed, it follows easily by looking
at the definition of Wl%®l(x). Item 3(b) follows from similar observation, by noting that
x € BlO-+o°] implies v (xx) > 0 for all k > ko in Definition 2.1.8. Item 4 is [4, Lemma 2.7];
the proof works for r = 0 as well (which Berger did not explicitly mention). Item 5 follows
from Item 4 and Lemma 2.1.5. O

Remark 2.1.11. Let r > 0.

(1) Suppose x € B+l then Wl"rl(x) > 0 does not imply that x € A"+l it only
implies that x € Alrrl, However, if x € K["+°°][l/[ﬁ]], then W"l(x) > 0 if and
only if x € Alr+ool,

(2) In comparison to Lemma 2.1.10(1), Bl o0l ig not complete with respect to Wil
indeed, its completion is BU""1 by Lemma 2.1.10(5).

(3) In comparison to Lemma 2.1.10(5), the completion of Alrtool with respect to Wl
is strictly contained in Alrs] (which is already the case when r =s by Lemma
2.1.10(1)). Also note that A1 is complete with respect to W™, since it is the
ring of integers in Bl (Thus, Alr+l s a closed subset of A" with respect
to winrly,
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Let I be an interval. When B! (respectively K’) is defined, let ﬁ%w = (B1)G
(respectively K’ := (A1)0). Recall that as in [4, §2.2], when r, € I, there exists
Bl — Bl:. Lot 6 : B/ — C, be the usual map.

Lemma 2.1.12. Let g := ([e]? — 1)/([e] — 1). Suppose I = [re, rx] or [0, rg]. We have
(1) Ker@ oy : Al — C,) = C @RI = LEWRT
Ker(@oy : B! — Cp) = o' (¢)B! = ¢*(E(u))B'.
(2) Ker@ou : Ak — C,) = LEDRL
Ker(f oy : Bl — Cp) = ¢ (Eu)B

Proof. Item (1) is easily deduced from [4, Proposition 2.12], because E(u) and o (g)
generate the same ideal in AT (i.e., the kernel of the #-map in §1.4.2). Item (2) is an
easy consequence of (1). O

In the following, we study more detailed structure of the rings B and A . These
results (Lemma 2.1.13, Propositions 2.1.14 and 2.1.16) will not be used in thlb paper.
We still include them here because they are standard and will be useful in the future;
also, they serve as prelude to the computation of the rings Bf(m and Af(oo in the next
subsection.

Lemma 2.1.13. Suppose € < k, then we have the following short exact sequence

0— ﬁ[]g;:-oo] — E[I?;'OO] @E[I?;:"] — ﬁ%i;rk] — 0, (2.1.2)

where the second arrow is x — (x, x), and the third arrow is (a, b) — a —b.

Proof. The proof is analogous to [4, Lemma 2.27]. By the proof of [4, Lemma 2.18], we
have
0 — BlO-+ocl _, Blre. 400l @ﬁ[o”” — Blren] 5 .

Take Goo-invariants, and consider the long exact sequence, it suffices to show that the
map

5 :BY M - H!(Goo, BY) (2.1.3)
is the zero map. By exactly the same argument as in [4, Lemma 2.27], it suffices to show
that H! (Goo, mjz+) =0 (where mg+ is the maximal ideal of E+) and this is an analogue
of [12, Proposition IV.1.4(iii)]. Indeed, the ring Et satisfies the conditions (C1), (C2) and
(C3) in [12, IV.1] with respect to our APF extension K (note that the Ko in loc. cit. is
our K p); the proof is verbatim as in [12, Remark IV.1.1(iii)], since the theory of fields of
norms for our extension Ko, also works (see e.g. [8, §2] for a detailed development). [

" 200, o
Proposition 2.1.14. (1) A[K;k] A+ {W(E(u))}— Koo{u }.

(2) AR = A k).

00 el
epk

P
p

ESR

p

(3) B = Ak (ot
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Proof. Ttem (1) is an analogue of [4, Lemma 2.29]. By applying ¢ ~* to all rings, it suffices
to prove it when k = 0. By definition of K[O”"], it is obvious that K}w{@} - K[I?’O:"];
it suffices to show the inclusion is identity. Since f}+ /ue]’i:,+ has a basis of u’ for i €
Z[1/p]NI0, e), we can easily deduce that 6 : K;}w — O 1s surjective. Given x € A[I(()’;O],
we recursively define two sequences x; € K[,?;:O] and a; € A Ko 38 follows:

o let xo = x;

e choose any a; € sz such that 6(a;) = 0(x;) € OK;O’

olet xj11 = (x —a)- %, then x; 41 € K[I?;ZOI by Lemma 2.1.12.

Then it is easy to check that x = Zi20 a;(E(u)/p)" with a; — 0.

For Item (2), again it suffices to consider the case £ =0. Let x € K[Ig(;+°°]7 write it
as x = Zk>0 p*[xx], then clearly x; € (l:i)Goo Since (pro)/(p —1) -k +vg(xx) — 400 as
k — 400, so k—i—vE(xk) — +00, and so v (xg - %) — 400. Then one can easily show
that x € A} {£

Consider Item (3) By Lemma 2.1.13, any element x € B

[re.r .
¢kl can be written as a

sum x =a+b with a € B%‘;:roo] and b € B[I?O:"], S0 we can apply Items (1) and (2) to
conclude. O

Remark 2.1.15. We do not know if we have

k

~ ~ ep
Aggo;rk]:A;w: Pz } (2.1.4)

uert’ )4

Equivalently, we do not know if the “A”-version of (2.1.2) (by changing all B there to K)
holds. Indeed, to show that the §-map in (2.1.3) is the zero map following [4, Lemma
2.27], it is critical to use the fact that u is invertible in B[re ") (which fails in AW r"])
We tend to think that (2.1.4) holds. In particular, the “A” “version of (2.1.4) holds cf.
Proposition 2.2.10; the proof critically relies on the unique decomposition f = f~ + f+
in Lemma 2.2.5, which fails inside K[Ig‘;r"]. Fortunately, (2.1.4) is perhaps useless anyway;
e.g., the “K pec-version” was never studied in [4]. In contrast, Proposition 2.2.10 (indeed
Corollary 2.2.11) plays a key role in our Theorem 3.4.4.

Proposition 2.1.16. (1) The ring f}[lzi’joo] is dense in f}[lgi:roo) for the Fréchet topology.
e mng BL is dense in Bl or the Fréchet topology.
2) The ring Bl is d B for the Fréchet topol

Proof. The proof (for both Items) is verbatim as the proof of [4, Proposition 2.30], by
changing ¢ there to E(u). O

2.2. The ring B! and its G-invariants
Definition 2.2.1. (1) When r € ZZ°[1/p], let

Alntool . AmK[r,+oo]’ B+l . g Bl-toel
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(2) When r, s € ZZ°[1/p], s # 0, let BI"*] be the closure of B+l in BI$1 with respect
to WISl (By Remark 2.1.2, there is no BI%% hence no BI%01) Let Al"s1 := BI"sIn
A1 which is the ring of integers in B"»s1,

(3) When r € ZZ°[1/p], let
BlIHtoo) .— ﬂ Blsn1
n=0

where s, € Z7°[1/p] is any sequence increasing to +oo.

Definition 2.2.2. For r € ZZ°[1/p], let A"T>®1(K{) be the ring consisting of infinite series
fF=>ez a;T* where a; € W (k) such that f is a holomorphic function on the annulus

defined by
-1 1
e (05557

,
(Note that when r =0, it implies that a; =0,Vk <0.) Let BI"T®l(Ky) :=
Al +9l(Ko)[1/p].
Definition 2.2.3. Suppose f =Y ,, axT* € BI"+®l(Ky).
(1) When s > r, s > 0, let
p—1 k
WEI(f) = inf {vp(ak) +— —}
ps e

(2) For I C [r, +00) a non-empty closed interval, let

WIH(f) = aeilnof#ow[“’“]( 1. (2.2.1)

It is well known that W1 for any s > 0 is a multiplicative valuation; thus W/ is a
sub-multiplicative valuation.

Definition 2.2.4. For r <s e Z2[1/pl,s #0, let B"s1(Ky) be the completion of
BIrto0l(Ko) with respect to WIS, Let AV$1(Kg) be the ring of integers in BI"*1(Kq)
with respect to W1,

Lemma 2.2.5. (1) BUre+l(Ko) is complete with respect to WIerd and AUe+°l(Kg) is
the ring of integers with respect to this valuation. Furthermore, we have

Alre (g — WIT] { P . } ) (2.2.2)
Ter'
(2) We have WO (xy = Wlend(x) . Furthermore, BI%"1(Kg) is the ring consisting of
infinite series f =Y 1oz a;y T where ay € K¢ such that f is a holomorphic function
on the closed disk defined by

p—1 1
vp(T) € -—, 40 |.
ep TIg
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Indeed, we have

ep*

T
AT (Ko) = WITT] { } . and B™N(Ko) = AN (Ko)[1/p]. (22.3)
(3) For I =1r,s]=1[re,r), we have W!(x) = infW71(x), WIsl(x)}.  Furthermore,
BsW(Kg) is the ring consisting of infinite series f = Y kez axT* where a; € Ko
such that f is a holomorphic function on the annulus defined by

11 p—11
v,,(T)e[p = L -—]
ep s ep r

Indeed, we have

p

[re,ri] _ v
AVERI(Kg) = WIT] { g

T
1 and B"N(Kg) = AN (Ko)[1/p].
(2.2.4)

Proof. Everything is elementary and well known; we only sketch how to prove (2.2.4).
Let f =3 iez arTF € Arem(Ko), then we can decompose f = f~ + f1 uniquely where
fm=YoaTk and = 2 k>0 ayT*. Since the valuations W% are defined in a
“term-wise” fashion (i.e., WISSI(f) = infy WIsl(q; T¥)), it is easy to see that f~ e
Alret+®l(Koy and £+ e A7 (Kp); then we can conclude using (2.2.2) and (2.2.3). O

Remark 2.2.6. When r = 0 in Definition 2.2.3, it actually makes perfect sense to define
WOl £y = v, (ap). (2.2.5)

Indeed, the valuations WISSI(f) (for s > 0) correspond to the Gauss norms on the circle
of radius p~(P=D/ers and this “WIO9(£)” corresponds precisely to the norm on the zero
point. Using (2.2.5), we could even modify (2.2.1) (when 0 € I) to be

W[O,S] (f) = 11[})f ]W[C’»Ol] (f) (226)
ael0,s

But these two definitions give the same valuation (namely, W!*1(f)), because the zero
point is not on the boundary (of the relevant closed disk) anyway! Since we do not have
a “compatible” W0 by Remark 2.1.9, it is better for us to completely ignore “WI0.01”

Lemma 2.2.7. Let r <s € ZZ°[1/p], s > 0.
(1) The map f(T) v+ f(u) induces ring isomorphisms

A+l (ko) = AR+ when r = 0;

AUl (ko) ~ AL /u) when r > 0.
Furthermore, given f € At®l(Ky), we have

WERI(F(T) = WET(f @)).
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(2) The map f(T)— f(u) induces isometric isomorphisms
ALSI(Kg) = AR when r = 0;
APl (gg) ~ A[,?;] when r > 0.

Before we prove the lemma, we introduce the section s and use it to build an
approximating sequence.

2.2.8. The section s. Denote
s 1Ak /p — Ak,

the section where for x = ;s i, let s(X) 1= Zi»_oo[a_,-]ui. One can see that s(x) €
A[,?:OO][I/M] for any r > 0. Furthermore, for any k£ > 0, we have

: 1
wi(s()) = inflwg ([@7lu’)) = — minfi : @ # 0} = vg(), (2.2.7)

where the first identity holds because wy ([@;]u’) are distinct for different i.

