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Abstract

When a random field (X;, ¢ € R?) is thresholded on a given level u, the excursion set
is given by its indicator 1y, ) (X;). The purpose of this work is to study functionals (as
established in stochastic geometry) of these random excursion sets as, e.g. the capacity
functional as well as the second moment measure of the boundary length. Itextends results
obtained for the one-dimensional case to the two-dimensional case, with tools borrowed
from crossings theory, in particular, Rice methods, and from integral and stochastic
geometry.
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1. Introduction

Let R? denote the two-dimensional Euclidean plane with the origin 0, the inner product (-, -),
the norm || - ||, and the unit sphere 8! = {v € RZ: |lv|| = 1}. We will refer to the elements
of R? both as points and as vectors. The Borel o-algebra is denoted Rj.

Let X be a stationary random field taking values in R, with continuously differentiable paths
(C' paths, for short). It will be described by

X=Xy, xeR?) or (Xg, s €[0,00),ve 8.

We denote by r its correlation function and by f¥, its one-dimensional marginal density
function, which is a standard normal density function.
Denote by A, the excursion set of the random field X over a threshold u € R, i.e.

Ay ={x eR*: Xy >u} = {sv: X;p > u, s €[0,00), v e} 1)

Since X is a random field with C! paths, then, for all # € R, the set A, is a random closed
set (see [14, Section 5.2]) and the topological closure of the complement, denoted by cl(A¢), is
also arandom closed set (see [18, p. 19 and Theorem 12.2.6.(b)]). The distribution of a random
closed set is fully characterized by its capacity functional T (see [12], or [14], [18]), which
for A, is defined by

T(K)=P(A,NK # @) forall compact subsets K C R>. )
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Capacity functional of excursion sets 713

Since T(K) = P(sup{X,; x € K} > u) the results for the distribution of the supremum of X
over a set K (see, e.g. [2], [4], and [15]) can be applied to the capacity functional.

Often it is too complicated to describe the capacity functional completely. Therefore, one
usually restricts the family of sets K considered in (2) to certain parametric families of sets,
e.g. circles with varying radii or linear segments with a fixed direction and varying lengths,
yielding the spherical or linear contact distributions, respectively (see [6]). Thus, at least partial
information about the distribution of the random set is available. This approach is also used in
spatial statistics.

In this paper we choose k > 2 directions given by unit vectors vy, ..., v € 4§ ! and denote
by [0, /;v;] = {sv;: 0 < s < [;} the linear segment with one endpoint in the origin 0, length
l; > 0, and direction v;. We consider the sets

k
K =[JI0.iv;] withl; >0,i=1,....k (3)
i=1

By L; = sup{/: [0, [v;] C Af} we denote the random distance—the visibility—in direction v;
from the origin O to the next point of the boundary 04,, if 0 € AS; otherwise, L; = 0. The
joint survival function of the visibilities can now be related to the capacity functional by either
of the following:

P(Ly > 11,.... Ly > ) =P(K C AS) = 1 — T(K), (4a)

T(K):l—IP(X0<u, sup sti<u,i=1,...,k>. (4b)
s€[0,7;1
The event in the last expression means that 0 € A, and that there is no up-crossing of the random
field X on the segments of K.

Besides the capacity functional of a random set, moment measures of some random measures
which are induced by this set are of interest; see [6] and [18].

In [1], [2], [4], and [21] the geometry of excursion sets is studied thoroughly, in particular in
[2] with explicit results for the Lipschitz-Killing curvatures (intrinsic volumes) of the excursion
sets (see also [3]). In this paper we consider the capacity functional of the excursion set for
families of sets K which consist of two or more linear segments, originating from a common
point. This can also be interpreted as the joint distribution of the visibility in different directions
from a certain point to the boundary of the excursion set. On the other hand, it can be seen as an
approximation of the capacity functional of the excursion set for classes of convex polygons.

To study T (K), we extend results obtained for the one-dimensional case (see, e.g. [8]) to
the two-dimensional case and borrow tools from the literature on level crossings (see [2], [7],
and [9]), in particular, Rice-type methods (see [4], [13], [17], and [21]). We also extend an
approach given in [13], that we call the ‘sweeping line’ method, into a ‘growing circle’ method.
It will be developed in Section 2.

