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We consider a selection—mutation equation for the density of individuals with respect
to a continuous phenotypic evolutionary trait. We assume that the competition term
for an individual with a given trait depends on the traits of all the other individuals,
therefore giving an infinite-dimensional nonlinearity. Mutations are modelled by
means of an integral operator. We prove existence of steady states and show that,
when the mutation rate goes to zero, the asymptotic profile of the population is a
Cauchy distribution.

1. Introduction

In this paper we consider a selection—mutation equation for the density of individ-
uals of a biological population with respect to a continuous one-dimensional phe-
notypic evolutionary trait z, belonging to a bounded interval X of R (for studies
on multi-dimensional phenotypic traits see [42,43]). Selection—mutation equations
in the continuous framework were introduced in [14, 25] in order to explain the
maintenance of variability in a continuum of alleles. The balance of selection and
mutation generates a phenotypic diversity within a species, which improves the
ability of this species to adapt to a change of the environment (see, in particular,
the problem of evolutionary rescue [2]), but decreases its fitness (cf. the notion of
mutation load and its application to lethal mutagenesis [4,24]). Unfortunately, it is
difficult to experimentally measure this diversity (on organisms such as viruses or
bacteria), which legitimates its theoretical study.
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Selection—mutation equations have been previously studied in [25] under the sim-
plifying assumption that mutations have a small effect. (The mutation can then be
modelled by a diffusion. This is the Gaussian allelic approximation; see [5,12,25],
and see, for example, [10, 25,28, 31, 36] for applications). In this case the popu-
lation has a Gaussian profile in a suitable limit. The assumption that mutations
have a small effect is, however, not accurate for many species of virus or bac-
terium, as shown, for example, by the recent experimental results of Bell and Gon-
zalez [2]. Removing the assumption that mutations have a small effect (see [5,12],
and see [6,13,19,32,35,37] for applications) can affect the profile of the popula-
tion in a selection—mutation equilibrium, as shown by the so-called house-of-cards
approximation (see [5, 7,26, 38, 39]). The house-of-cards model assumes that the
probability distribution of a mutant’s trait is independent of its parent’s trait. In
that case, under some additional assumptions (in particular, the environmental
feedback must be one dimensional; we comment on this below), the population
profile can be explicitly found, and it is generically a Cauchy profile once a scal-
ing imposing a small number of mutations has been performed. The house-of-cards
model is a particular case of a more general model (see [7,38]) where mutations are
modelled with a mutation kernel (see assumption 4.5). It is then natural to wonder
whether the result found in the case of the house-of-cards model remains qualita-
tively true for the general model. The effect of such general mutation kernels has
been studied numerically in [40,41], and an explicit computation of the selection—
mutation equilibrium for a very special mutation kernel is presented in [41]. In [7],
for a general mutation kernel and independently of the fitness function, a general
formula for the first-order approximation of the equilibrium mean fitness is given.
Moreover, assuming that the fitness function has a unique maximum point, it is
shown that the mutation load is equal (to first order) to the mutation rate. For
special fitness functions and mutation kernels, higher-order approximations of the
mutation load are obtained.

An important feature in most previous works (about mutation—selection equilib-
ria) is that the feedback variable (also called the environment; see, for example, [30])
is finite-dimensional, so the equations become linear when a finite number of quan-
tities are considered as given. This is what happens, for example, when individuals
compete for a given number of different nutrients (see, for example, [11,19]). More
precisely, this means that these equations can be written in the form f; = A(E(f))f,
where f denotes the density of individuals with respect to the evolutionary trait,
f¢ is its time derivative, F is a (usually linear) function from the state space to a
finite-dimensional space and A(F) is a linear operator on the state space. The prob-
lem of looking for steady states is then equivalent to finding positive eigenfunctions
corresponding to the zero eigenvalue of the linear operator plus solving a fixed-point
problem in a finite-dimensional space (this fixed-point problem is nonlinear because
of the nonlinear dependence of the operator A(F) with respect to E; see [8,9,15]).
However, in many applications, the environment is not finite dimensional (see, for
example, [31,36,37]). We thus consider in the present paper the more general case
where the competitive stress that an individual of a given trait feels (undergoes)
is the sum of the individual competitions caused by all the other individuals (as
in, for example, [3,16,20,33]), typically in such a way that those competitions are
stronger when individuals have closer traits.
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In this paper, we assume (see §4) that the mutation rate for the phenotype we
consider is small. The mutation rate depends on the individual considered (viruses
often have higher mutation rates than cells, for instance). Moreover, this mutation
rate can be increased by UV light or drugs (see [4]). The typical mutation rate
is estimated to be of the order of 107> per generation for a single locus (see, for
example, [27]). For a given phenotype, which usually depends on many genes, the
mutation rate is larger, but still small (of the order of 1072; see [1]). The assump-
tion that mutations are rare has been widely used in evolutionary biology, either
explicitly (as in the theory of adaptive dynamics [18,29], or for pure selection mod-
els [17,19,33]), or implicitly by simplifying the fitness landscape to a parabola or a
Gaussian function (see, for example, [25,39)]).