2.2.9. An approximating sequence. Let r >0, given x € A[,?;'oo][l/u], define a
sequence {x,} in A[Ig’:w][l/u] where xo =x and x,41 := p~'(x, —s(x;)). Then x =
Zn>0 p"-s(x;), and we have that
Wk (Xp41) = Wkt1(PXn1)

2 inf{wg1(xn), i1 (s (X))}

= inf{wg1(xn), wo(xn)}, by (2.2.7),

= wi+1(Xn).
Tterating the above process, we get

wo (X)) = wy,(xp) = wy(x). (2.2.8)

Proof of Lemma 2.2.7. Lemma 2.2.7 is an analogue of [13, Proposition 7.5], and the proof
uses similar ideas. It suffices to prove Item (1).
Part 1. Given f(T) =) ;5 arT* € A-tl(Ky), then for any s € [r, +00), s > 0,

[s,s] . [s,5] vy p—1 k — yaols.s]
WE2(f () =2 inf{W (aru™)} = inf Jvp(ag) +—— - — ¢ = WPH(F(T)).
k k ps e

When r >0, v,(ar) + pp:l % — 400 for k — 400 or k — —oco. By Lemma 2.1.10,
A[I?;roo][l/u] is complete with respect to W1, thus f(u) e A[Iggoo][l/u] when r > 0.
When r =0, then it is clear that f(u) € A[[?’ojoo]. Also, it is obvious that the map
f(T) — f(u) is injective.

Part 2. Given x € A[Iz’:oo][l/u] when r > 0 (respectively x € A[I(()’:OO] when r = 0),
let {x,} be the sequence constructed in §2.2.9 (note that when x € A[Ig;:roo], then
X, € AII?JOO], Vn). Let fu(T) be the formal series ) ;5 f,,,ka such that f,(u) = s(x,),
and let f(T) := Zn>0 p" fu(T). By (2.2.8),

UE(E) = wo(xy) = wy(x),
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so the expression for s(x,) would be of the form Zi>ewn (x)[a_i]ui (recall that vg(u) = 1/e).
Thus fu(T) = Y isen, ol@1T", and so

-1 1
WIS (1) = WII T Tem ) > g P2 e, () > W),
ps e

When r >0, n+ p;l -wy (x) = 400 when n — 400, so f(T) converges in A"TI(K).

p.
(When r =0, f(T) automatically converges in A%+>I(Ky)). It is clear f(u) = x, and
WUSSI(F(T)) > WIss1(x). Combined with Part 1, this concludes the proof. O

Proposition 2.2.10. We have

[0.+00] _ A+
AR =AY

k

ep
[0,] _ A+ u
AR = AL }

Proof. This easily follows from Lemmas 2.2.7 and 2.2.5. O

Corollary 2.2.11. Suppose [r,s] = [r¢, re] C [/, 5] = [rp, 1], then A[I;’;] NAls] = A[Ig;’;].

Proof. Let f € A[I?;] NAl s, By Proposition 2.2.10, we can always write f = f1 + f2,
where f € A[Ig’;roo] and f, € A[I?:]; it then suffices to show that fi € A[Ig;’;]. But indeed

o0]

we can show that f] € A[Ig;’j , using similar argument as in [10, Lemma I1.2.2]. O

3. Locally analytic vectors of some rings

The main result in this section is to calculate locally analytic vectors in (ﬁ’ YGoo = ﬁf(oo

Actually, there is no group action on (ﬁl )G since G is nOt normal in Gg; what we do
instead is to calculate locally analytic vectors in Bi := (B)GK/L) (with respect to the
Gal(L/K)-action) that are furthermore Goo-invariant.

3.1. Theory of locally analytic vectors

Let us recall the theory of locally analytic vectors, see [2, §2.1] and [7, § 2] for more details.
Recall that a Q,-Banach space W is a Q,-vector space with a complete non-Archimedean

norm || - || such that |law]|| = |la|l,llwl,Ya € Q,, w € W, where |la||, is the usual p-adic
norm on Q,. Recall the multi-index notations: if ¢ = (cy,...,cq) and k= (ky, ..., kg) €
N (here N = Z29), then we let ¢k = cllc1 e ~c§d.
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3.1.1. Let G be a p-adic Lie group, and let (W, || - |) be a Q,-Banach representation
of G. Let H be an open subgroup of G such that there exist coordinates ¢y, ...,cq : H —
Z, giving rise to an analytic bijection ¢ : H — Z?,. We say that an element w € W is an
H-analytic vector if there exists a sequence {wi}xcne With wig — 0 in W, such that

gw)= > e(@ wk, VgeH.
keNd

Let WH-a" denote the space of H-analytic vectors. W/ injects into C*(H, W) (the
space of analytic functions on H valued in W), and we endow it with the induced norm,
which we denote as || - ||z. We have |w|l g = supgene |lwkll, and WwH-an is a4 Banach space.

We say that a vector w € W is locally analytic if there exists an open subgroup H as
above such that w € WH-3 Let WO 12 (or W'* when there is no confusion) denote the
space of such vectors. We have W' = | J u WH-a where H runs through open subgroups
of G. We can endow W' with the inductive limit topology, so that W' is an LB space.

Lemma 3.1.2. Keep the notations as in §3.1.1. If W is furthermore a ring such that
Xyl < llxll-lIyll for x,y € W, then

(1) WH= s a ring, and ||xylla < Ixlla-llyle if x,y € WH=

(2) Suppose w € W* and w € WO, then 1/w € WO, (In particular, if W is a field,
then WG is also a field.)

Proof. Ttem (1) is [2, Lemma 2.5(i)]. Item (2) is stronger than [2, Lemma 2.5(ii)], but
this stronger statement is proved in loc. cit. O

3.1.3. Keep the notations as in §3.1.1. By the paragraph preceding [2, Lemma 2.4],
there exists some (not unique) open compact subgroup G of G such that there exist local

n—1

coordinates € : G| — Z‘[’;, which furthermore satisfy €(G,) = (p”Zp)d where G, := Gf
Then we have W2 = J, WOn-an,

Lemma 3.1.4 [2, Lemma 2.4]. Keep the notations as in §3.1.3. Suppose w € WEnan,
then for allm >n, w € WO qnd lwlg, <lwllg,. Furthermore, |lwllg, = l|lw| when
m > 0.

3.1.5. Let W be a Fréchet space, whose topology is defined by a sequence {p;};>1 of
seminorms. Let W; denote the Hausdorff completion of W for p;, so that W = 1<ir_nl_21 W;.
If W is a Fréchet representation of G, then a vector w € W is called pro-analytic if its
image m;(w) in W; is a locally analytic vector for all i. We denote by WP? the set of such
vectors. We can extend this definition to LF spaces (cf. [7, §2]).

Proposition 3.1.6. Let G be a p-adic Lie group, let B be a Banach (respectively Fréchet)
G-ring, and B C Ba subring (but not necessarily G-stable). Let W be a free B-module of
finite rank, let W= BQ®s W, and suppose there is a B-semi-linear G-action on W. Let
B := BN B™ and W2 := WNW" (respectively BP := BN BP and WP := W N WP ),
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If W has a B-basis wy, ..., wg such that g — Mat(g) is a globally analytic (respectively
pro-analytic) function G — GL4(B) C My (B), then

: d
VVla = @ Bla . w] respectively Wpa — @ Bpa ) wl
Jj=1 =
Proof. By [2, Proposition 2.3] (respectively [7, Proposition 2.4]), we have W' =

@7’:1 Bla. w; (respectively Wra = @?:1 BPa. w;), then we can take intersections with
W to conclude. O
In the following, we give a useful criterion to determine analytic vectors for the p-adic

Lie group Z,.

Lemma 3.1.7. Suppose (W, | -|) is a Qp-Banach representation of Z,. Let T be a
topological generator of Z,, and let logt denote the (formally written) series (—1)-
Zk>1(1 —D)/k. Given x € W, then x € WZr® if and only if the following hold:

(1) the series (logt)(x) converges in W, and inductively,
(log 7)" (x) := (log ) ((log 1)~ (x))

converges in W for all i > 2;
(2) lldog ) (x)/i!ll = 0 asi — +o0;
(3) for alla € Zp,

o .
; (log7)' (x)
agy _ i
‘()= a . (3.1.1)
i=0

If the above holds, then logt(x) € WZpan  gnd for all a € Z,, we have (logt%)(x) =a-
log t(x).
Proof. This is standard, cf. [31, §3]. O

Lemma 3.1.8. Suppose (W, || - |) is a Qp-Banach representation of Z, such that ||g(w)|l =
lwll,Vg € Zp, w € W (i.e., |||l is an invariant norm). Let x € W. Let t be a topological
generator of Z,. If there exists some r < inf{1/e, p~ V=) (here e is Euler’s number
2.718...), some R > 0 and ko € Z=°, such that
11—t @) < R foralla e Zy, k < ko; (3.1.2)
1A=t < r* forallae Zp, k = ko,
then x € WZpan,

Proof. Step 0: Partial log. Let A be a Qp-algebra. Given a € A, denote

pm—l .
(I-a)
log,, a := Z ;

i=1

€A.
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If A is furthermore a Banach algebra, and ||(1_l—”)l|| — 0 when i — 400, then we denote

loga == (—1)- 3% (l_l—“)l (and say loga is well-defined). Suppose a,b € A such that
ab = ba, then we have the identity:

(—ab)’ _ (1-af +Z<;:11).aj(1_a)i—j, =5

l l
j=1 J

So we have (cf. [9, equation (3.4)]):

pr—1 pm—1 . ,
; —1 o 1—b)/
log,, (ab) =log,, a + (aJ . E (l_ 1) (1 _a)l—l> . !
J— J
J

i=1 i=

~

Note that (cf. the equation below [9, equation (3.4)])
' i1
—X)/. - i—j p"=j
(1-X) Z <j j 1>X e 1+ X""17,[X].
i=j
Apply the above identity with X = 1 —a, then we get

r . (1—b)l
log,, (ab) —log,,a—log, b= > fi(l—a)-(1—a)"" /. ——
j

Jj=1

, (3.1.4)

where f;(X) € Zp[X] are some polynomials.
Step 1: Logarithm of x. Using conditions (3.1.2) and (3.1.3), it is clear that for any
a € Zp, (logt*)(x) is well-defined. Furthermore, there exists some r’ > 0, such that

[Qogt)Y(X)|| <r', Va€Z,. (3.1.5)
We claim that
(logt®)(x) =a-(logt)(x), Va € Z,. (3.1.6)
To prove (3.1.6), we first show that
(log 7% (x) = (log ) (x) + (log %) (x), Ve, B € Z). (3.1.7)

Using (3.1.4), we have
(log,, T P)(x) — (log,, T)(x) — (log,, T)(x)

pt—1 .
m_ (1—1P)]
=Y fa—t (1 —1P - 4= (3.1.8)
j=1 /
Since || - || is an invariant norm, it is easy to see that
I(fF@)I < llwll, Ywe W, f(X) € Zy[X] a polynomial. (3.1.9)

When p™/2 > ko (so max{j, p™ — j} = ko, Vj), the norm of the right hand side of (3.1.8)
is bounded by p™rP"/? (using (3.1.3) and (3.1.9)). Let m — +o0, and so (3.1.7) is proved.
Now given a € Z,, let a = a,, + p™b,, where a,, € Z, by, € Z),. By (3.1.7),

(log %) (x) = (log T)(x) 4 (log T”"?")(x) = @y, - (log T)(x) + p™ - (log T¥) (x).
Use (3.1.5), and let m — +o00, we can conclude (3.1.6).

https://doi.org/10.1017/51474748019000148 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000148

156 H. Gao and L. Poyeton

avk
(log )7 (x) Tk!) @ where

Step 2: General term of a summation. Consider the summation Y po
a € Zp, then its “general term” is of the form:

1 (1 _ .L.a)il-i--“-}-ik (x)
k! ITRERRE i

where i; > 1.