Furthermore, via our approach, we study the second moment measure of the boundary length
measure of the excursion set, provided that the boundary is smooth enough. If the boundary
9 A, is Hausdorff-rectifiable then with the help of the one-dimensional Hausdorff-measure #!,
we define the random measure £ on [R2, Ro] by

L(B) = H'(BA,NB) forall B e R,.

Then the first moment measure, also termed the intensity measure of the random length measure,
is given by
nwV(B) = E[£(B)] = E[#'(0A, N B)] forall B € Ry,
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and the second moment measure by
w @ (By x By) = E[L(B))L(B2)] = E[#'(0A, N B)H' (0A, N By)] forall By, B, € Ry.

The stationarity of X, and, thus, also of A,, yields that the intensity measure is a multiple of
the Lebesgue measure A, on [RZ, R,], i.e. /L(l) = L g, with a positive constant L 4 which is
the mean length of d A, per unit area; see [6] and [18].

Furthermore, stationarity allows the following implicit definition of the reduced second
moment measure « on [RZ, R,]:

u® By x By = L} / / 15, (01, (x + Wi (@) A (d). 5)

The value L 4« (B) is the mean length of A, within B € R, given that the origin is located
at the ‘typical point’ of the boundary with respect to the length measure and the corresponding
Palm distribution; see [6] and [18].

Note that this second moment measure for the length of the boundary has been studied in
[4, Theorems 6.8 and 6.9] using the co-area formula. Here we present an alternative approach,
based on stereology, to provide another expression for the second moment measure. Since
this second moment measure can be determined from intersections of d A, with pairs of lines
and from the observation of pairs of intersection points (see [20]), our method of counting
crossings of the random field X on linear segments, developed in Section 2, can be applied to
the estimation of the second moment measure. This will be done in Section 3.

The contact distribution functions as well as the intensity L4 and the (reduced) second
moment measure yield established tools for model adaption and goodness-of-fit tests; see [6].

Finally, note, as in [8], that we will not tackle the numerical part, which is a subject in itself,
as attested by the literature dedicated to this approach in recent years; see [5] and [13] or [4,
Chapter 5] and [17].

From now on, let us assume that X is Gaussian, with mean 0 and variance 1.

2. A sweeping line and growing circle methods for an algorithmic computation of the
capacity functional

Sweeping line methods are well established in geometry, e.g. for the definition of the Euler—
Poincaré characteristic of a set, in image analysis (for both, see [19]), in computational geometry
(see [16]), and in probability (see, e.g. [13]). We will apply it together with Gaussian regression
and discretization to set an algorithmic computation of the capacity functional for a pair of
segments. Then we will modify the method in order to calculate the capacity functional for a
bundle of segments, now using circles with growing radii.

Suppose that C C R? is a compact convex set with 0 € C. For s > 0, we denote by s9C =
{sx: x € 3C} a homothet of the boundary of C, and we consider the family (sdC, s > 0) asa
sweeping contour, determined by C. In this paper we will only use C = {x € R?: ||x| = 1},
the boundary of the unit circle around the origin.

2.1. The capacity functional for a bundle of two line segments

Consider K defined in (3) with k = 2, so that K = [0, [1v1] U [0, lrvy] with v # vs.
Now we specify the sweeping line method for these sets K using an appropriate parametriza-
tion for the bundle of two line segments.
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We also introduce the C'-diffeomorphism p (except in a finite number of points where it
might only be C°) defined by

p: 10, 1 +1] — K, (6)

(i —0)v f0<6 <,
O —Ivy iflh <60 <h+1h.

We have, via (4a) and (4b), and noting that P(X¢ = u) = 0,

PIL, > 1), Ly > L] =1 —P[sust > u] —1 —IP[ sup Y > u]
seK 0¢€[0,11+12]

where the process ¥ = (Yp, 0 < 6 <[; + I) is defined by
Yo = X(p(9)). (7N

Let Yé = 0y Yy denote the derivative of Yy with respect to the parameter 6. Let (e, e2) be an
orthonormal basis in R?. The idea is to introduce a sweeping line parallel to the (Oe;) axis, and
to translate it along the (Oey) axis until meeting a u-crossing by X, s € K.