In §2, we introduce the model and some notation that will be useful throughout
the paper.

In § 3, using Schauder’s fixed-point theorem, we show (under reasonable technical
assumptions on the coefficients) that the model admits a non-trivial steady state if
(and only if) the per capita growth rate is positive for some value of the trait when
the population is small.

Section 4 is devoted to an asymptotic analysis of the shape of steady populations,
when the mutation rate tends to zero. As in [8,9,15], we consider cases where the
monomorphic population f = dg would be globally stable in the corresponding pure
selection model, and we study what happens when the mutation rate € is small, but
not zero. In order to do so, we perform a rescaling and we obtain that the steady
states are asymptotically close, when the mutation rate goes to zero, to a Cauchy
distribution 1

. €
f (x) ~ Cl +CQ($/€)27 (1]‘)

where the evolutionary trait z is one dimensional and belongs to a bounded interval
and Cq, Cy are constants that can be computed explicitly.

2. The model

We consider the selection—mutation model
0uf(t5) = (1= n)b(a) ~ dofe) ~ [ ) fe.9) ) 1t

o /X b(y) B 1) £ (L, ) dy, (21)
£(0,2) = fola),

for a population described by its density f(t,x) of individuals, which at time ¢ have
an (abstract) phenotypic trait « € X, X being a bounded interval of R such that
0 € Int X (the results of this paper could be generalized to an infinite phenotypic
trait space, e.g. X = R, with some additional assumptions on the behaviour of the
coefficients at 00).

In (2.1), b(z) denotes the birth rate of individuals of trait z, and do(x) denotes
their death rate in the absence of competition. For simplicity, we assume that
the competition only increases the death rate of the population. We model the
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increase of the death rate of individuals of trait x due to cohabitation with an
individual of trait y by a competition kernel d(z,y). Typically we think of a func-
tion d(x,y) = d(]z — y|) such that the function d is bounded from below by a
strictly positive constant (meaning that any individual competes with all individu-
als in the population) and having a maximum at zero (meaning that the maximum
competition occurs between identical individuals). However we will make a weaker
hypothesis on d (see assumption 4.3 in §4).

Finally, the parameter p € [0, 1] stands for the probability of mutation in a given
reproduction. If an individual of trait y gives birth to a mutant, we denote by

x — [(x,y) the probability distribution of the offspring’s trait. Hence,
(1= p)b(x) f(t, )

represents the newborns per unit of time due to faithful reproduction and

gémwMawﬂuw@

the newborns that mutated.
To simplify notation in the proofs, from now on we denote by um(z,y) the rate
of mutants of trait x produced by a genitor of trait y, where

m(x,y) := b(y)B(z,y),
and by a, the intrinsic growth rate:
au(@) = (1= )b(a) — do(a).

We also define the fitness of an individual of trait x when the environment is
determined by a population f(¢,-) as

smummz%w—/dmmﬂWMy

X

3. Existence of steady states

This section is devoted to proving existence of steady states of (2.1). We introduce
the notation

45 @)= [ dGen)fw)
yeX
and use a similar notation for the mutation kernel m. To avoid cases where the
population concentrates on the boundary, we make the following assumption.
AssuMPTION 3.1. For any f € L} (X) such that

—max s[f] = min(d% f — (1 — p)b+dp) < 1,
the maximum of s[f] = (1 — u)b — dy — d % f is reached in the interior of X.

REMARK 3.2. We do not consider in this paper the case where the maximum of the
fitness is on an edge of X, as it would involve different mathematical techniques.
Note that this situation is indeed interesting. It appears in some models, in partic-
ular if the phenotypic trait that is considered is the growth rate of the population
without competition (see, for example, [23,34]).
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Assumption 3.1 has a simple biological meaning: for any population, the trait
that maximizes the fitness is an interior point of the trait space. That trait is then
a critical point of the fitness function, which will play an important role in the proof
of theorem 3.5.

However, it may be difficult to check whether this assumption is satisfied for a
given model. In the remark below, we provide some conditions that are easier to
check, and that imply assumption 3.1. The first condition given below, for instance,
is satisfied by the models studied in [5] (for any mutation kernel), as soon as the
fitness without competition has a maximum in the interior of X.

REMARK 3.3. Note that —max s[f] = min(d% f — (1 — p)b+ dp) < 1 implies that

max((1 —pu)b—dy) +1
Hf”Ll < (( ﬂ) 0) )
min d
Assumption 3.1 is then satisfied if one of the following two conditions is satisfied.
(i) There exists Z € Int X such that
(1= 1)b(2) — dof) = max((1 — )b — do)

and, for any x € 0X,

(1 — p)b(z) — do(x)

< max((1 = )b — do) — (ld]loc — mind) 22X Wb —do) 1

min d

Indeed, this implies that, for z € X,

s[f1(x) = s[f1(Z) < ldllooll fllLr — max((1 = p)b — do)
—mind||fllzx + ((1 = p)b — do)(x)
<0.

Then, s[f](Z) > s[f](x), and the maximum of s[f](x) is necessarily reached
in the interior of X.