Suppose ) ij =n, then n > k. Let
{Hl(l—r%"u)

= sup
n>k

, where Zij :n}.

Note that we have
I (1—-79)"(x)
k! ipee-ix

k
‘ gr”~pk/(p71)-(%) when n > k.

Fix a k, consider the function f(X) = r¥ - X* with X > k. Its logarithm is X Inr +kIn X,
which has derivative Inr +k/X < 0 since r < 1/e. Thus we conclude that

kk 1 2% 1 D\
<r _p/(p—).(z) =<rp /(p— )> when n > k.

This implies that ry < 400, Yk. Furthermore,

1(1=19"x)
AT

re < (rpl/("’_l))k when k > kg,

avk
and so limy ry — 0 since r < p~/?=D_ This implies that the summation Zk —0 M

converges absolutely.

Step 3: Conclusion. Using Step 2 and (3.1.6) in Step 1, it is easy to show that all the
itemized conditions in Lemma 3.1.7 are satisfied; in particular, the equality (3.1.1) holds
because by Step 2, we can “re-arrange” the order of the summation. Thus x € W22 [J

Notation 3.1.9. If (W, | -|) is a p-adically separated and complete normed Z,-module
such that [law|l = |la]l,|w]| for all a € Z, and w € W, and such that W[1/p] (with the
naturally induced norm) is a Q,-Banach space, then we say (W, | -|) is a Z,-Banach
space for brevity. If furthermore such W carries a continuous action by a p-adic Lie
group G, then we denote W2 .= (W[1/p])¢2nW.

3.2. Locally analytic representations of G

Let G = Gal(L/K) be as in Notation 1.1.1. In this subsection, we mainly set up some
notations with respect to representations of G.

Notation 3.2.1. (1) Recall that:
oif KooNKpoo =K, then Gal(L/Kp~) and Gal(L/K) topologically generate G
(cf. [27, Lemma 5.1.2]);
oif KooNKpe 2 K, then necessarily p =2, and Gal(L/Kp~) and Gal(L/Ks)
topologically generate an open subgroup (denoted as G’ ) of G of index 2 (cf.
[28, Proposition 4.1.5]).
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(2) Note that:
o Gal(L/Kp~) >~ Zp, and let T € Gal(L/K ) be a topological generator;
e Gal(L/K) (C Gal(Kp</K) C ZIX,) is not necessarily pro-cyclic when p = 2.

If we let A C Gal(L/K) be the torsion subgroup, then Gal(L/K)/A is pro-cyclic;
choose y’ € Gal(L/Ky) such that its image in Gal(L/Kx)/A is a topological
generator.

L ot A N )
n = = . n
(3) Let 1, ¥ and y, := (y")? . Let G, C G be the subgroup topologically generated
by 1, and y,. These G, satisfy the property in §3.1.3.

Notation 3.2.2. (1) Given a G-representation W, we use
W‘E:l W)/:]

to mean
WGAL/Kpoo)=1  yGal(L/Keo)=1

And we use
Wr—la Py Tn-an Wy—la

to mean
WGAL/Kpoo)-la  yGal(L/(K poo (ma))-la - pyGal(L/Koo)-la_
(2) Let
logt?" log g
V: = forn >0, V,:= ————— for g € Gal(L/K) close enough to 1
" log, xp(8)

be the two differential operators (acting on é—locally analytic representations).

Remark 3.2.3. Note that we never define y to be an element of Gal(L/K); although
when p > 2 (or in general, when Gal(L/K) is pro-cyclic), we could have defined it as
a topological generator of Gal(L/K). In particular, although “y = 1”7 might be slightly
ambiguous (but only when p = 2), we use the notation for brevity.

Lemma 3.2.4. Let WTHar=l.— wrlanwr=l 4pen
Wr-la,y:l c W(A;-la.

Proof. This can be deduced from the fact that any element g € G (or g€ G’ when
Koo N Kpe # K, cf. Notation 3.2.1) can be uniquely written as a product gig» for some
g1 € Gal(L/Kw), g2 € Gal(L/K p). ]
Remark 3.2.5. (1) Let Wam=l.— wrlaqwr=l_then

Wy—la,r:l — ((W)Gal(L/Kpoo))Gal(Kpoo/K)—la C Wé—la

because Gal(L/K pe) is normal in G.
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(2) We do not know if the inclusion WO-la  wrlaqwela s an equality (very probably
not, see next item).

(3) We thank Laurent Berger for informing us of the following example. Let G| = G, =
Zp, and let G = G| x G3. Let W be the space of continuous Q,-valued functions on
G with the action of G by translations. Let f(x,y) =0if (x,y) =0and f(x,y) =
(x%-y%)/(x% + py?) otherwise. Then f € WO nW&21a hyt £ ¢ WOla, (Note that
by Hartog’s theorem, the analogous phenomenon does not happen over the usual
complex numbers.)

3.3. Locally analytic vectors in L
Let L be the p-adic completion of L (cf. Notation 1.1.1). As in [2, §4.4], consider
the 2-dimensional Q,-representation of Gk (associated to our choice of {m,},>0) such

that g (ng) C(lg)> where y is the p-adic cyclotomic character. Since the cocycle

c(g) becomes trivial over C,, there exists a € C, (indeed, a € f,) such that c(g) =
g(@)x(g) —a. This implies g(a) = a/x(g) +c(g)/x(g) and so « € L6712 Now similarly
as in the beginning of [2, §4.2], let o, € L such that |l —a,ll, < p~™". Then there
exists r(n) > 0 such that if m > r(n), then |a — o:,,||ém = |la—aullp and @ — o, € [Gn-an
(see Notation 3.2.1 for ém). We can furthermore suppose that {r(n)}, is an increasing
sequence.

Definition 3.3.1. Let (H,||-|) be a @Qp,-Banach algebra such that |-| is
sub-multiplicative, and let W C H be a Qp-subalgebra. Let T be a variable, and let
W{T}, be the vector space consisting of Zk)() a;T* with ap € W, and p"™*ay — 0 when
k — 4o00. For h € H such that ||k]| < p™", denote W{h}},, the image of the evaluation
map W{T}, — H where T — h.

Proposition 3.3.2. (1) [G1a — Un>1 K (trmy, rm) e — an B

(2) I:G-la,vy=0 = L.

(3) ir-la,y:l = Koo
Proof. Item (1) is [2, Proposition 4.12]; we quickly recall the proof here. Suppose
x € LOran For >0, let

: k+i
vi =Y (=DF@—a,) Vit (x)( L )
k=0

then there exists m > n such that y; € iém'an, and x = Zi>0 yi(o — )t in fGm-an, Then

the fact V;(y;) = 0 will imply that y; € K (i, 7m), concluding (1).

Consider Item (2). By [2, Proposition 6.3], there exists a non-zero element g € C, ®
Lie G such that =0 on LY Write g = aV, +bV, with a,b € C,. We have a #0
since V,, # 0 on Kp~; similarly b # 0. Thus, the condition V, =0 in Item (2) implies
V: =0, and so y; =0 for i > 1, concluding (2).

Item (3) easily follows from (2). O
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3.4. Locally analytic vectors in ﬁ;(oo
Lemma 3.4.1. Suppose I = [rg, r;] or [0, ri].
1) Ao = X+ (£EwW)y
P
2) pAln @X’ — ok (E(u)AL.
3) pKI AALA] — pK[OJ’k].
4) Ify € A0 4 pA! and y; € A such that y — Zj_l i(‘pk(E(“)))i is in (Ker(6 o))’
for all j > 1. Then there exists some j > 1 such that y — Zj y;i (=) (E(“)))’ € pAl.

(
(
(
(

Proof. These are easy analogues of [7, Lemmas 3.1, 3.2, Proposition 3.3]; let us sketch
the proofs for the reader’s convenience.

Ttem (1) easily follows from Definition 2.1.1 (or see [7, Lemma 3.1] for a quick
development).

For Item (2), suppose px belongs to left hand side, then px and hence x belongs to
the kernel of @ oty : Al — Cp; one then concludes by Lemma 2.1.12(1).

Item (3) is vacuous when I = [0, rx]. When I = [r¢, r], this is [7, Lemma 3.2(3)] (or
our equation (2.1.1)).

Consider Item (4). By Item (1), there exists some j > 1 and some a; € A* such that

j—1
y— ) a <(p (E(u))) e pA! (3.4.1)
i=0

l

(note that this is possible for either I = [rg, rg] or [0, rx]). One then proceeds as in [7,
Proposition 3.3], by changing all the Q (respectively 7, respectively [r, s]) in loc. cit.
to ¢*(E(u)) (respectively p, respectively I), to show that one can replace a; above by y;
without changing the property in (3.4.1). O

For I a closed interval, note that (l~31, wh is a Qp-Banach representation of G (in
particular, note that W/ (p) = 1); also note that the valuation W' is invariant under the
Galois action.

Lemma 3.4.2. Suppose I = [r¢, r¢] or [0, re].
(1) For eachn >0, ™" (u) € (BI)T"“‘ “an - Thus:
(p—n(u) c (ﬁi)r,,Jrk-an,y:l C (ﬁi)é-la
(2) There exists mo > 0 (depending on k only) such that

)‘[mo -an

t
c®
PFEwW) Tt
(3) Suppose x € fii such that tx € (ﬁi)”l'a“ for somen >0, then x € (ﬁi)f"'an,
(4) Suppose m > mgy. Then

(B =1 N (E@)B] = ¢* (E@)BY)™ 7=
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Proof. The proof of Item (1) follows similar ideas as in [7, Proposition 4.1]. Let us mention
that it is relatively easy to show that ¢ ™" () is locally analytic, e.g., using (3.4.3); however
it is critical to control the radius of analyticity (which is p~"*% in this case) for later
application in Theorem 3.4.4. Write v for [e]—1 € AT. Fora € Z,, we have

T W) = " (14 0)) = 97" () <Z (i)w"w)'") .

m=0

It suffices to show that the (formally written) summation function (from Z, to ﬁi)

T Z (;) R C) (3.4.2)

m=0

is (well-defined and) analytic on the closed disk (around 0) of radius p~"* where h = n +k.
By [14, Theorem 1.4.7] (due to Amice), the polynomials Lm/phJ!(;) for m > 0 form an
orthonormal basis of LA, (Z,, Q,), where LA,(Z,, Qp) is the Banach space of functions
on Zp, that are analytic on all the closed sub-disks of radius p~"" (cf. the definition above
[14, Remark 1.4.4]). See [14, Definition I.1.3] for the definition of an orthonormal basis;
in particular, it implies that the norm of |m/ phj!(nTl) on the closed disk (around 0) of

radius p~" is < 1. Note that since ¢™"(v) € AT,
W™ () = W) = —_
(P _ l)pn+k—1

T
m

h

Thus, the norm of the term ( ) -@ " (v)™ on the closed disk of radius p~" is

<|6)

Thus (;) -9 " (v)™ converges to 0 and the analyticity of (3.4.2) is verified.
Consider Item (2). Denote F := @*(E(u)). Since F is a generator of

I/, —n m h _ _ n+k—1 _ h
-pW (™" (™) _ pvp(LVﬂ/P D) p m/(p—1)p <p m/p"

LAy (Zp»Qp)

Ker(@ oy : B! — Cp),
we have £ € ]~3£ Let mg > 0 such that when a € p"™Z,,
(1= 29@) = u(l —[e]") = u- p°t - h(p’1) for some @ > 0, h(X) € Z,[X].  (3.4.3)

By increasing myg if needed, we can further assume that
t
w! (p9 ~ f) =a>0. (3.4.4)

We claim that for all a € p™Z,, there exists f;(X,Y) € W(k)[X, YT (depending on a),
such that

64\ | 0
(1 — 1% ( ! > _ t(p"t) - fs(u, p°t)

t : Vs >0, 345
F Ty 7 (F) s (3-4.5)
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When s = 0, simply let fo = 1. Suppose (3.4.5) is valid for s — 1, then

avs (L _ o1 T fso1 = F-t*(fs-1)
= <F> — [T 7 (F) '

Note that
t(F) - fsm1 = F-t(fsm1) = @@ = D(F) - fs—1 = F- (@ = D(fi-1).
Note that for any i, j > 0,
(> = D@ (p’t)) = p’t- P j(u, p°t) with P;; € W)X, Y.