Here we choose the (Oey) axis in such a way that the vectors vy and vy become symmetric
to the (Oey) axis and define

@ = L(v2,0e7) € <0; g] vy = (—sing, cos @), vy = (sin@, cos@).  (8)

We then start with the sweeping line method to express the capacity functional for a bundle
of two line segments.
Noting that Xy # u almost surely, we have the following result.

Theorem 1. Let X be a stationary Gaussian random field, mean 0 and variance 1, with C 1
paths, and Y be defined as in (7). Furthermore, let K = [0, [1v1]1U [0, lbvy] and @ be as in (8).
The capacity functional T of A, is given for K as follows.

]f l1 <1 then

T(K)= fxo(u)/ (ENYg My, <u for alt neto:2n, 61 | Yo = ul
[0;1]
— E[1Ys, g1y, <u for ati neto:21,—61) | Yoi,—6 = ul) 6

+ fXO (u) ]E[|Y9/|1{Yn§uforall nel0;01} | Yo =uldo. 9)
[20y;011+L2]

Ifly > > then
T(K)= fxo(u)/ E[1Yy |1y, <u for ail neto:i,+11y | Yo = uldo
[0:11—17]

+ fxo (@) EUY 114y, <u for all nefo:21,—61) | Yo = u]
[l —l2;01]

— BIIYy), oLy, <u for ati neto:21,—61) | Yoi,—0 = ul)d6. (10)

Proof. As already mentioned, we introduce a sweeping line parallel to the (Oe;) axis and
translate it along the (Oez) axis until meeting a u-crossing by X, s € K. Setting

Fi={s=(1.m)ekK:sn<n}, t=@,n)ecR?
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where the parameter #, indicates the position of that sweeping line, we can write
PILi >1,Ly>L]l=1-E[#6 [0, +1],Yg =u, X; <uforalls € I'yi)}l,

where #{6 € [0,]1 + 2], Yy = u, Xy <uforalls € I'y)} = 1 if there is a (first) crossing
by X on K, and O otherwise.

So, using the Rice formula ( fy, denoting the density function of Yj), then the stationarity
of X, we obtain

i+
P[Li>1i,Ly>Dh]=1 —/ E[1Yy|1x, <u for all seTq)} | Yo = ul fy, (u) O
0

L+
= 1— fxy(w) / EIY] 1x, < foratt ser o | Yo = uld6. (1)
0

Note that this type of integral can be numerically evaluated as in [13].

Let us go further in the study of the integral appearing in (11), reducing the problem to a
one-dimensional parameter set.
If [ <, then

/ E“YO/ll{X}SM for all sel",g)} | Y9 = M] do
[0511+17]

=/ (ELY, 114y, <u for all yefo;21 o1y | Yo = ul
[0;1]
— ElIY2;, _o (v, <u for all yefo:21,—61y | Yar,—6 = ul) d6
+/ E[1Ys] 1y, <u for all nefo;01) | Yo = ulde.
[201:11+17]
If Iy > I, then
f E[Yg|1(x, <u for all seT ) | Yo = uldo
[0:11+12]

=/ E[1Yy 11y, <u for all yefo:iy +11) | Yo = uldo
[0;11—12]

+/ (E[Yg My, <u for ant nefo:21,—61) | Yo = u]
[h=lsh]

— E[1Ys;, g1y, <u for all nefo:21,—61) | Ya1,—9 = u]) d6.
Hence, the result follows. O

Let 7(9) denote the following interval (as it appears in the indicator functions of (9) and
(10)), i.e.
[6,20; — 0] forli <l,0<6 <,
0,0 forl] <, 2l1 <6 <1 +1
1) = [0, 6] orl) <, 2l =0 <l +1, (12)
[0,li +1] forly >, 0<60 <11 —1Iy,

10,211 — 0] forly >, 11—l <6 <.