(ii) Let X = [z1,22] and assume that

max((1 — p)b—do)+1

(1= b (1) — dy(as) — 91 mind =0
max((1 — u)b —do) +1
(1= )b/ (2) — dy(x2) + 11014l oo mind } <0

This implies that

d d
sl > 0> slf)(a),

and the maximum of s[f] is then reached in the interior of X.

In order to prove the theorem of existence of steady states, we first prove the
following technical lemma.
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LEMMA 3.4. Let C1,C5,C3,C4,C5,C > 0. If § > 0 is small enough, then there
exists & > 0 such that

&< (1-6)C
= Cy + 03(04 + 056/@)

— Cd. (3.1)

Proof. & satisfies (3.1) if and only if
0> &((Ca 4 C3Cy)a — C1) + 0((C1 + C3C5)éa + Cs(Carée + C3(Cuce + C506))),

which is satisfied (for instance) by & = C1/2(Ce + C5C4) > 0, if § > 0 is small
enough. O

The following theorem shows that (2.1) has at least one steady state, under some
conditions.

THEOREM 3.5. Let pu € (0,1), b,dy € W?>(X),d € W (XxX), B € Wh (X x
X) such that mind > 0, min 8 > 0, minb > 0 and such that max((1—u)b—dp) > 0.
Under assumption 3.1 there exists a non-trivial (i.e. non-zero everywhere) steady
state f € WH°(X) of (2.1). Moreover, if (for some k € N) b,dy € W*>(X) and
d, € Wke(X x X), then f € WF>(X).

Proof. Let § > 0. We define

pmx f
—sl[f]

and (for @ > 0, A > 0, v > 0 to be chosen later) the sets
F={feLli; of) 2 a [fle <4},
where a(f) := min{—s[f]}, and

G:=Fn{ge Wh*(X); [lg'llo <~}

F(fy==01-=68f+0

We note that G is a convex, bounded and closed set in (C(X),|| - |oo) and F is
continuous on G. Then, due to the Ascoli theorem, it is compact in (C(X), || - |lco)-
We show that it is not empty (see (3.9)), and that, for ¢ small enough, one can find
@, A such that F(G) C G. We can then apply Schauder’s fixed-point theorem to the
set G and obtain the existence of f € G such that

F L ,um*f
f=F(H=0-0f+0 U

and, therefore,
0= (s[f])f +pm#*f,

which proves the existence of a steady state f € WH*°(X) of (2.1). Note that f is
non-trivial because 0 ¢ F, since a(0) = min(—a,) = —max((1 — p)b — dp).
We prove that, for § small enough, F(G) C G. We present a proof in four steps.
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STEP 1. We bound {a(F(f)); f € F} from below:
a(F(f)) = min{—s[F(f)]}
:min{d; [(1—6)f+6“m*f} —au}

7]
> min{—s[f]} + 6 min {d; <“”;f}{ f) }
> af) 48 (wlmind)inm) 71 [ S5~ el )

Due to assumption 3.1, if a(f) < 1, there exists zo € Int X such that
(=slfD(xo) = min(=s[f]) = a(f).
Then, (—s[f])’(zo) = 0 and
(=slfD(@) < alf) + 51 (=s[f])" oo (2 — 20)?,

which, provided that a(f) < min(gla)|le|X|?, 1), gives the following estimate on
fx(_s[ﬂ)_l da:

de (X172 dy
/x —s[f] //o a(f) + z(llajllee + 10F1dlloo | 1|1 )y

2
\/a(f)(llaiilloo + 0% dlloo | fllz1)

lagilloo + ||a ool fllzr | X]
(f) 2

X arctan

g 2,/2a(1) (Il + 1921l £l 1)
Then,
a(F(f)) — a(f)
> 01l { tmin ) i )

2.
Vallaglle + 103,d] < 4)

>0

if

L7242 (min d)?(min m)? Ha”Hoo
a(f) < win { -2 ; XP1.
)12 (laj;lloo + 10F1d]loc A)”

We define a constant A, which will be used in step 2, by

~ 1
A= m(u||m||oo|X\ + maxay,). (3.2)
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We also define the constant C,, by

Co = (llajlloo + 10F1d]l e 4)
{ sm2p?(mind)?*(minm)?  [la)| o
|

|1z (laplloo + 10F1dllcA) " 8

|X|2,1,u||m||oo|X|} (3.3)

(the last term, p||m||so|X|, will be useful at the end of step 3), and define & ; by

agi= Co
A (e lloo + 1021d )00 )

(3.4)

From now on we assume that A > A and & <aj.
We take f € F.If a(f) < &, then we have just proved that o(F(f)) > a(f) > a.
On the other hand, if «(f) > &y, then

a(P() = min {1 = o) (st + ofas (“2) — ]}

—sl/f]
>(1-9)a;+dmin< d* pm  f
g ! -slfy) "
> (1—-9)a; — dmaxay,
(1-9)C,
= — — dmaxa,.
(laplloc + 1107, dll oo A) !
That is, we have shown that, for any f € F,
aP(f) > — =00 5o or alF(f)za (35)