Thus it is easy to see that (% —1)(F) = p’t-Gu, p’t) and (¢ —1)(fi—1) = p’t-
H(u, pet) with some G, H € W(k)[X, Y], so we can simply let

_ T (F) - fs—l —F- ta(fs—l)
ot ’
concluding the proof of (3.4.5). By (3.4.5), we have

w! avs [ f i o (Pt o
a- (=) =w (r (5 > —60+ (s + Da. (3.4.6)

Thus it is easy to see that for the group generated by p™°t (>~ Z,), the conditions (3.1.2)
and (3.1.3) in Lemma 3.1.8 are satisfied (if needed, we can increase mg to increase o),
and we can conclude Item (2).

For Ttem (3), one can assume that n = 0 (the general case is similar). Write I = [r, s].
Since W! = inf{wl1, wissly (or W! = WIss1 if r = 0), and both W1 and W1 are
multiplicative valuations, it is easy to see that there exists a constant ¢(/) > 0 depending
on [ only, such that

fs

Wl = wly)—c(D), VyeB].

Using this, and the fact that (1 —t%)(tx) =¢-(1 —t%)(x), it is easy to see that if fx
satisfies the itemized conditions in Lemma 3.1.7, then so does x.

For Item (4), suppose y € ﬁi such that o*(E(u))-y € (ﬁi)’m'an, it suffices to show that
y € (Bi)’m‘a“. By Item (2), m -¢K(E))-y =ty is an analytic vector, and we can
conclude by Item (3). O

Definition 3.4.3. Define

I o —ma Pl I o l | I
AKoo,m =9 (AKOO )’ AKoo,oo T AKoo,m'
m=0

Define Bg(oo,m and Bﬁ(m’ oo Similarly.
Theorem 3.4.4. Suppose I = [rg, ri] or [0, r¢]. Let mg be as in Lemma 3.4.2.

(1) (Ki)’"“r’f'*"“’:1 C Af{w’m for any m > my.

(2) (Ki)r-la,yzl — Al

Koo, ,00°
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(3) (BgeerOO))r—pa,y:l — B[I?ZO:‘O‘ZO)

=00+ E = 0,4
() @Oyt = g,

Proof. The proof of Item (1) follows the same strategy as in [7, Theorem 4.4]. (Some

error of loc. cit. is corrected in the errata, posted on Berger’s homepage.) Suppose x €
(Ki)f)71+k'an,7/:1 .

e When I = [0, r¢], for each n > 0, we let k, = 0, and let

kn

uepk ~10 ~10 ~r

Xp 1= x:xeA[xrk]:A[J’k]_f_p"A_
p

~ o~ ok
e When I = [rg, 7], note that Al = At{-L;, %} and note that k > £. Thus for each

uer
n > 0, we can choose k, > 0 such that we have

uepk kn
Xp = ( ) x € A0 4 pnAT

p

For either of the above two cases, x, € (Xi)f’"““an’y:l by Lemma 3.4.2(1) (and Lemma
3.1.2). So
0 0(xn) € (Op) Y=l = Ok ),

where the last identity follows from similar argument as in [2, Theorem 3.2]. Since 6o
k(7™ (u)) = T4k, there exists y, 0 € W(k)[¢ ™" (u)] such that

6 otk (xn) = 0 0tk (Yn,0)-
By Lemma 2.1.12,
Xp—Yno=(F/p)-xp1 withx,1 € XI, where F := (pk(E(u)).

By Lemma 3.4.2(1), yn,0 € (Ki)f’””'an”’:l. (As we mentioned in the proof of loc. cit., it
is important to know that y, o is “T,4k-an” for the argument here to proceed). Thus by
Lemma 3.4.2(4), x,1 € (Ki)tmﬂ‘a“””:l. Applying this procedure inductively gives us a
sequence {yy,;}i>0 where y,; € W(k)[¢ ™" (u)] such that

Xn = 0+ (F/p)yni+---+(F/p) " yui1) € (F/p) AL
By Lemma 3.4.1(4), there exists j > 0 such that
Xn = o+ (F/P)yua +- -+ (F/p) " yu j1) € pAL. (3.4.7)

Note that the left hand side of (3.4.7) belongs to K[Lo’rk] +p”1§£ (since y,,; and F/p are
in K?'rk]), and so it further belongs to

AP 4 pr R N pAL = p AP 4 p"=1K]) by Lemma 3.4.1(3).

Let
X0 = im0+ (F/p)yn1+- -+ (F/p) " ya i—1) = pxl.
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Since y,.; € (Ki)""“"a“””:l, we have x], € (Ki)""“"a“””:l. Apply to x], the same procedure
that we applied to x,, and proceed inductively. In the end, we will get {y, i}, for some
Jn > 0 where y, ; € W(k)[p™™ (u)], and

= Fn0+ (F/p)Fnt +- -+ (F/p)" i j, 1,

such that

—Yn € p"f&l .
Let z, = (Lk)k")?,,, then z, € go_m(Apm[r"’r"]) (note that here it is critical to use the
interval [ry, rk] and not [0, r¢] or [re, ri], because the element belongb only to Al"e rk])
We have

kn
[ — 4 Alre, rk]
X —2Zn = (uepk> (xp —¥n) € P"A

and hence z, converges to x as elements in A"/ (with respect to W) and so
x € (pfn’l(Aﬁm[rk»rk]).
Finally by Corollary 2.2.11, we have

x e g AR NRT = g AL =

Koom

Consider Item (2). Item (1) already implies that (Xi)"la*”zl C A%w’oo. To show the
other direction, it suffices to show that elements in Af(oo are t-locally analytic. We claim
that for any f € A%oo, and for a € prp, we have

WA =1 (f) = sa (3.4.8)

for some « that we can arbitrarily enlarge (after enlarging b); then we can conclude using
Lemma 3.1.8. To verify (3.4.8), by linearity and density, it suffices to verify it for the cases

e k
f= u’"(%)” for m > 0 and n > 0, and (when I = [rg, r¢]), the cases f = um(%)" for
u
> 0 and n > 1. Indeed, we have
(3[7k n
W[ (um <l/l ) . (1 _ [é]aepknJram)s)
p

w! ((1 _ %) (u’” (uep">">>
p
uepk !
> W ((1 [ ]aep n+am) ) since WI <um (_) ) 2 0

> sa, using (3.4.4).

The verification for f = u™ (£, )" is similar.
u®l

For Ttems (3) and (4), one can argue similarly as in [7, Theorem 4.4(3)]. O
Remark 3.4.5. Item (4) of Theorem 3.4.4 (and (1), (2) when I = [0, r¢]) will not be

used in this paper, but it has potential applications to the study of semi-stable Galois
representations; indeed, the ring B[,?;:OO) is precisely the ring Ojo 1) in [21].
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Definition 3.4.6. (1) Define the following rings (which are LB spaces):

ET — U ﬁ[r,—t—oo]’ B = U B[r,+c>o]7 U B[r +oo

=0 r=0 r=0

(2) Define the following rings (which are LF spaces):

— Bl +o0) o [r,+00) T r+0<>)
ng U BI" B, = U B BL ke U B
r=0 r=0 r=0

Corollary 3.4.7. (ﬁ:ig’L)"pa'Vzl = Um>0 gof’"(B:ig’Koo).

Remark 3.4.8. In comparison, by [7, Theorem 4.4], we have

r:l,y—pa —m
(Brlg L) U ¥ ( rig, Kpoo)
m>=0

R

where B/, is the ring “B:ig’K in [5]. (As we mentioned in Remark 1.4.3, we use the

rig, K o0
font “B” to denote the “B”-rings in the (¢, I')-module setting.)

4. Field of norms, and locally analytic vectors

In this section, when Ko C M C L where M/Ko is a finite extension, we calculate
G-locally analytic vectors in Bi which are furthermore invariant under Gal(L/M); the
results are parallel with the case for M = K

4.1. Field of norms

In this subsection, we briefly recall the theory of field of norms developed by Fontaine and
Wintenberger (cf. [18, 32]). To save space, we refer the readers to [32] for more details.
In this subsection, let E; be a complete discrete valuation field with a perfect residue
field of characteristic p. Let Ej be a fixed algebraic closure, and let E}" be the maximal
unramified extension of Ej contained in Ej.
If E5/E1 is an algebraic extension, let £(E2/E1) be the poset consisting of fields E such
that £y C E C E; and [E : Eq] < +00. Let

Xp (E2) = lim E
EeE(EL/Ey)

where the transition maps from E’ to E (for E C E’) are the norm maps Ng/,g. For
a € Xg,(E>), we denote it as « = {a¢g}E,cEcE, where g € E and Ng//p(ag) = ap when
E C E'. For any a € Xg,(E>), the number vg(ag) for E{"NE; C E C Ej is independent
of E (here, vg is the valuation such that vg(E) = Z U {oo}); denote the number as v(w).

A priori, Xg, (E2) is only a multiplicative monoid; however, by [32, Theorem 2.1.3(1)],
we can indeed equip it with a natural additive structure, making Xg, (E2) into a ring.
Furthermore, we have the following.

Theorem 4.1.1 [32, Theorem 2.1.3(2)]. Suppose E>/Ey is an infinite APF extension
(cf. [32, §1.2] for the definition of APF (and strict APF) extensions), then there
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exists an element ug, g, € Xg,(E2) such that v(ug,/g,) =1, and there exists a
(valuation-preserving) field isomorphism

XE](EZ) x~ kEz((uEz/El))’

where kg, is the residue field of Ey (which is a finite extension of kg, ), and kg,((uE,/E,))
is equipped with the ug, g, -adic valuation.

Example 4.1.2. Let K, K, Ko be as in Notation 1.1.1.
(1) When K = Ky, the element I := {i,}n>1 defines an element in X g (K p), and £ — 1
is a uniformizer of X (K px).

(2) The element 7 := {m,},> defines an element in X g (Ko ), which is a uniformizer.

Let Ey C Ey C E3 where E3/E;| is an infinite APF extension, and E3/E; is finite
extension (so E3/E) is also an APF extension). Then by [32, §3.1.1], we can naturally
define an embedding X g, (E2) <> Xg,(E3) (and we identify X, (E2) with its image).

Theorem 4.1.3 [32, Theorem 3.1.2]. If E3/E; is furthermore Galois, then Xg,(E3) is
Galois over Xg,(E2), and there exists a natural isomorphism

Gal(Xg, (E3)/ XE,(E2)) ~ Gal(E3/E2).