The integrands appearing in Theorem 1 as conditional expectations of the form

E[Yy |1y, <u for all ner @)y | Yo = u]
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will now be treated via an approximation by discretization. We will use a standard method when
working with Gaussian vectors; namely, the Gaussian regression (see, e.g. [11]). This may allow
us to handle numerically the computation of the conditional expectations.

Before stating the main result, let us introduce some further notation.

Let dv; denote the directional derivative with respect to v;, fori = 1, 2, which corresponds to

.1 o~ ~
v Xy, = Alg}) ﬁ(X(lJrh)v] — X)) = —sin@ 010X ysin g, Icos§ + €OS Y 301 X —/sing, I cos§
and
A2 X1y, = sin@ 910X, sin@,lcos g + cos @ do1 X sin@, [ cos @»

where 0;; denotes the partial derivative of order i + j with the i th partial derivative in direction ey,
and the jth partial derivative in direction e;.

Recall that the covariances between the random field X and its partial derivatives, when
existing, are given, for s, ¢, hy, hy € R2, by (see [10])

EL kX sty 140y Otm X501 = (= D)8 41 jpmr (1, h2) (13)
forall0 < j4+k<2,0<Il4+m=<2.

Theorem 2. Let X be a stationary Gaussian random field, mean 0 and variance 1, with C' paths
and a twice differentiable correlation function r. Furthermore, for allm € N, let 1, ..., n
be equidistant points, partitioning 1(0) (defined in (12)), into m — 1 intervals (where n1 and n,
coincide with the left and right boundary of 1 (9), respectively). Then we have

EHYQ/|1{Y,]§uforallnel(0)} | Yo = u]

= mlgnwA IV Feom (1 —a(i; 0)) =y b(mi; 0); i = 1,....m) fy;(y)dy, — (14)

where the density fyé of Y}, is Gaussian with mean 0 and variance given by
E[Y, %] = (—d207(0, 0) sin® § — dpor (0, 0) cos® & 4 28117(0, 0) sin & cos §) Ljo<p )

— (8207(0, 0) sin® & + 827 (0, 0) cos® & + 20117 (0, 0) sin & cos )1y, <6<t 412}

with @ being defined in (8), and where Feon is the cumulative distribution function of the
Gaussian vectoré(m) =¢,i=1,...,m): N, X,). The covariance matrix X, is given by

var(§) = 1 — a*(ni, 0) — b* (i, 0)
and, for n;, i =1, ..., m pairwise different,
cov(&, &) = a(ni, nj) —a(i, 0)a(n;, 0) — b(n:, O)b(n;, OE[Y?],

the coefficients a(-, -) and b(-, -) being defined below in (18) and (19), respectively.

Looking for the rate of convergence to the limit in (14) might be of interest for applications
and is an area of investigation for future research. Nevertheless, we can already deduce from
this theorem an approximation that is quite useful for a numerical evaluation of the capacity
functional.
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Corollary 1. The capacity functional T (K) given in Theorem 1 can be numerically evaluated
by approximating, for large m, its integrands as

E[| Yy |1y, <u for ati ner @)y | Yo = ul
~ /R |y[Fgon u(l —a(i; 0)) — yb(iz 0): i =1,....m) fy/(y)dy. 15)
The proof of Theorem 2 is based on the following lemma.
Lemma 1. Under the assumptions of Theorem 2, we have
E[| Yy |1y, <u forati ner o)) | Yo = ul = 1im EHYQ/|1{Y,“§u,‘..,Y,]m§u} | Yo = ul.

Proof Let D(m) {C (I (M) > 21 denote the event that the number of crossings in the
interval I ™) ,i=1, — 1, is greater than or equal to 2, where I ™) is the ith open interval
of the equldlstant partitlon of 1(0) into m — 1 intervals by 11, ..., 7.