(lagilloo + 110%, dll oo A)

STEP 2. We bound {||F(f)||z1; f € F} from above:

1l = [ [fw(“_’z[’;{ _ fﬂ d

— 1l +6| [ a1

[ ullmllo] X|
[ min(—s(f])
pellmloo | X'

< flls +9 1] 1l

< 1)
< | fller + [[/]]2: mind — maxa,,

- 1] TS

So, if
_ il X] + masa,

Ifllze = =A

3

min d

then [F(f)llze < [[fllzr < A.

https://doi.org/10.1017/50308210510001629 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001629

Asymptotics of steady states of a selection—mutation equation 1131

We next consider f € F such that ||f] ;1 < A. Then,

X
Pl < 0= s+ Sl 1 2L

~ ~| X
< (1= ) A+ opm] A
~ X
< /1(1 + (5u||m||oo_|>-
a
That is, we have shown that, for any f € F,

IO < (14 sl 5 ) or IFOIL <A o)

STEP 3. We show that if § > 0 is small enough, there exist 0 < @, A < oo such
that F'(F) C F and F # 0.

Due to steps 1 and 2, in order to show that F(F) C F, we need to show that,
for § > 0 small enough, @ > 0 and A < co can be chosen in such a way that

(1 _6)004
= (lagillos + [1021d]l 00 A)

Qi

—dmaxay,
(3.7)
_ ~ X
A A1+l B1).
In order to show that such a choice of @&, A is possible, we apply lemma 3.4 and get
that, for § > 0 small enough, there exists & > 0 satisfying
s < (1-9)C,

&< — > - — —dmaxay,. (3.8)
lagilloo + 1071 dlloo (AL + dpllmlloc| X /)

We then define @ := & and A := A(1+6u|m||so| X |/@). The second equation of (3.7)
is satisfied due to the definition of A, and the first equation of (3.7) is satisfied due
0 (3.8). Also, @ < @7 and A > A due to (3.8). It follows that F(F) C F.
Finally, in order to show that F is not empty, we consider the constant function
g € LYX):

g(x) = x| (3.9)
Then, ||g||z: = A < A, and
a(g) = min{—s[g]}

A
X |X| mind — maxa,
= plmlleo ] X
= ag,

due to the definitions of (3.2)—(3.4). Then, a(g) > @ and g € F, which cannot be
empty. Note that g € G.
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STEP 4. We conclude by applying Schauder’s fixed-point theorem.
We choose §, @, A > 0 such that F(F) C F, which is possible due to step 3. We
compute the first derivative of F'(f) as

omx* f _oal, —odxf
FUY = (L= 8)f 5[ PAMEE s = O3]
1y = @ =a 8| FE L (i
and then, if f € FnWhHee(X),

IF(f) oo < (X =01 lloo + 9, (3.10)
vhere 1 e ]|oo + [101| oA

Ohm|scA —la,lloo + )

o= PO g 4700 TP

Then, F(G) C G due to step 3 and (3.10). Thus, we can apply Schauder’s fixed-point
theorem, which proves the existence of a steady state f € W1>°(X) of (2.1) and
concludes the proof. O

REMARK 3.6. If b,dy € WF>(X), d, 3 € WF>(X x X), the same argument can
be used to build a set G € WH°(X) such that F(G*) C G*. It then follows that
the steady state f given by theorem 3.5 can be taken in W*>°(X).

4. Asymptotics

In this section we perform an asymptotic analysis of the steady states for small
mutation rates. We denote it, from now on, by e. Model (2.1) then reads (for
notation see § 2)

O fe(t,x) = s[fe(¢, -)](m)fe(t,x)—l—e/xm(x,y)fs(t,y) dy fort>0, z€ X. (4.1)

We now present those assumptions on the coefficients that will enable us to perform
our asymptotic study.

ASSUMPTION 4.1. Assume that b,dy € W3>°(X), d € W3>°(X x X) satisfy b/'(0) =
d(0) = 0 and

(4 (2) — di () + 220~ o)

2
< — .
zeX min d 1911l < =0 <0

REMARK 4.2. This assumption is the cornerstone of our study. It implies that there
exist € > 0, § > 0 such that

1" S\ i
mag max(¥" (z), (1 - £)¥" (x)) — min df (z)

max(b — dp) + fmaxyex lm (-, )|l o

X 1102, d]le < =8 < 0. (4.2)

min d

In other words, assumption 4.1 ensures that the fitness s[f](:) is concave as soon
as the total population is less than a constant

max (b — do) + Emaxyex ||m(-,y)llL1x)

/X fle)de < min d
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An integration over X of (4.1) shows that any steady population satisfies this last
inequality when € < €.

Assumption 4.1 implies, in particular, that a. = (1 — €)b — dp has a unique
maximum at x = 0, and that

_[46(0) _ 9%,d(0,0)
ap(0) ~ d(0,0)

This last quantity appears in the asymptotic result provided by theorem 4.7. It
also means, exactly, that the Dirac mass ag(0)dp/d(0,0) is a linearly stable steady
solution of (4.1) when € = 0 (cf. [16]).