Remark 4.1.4. We can also construct a natural separable closure of Xg, (E2), see [32,
Corollary 3.2.3].

For any complete valued field (A, v4) with a perfect residue field of characteristic p,
let
R(A) == {(xn)yly i Xn € A, X | = Xp}.
For x € R(A), let vg(x) := va(xg). Then R(A) is a perfect field of characteristic p,
complete with respect to vg.

Theorem 4.1.5 [32, Theorem 4.2.1]. Suppose E/E; is an infinite strict APF extension.
Let Ey be the completion of E». There exists a natural kg,-algebra embedding

Ay E, @ XE, (E2) < R(E2) < R(E)).

Example 4.1.6. Note that R(C)) is precisely E. Using notations in Example 4.1.2, we
have

(1) when K = Ky, for the embedding X g (K p) — E, we have i — 1 — e—1;
(2) for the embedding Xx (Koo) — E, we have 7 > 7.

4.2. Finite extensions of K, and locally analytic vectors

Let Koo C M C L where M/Ky is a finite extension (which is always Galois). In the
following, given a ring A (possibly with superscripts), let Ay denote Gal(K /M)-invariants
of A.
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4.2.1. Ramification subgroups. Let G} (where s > —1) denote the usual (upper
. it
numbering) ramification subgroups of Gg. For any s > —1, let kY = Mg K%K, For
any K C ECK,let E® :=E ﬂ?(s). Let ¢(E) := inf{s : E®) = E} (called the conductor
of E). See [13, Lemma 4.1] for some properties of c¢(E). When n > 1, let K, := K (7).
By standard computation (e.g., using the formula above [26, Proposition 1.1]), we have

! 1) e. (4.2.1)

p—

(Unfortunately, the computation of ¢(K,) in [26, Proposition 1.4] is incorrect.)

c(K,) = (n +

4.2.2. Finite extensions of K. Choose an o € M such that M = K[«], and let
M = K[«a]. Define 1\71,, = 1\71(71”) (note that 79 = 7 is not necessarily a uniformizer of M)
By using exactly the same argument as in [13, Lemma 4.2, Corollary 4.3, Remark 4.4],
the following hold:

(1) When n > c(M) (where c(M) is the conductor), then c(M,) = sup{c(]\?), c(K,)} =
c¢(K,) by (4.2.1), and hence M,,11/M, is totally ramified of degree p.

(2) When n > c(M), e(Myi1/Knp1) =e(My/Ky) (respectively f(Myy1/Kni1) =
f(M,/K,)), where e(A/B) (respectively f(A/B)) is the ramification index
(respectively inertial degree) of a finite extension. Denote the common numbers
as €' (respectively '), then ¢’ f' = [M : K]

(3) Let K’ := K" NM where K" is the maximal unramified extension of K contained
in K, then [K' : K] = f.

4.2.3. Construction of uy. Let k' be the residue field of K’, and let My :=
Un>1 K'(7;). Then by §4.2.2 and Examples 4.1.2 and 4.1.6, we have Xg (M) ~
K (()) = k'((w)) (recall u =[x] as in §1.4.2). Choose any upy € Xg(M) such that
Xg (M) =k'((up)). By Theorem 4.1.3, X (M) is a totally ramified extension of X g (M)
of degree €/, and so vg(uy) = 1/ee’ if we regard upy € E via Theorem 4.1.5. Let
P(X) = x¢ +Ee/_1Xel_l + -+ - +ag be the minimal polynomial of uy; over X (Mp). Since
uy is integral over Xg(My), a; € k'[u]l. Let a; € W(k")[[u] be any lift of a;, and let
P(X)= x¢ —i—ae/_lXel_l +---4ap. By Hensel’s Lemma, P(X) has a unique root (which
we denote as uy) in Ay which reduces to uy modulo p. (Note that uy depends on the
choices of uy and g;.)

We have Gal(Xg(M)/X g (Koo)) =~ Gal(Byr/Bg_) ~ Gal(By/Bk..) (cf. [10, §1.3]). Let
vi,...,vp be a basis of W(k') over W(k), and let x,y s 1= va~u§’w with 1 <a < f/,
0 < b <e —1, then we have

ef
Ay = @AKOC - Xi,
i=1

and so (cf. [6, Lemma 24.5]),

/

e f!

>
S
I
~

A[(oo cXi.

I
-
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Lemma 4.2.4. Let r >0 and let x =Zk>0pk[ak] eg[r’+°°][l/u], the following are
equivalent:
(1) X € (K[r,-i-oo])x’.

(2) vg(ag) =0, and k + 1’1;1 vg(a) > 0,Vk > 0;

(3) vi(ao) =0, and k+ L1 wi(x) > 0, Vk > 0.

Proof. The equivalence between (1) and (2) is proved in [13, Lemma 5.9]; see the proof
of Lemma 2.1.10 for comparison of notations. The equivalence between (2) and (3) is
trivial. 0

Lemma 4.2.5. (1) There exists some constant ry > 0 which depends only on M (and
not on the construction of uy as in §4.2.3), such that:

a) uy € AVl ang
( ) M 2

(b) up/luml is a unit in KE";[M,-Q-OO].
(c) P'(um)/IP'@w)] is a unit in AJM ) where P'(X) is the derivative of P(X).
(2) If I = [r¢, ] or [re, +00] such that re > ry, then

E/f/ e/f/
1 1 nl/ nl
B, =PBL x. B, =P8 x.
i=1 i=1

Proof. Item (1) follows from exactly the same argument as [13, Lemmas 6.4, 6.5] (where
Item (1b) uses Lemma 4.2.4). Item (2) follows from exactly the same argument as [13,
Lemma 6.11] (i.e., an argument using the trace operator). O

Lemma 4.2.6. Suppose ry > ry, then x; € (K[Lr‘]’rkl)"la.

Remark 4.2.7. The proof of Lemma 4.2.6 is inspired by the argument in the proof of
[7, Theorem 4.4(2)]; indeed, we use ideas inspired by the inverse function theorem on [30,
Page 73]. However, since the ring K[er,rk] (or ﬁ[Lr[’rk]) is not a field and the norm on it
is not multiplicative, we cannot directly apply loc. cit. (we thank an anonymous referee
for pointing this out). Indeed, the argument in [7, Theorem 4.4(2)] is incomplete. Let us
mention that the argument in our proof can be easily adapted to give a corrected proof

of loc. cit.
We first start with an easy lemma.

Lemma 4.2.8. Let (W, |- ||) be a normed Z,-algebra. Let val(-) be the associated valuation
on W, and suppose it is multiplicative. Let f(X) = X"4a,_1 X" ' +---4+ag where
a; € W such that val(a;) > 0. Suppose p € W such that f(p) =0 and f'(p) #0 (where
f(X) is the derivative). Suppose p' € W such that f(p') =0 and val(p — p’) > val(a;)
for alli such that a; #0. Then p = p’ (i.e., within a small neighbourhood of p, f(X) has
no other roots).
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Proof. First, it is easy to see that val(p) > 0; then we can easily reduce the lemma to the
case p = 0. That is, we can assume f(X) = X" +a,_ 1 X" 14+ .44, X and a4 # 0. Now if
o' # 0 and val(p’) > val(a;) for all i such that a; # 0, then val(f(p’)) = val(a;p’) < +0o0,
and hence f(p’) # 0. O

Proof of Lemma 4.2.6. The lemma is trivial if ¢ = 1; suppose now ¢ > 2. First, by
Lemma 3.1.2, it suffices to show that uy € (Xi)"la (here I :=[rg,rk]). Recall we
denote P(X) = X" +a,_1 X" '...4ap in §4.2.3 (here we write n := ¢’ > 2 for brevity),
where a; € W(k")[[u]l. Thus for all 0 € Z,, ?7P(X) = X"+ 1% (ap_) X" -+ 1% (ap) has
% (up) as a root in Al

For m > 0 and for each B € Z,, we will construct another root of PP P(X) of the
form

y=ym. B)=wo+» (p"B)wp=wo+ Y Bruy. (4.2.2)

k=1 k>1

where wy = up (independent of m), and for each k > 1 wy := wr(m) := p’"kw,’( (here wy,
depends only on k and B but not on m ) such that

wg € Xi, and hence lim wy =0 by enlarging m. (4.2.3)

k——+00

Now fix any s € I. By enlarging m if necessary, we can easily make
Wiy —up) > WB(g;), Vi such that a; # 0, (4.2.4)

and
WS P B up) —up) > W (a;), Vi such that g; # 0. (4.2.5)

Here, (4.2.5) is possible because the Galois action on Al is continuous. By (4.2.4) and
(4.2.5), we have

wlssl(y — " Puy)) > W), Vi such that a; # 0.

By Lemma 4.2.8 (recall W!Ss1 is a multiplicative valuation by Lemma 2.1.10), we can
conclude "B (uy) =y as elements in Alss] Since Al < Alss] (cf. §2.1.3), we have
P"B(up) = y as elements in A!. Thus uy € (Ki)"la by definition.

Now we construct y in (4.2.2). Before we do so, we pick some § > 0 such that

p°/ P (uy) € AL, (4.2.6)

which is possible because of Lemma 4.2.5(1)(c). Now note that all a; are locally analytic
vectors, so we can write for each i,

"Bar) = ajo+ Y (p"BYa ;=ai+ Y lai. (4.2.7)

izl jz1
where again a; o = a;. By enlarging m if necessary, we can suppose

aijepPAL, VO<i<n—1,Vj>1. (4.2.8)
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Plug (4.2.7) and (4.2.2) into t”"# P(X). We get

n n—1
wo—l—Zﬂkwk + an—1,0+Z,3jan—l,j w0+2f3kwk
k> i1 1
+- 4 | a0o+ Z ﬁjao,j =0. (4.2.9)
jz1

We will let the coefficient of B to be zero for each k > 0, and use these equations to solve
wy inductively. First, note that we automatically have

n—1
Coeff(B”) = wi + Y _aio-wy = P(wo) = Puy) =0, (4.2.10)
i=0

For each k > 1, one can easily compute that

Coeff(B) = P'(wo) - wi + Ok ((ai, ) 1<i<n—1,0<j<k—1> WOs - - - » Wk—1) (4.2.11)

where QO is a polynomial of the variables (a; j)1<i<n—1,0<<k—1, W0, ..., Wk—1 With
integer coefficients. By letting Coeff(8%) = 0, we will show by induction that

we € pPAL, Vk>1. (4.2.12)
It suffices to show that each monomial in Q is divisible by p??, since by (4.2.6)
pPAL c P'(wo)- p°’AlL.

When k =1, each monomial in Q; contains some a;1 as a factor, and hence one can
conclude (4.2.12) for k = 1 using (4.2.8). Suppose (4.2.12) is true for k — 1 , and consider
Coeff(8%) (where now k > 2). For a monomial in Q, if it does not contain any a; ; with
J = 1 as a factor, then it is a product of elements in {ago, ..., an—1.0, Wo, W1, - .., Wk—1};
however, one easily observes that such product contains at least two (possibly equal)
elements from {wi, ..., wx—1} (using k > 2), and hence by induction hypothesis the
monomial is divisible by p?*. Thus, (4.2.12) is verified for k, and this finishes the
construction of (4.2.2). O

Theorem 4.2.9. Suppose [r, s] = [r¢, ri], then
(1) (ﬁ[li‘,s])r—la,Gal(L/M)zl — Um}O ¢7m(BpM [r,s]).