Noting that

Ly, <u,... ¥y, <u} = IUQ’S] pm = Ly, <uforall ner @) = iy, <u,...v,, <u}>

m nm

we can write ,
ElYy|(Qyy,, <u,.... ¥y, <u} — lum:]l pm) | Yo = ul

< E[Y5] Ly, <u forall ner @)y | Yo = ul
< ElYg| Ly, <u....¥,, <u) | Yo = ul. (16)

Moreover, since for all m € N, |Yé|1Uf”_]l pm = |Y,l, and |Y,]| is integrable with respect to

the conditional distribution given Yy = u_(the number of crossings in / (9) having finite mean),
then, using the theorem of dominated convergence, we obtain

Jim EOY)1L o pon | Yo = ul = ENY;] lim 1 s o | Yo = ul

Since lim;; 50 1 ! D(m) = ( for almost all paths of ¥, we deduce that

Combining (16) and (17), we conclude that
E[1Ys |1y, <u forall yer o)) | Yo = ul = Jim E[|Y9/|1{Y,“ <u.. Yy, <u) | Yo = ul. U
Proof of Theorem 2. Regressing the random vector Y( m =y, ....Y,),m>1,onYy

and Ye’ which are independent at fixed 6 (see, e.g. [7]), we obtain
Yém) — sm g_—(m) + a(m)ye + b(m)Yé,
where the deterministic vectors
8 =S 0).....80m.0).  a"™ =(@®m.0).....a0m.0)).

and
b™ = (b(1,0), .., b, 0))
have their components defined respectively by

8(“7 9) = 1{0175(9}7 a(@, 9) = 15 b(@, 9) = 07
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and, for o # 0,
a(a, 0) = E[Yy Yyl
r((0 —a)sing, (@ — 0) cos p) if0<6,a <lI,
_ )@ —a)sing, (6 — a) cos @) if0,a > 1, (18)
T r@h —a—6)sing, (0 —a)cos@) f0<O <l <a <l +1,
r(l —a —0)sing, (@ —0)cos@) if0<a<l; <0<l +1I,
b(a, 0)
=E[Y,Y,]

= E[Yy 0y, YolLipe(0.1,1) + ElYa 0v, Yollioe, .1y +11)
—sin @a1or (0 — a) sin@, (a — 0) cos @)
+cos @1 r((0 — ) sin @, (a — 0) cos @) if0<6, a <l
sin@ d1or ((« — ) sin @, (a — 0) cos )
+cos dp1r (o — 0)sin @, (o — ) cos @) if0, o > 1y,
sin @d19r ((a — 0) sin @, (¢ + 6 — 211) cos @)
—cos@dp1r((@ —O)sing, ( +60 —2l1)cosp) if0<O <l <a<l+1,
sin @d10r ((0 — a) sing, (@ + 6 — 2I1) cos @)
+cosPdp1r((@ —a)sing, (@ +60 —2l)cosp) if0<a<l <0<l +Db,
(19)

and where the random vector E(’") = (&1, ..., &) is independent of (Yy, Yé), Gaussian (Fé(m
denoting its cumulative distribution function), mean 0, covariance matrix X, with

var(§) = 1 —a*(m;, 0) — b2, 0),  i=1,....m,

and, for 1, ..., n, pairwise different,
cov(&. &) = El&&;] = a(ni. nj) — a(ni. 0)a(nj. 0) — b(ni. 0)b(n;. O)E[Y)?]
since IE[YOZ] = var(X,)) = 1. On the one hand, using (13), we obtain, if 0 <0 < I,
E[Y4 ] = E[(@u Xty -6y01)°]

= E[(— $in @ 310X — (1, ) sin @, (11—8) cos § + €08 01 X (11 -0 sin G (1 —8) cos )]

= —d0r (0, 0) sin®> & — 3p2r (0, 0) cos> & + 23117 (0, 0) sin & cos @,
and, on the other hand, if /| < 0 <[; + I,

E[Y, = —drr (0, 0) sin? @ — 302r (0, 0) cos? @ — 20117r(0, 0) sin ¢ cos @.