Assumption 4.1 is, for instance, satisfied when b(x) — do(z) = 1 — 22, d(z,y) = 1
(see, for example, [25]).

AssuMPTION 4.3. The following ‘symmetry’ condition holds:
Ve e X, Oyd(z,x)=0.

REMARK 4.4. This assumption is satisfied in the classical case when the competi-
tion between two individuals is maximal when they have the same trait (z — d(z,y)
is maximal when x = y). Our analysis could, however, be generalized to cases when
this condition is not satisfied.

AsSSUMPTION 4.5. The mutation kernel satisfies

min m >0, meCH X x X)NL>®(X x X).

XxX
REMARK 4.6. This assumption is quite general, apart from the strict positivity
condition. This last condition could probably be replaced by the weaker assumption

that m > 0, m(0,0) > 0, but this generalization would most likely require long and
technical estimates (see [32], where a similar generalization is made).

The next theorem describes the asymptotic profile of the steady states when the
mutation rate is small. It shows that f¢ has the shape of a Cauchy distribution
centred at £z = O(£%/?).

THEOREM 4.7. Suppose that assumptions 4.1, 4.3 and 4.5 hold. For ¢ € (0,¢&)
(where € is defined as in remark 4.2) let f¢ be a steady state of (4.1) (such as
obtained in theorem 3.5, for example). Then, there exists T° = 0(5_1/3), such that

eff(e(z® + x))
_ <m(o, 0) ;(%(00)) +O(VE) + O(sx))

" ( 2(m(0,0)m)?
—[ag (0) — ao(0)9,d(0,0)/d(0,0)]

+ % (— [ag(O) - 5(%(,00)) 02,40, 0)} +O(VE) + 0(595)) m2>1.

+0(Ve)

REMARK 4.8. This result shows that, for a small mutation rate, the profile of the
steady states for general mutation and competition kernels is indeed similar to the
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profile obtained when the house-of-cards model is used (see [5,39]). In particular,
it is different from the Gaussian profiles (see [22,25]) obtained when mutations are
modelled through a diffusion (that is, roughly speaking, when one assumes that
mutations have a very small effect; see [12]). For a discussion of the population
profile depending on the mutations rate, see [7].

In particular, our result shows that the steady populations have fat tails (that is,
fe(x) = Ce/a? for ex large). This feature is not at all in accordance with the usual
assumption that populations have a Gaussian distribution. Those tails may lead to
different values of the mutation load (see [4,7]) and may have a significant role in
rapidly changing environments, as in evolutionary rescue experiments (see [2,21]).
In [2], the success of the evolutionary rescue is directly related to the number of
resistant (to the new environment) cells initially present in the population. A precise
estimate of the tails of the population distribution is then especially interesting.

Note that the mutation rate ¢ is linked to the concentration of the population at
the point x = 0, as was previously noted in [7]. Assuming that ¢ is small then allows
us to describe the profile of the population using only the values of the coefficients
and their derivatives at the point x = 0.

We observe that the competition in our asymptotics only changes the coefficients
in the Cauchy profile, not the general shape of the profile.

Finally, we note that the fact that X is bounded does not play an important role
in the asymptotics, since the quantity that is studied is e f¢((Z° + x)). In the limit
¢ — 0 the whole Cauchy profile is recovered, since, for any x € R, e(Z° + z) € X
for € > 0 small enough.

Proof. We introduce the change of variable f¢(¢,x) = ¢°(t,2z/¢)/e, and consider
the non-trivial steady states u® > 0 for the equation on ¢°:

Vo ce 'X, 0=s"[u](x)us(z)+e? /_1X m(ex, ey)u®(y) dy, (4.3)

where

Then,

v
—s°[u](2)/e?

Let z° € e~1 X be such that

ut(x) = /_1X m(ex, ey)u®(y) dy. (4.4)

sT[uf)(z%) = max sT[uf](x). (4.5)

REMARK 4.9. Note that, since u®(x) > 0, the second term of the right-hand side of
(4.3) is strictly positive and, therefore, u®(x) > 0 and s¢[uf](z) < 0 for z € e 71 X.

STEP 1. We show that 02, s%[u]/e? < —4.
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Since u® satisfies (4.3),

0= / . [(ae(sx)— / . d(sx,ay)u%y)dy)ua(x)} dz

" /5,1)( [62 /Eflx m(ex, ey)u®(y) dy} dz

< (max ae — (mind)[[u|| L1 e-1x)) U]l L1 e-1x)
+e(maxlmC )l o ) 2.
we can bound [u®|[1(c-1x) from above as

max a. + € maxyex ||m(-, y)||L1(X)

e ey < Tt

Moreover, 92, s°[uf] satisfies
2,5\ (@) =P (e0) = [ O d(eacy)ur() dy
e"1X
< ?[maxal + || 130 |03l e x|
Due to (4.6) and assumption 4.1,

1
5025 (@)

maxy ae + € maxyex ||m(-, Z/)”Ll(x

— 01l = (xx)

< max al +
<=0 <0,
which proves step 1.