(2) (ﬁ[Lr,+oo))z-pa,Ga1(L/M)=1 = 7m(B]I‘7/;"[r,+oo)).

m>0%

Proof. It suffices to prove Item (1). Denote I := [r, s]. Since ¢ induces a bijection between
(Bi)T'la*Ga‘l(L/A”’)z1 and (B’Zl)f'la’GaI(L/M):l, it suffices to consider the case when r > ry;.
By Lemmas 4.2.5(2) and 4.2.6, it is clear that Um>0 o " (B",:/;I[r’s]) - (ElLr’S])T'la'Gal(L/M):l.
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But we also have
(ﬁi)r—la,Gal(L/M):l — (EIIW)T—IH

e/f/
@ﬁf(m - X; , by Lemma 4.2.5(2)
i=1

ef
= @(ﬁ%m)f'lawi, by Proposition 3.1.6 and Lemma 4.2.6
i=1

ef
= @(B%w,oo) -Xj, by Theorem 3.4.4
i=1

c [Je @y, by Lemma 4.2.5(2). O
m=0

4.3. Structure of Aﬂ,[

In this subsection, we study the concrete structure of A{VI; these results will be used in § 6.

Definition 4.3.1. (1) For 0 <r < 400, let .AEC,’JFOO](K(/)) be the ring consisting of
infinite series f =) ;5 a;yT* where a; € W(k') such that f is a holomorphic
function on the annulus defined by 0 < v,(T) < (p — 1)/(€’epr). Let BE‘;’+°O](K(’)) =
AV KO/ pl.

(2) For f =) 1z arT* € BEC[’JFOO](K(’)), and s € [r, +00), let
p—1 k }

WESI(£) .= inf Jv —
v () [nf plax) + s e
For I = [a, b] C [r, +00) a non-empty closed interval, let
b .
Wi i) = inf Vg ()}
ael
(3) Let Bi[‘fl’s](l((/)) be the completion of BE&Q+OO](K(I)) with respect to WZ[JI’S]. Let .AECI’S](K(/))
be the ring of integers with respect to W/[‘f,’sl.

Lemma 4.3.2. For I =][r,s] C (0,+00), we have WI{,I(x) = inf{Wj[&’r](x), W][lf[’s](x)}.
Furthermore, BEC[’S](K(’)) is the ring consisting of infinite series f =7 iy a;yT* where
ar € K|, such that f is a holomorphic function on the annulus defined by

p—1 1 p-—1 l]

’ ’ /
eep s eep r

vp(T) € [
Proof. This is easy. O

Lemma 4.3.3. Suppose r > ry.
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(1) The map f(T)+— f(upm) induces a ring isomorphism
Alreol gy ~ AlFeelry 7y
such that for f € A%foo](K(’)), and all s such that r <s < +00, we have

Wil () = WIS ).
(2) For any s > r, the map f(T) — f(up) is an isometric isomorphism
Alesl(gly ~ Ales],
The proof uses similar strategy as in Lemma 2.2.7. We first study the section s.

4.3.4. The section s. Denote
s: XgkM)=Ap/p— Ay

the section where for X = uﬁl(zi>0 aitt,) with do # 0, s(®) := uh, Y5 oldilul,. (When
M = K, this is precisely the s in §2.2.8.) Using the expression, one can check that:

(1) s@) e Aol 7y1;

(2) whenid(s(x)) = Wl @by = wlerd([iy1°) = (p— 1) (prs) ™" - vg(X),  where
the first equality is because Zigo[a_i]”iw is a unit in AEC,M’+°°], and the second
equality uses Lemma 4.2.5(1b);

(3) wols(x)) = vg(x);

(4) since s(x)/[up]" is a unit in AECIM"H)O]7 Lemma 4.2.4(3) implies that when k > 1,
wi(s(x)) > vg(X) —k - pry(p — D™ = wos®) —k-pru(p -1~ (4.3.1)

4.3.5. An approximating sequence. Given x € AE";[M’+OO][1/MM], define a sequence
{x,} in AE&M’+°°][1/MM] where xg =x and x,41:=p~'(x, —s(x,)). Note that x =
Zn>0 p"s(Xy). Similarly as in [13, Lemma 7.3], we have

Wi (Xp41) 2 inflwgp1 (), wet1 (s ()}

> inf{wyr1 (xn), wo(s(@n)) — (k+1) - prys(p— 17}, by (4.3.1)
= inf{wg41(x), wolxy) — (k+ 1) - prag(p — 171

Similarly as in [13, Lemma 7.4], by repeatedly using the above, we have

V() = wolx) > inf {w;(x) = (n—i)- prua(p — D' (4.3.2)
Proof of Lemma 4.3.3. It suffices to prove Item (1). Given f(T) € .AECI’JFOO](K(’)), then
similarly as in (Part 1) of the proof of Lemma 2.2.7, f(up) EAEC[’+OO][1/LM/1]7 and
WESICF uu)) = Wip (£ (T)).

For the other direction, suppose x € AEC,’JFOO][I/MM], let {x,} be the sequence constructed
in §4.3.5. Let f,(T) be a formal series such that f,(uy) = s(;). Note that f,(T) is
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TYEED/VE@M) times a unit in A%M’+°°] (note that TVECW/VE(M) makes sense since X,
belongs to Xg (M) = k'(upm))), and so for any s > r,

WESI(p £,(T)) = WS (pn TVEED/E )y

>+ 270 inf {wi(x)—m}, by (4.3.2)
ps  0<i<n —1
-1
— inf {p -w,-(x)+i+(n—i)(1—rﬂ)}
0<ikn 2 s
> inf {p— ~wi(x)+i} , sinces > ry
o<i<n | ps
> whssl(x).
Note that infogign{pl:sl cwi(x)+i+m—i)(1— FTM)} converges to +00 when n — 400, so
F(T) = Y50 P" fu(T) converges in Ay tN(K(). Clearly f(up) = x, and Wi (£(T)) >
wissl(x). O

Proposition 4.3.6. Suppose ry > ry, then

p p ue/epk
AECIZ'-FOO] = W& [uml {W} , AECINk] =W uml { ——. u
p e'ep p
Uy Uy
Proof. It follows from Lemmas 4.3.2 and 4.3.3. O

Corollary 4.3.7. Suppose [r,s] C [r/,s] C (ry, +00], then ABCI’S] NAlrsl = Ax[/‘sl,

Proof. This is similar to Corollary 2.2.11, by using Proposition 4.3.6. O
Lemma 4.3.8. Suppose r > ry. If x EAE&+°°][1/MM] and x € (K[""’OO])X, then x €
(Al Thx.

Proof. Let {x,} be the sequence constructed in §4.3.5, and so x = Zn>0 p's(x;). By

Lemma 4.2.4, vi(Xo) = 0, and so s(Xp) € (AEC,’+°°])X. It then suffices to show that 1 +y €
(AE;,’JFOO])>< , where y = Zn>1 p"s(x;)/s(Xg). As we calculated in the proof of Lemma 4.3.3,

—1
W (phs (@) > inf {”—~wi<x)+i+(n—i)<1 - rﬂ)} > 0,
o<i<n | pr r

where the final inequality uses n > 1 and Lemma 4.2.4. And since W™ 1(p"s(x;,)) — 400
when n — 400, so W 1(y) > 0, and (1+y)~! € AECI’F]. Thus by Corollary 4.3.7, we can
conclude that (1+y)~! e AEC,’r] N KE&"FOO] = AEC,"“OO]. O

5. Computation of é-locally analytic vectors

In this section, we compute the é—locally analytic vectors in ]~3£ The strategy is very
similar to [7, Theorem 5.4]: we need to find a “formal variable” (denoted as b in the
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following) which plays the role of y in [7, Theorem 5.4] (or of « in Proposition 3.3.2(1)).
Indeed, the discovery of b is the key observation for our calculations. In the following,
we define b, and then use Tate’s normalized traces to build an approxmlatlng sequence
by, and use them to determine the set of G- locally analytic vectors in B

5.1. The element b

Let A := ]_[n>ogo (g%;) € B[I?’O:OO). Let b := ﬁ, then b is precisely the t in [27, Example
3.2.3], and b € A}f. Since ]NSE is a field [13, Proposition 5.12], there exists some r(b) > 0
such that 1/b € E[Lr(b)’Jroo].

Lemma 5.1.1. Ifry > r(b), then b, 1/b € (B[re ] )G -la_

Proof. Since y acts on b (respectively 1/b) via cyclotomic character (respectively inverse
of cyclotomic character), it suffices to show that b (respectively 1/b) is t-locally analytic
(cf. the argument in Lemma 3.2.4). The result for 1/b follows from Lemma 3.4.2(3). Then
Lemma 3.1.2(2) implies that b is also locally analytic. O

Remark 5.1.2. (1) It seems likely that b € (E[Lr’s])é'la for any [r, s] € [0, +00), just as
the element 1/(¢*(E(«))) in Lemma 3.4.2(2); but we do not know how to prove it.
(2) The result that b e (BU*1)6"2 for r > r(b) implies casily that t/(pX(E())) €

(]~3[Lr’s])é‘la for r > r(b), because the element A/((pk(E(u))) is locally analytic; this
(partial) proof of Lemma 3.4.2(2) avoids use of Lemma 3.1.8. However, we need the
full result of Lemma 3.4.2(2) for the calculation in Theorem 3.4.4.

5.2. Tate’s normalized traces

Recall (see e.g., [13, §5.1]) that the weak topology on A is the one defined by the
semi-valuations wyg, for k € N, meaning that x, — x for the weak topology in A if and
only if for all k € N, wg(x, —x) = +00. In particular, the set {p”K—i—ukK*‘}n,k?o forms
a basis of neighbourhoods of 0 in A for the weak topology. The following lemma is very
useful.

Lemma 5.2.1. Let r’ > 0 and x, € Al ool vy > 1, Suppose x, — 0 in A with respect to
the weak topology. Then for any r' <s < 400 (note that it is critical s #r'), x, — 0 in
Al yith respect to the WIS51-topology.

Proof. This is implied by [13, Proposition 5.8]. Indeed, we can let the “C” in loc. cit. to
be 0 (see the proof of our Lemma 2.1.10 for comparison of notations). O

In this subsection, we let Koo € M C L where M/K is a finite extension. For n > 1
and 7 an interval, let

Avn =9 "Aw), AL =¢"AN).

Denote J :=Z[1/p]N[0, 1) and for n e N, let J,, :={i € J : v, (i) > —n}.
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Lemma 5.2.2.
(1) Every element x € Ey . = ¢ "(Ey) admits a unique expression x = ;i ula;(x)
where a;(x) € Eyy.

(2) Fvery element x € EM admits a unique expression x = ZiEJ ulaj(x) where a;j(x) €
Ey and a;(x) — 0 (here convergence is with respect to the usual co-finite filter; i.e.,
with respect to any ordering of J ).

(3) Every element x € Ay, admits a unique expression x = Ziejn ula;(x) where
a;(x) e Ay.

(4) Every element x € KM admits a unique expression x = Zie] ula;(x) where a;(x) €
Ay and a;j(x) — 0 for the weak topology.
Proof. These are easy analogues of [13, Propositions 8.3, 8.5]. O
We now define, for n € Z=9, Ry .n :KM — XM by

Ryn(x) = Z u'a; (x).

e,

Proposition 5.2.3. (1) Forx € XM, we have Ry n(x) € Ay.n and Ry, (x) — x for the
weak topology.

(2) Let v’ >0 and suppose x € KECI/"HX’]. Suppose n > 0 such that p"r’ > ry (where
ry is as in Lemma 4.2.5), then Ry n(x) € AEC,/,’:OO], and Ry n(x) — x for both
the weak topology and the Ws1-topology for any r' < r <s < 4o0. In particular,
AE&/,’;OO] = Um20 AECI/:ZOO] is dense in KECI/"FOO] for both the weak topology and the
wlrsl_topology.