Therefore, using this Gaussian regression for any vector Y,gm) of any size m, and the indepen-
dence of (Yyp, Yé, &), we can write, for the interval 1 (6), & = (§,) denoting the Gaussian process
defined by its finite-dimensional distributions of & (m)

ELY5 1y, <u for all 10} | Yo = ul
= ]E[|Y9/|1{;;(;7,9)1/6’gu(lfa(n,e))fzs(nﬂ)i:‘n for all nel (0)})

= BIENY511150,.0)v; <u1-a(,0)~501.6)8, for ali ner o] | &1
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To compute this last expression, we proceed by discretization, working on vectors. We have,
for a given vector (n1, ..., Nm),

]E[|Y9/| l{Y,”SLl,.‘.,YnmSM} | Yo =ul]

= /Rm E0Y5 115071200 ¥) <u(1—atni:0)—z: i=1,.oom) | EM = 2] frm () dz

=/ E[Ys 1 Lip0:0) ¥ <u(l—at:0))—z1: i=1,....m) ) fzom (2) dz
/IyI/ Lz <(—a(iz0)u—b@i:0)y: i=1....m} feon (2) dzfyy (y) dy

— [ 9IPIE < (1 = a0 ) = b 035§ = 1, mfyy () dy

= /R Iy Fgem (u(l — a(ni; 0)) — yb(ni; 0); i = 1,...,m) fy, (y)dy

using the independence of £ and Y in the second equality.
Taking the limit as m — oo in the previous equations and applying Lemma 1 provides the
result (14). O

Example 1. Let us consider a stationary and isotropic Gaussian random field X, with correla-
tion function r defined on R? by r(x) = e"""'z/z. Then, for x = (x1, xp), we have

d1or (x) = —x1r(x), do17(x) = —xor(x), onr(x)

= —x2010r (x) = —x19017(x),
dpor (x) = (xf — Dr(x), door (x) = (x5 — Dr(x);

hence, the variance of YQ’ becomes
E[Y;?]=1 forall6 € [0, + L],
and the coefficients a(-, -) and b(-, -) satisfy
ala,0) =a,a)
exp{—3 (e — 6)%} if0<6,a<l
orif 6, o > [,
exp{—L(a —0)2 — 4/ — )l — O)|sin? P} f0<O <l <a <+,
orif 0 <a<l; <0 <l +1,
(O—a)exp{—%(a—e)z} if0<6,a <lj,orif0,a >1,
(0 — a4+ 2(a — I1) cos? @)
x exp{—3[(a — 0)% +4(a — 1)
b(a,0) = xQa—1j —0)cos’ P}  f0<0 <l <a<li+,
—(0 —a+2(a—1)cos’ @)
X exp{—%[(a —0)* +4(a—1)
xQa—1j —0)cos’ P} f0<a<li <0<l +1h.

Therefore, (15) can be computed numerically when replacing fyé by a standard normal density
function and 5(’”) = (&1,...,&,) by a Gaussian N (0, X,,) with the covariance matrix X,
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given by
var(§) = 1 —a*(n;,0) — b*(n;, 0),  i=1,....m,

and, for 1 <i # j <m,forn; # n;,
cov(&;, §j) = ami, n;) —ami, an;, 0) — b, 0)b(n;, 0).

2.2. Joint distribution for k line-segments via a growing circle

We can extend to k segments what has been previously developed for two segments, consid-
ering a growing circle of radius ¢ > 0, with center in 0, under the same assumptions on X. Let
Vi, ..., € 8L, denoting k directions, and ¢; be the angle between (oe;) and (ov;), i.e.

@; = L(oey, 0v}), j=1,... k.

Then XlUj = Xtcosgoj,tsinqzj'
Forly, ..., Il > 0, we define the union of segments K = Ufle [0, /;v;]. The method consists
of introducing a circle and making it grow with ¢ until meeting a u-crossing by X fors € K.
Setting ®;, = {s = (s1,...,5) € K: Z;‘:l si2 < 12}, we can write (analogously to (11),
using the Rice formula)

k I;
PILy>h, .. Le>R]l=1-)" / 19, Xrv; 111X, <u for all se0,) | Xeo; = ul fx,, () dt.
— Jo
i=1
(20)
Now let us compute the conditional expectation, denoted by E; (¢), appearing as an integrand
in (20). We can write, for fixed i and ¢ < [;,