REMARK 4.10. Step 1 proves that s°[uf] is concave. Then, ¢ is well defined (that
is, unique) due to (4.5).

STEP 2. We show that |ez°] = O( /e).

We prove that if ez > 0, then ez° < O(y/€). The case z° < 0 can be dealt with
in the same way.

Noting that ez > 0, [0,ez°) C X, and using definition (4.5) of Z°, we see that

0 < 90 [u5)(7°). (4.7)
Then,

ol (e7%) > / Ond(ea, ey)uc (y) dy
e—1X

- / O1d(ez®, ey)us(y) dy + / Od(ezf, ey)us(y) dy.
ly—z¢|<1/v/2 ly—z<|>1//2
(4.8)
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We perform a Taylor expansion to estimate the first term of the right-hand side of
the equality in (4.8), using assumption 4.3 and (4.6),

/ Ord(ez®, ey)u (y) dy
ly—z2|<1/\/e
> / O d(ez%,ex%)u(y) dy
ly—z=|<1/y/e
e / Oyd(e2°, 0(y)) (y — T°)u° () dy
ly—z°|<1//E

> 0 — €]|0%yd]| o

> —C1/e

for some C7 > 0. To estimate the second term of (4.8), we first estimate s°[u°] using
a Taylor expansion: for ex € X,

5w (@) = s°[u)(@%) + (v — 2°)0:5°[u7](2°) + 5 (2 — 7°)°02, 5% [u")(6)
< s [wf)(z°) — 2e%0(x — )2, (4.9)

u
\E L

where we used (4.7) to estimate 9,s°[uf](z), and step 1 to estimate 92 s[uc](f).
Then, using (4.4), we get (from remark 4.9) that

/ Od(ex®, ey)us(y) dy
ly—z=|>1/V/e

72| oo [l 21
> _HaldHOO/ = 7 dy,
y—ze|>1/ve —5°[ue](T°)/€? + 6(y — 2°)?/2

and then (due to remark 4.9 and (4.6)),

/ (=5, eyt (y) dy
ly—z=|>1//e

[l o0
> ~|0udlc o1 | > ___dy
ly—z=|>1/\/ 0+d(y —7¢)%/2
> —Cov/e (4.10)
for some Cy > 0. Finally, due to (4.9) and (4.10), (4.8) becomes
al(ex®) > —Cy/e,

where C' = C7 + Cs. We assumed that €z° > 0. Then, due to assumption 4.1,
a’(ex®) < —ezf4, and thus

REMARK 4.11. Step 2 implies, in particular, that, for € > 0 small enough, ¢z° €
Int X, and then
0 = 0,5 [u®)(Z%).
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Due to this equality and a Taylor expansion, (4.4) becomes

Joor x mlex, ey)ut (y) dy
—s=[uf)(72) /2 + (=02, (s5[uf])(0)) (x — 7)% /2%’

where 0 € [z°,z] (or 0 € [x,z°] if © < Z°).

u®(x) =

STEP 3. We bound Q¢ := —s°[u](Z°)/e? from above and below.
We recall what we showed in step 1, that is,

Ve ee'X, —02,(s°uf])(z) = 6e? > 0.
Then, due to (4.11) (Q° > 0 from remark 4.9),

Jooix m(e(T® + ), ey)uf (y) dy
Q° + 0x2/2

Sy u(y) dy
Q° + 6x2/2

Ry
U X ||M||co u P —
e~ 1X e—1X e—1X—z¢ QE +(5.’E2/2
< lIml ( / u) [
S Sk ) e @5+ 0222

N m”oo(/e—lX U’E) \/\/%’

which yields the following (uniform in ) upper bound on Q°:

u(Z° +x) <

< lmllo

Then,

2?m 2,

154
<
@ é
On the other hand, since (using (4.6))

1
S0l (o) = al(en) — [ Ohd(en gt ) dy
e~ 1X
2 [minag - ”uEHLl(s*lX)||a%1dHL°°(X><X)]

max az + & maXyex [m(-,y)

> | minal —

- [ © mind
_. 3,

we obtain, using (4.11), the estimate

dx

£ 2 : 1> _
/sflx““ (minmffellz -0 /X Q7 — 02, [u) (0)2 222

> (minm)|[uf]| 11 ﬂx/ _dr
) iy s Q7 + ba2)2
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Since X is an interval, e 1 X — Z° contains the interval (—|X|/2¢,0] or [0, |X|/2¢).
Then,

1 |X1/2¢ dz

L
minm 0 Q° + 1022
T

& dz
. /Qng - /|X|/2e Qc + %53:2
\/27;755 —O(e).

For & > 0 small enough, we thus get a (uniform in ) lower bound on Q°:

WV

Q> WQ(m;gm)Q > 0.