Proof. Item (1) follows from Lemma 5.2.2. For Item (2), the result that Ry ,(x) €

AECI/,’;'OO] for n > 0 is analogue of [13, Corollary 8.11]. The convergence Ry n(x) — x
with respect to the weak topology follows from Item (1); the convergence for the
Wwlrsltopology then follows from Lemma 5.2.1 (note that W51 = inf{wlrr1 wlsshy) O

5.3. Approximation of b

We now build a sequence {b,},>1 to approximate b, which furthermore satisfies
V, (by) =0 for all n. In the following, we use Koo Cn M C L to mean that M is an
intermediate extension which is finite over K.

Lemma 5.3.1. Let W be a Q,-Banach representation of G. Then

(Wé—la)vy =0 _ U wt-la.Gal(L/M)=1
KooCanMCL

Proof. If x € WO such that V,(x) =0, then there exists m > 0 such that x € W Gn-an
and exp(p™V,)(x) converges in WOm-an Thus x € W GaL/M=1 {51 some large M. O
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Lemma 5.3.2. Let [r,s] C (0,400) and let n>1. Let x EKZF Then there exists
w € (ﬁ[r,f])G—la,Vy:O} such that x —w € p"A[”].

Proof. Fix some k > 0 such that u* € p A risl,
Let x € EJr be the modulo p reduction of x. By [32, Corollary 4.3.4], the set

Uem| U E;

meN KooChnMCL

is dense in EZ for the w-adic topology, where E‘At, is the ring of integers of X g (M). Thus,
there exists some y; € ¢! (ELI) for some m; and Mj, such that x —y; = u¥Z where

Z1 € E] . Thus we can write
— k= 1 _ ~1
x —[y1—u"[z1]1 = px; for some x| € A].

Now we can repeat the process for x1 (in the process, we can choose M; to contain M),
SO we can write x| — [y2] —uf[z2] = pxz. Iterate the process, and let y = [y{]1+ p[y,]+
4 p"![3,], then y € A M, and

xX—ye€ p”Azr +ukA;f.

Pick any r’ such that 0 < r’ < r. By Proposition 5.2.3(2), we can choose some N > 0
(in particular, we require p™r’ > ru,), such that if we let w := Ry, n(y), then we have

r +oo CA[r ,+0o0] CAr+<>o]

oweA and

ey—w=p "a +u*b for some a eA,b c AT (note that we do not know if a GAL or
beA}), and

° W[”](y—w) >n
We claim that a € A"s1. Since pla=y—w—ukb e A[”S], it suffices to show that
WIrsl(g) > 0. But we have

wlsl@)y = winsl(y —w —ufb)y —n > inf{w*1(y —w), Wsl@w*p)} —n > 0

where we use the assumption u* € p A[” (so WIBs1uky > n).
Now, we have
T—we pnz[r,s] +uk;+ c pnx[r,s]

and necessarily x —w € p A I because x —w is G p-invariant. Finally,
w e (]"S’[Lr,s])G—la,Vy=0

by Lemma 5.3.1 (and Theorem 4.2.9). O

5.3.3. An approximating sequence for b. Let I =[r,s] C (0,+00) such that

>r(b). Forany n > 1, let b, € (BI)G “12.Vy=0 he as in Lemma 5.3.2 such that b—b, €
"Ai. For any fixed n, since both b and b, are locally analytic, we can choose

m = m(n) > 0 (which depends on n) such that b —b, € (ﬁi)ém'an and ||b — by g, < p "
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5.3.4. A differential operator. Let I =[r,s] C (0, +00) such that » > r(b). Since
y(b) = x(y) b, we have V,(b) =b. Since 1/b is in (ﬁi)G'la by Lemma 5.1.1, we can
define 9, : (ﬁi)G‘la — (ﬁi)G‘la via

1
BV = Zvy

So in particular, we have

3y (b —bp)* =k(b—b), Yk > 1.

Theorem 5.3.5. Let I = [r,s] C (0, 400) such that r > r(b). Suppose x € (BI )G lathen
there exists n,m > 1 and a sequence {x;}i>0 in (Bi)G""an Vr=0 such that ||p"‘xi||G —- 0

and x = Zi>0 xi(b—by)" (which converges in the norm || - ||Gm)'

Proof. The proof is similar as [7, Theorem 5.4]. Suppose m > 1 such that x € (ﬁi)ém'a“.
Apply [2, Lemma 2.6] to the map 9, : (ﬁi)G”fa“ — (ﬁi)Gm‘a“, so there exists n > 1 such
that for all k € Z=°, we have ||8)’j (x)||ém < p("_l)k||x||ém. Increase m if necessary so that
m > m(n) as in §5.3.3. Let

; Z_Z( l)k(b b) ak+l()

k=0

then similarly as [7, Theorem 5.4], they satisfy the desired property. O

6. Overconvergence of (¢, 7)-modules

In this section, for a p-adic Galois representation V of Gg of dimension d, we show that
its associated (¢, t)-module is overconvergent. We will construct 51 V) = (ﬁl ®@ V)G
(see §6.2), which is a finite free module over BI of rank d equipped with a G-action.
The key pomt is to show that (DI (V))Flar=l ig also finite free over (BI yrlay=1 of rank
d, i.e., D! 1 (V) has “enough” (z-la, y = 1)-vectors; these vectors will further descend to

overconvergent vectors” in the (¢, 7)-module, via Kedlaya’s slope filtration theorem.
Using the classical overconvergent (¢, I')-module, we already know that (lﬁ)di(V))G'la is

finite free over (]~3£)G'la of rank d. So we need to take (y = 1)-invariants in (5£(V))G']a7
and show it keeps the correct rank; this is achieved by a Tate-Sen descent or a
monodromy descent (followed by an étale descent).

In §6.1, we will carry out the descent of locally analytic vectors: the Tate—Sen descent
and étale descent use an axiomatic approach taken from [1]; the monodromy descent
(in Remark 6.1.7) follows some similar argument as in [7]. In §6.2, we prove the
overconvergence result.

In this section, whenever we write I = [r, s] C (0, +00), we mean [r, s] = [r¢, r¢], cf.
Convention 2.1.7.

6.1. Descent of locally analytic vectors

Since we will use results from [1], it will be convenient to use valuation notations.
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Notation 6.1.1. Let W be a Q- (or Z,-) Banach representation (cf. Notation 3.1.9) of a
p-adic Lie group G. Suppose there is an analytic bijection ¢ : G — ZZ (asin §3.1.1), and
suppose WO = W. Let valg denote the valuation on W associated to the norm | - ||g
(cf. §1.4.4).

Proposition 6.1.2. Let (1~\, Il-1) be a Z,-Banach algebra (cf. Notation 3.1.9), and let
valp be the valuation associated to || - ||. (Here the notation valy follows that of [1, §3.1],
although “valy 7 might be a more suggestive one)

Let Hy be a profinite group which acts on A such that valA(gx) = val (x), Vg € Hy,
xeA. Let g+ U, be a continuous cocycle of Hy in GLd(A)

Suppose H C Hy is an open subgroup, and suppose there exists some a > ¢y > 0 such
that the following conditions are satisfied:

o (TS1): there exists a € A such that valp (o) > —cy and ZaeHO/H o(a) =1.
evalp(Ug—1) > a,Vg € H.

Then there exists M € GLd(A) such that valp(M —1) > a—c; and the cocycle g+
M_lUgg(M) 1s trivial when restricted to H.

Proof. This is a slight variant of [1, Corollary 3.2.2]. Indeed, in loc. cit., it requires
the condition (TS1) to be satisfied for any pair of open subgroups H; C Hy in Hy
(cf. [1, Definition 3.1.3]); however, in the proof of [1, Lemma 3.1.2, Corollary 3.2.2],
this condition is used only for one pair. O

Lemma 6.1.3. Let ¢; >0, let I =1[r,s]C (0,400), and let Koo C M C L where
[M: Kx] < 400. Then there exists n > 0, and

ac (ﬁi)rn—an,Gal(L/M)zl’

such that the following holds:
o val, (@) = Wl(a) > —c1, here val,, = valcy,~ (cf. Notation 6.1.1);
o ZaeGal(M/Koo) o) =1

Proof. Denote Tr := ZaeGal(M/Koo) o the trace operator. By Theorem 4.1.3, Xx (M) is a
finite Galois extension of Xg (Ks), and so there exists 8 € Xg (M) such that Tr(8) = 1.
Note that we necessarily have vg(B8) < 0.

Suppose m > 0 (m depends on M and I) such that p~™ry < r (where ryy > 0 as in
Lemma 4.2.5), and such that

—-11
P —v(B) > —c1,  and such that (6.1.1)
pr p
rm p—1
(1 - r) + o) 0 (6.1.2)

Let y = 97" (s(B)) (where s is the map in §4.3.4), then
esince p™ry <r,y € (p"”(AE&M’JrOO][l/uM]) c Aln+el[ /y);

https://doi.org/10.1017/51474748019000148 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000148

178 H. Gao and L. Poyeton

o for any a € [r, s], by using similar argument as in §4.3.4(2) and applying (6.1.1), we
have

m

wled(y) = wir"er"adegy) =

b pha vg(B) > —ci,
and so W!(y) > —cy.
Since Tr(p~™™(B8)) = 1, we have Tr(y) = 1 +Zk>l p*lay]. Furthermore, for any k > 1,

wi(Te(y)) = JeGali(nAg/Koo){Wk(U(V))} = wi(y)

= p"we(s(B) > p" - (g (B) —kpru(p— D7,

where the final inequality uses (4.3.1). So when k > 1,

p—1 p—1 . -1
kit —— wi(Tr(y)) > k+——-p " - (g(B) —kpru(p—=1)"")
pr pr

™ p—1 1
=k|l—— — — g
( p’”r>+ prpr EP
™ p—1 1 : M
> (1_E>+ e -p—mvE(ﬁ), smcel—m>0

>0, by (6.1.2).

By Lemma 4.2.4, Tr(y) € (A% and so ¢™(Tr(y)) € (ALP"+21)X Since ¢™(y) €
A+l /4401, we obtain

" (Tr(y)) € A[Ig’;’o’JFOO] - A[If:r’+ool, since p~"ry < r.

By Lemma 4.3.8 (note that p”r > ry), ¢"(Tr(y)) € AY ""*h* and so Tr(y) €
(™™ (A[Ié’:r’+oo]))x, and so by Theorem 3.4.4,

(Tr()/))71 c (ﬁi)r-la,Gal(L/Koo)=1.
Let a := y - (Tr(y))~!. Note that
y € o ATl ) c BT ¢ BL)TRCAL/M=1 by Theorem 4.2.9.

Thus, we have a € (Ei)“lmGal(L/M):l, We also note that W/ (a) = W/(y) > —c;. Finally,
the existence of n > 0 such that « € (Bi)T"‘a‘n'Ga‘l(L/[""):1 is by definition; the existence of
n > 0 such that val;, (o) = wl(w) is by Lemma 3.1.4. O

6.1.4. Let B be a Q,-Banach algebra, equipped with an action by a finite group G.
Let B? denote the ring B with trivial G-action. Suppose that

(1) B is a finite free B®-module;
(2) there exists a G-equivariant decomposition B ® g6 B ~ @4eG B - ¢4 such that eé =
eg, egep, =0 for g # h, and g(ep) = egp.