E:@) = E“avi XZU,- |1{X.g§u for all s€®,} | Xtvi = u]
= E[19y; Xrv; 11(x),, <u for allhgt}l{thjfu for all h<min(l;,1), j#i} | Xev; = ul

= IE[lau,-sz,-Il{x,,uj <u forall h<min(l;,0), j=1,...k} | Xeo; = u] 2D

since, for j = i, min(l;, t) = ¢.
Once again, we proceed by standard Gaussian regression, regressing X, ; on (Xrv;5 0 X1v;)
at given h, i,and t, forany j = 1, ..., k. So we consider

Xnv; = Z,j +a£XIUi + '3}]1 v Xr; (22)

with O‘Z = r(tv; — hvj), ﬂ}{ = cos ¢; d1or(tv; — hvj) + sing; do17(tv; — hvj), and Z, ;:
independent of (X;y,, dy; X1y, ), Gaussian, mean 0, var(Z, ;) =1 — (ozfl)2 — (ﬂfl )2, and

ElZ1.j Z1.n] = B[ Xnv; X1w,] — @] — BB = r(hvj —lv,) — e — B B
Note that we took Zj, j = Z" ;@ =a,’,and B = B, tosimplify the notation when working
at given i and f. '
The conditional expectation (21) can be written as

Ei (1) = El|9y; Xy, |1{zh,,-+a,{x,ui B 8u; X1o; <u for all h<min(lj,1), j=1,....k} | Xiv; = ul

= El18y, X1y, |1{zh,j+ﬁ,{av,. X1y, <u(l—a) for allhgmin(lj,z),j:l,‘..,k}]

= E[Eﬂavixtvi|1{Zh‘j+/3h"3,,l.xwi 5u(1—a,{)forauhgmin(zj,:),j:l,...,k}] | (Zn. =t 1<j=k]

using the independence of (X;y;, 0y; X1v;, (Zn,i)).
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Now we can evaluate [E; (¢) via discretization and using once again the above mentioned inde-
pendence. We discretize equidistantly the interval [0, max<;<x /;]1as [0, a1 ]U (U;’;ll (hi, hix1])
with i, = maxj<;<x/; and introduce the corresponding Gaussian vector Z ) — (Zn,,,j31 <
m < n,1 < j < k) with density function fw and cumulative distribution function Fyu).
Note that we apply the same discretization in any direction v;,i =1, ..., k.

Then Lemma 1 can be applied to the k segments, substituting 7 (8) by [0, /;v;],and 51, ..., Ny
by 0, hyvi, ..., Ay, v;, with by, < I; < by qq fori =1, ..., k. We obtain

E; (#)

lim E[10y X, 11,

n—00 [fpnxk

X fzom(z)dz

lim 1 i i . . d
n—>00 Rlyl Rk jSu(i—g )—yB; forallhmfmm(lj,t),J=1,‘..,k}fz(")(Z) <

X fou, Xp, () dy

lim / IVIFz00 (w(y, u, e, B, 1)) fa, x,,, (v) dy,
n—oo R 1 i

ﬂ}jm By Xy, fu(l—aﬁm)—zhm‘j for all Ay, <min(l;,1), j:l,.i.,k}]

where f, x,, denotes the density function of 9,, X;,,, and

wy, u, o, B, t)

is an (n x k) matrix having components (wy;; 1 <m <n, 1 < j < k) given by

1—a! y—yB!  ifhy <min(l;, 1),
wm.;={”( of )= yBj,  if hy <min(, 1) 23

400 otherwise.
We conclude with the following result.

Theorem 3. Let X be a stationary Gaussian random field, mean 0 and variance 1, with C!
paths and a twice differentiable correlation function r. Then

PILy >1,..., Ly > li]

n—o00

k I;
1 Jim " [ ( [ b1F . p. t))favl.x,vi(y)dy)fx,vi(u)dt,
i=1

where w is defined in (23).

Note that we can deduce from this result a way to evaluate numerically the joint distribution
P[Ly > L1, ..., Ly > I], as carried out in Corollary 1.