STEP 4. We estimate [ _, ,u® and Q°.
We first estimate fg,lxus. Due to step 3, Q@ = O(1). Then,

0(1) = 8%sg[ue](f)
— ;(ae(é—xf) — /g—lx d(ez®, ey)u®(y) dy)

1
et [ der e a)
ly—zc|<1/ Ve
1

- = ( / d(ez®, ey)u®(y) dy)
€ ly—z=|>1//E, yee—1X

5% (aE(ExE) - /y—xflél/x/g(d(gx87 0+ 0w l) dy)

1
- (1 [ ) an).
ly—2¢|>1/Ve, yee X

We estimate (using (4.6), step 2 and (4.13) for the second estimate) that

] / Oley)ut (v) dy‘ </ Cstlleylloer(y) dy
ly—z°|<1// ly—z°|<1//E

< CstyElu i)

—0(ve), (414)
dy

>1/vE 5097

— O(V3). (4.15)

WV

\ / () dy\ < ool ) [
ly—2°|>1//c,yee 1 X ly
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Then,

O) > au(er) ~ deat,0) | W (y) dy — CVE
ly—ze|<1/ /e

— a.(ex%) - d(ez*,0) / w(y) dy — O(V3).

e 1X

We thus obtain
d(gfa())/ W (y) dy > a.(e3°) — O(2) — O(V5).
e—1X

On the other hand, since

01) = 55°1](@)
: z°) — ex® ey))u
< S(wm- [ e oo a)

1
T 2(||d||oo / () dy),
€ ly—z°|>1/\/€,yce1X

we obtain that
d(sﬁc‘iO)/ uf (y) dy < a.(ez2°) — O(e?) + O(Ve).
e~ 1X

From (4.16) and (4.17) we obtain

ac(ex®)

/E = G+ 0(R)

_ ao(0)
= d0.0) T OV

Next, using (4.11) and (4.15), we estimate Q° as

/sflx u®(z) dz

= / u(z)dx + / u®(z)dz
lz—2°|<1/VE R PAVAVOR S

:/ Lo x mlex, ey)us(y) dy
lo—ze|<1/yE @F + (=02,5°[uf](0))(x — 2°)2 /2¢2

+/ u®(z) dx
lz—z|>1/\/e,x€e~1 X

/ Jom1x (m(0,ey) + O(e/v/E))u (y) dy
jo—ae|<1/vE QF + (=02,5°[u%](7°) + e20(e1/Ve)) (v — 7°)?/ 2€2

dx
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(4.18)

dx + O(Ve).

(4.19)
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We compute, using (4.14) and (4.15), that

[, m.cne

— / m(0,ey)u’(y) dy + / m(0,ey)u’ (y) dy
ly—z=|<1//e ly—z=|21//e

- / (m(0,0) + O(c1/v/E) u () dy + / m(0, ey)us (y) dy
ly—z2|<1/V/E ly—ze |21/

— m(0,0) / | @) de+ OB,

and we estimate

dx
/;c—acilgl/\/é QF + (03, 5% [uf](9) + e20(Ve) ) (w — 7°)? /2€2

-, 5
Q° + (=07, 5°[ue] (%) + e20(Ve))y? /2¢2

dy
/|y|>1/f Q° + (=03, 5°[we](z°) + e20(Ve))y? /262
Ven
\/QE —03,5%[uf](29)/e? + O(Ve))

because, from step 1, we know that

+ O(Ve),

0 </ dy
= Jlyis1)vE @+ (02,55 [uf](7°) + £20(1/€) )y? /2¢2

dy
< 5,72
lyl>1/e 39Y

_4vE
—

Then, (4.19) becomes

/8_1Xu5(x) dz = <m(0,0) /X e () dx+0(\£)>
Vi
<\/Q6 —02,5° UE]?xg)/52+O(f))

+0(A))
2(m(0,0)7)?
(—e7207,5°[u*](z°) + O(VE))

2.0
= e OV

Q= +0(Ve)

https://doi.org/10.1017/50308210510001629 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001629

Asymptotics of steady states of a selection—mutation equation 1141

To get a better approximation of Q¢, we estimate —9d2,s°[u¢](Z¢)/e? using (4.18):
02, 7(u)(%) = Salleat) - [ POhd(ent et () dy
e~ 1X

=¢? [a;’(sfa) - / O d(ex°, ey)u(y) dy
ly-2°|<1/VE

-/ O (e, ey)us (y) dy}
ly—z¢|>1/+/e
=¢? [a'a’(O) + O(ex)
[ (0hd0.0)+ 0fer) + Ol ) ay + OV
ly—z=|<1//E
=220 - oha0.0) [ w40l

= [a3<o> d(é 2)) 52,d(0,0) + om)] |

Finally, we obtain the following estimate on Q°:
2(m(0,0)m)?
¢ = +O0(Ve).
V= 0 - a0@Rd0.0/a0.0] TV

STEP 5. We show that asymptotically f¢ has a Cauchy-like profile.
Thanks to (4.11), (4.15) and the estimates obtained in step 4, we find (with
0 € [z°,x], or 0 € [z,7°] if x < Z°),

u®(Z° + x)
_ Sy mle(@ + @), ey)ut(y) dy
Q° + (=02, (s°[us])(0))x?/2¢2
sy 2 (MUEEE + @),67°) + O(e(y — 79))u (y) dy
Q7+ (0%, (57 [uf]) (%) + £20(e(0 — 77)) )22/ 2¢2
Jiy- x5\>1/\f m(e(z° + ), ey)u®(y) dy
T A (O, (<) (@) + SO0 — 7)) 22