Proposition 6.1.5. Let B and G be as in §6.1.4. Suppose N is a finite free B-module with
semi-linear G-action, then
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(1) NS is a finite free B®-module;
(2) the map B®pc N — N is a G-equivariant isomorphism.
Proof. This is [1, Proposition 2.2.1]. O

Proposition 6.1.6. Let I = [r,s] C (0, +00). Let M be a finite free (ﬁi)é'la—module of
rank d, with a semi-linear and locally analytic G-action. Then (M)Ga(L/Kx) 4 finite free
over (Bi)f'la’V:1 of rank d, and

(ﬁi)c-la ®(§£)r—la.y:l (M)Gal(L/KOO) ~ M.

Proof. The following proof is via Tate—Sen descent; see Remark 6.1.7 for another proof
via monodromy descent.

Since Gal(L/K ) is topologically generated by finitely many elements (in most cases,
by one element; cf. Notation 3.2.1), there exists a basis ej, ..., es of M such that the
cocycle ¢ associated to the Gal(L/K)-action on M (with respect to this basis) is of the
form g — U, where U, € GLd((Ei)G"‘an) for some n > 0.

Let a > ¢; > 0. Choose some M such that Koo Cgn, M C L and such that

valg (Ug—1) 2 a, when g € Gal(L/M),

where valén is as in Notation 6.1.1. By Lemma 6.1.3, there exists some n’ > 0 and « €
(ﬁi)‘[n-#n"an,Gal(L/M):l such that valénw (@) > —c1, and ZaeGal(M/Kw)G(a) = 1. Apply
Proposition 6.1.2 to the pair

(A, valp) = (B Oro ™ val ),

(where valg is sub-multiplicative by Lemma 3.1.2), the restricted cocycle ¢|Gai(r/m),
n+n’

when considered as evaluated in GLd((ﬁi)éHn"a“), is trivial after base change. So:
(*) : (M)GAL/M) §g finite free over (ﬁi)f'la'Gal(L/M)zl of rank d.

Let G := Gal(M/K). Fix a basis e}, ..., e} of (M)GAL/M) - and suppose the cocycle
associated to the G-action on (M)SIE/M) with respect to this basis has value in
GLj(p™™ (Bf,l 1)) for some m > 0 (using Theorem 4.2.9). Let N, be the ¢™™ (BPM I)—span
of e,...., €.

Via the same argument as in P, Lemma 4.2.5], there exists some s(M) > 0 such that if
a > s(M), then the pair (BE(,‘,’+°O , G) satisfies the two conditions in § 6.1.4. So when m > 0
such that p"r > s(M), then the pair (Bf:,;nl, G), and thus also the pair (cp_’"(BI;,;nl), G)
satisfy the two conditions in §6.1.4. By Proposition 6.1.5, (N,,)¢ is finite free over
oM (Biml) of rank d; this implies the desired result. O

Remark 6.1.7. Keep the notations in Proposition 6.1.6. Suppose furthermore that r >
r(b) (see §5 for r(b)), then we can give another proof of Proposition 6.1.6 via monodromy
descent. The proof follows similar ideas as in [7, § 6].

In this second proof, we only reprove the statement (*) above, namely, we show that
there exists some Koo C M C L such that (M)GE/M) is finite free over (ﬁIL)T'la’Gal(L/A’“:1
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of rapk d. By Lemma 5.3.1, it suffices to show that (M)Yr=0 is finite free over
(Ei)G'la’VV:O of rank d, and
B0 g L (M0~

(EI )é—la,vy

Let D, = Mat(d,) (9, is well-defined because r > r(b)), then it suffices to show that
there exists H € GL4((B!)") such that 8, (H) + D, H = 0. For k € N, let Dy = Mat(d5).
For n large enough, the series given by

k
H =Y~y (b— bn)

k=0

converges in Md((BI )12) to a solution of the equation dy (H)+ D, H = 0. Moreover, for n
big enough, we have W/ (Dy - (b — by)*/k!) > 0 for k > 1 SO that H e GLd((BI ylay,

Remark 6.1.8. The condition r > r(b) in the proof of Remark 6.1.7 is actually harmless
for application in our main theorem Theorem 6.2.6 (i.e., in the proof of Theorem 6.2.6,
we could equally apply Remark 6.1.7 instead of Proposition 6.1.6). Indeed, at the very
beginning of the proof of Theorem 6.2.6, we could assume the “Fy” there to be bigger
than r(b).

6.2. Overconvergence of (¢, t)-modules
Definition 6.2.1.

(1) Let ModﬁK denote the category of finite free Ag,_-modules M equipped with a
PAk. _semi-linear endomorphism ¢y : M — M such that 1®¢ : ¢*M — M is an
isomorphism. Morphisms in this category are just Ak, -linear maps compatible
with ¢’s.

(2) Let Mod(p denote the category of finite free Bg, -modules D equipped with a
DB, —seml—hnear endomorphism ¢p : D — D such that there exists a finite free
Ak -lattice M such that M[1/p]l = D, op(M) C M, and (M, ¢plm) € Mod Ax

We call objects in Mod}  and Modg finite free étale gp-modules.

Definition 6.2.2. (1) Let Mod?® ~  denote the category consisting of triples

Ak AL
(M, ¢y, G) where
o (M, py) € Modjik

e G is a continuous Ap-semi-linear G-action on M :=Ap®a, M, and G

commutes with ¢ on M;

e regarding M as an Ak, -submodule in M, then M C MOA(L/Kx),

(2) Let Modg’KG %, denote the category consisting of triples (D, ¢p, G) which contains
a lattice (in the obvious fashion) (M, ¢, G) € Modi’G

AL’

Koo
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.G Ne . ,
The category MOdz‘iKoc,KL (and MOdgkw,ﬁL) are precisely the étale (¢, 7)-modules as

in [19, Definition 2.1.5].

6.2.3.  Let Repg,(Goo) (respectively Repr(GK)) denote the category of finite
dimensional Q,-vector spaces V with continuous Qp-linear Goo (respectively
Gk )-actions.

e For D € Modl(’;Koc, let
V(D) := (B @B, D),
then V(D) e Rep@p (Goo). If furthermore (D, ¢p, é) € MOdgﬁo,ﬁL’ then V(D) e
Repg, (Gk)-
e For V e Rep@p (Goo), let
Dk (V) := (B ®g, V),
then Dk (V) € Modﬁkw. If furthermore V € RepQP (Gk), let

DL(V) = (B ®g,V)°,

then 5L(V) = ]§L ®Bx,, Dk, (V) has a é—action, making (Dg. (V), ¢, G) an étale
(¢, T)-module.
Theorem 6.2.4.

(1) The functors V and Dk, induce an exact tensor equivalence between the categories
Mod](‘;K and Repr(Goo).

(2) The functors V and (Dg,,, 5L) induce an exact tensor equivalence between the

. ,G
categories Modgk B, and Repr(GK).

00 *

Proof. (1) is [17, Proposition A 1.2.6] (and using [19, Lemma 2.1.4]). (2) is due to [9] (cf.
also [19, Proposition 2.1.7]). O

Let V € Repr (Gk). Given I C [0, +00] any interval, let
Dy (V) == B ®q, V),
Dl (V) :== B! ®q,V)°".

Definition 6.2.5. Let VERep@p(GK), and let b:(DKOO(V),w, é) be the étale

(¢, T)-module associated to it. Say that D is overconvergent if there exists r > 0, such
that for I’ = [r, +o0],

(1) D§_(V) is finite free over BY_, and B, By DY (V) ~ Dg (V);

(2) 5£,(V) is finite free over INSZ and

B, ®5 DI (V) ~DL(v).
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Theorem 6.2.6. For any VeRepQP(GK), its associated é€tale (¢, T)-module is
overconvergent.

Proof. Step 1: locally analytic vectors in 51{(V). For I = [r,s] C (0, +00), let
Di .. (V) := (B ®qg, V)~

where (as we mentioned in Remark 1.4.3) B and B’ are the rings denoted as “B” and

“B!” in [5]. We still have B C B and B/ C B’. By the main result of [10], there exists

some 7o > 0, such that when r > ry, then D;( (V) is finite free over IB%% ., of rank
P 4

d (here B%pm is precisely “B%” in [5]). Furthermore, there exists Gg-equivariant and
@-equivariant isomorphism
B ~ Rl I
B/ ®g, V=B S5 Dk (V). (6.2.1)
Also, by [4, §5.1],
Dgpoo(V) c (DL vyyr=trta c (DI (v))¢a, (6.2.2)
By Proposition 3.1.6, (6.2.2) implies
Dy =B @y Di (V). (6.2.3)
pOC

So in particular DI (V)G 1 i5 finite free over (B )G la By Proposition 6.1.6, DI (V)rlay=l
is finite free over (Bi)t la.y=1 By (6.2.1) and (6.2.3), we also have

B/ ®1) -y DL(V)TH7=! =B @, V. (6.2.4)

Step 2: glueing DI (W™ ay=l 45 ¢ vector bundle. For each X C [Fy, +00) a closed
interval, denote MX := DX(V)r la.y=l"and RX := (BX)r la.y=1"and so Step 1 says that
MX is finite free over RX. Let I = [r, s] C [fo, +00) such that I N pI is non-empty. For

each k > 1, ¢* induces a bijection between Bl{(V) and 5I’jk1(V), and thus also a bijection
between M! and MP‘!. Let mi, ..., mg be a basis of M!, and so ¢(m1), ..., p(my) is a
basis of MP!. Let J := I N pl, then by using Proposition 3.1.6, we have

M?! =R @pu M, M! =R’ @z, MP.
So if we write (¢(my), ..., @(mg)) = (my,...,mg)P, then P € GLy(R’), and so P €
GLy (Bﬁmm) for some m > 0.

Let Iy := p*I, Jy := Ik N Ix1 = p*J. For each k > 1, let E; be the Bﬁgoo’m—span of

@*(m;). Since ¢*(P) e GLd(Bg‘me we have

By ®B1k B By . ® gl Ejq1.

This says that the collection {¢™ (Ey)}x>1 forms a vector bundle over B[p r.+00) (cf. [20,
Definition 2.8.1]), and so by [20, Theorem 2.8.4], there exists ni, ..., nq € ﬂk% ©" (Ex),
such that if we let

") EB Bl 00
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then

By ! Bpprro0 DY) = M (Ey).
Now, define

Djig,Koo = Bjig,Koc ®B[Kpo’zr’+°°) D%’:"*O&-

Then by (6.2.4), we have

>3 T _Rpt
Brig ®BT. D - Brig

rig, Koo rig, Koo

®q, V. (6.2.5)

Equation (6.2.5) implies that DlTig>Koo is pure of slope 0 (cf. [20]). By [20, Theorem 6.3.3],

there exists an étale p-module D;(OO over B;m such that
= D!

B Dt

rig, Koo ®BI(OO Koo rig, Koo *
Step 3: overconvergence. We claim that
Bx, ®p D}~ Dk (V). (6.2.6)

Let D" := Bk, ®pi D}; . By Theorem 6.2.4(1), it suffices to show that
Koo o

V' = B®g,, D) '~ Vig.. (6.2.7)
Note that V' is always a Goo-representation over Q, of dimension d. We have
vV =B D Dy )*=!
= B @y Dy )™, by [25, Theorem 85.3(d)(e)] ,
c B, Dy, OV
= B}, ®,V)*=", by (6.2.5),

=V.

So (6.2.7) holds for dimension reasons, and so (6.2.6) holds, concluding the overconver-
gence of g-action (i.e., Definition 6.2.5(1) is verified).
Finally, note that BT Qpt D;r( ~ Bf ®q, V, so if we let
Koo oo

D} (v):= B ®g, V),

then 52(V) o~ Ez Qpi D;{ . This implies the overconvergence of the r-action (i.e.,
Koo oo
Definition 6.2.5(2) is verified). O
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