3. The second moment measure

Now we describe a method to determine the second moment measure of the length measure
of the boundary dA,, as defined in (5). It is based on the classical Crofton formula of integral
geometry which is widely used in stereology. It allows the determination of the length of a
planar curve by an integral of the number of intersection points of the curve with ‘test’ lines,
and the integration goes over all lines of the plane with respect to a motion invariant measure
on the set of lines. Note that this second moment measure has been studied in [4, Theorem 6.9
and the associated comment p. 181], using another approach, namely the co-area formula.
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Denote by G the set of all lines in the plane. The o-algebra § on G is induced by an
appropriate parametrization and the Borel o -algebra on the parameter space. Furthermore, dg
denotes the element of the measure on (G, $) which is invariant under translation and rotation
of the plane, and normalized such that f 1{¢naw)dg = 2n for the unit circle A C RZ.

Let C(g N B) denote the number of crossings of u by X on the line g within a set B C R?.

Theorem 4. Let X be a stationary Gaussian random field, mean 0 and variance 1, with C'
paths. Assume dA, to be smooth (in the sense that it can be parametrized by a C' mapping).
Then, for bounded Borel sets By, By C R?, for which gy N By and g N By consist of finitely
many line segments for all pairs (g1, g2) of lines, we have

1
W2 (B X By = / / E[C(g1 N B1)C(g2 N By)] dgidgn. 24)

For g1 # g and not parallel, denote p € R? such that {p} = g\ N g, and consider vy, vs € 8!
with vi # vy such that g1 = Rvy + p, g2 = Ry + p. Then the expectation appearing as the
integrand in (24) is given by

E[C(gl N B1)C(g2N By)] = /‘/‘Eﬂalesvl . a1)2Xtv2| | st1 = Xtvz = u]
X [Xgy Xy W W)L, —p(sv1)1p,—p (tv2) dsdt,

where fx denotes the density function of (X, Xtv,)-

sv| :Xtvz

Comments. (i) The product 9y, Xy, - 9y, Xy, may again be treated, using Gaussian regres-
sion given in (22), but it will not provide as simple a covariance matrix to the one of (9, Xy,
0y, X1v,) that we computed using (13).

(ii) Sufficient conditions can be given on X and u for d A, to be smooth. We refer the reader to
[4, Section 6.2.2] or [2, Section 6.2].

Proof of Theorem 4. The proof is based on two main steps.

(i) We apply the second-order stereology for planar fibre processes proposed in [20]. App-
lying [20, Theorem 3.1] for dA,, yields

1
M(z)(leB2)=ZE(// D 131Xg2<y,z)dg1dgz>

yedA,Ng z€dA,Ng2
1
=2 f/E[C(gl N B1)C(g2 N By)]dgi1dgs.

Note that integrating on the restricted domain {g; = g2} U {g1 || g2} would give 0 for
the double integral and, therefore, we consider integration only on {g; # g2} N {g1 not
parallel to g»}.

(i) We use the approach developed in Theorem 1. According to the assumption on the B;s,
we can write g; N B; = U;”:l Ijj fori = 1,2, and n; € N, where the I;; are pairwise
disjoint intervals. Then, we obtain

nyp np

E[C(g1 N B1)C(g2N B =Y Y EIC(I/)C ()],
j=1k=1
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Let us compute each term of the double sum. For fixed j, k, first shift and rotate
g1, 82, B1, B2 such that the lines have a representation g; = Rv;, i = 1, 2, with vy, v
as in (8). Let B and T, 1/ Izk denote the adequate transformations of B; and Iy}, I,
respectively. Then, using the diffeomorphism p analogous to (6), which may also be
applied if the intervals do not intersect, and applying a Rice-type formula for the second
moment (see [4, Equation (6.28)]), provides

E[C(11;)C(Ix%)] =ﬁ _ Ell9y, Yy, - 00, Yo, | | Yo, = Yo, = u]

lleIZk

X froy o, W )15, 5y (P01, p(62)) A1

Note that the rotation has been introduced only to apply (6); what does matter is the shift
by p, the intersection point of g and g>.

Combining those results provides the theorem. |
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