B m(e(zZ€ + x),e7%) [, u(y) dy + O(y/€)
TQE + (=02, (s [uf])(2f) + €20(ex) + £20(ezF) )22 /262

- <m(0,0) a(0) +0(ﬁ)+0(5x))

d(0,0)
2(m(0,0)m)?
g <—[06’(0) — a0(0)92,d(0,0)/d(0,0)] +0(Ve)
~1
+ ;(— [a’o’(O) ;(%(700))8%1(1(070)} +0(ve) +O(5x)>x2> _
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STEP 6. We improve our estimate on z°.
Due to remark 4.11,

0 = 0,s°[u®](Z%)
— cd(e7F) — ¢ / D1d(7*, eyl (y) dy
e~ 1X

= 2al (e0)7° — 5/ O1d(ez®, ey)u® (y) dy,
e 1X

where 6 € [0,z%] (or 6 € [z%,0] if Z° < 0). Then,

1

= Gy P )

We consider C' > 0 small enough that
[7° - C,7°+ O] ce !X

(C will be chosen precisely later). Then,

[, ot et dy] < ‘ [ oder e dy|
e1X ly—z=|<C

+ ‘/ O1d(ex®, ey)u® (y) dy’.
ly—ze|>C,yce—1X

We estimate the first term using a Taylor expansion of y — 01d(ez¢,y) around
y = €2 (assuming that d € W2>°), and we estimate the second term using (4.13).
Then, keeping assumption 4.3 in mind,

[ ondtet )
e~1X
< ‘ / [O1d(e3°, e7°) + 0% d(e3%, £7°)e(y — 5°)
ly—z=|<C

+0(%|z° — y»)]us (y) dy

cloal, [ miellien
- |z|>C, zeR 1622
< 58122d(€g‘g€,sj€)/l . KC(jE () dy| 0 e
y—z¢|<
+0(C™). .

To estimate

/ (z° — y)us(y) dy,
ly—ze|<C
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we use (4.11) as (with 0 € (y,z°) if y < Z°, or with 6 € (Z°,y) otherwise, and, in
particular, |0 — z°| < C)

/ (Z° —y)u(y)dy
ly—z<|<C

RV = BRUCACTCTD
ly—z<|<c @° + (=03,5°[us](0))(y — 2°)? /22
[ e
ly—ze|<c @° + (=05, 5°[us](29))(y — 2°)%/2e?
B / (7° — y)[07,5°[u°](7°) — 03,5°[u®](6)]/2¢”
y—zcj<c  |QF + (=075 [uf](0))(y — °)? /2¢?]
(y — Es)z(fe_lx m(ey,e2)us(z) dz)
[Q° + (=03, s°[us](29)) (y — 2°)? /2¢?]

We use symmetry arguments to estimate I;:

o / (@° — Y)[f. 1 (e, e2) + O(e(z° — y)))us(2) de]
S [ Q° + (—02,5°[uf](z%) ) (y — 7°)2/2¢2

) (& — )0 — y) .

-0 /Ic Q=+ (08, =[] (2))(y — )2 22 /X (=) d
9 1

B [ e e o o) T =]

= 0(eC?).

To estimate the term Iy of (4.21), we note that (recalling that |6 — z°| < C)

|0%5° [u7)(0) — 02,57 [u] (2°)] < 1020 5° [u%][loo (6 — 2°)
< 3(||ac||ws.e 4+ Cst||d||ys.) (0 — Z°)
< Cste’C,
and that, due to step 1 (see (4.12)),
(y —7°)° 1
< —=. 4.22
QT (OO~ 7222 32 2
We can thus estimate the second term of (4.21) using step 1:
3 2
L] < / C[Cste’C]/2e i i €||m€||o<if’st Ly
ly—2<C 5/2 [Q° + (=02, 5°[us](7%))(y — 7)?/2¢?]
dy
< C8t602/ ——
r [Q° +dy?/2]

< 0(eC?).
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Using these estimates in (4.20), we obtain
‘ / (@° = y)us(y) dy‘ < 0(C?),
ly—z°|<C

and then € can be estimated, due to (4.20), as

1< g o D )
€

£0%,d (3¢, £7°) /

- Kc(fe —y)us(y) dy’
Yy—IT¢|<

+ 0(e2C?) + 0(0—1)]

/N

1

g[50(502) +0(e2C*) +0(C™ )]
<O0ECH + 0o,

If we choose C' := ¢~2/3 then, for ¢ > 0 small enough, the assumption [Ze—C,z+
C] C e 'X (assumed on C at the beginning of this proof) is satisfied since, by
step 2,

[Z° — C,7° + C] C B(0,|z°| + e~ %/3)
C B(0,0(e7Y?) 4 £72/3)
ce X,

Our estimates then apply to this specific choice of C, and yield the following esti-

mate on Z°:

z°=0("'%).
This last result ends the proof of the theorem. O
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